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Information content of nonautonomous free fields in curved space-time
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We show that it is possible to quantify the information content of a nonautonomous free field state in
curved space-time. A covariance matrix is defined and it is shown that, for symmetric Gaussian field
states, the matrix is connected to the entropy of the state. This connection is maintained throughout a
quadratic nonautonomous (including possible phase transitions) evolution. Although particle-antiparticle
correlations are dynamically generated, the evolution is isoentropic. If the current standard cosmological
model for the inflationary period is correct, in absence of decoherence such correlations will be preserved,
and could potentially lead to observable effects, allowing for a test of the model.
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L. INTRODUCTION

Quantum information theory [1], which promises im-
portant technological advances, is usually formulated in
the framework of nonrelativistic quantum mechanics. It
has achieved remarkable success both from the formal as
well as from the experimental point of view. The general-
ization of typical quantum information concepts, such as
entanglement, in a relativistic context has been attempted
in many papers [2-5], although a definitive answer is not
yet clear. It is only natural to say that, no matter how
complicated this problem may seem, quantum field theory
is the appropriate framework to formalize it. Gaussian
states, completely defined by their second moments, allow
for the generalization of important theoretical tools from
information theory to field theory. Moreover, they are of
special interest in cosmology, where particle creation is
usually treated in the inflationary period as parametric
oscillators of time-dependent frequencies. Thus, the gen-
eral theoretical scenario is that of a nonautonomous field in
curved space-times [6]. The purpose of the present work is
twofold: to show that entropy, an important quantity in the
cosmological context, is related to a quantum field theo-
retical covariance matrix, whose elements are two-point
functions; and to exemplify the result in a model used to
describe the inflationary period. We also find a general-
ization of the Robertson-Schrédinger uncertainty principle
and show that for Gaussian field states entropy is pre-
served, even through phase transitions. Thereby, entropy
production is not necessarily related to particle production,
at least for nonautonomous free fields in curved space-
times. Besides, in the absence of decoherence mechanisms,
some particle-particle quantum correlations will be present
in the final stages of the inflationary evolution and could, in
principle, have observable consequences and may help us
to test the validity of the standard cosmological model.

This paper is organized as follows. The connection
between the entropy and the uncertainty of Gaussian states
in nonrelativistic quantum mechanics, reviewed in Sec. II,
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is used in III to describe the entropy dynamics of two-mode
Gaussian states in the presence of decoherence. We apply
the generalization of the covariance matrix used in these
two sections to quantum fields IV to show that, in a
cosmologically inspired model, Gaussian fields in curved
spaces preserve entropy through their evolution V. Final
considerations and conclusions can be found in Sec. VL

II. GAUSSIAN STATES: ENTROPY AND
SCHRODINGER DETERMINANT

We define the covariance matrix X, for an arbitrary
quantum state p of a one-dimensional particle with
moment operator p and position operator ¢, as

o o
s — ( qq ap )
Tqp  Opp
B ( @) — @y 3dp.ah - (ﬁ)@)) )

3D, @1 — (PXa@) (p*) —<py
The average values (O) are defined as Tr(p O). As we show
in this section, the determinant of this matrix is related to
the entropy, for Gaussian states. The general Gaussian

density operator corresponds to a displaced squeezed ther-
mal density operator

p = D(@)S(r, $)p,S'(r, $)D(a), 2

where D(«) is the displacement operator, S(r, ¢) is the
squeezing operator, and p, the thermal density operator
with average number of excitations ». This decomposition
plays an important role to establish the connection between
entropy and the determinant of the covariance matrix.
More explicitly we have

D (a) = exp(adt — a*a), 3)

1 . 1 .
S(r, ) = exp(i reiat — Ere"f’&), 4)
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T exp(ln(V n l)a a>. ®))

The dimensionless position ¢ and momentum p operators
are linear combinations of creation a' and annihilation
a operators, and as usual p = —i(a —a)/V2, §=
(@ + at)/+2. In order to compute the elements of the
covariance matrix for a Gaussian state, it is sufficient to
know that the following averages for thermal states:

P =

(aal y=<(ata,)+1=v+1, (6)

and the following transformation properties. The average
value of a function of creation and annihilation operators is

(f@@ a"),, = Tr(f(a, a" ) D(a)S(r, $)p,ST(r, $) D' (a))
= Te(S'(r, ) DN (@) f(a, ") D()S(r, $)p,)

= Tr(f(4, AN)p,),

where A = St(r, )D(@)aD(a)S(r, ¢) = cosh(r)a +
e'? sinh(r)at + a. If f(x, y) is a quadratic polynomial we
need only the nonzero averages (6). Now, the elements of
the covariance matrix

o,y = (1/ + %)(cosh(2r) — cos(¢) sinh(2r)),

Tyy = (1/ + %)(cosh(Zr) + cos(¢) sinh(2r)),

oy = (V + %) sin(¢) sinh(2r),

enable us to compute the determinant,

2
D=o,,0, —0;,= (v + %) , @)
which turns out to be a function of only v, the mean
number of excitations of the initial thermal state, p,. The
Schrodinger determinant (7) contains the famous
Heisenberg’s uncertainty principle as a particular case.
The entropy of the Gaussian state is equal to the entropy
of the corresponding thermal state,

S[pcl = —Tr(pg Inpg)
— _THDSp,S' Dt In(DSp,StDH)
— _THDSp,S' DI DSIn(p,)St D
= —Tr(STD'DSp, In(p,)) = —Tr(p, In(p,))
= S[p,1

Here the arguments of the displacement D and squeezing
S operators were omitted. The thermal state p,, is diagonal
in the basis of number of excitations, p, = ¥, &k|k) X
(k|/(1 + v), where &€ = v/(v + 1). The entropy of the
thermal state, on the other hand, is given by
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Stou] =~ i yik1 ln<f:1>

k=0

:ln(v+ 1) ifk _ In¢
v+1 &=

Taking into account the well-known results for infinite

sums we obtain the entropy of the thermal state,

Sp,]=w+DIn(r +1) —vinv = S[pgl, (8

which also is a function of v, the mean number of thermal
excitations. We have shown that the entropy of Gaussian
states pg is a function of D, the determinant of its covari-
ance matrix 2,

S[pcl = (JB + %) ln<\/5 + %)
— (f - %) ln(\/B — 1). 9)

2

Now, a technical digression is in order. It is important to
realize that major simplifications were possible due to the
specific decomposition of the Gaussian state employed here
[see (2)]. Although (9) is a kinematical relationship, it is
more useful in the study of dynamical evolution, whether
unitary or nonunitary, driven by quadratic Hamiltonians in
the former case, or quadratic Liouvillians in the latter.

III. DYNAMICAL EVOLUTION OF ENTROPY

In this section we show how our approach can be used in
dynamical situations. We know, from the previous section,
that in order to obtain the entropy dynamics all we need to
calculate is the time evolution of the covariance matrix
elements, which turns out to be much easier than the
dynamics of the whole state, at least for Gaussian states.
The full Gaussian state can be reconstructed at any time, as
a function of the covariance matrix elements, even for
nonunitary quadratic dynamics, making it possible to study
how quantum correlations are washed out by dissipation.

We consider two initially entangled modes subject to a
Lindblad-type dynamics. This example is simulating the
physical situation when two correlated particles are cre-
ated, e.g. in the interior of two colliding heavy nuclei, and
then cross a dissipative medium before they are released to
the detector. The Gaussian state p(f) that we consider,

P 6(1) = Sia(2()h 1) P ST (2(0), (10)

is not the most general two-mode Gaussian state. However
it is adequate for the purpose of this section. Here p,,;(,
(P12(y) 1s a thermal state (5) for the first (second) mode
with v,(¢) (v,(r)) mean excitations, and

(1)

Sz = exp(z&fr&g — 7"a,4,)

is the two-mode squeezing operator.
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Our nonunitary dynamical evolution
dp

o = (L, + Ly)p(1)

preserves the chosen form of the initial state (10). The
Liouvillian superoperator £;, i = 1,2

1

L;=—iwlala; 1+ v,(a; + 1)Q2a; - al —-ala;, — ala,
+ %’75(2&? Ca; —-a;a )

corresponds to a harmonic mode with frequency w;
coupled to a heat bath, with mean number of excitations
7i1;. The relaxation time of the first mode 7; (second mode
7,) is the inverse of the relaxation rate y; (y,).

The elements of the covariance matrix 2,

U‘Zlql 0-(]1(]2 0-111171 U‘]ll’z
g, o g, g
9192 929> q2P1 q2P2
2, = (12)
Ul]lPl U‘Izpl a-plpl UPle
Ul]le qupz JPle UPsz

are defined by

I s aya 8 A Te(p A
Orr, = ) Tr({#;, ”j}P) — Tr(#p) Tr(”jp),
where 7 can be ¢ or p, and i = 1, 2. Here, besides the
averages of &,-&j (and &f&i) in the thermal state, we need

the following transformation relations:

b a, o al
Sh)| . )Sia(z)=cosh(lz)| . )+ e sinh(]z]) :
as s &;f

where z = |z]e'?.

Under the assumed conditions, the elements of the
symmetric covariance matrix (12) acquires a particularly
simple form,

0—111111

UPlPl
1 1
= 5(1/1 — v, + 5(vl + v, + 1) cosh(2|z]),
0-612612 = a-Pzpz
1 1
= E(Vz - Vl) + E(Vl + Vy + 1)COSh(2|Z|),
O-qlqz = _0-171172
1 .
= 5(1/1 + vy + 1) sinh(2]z]) cos(p), 0, p, = 074, p,
=0,
1 . .
Tyipy = Ogop, = E(Vl + v, + 1) sinh(2|z|) sin(¢).

Initially we assume a two-mode squeezed state, that is
vi(t=0)=0=r,(r=0), with z(r=0)=|z],=0.
The covariance matrix of this state is
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cosh(2|z]y) sinh(2]z]y) 0 0
1] sinh(2|z]y) cosh(2|zl,) 0 0
2 0 0 cosh(2|zlp) —sinh(2zly) |

0 0 —sinh(2|z]y) cosh(2|z]y)

Now, we need the equations of motion for the elements

of the covariance matrix. In this case, it is easier to solve
the equations of motion of the expected values of fzﬁ-ﬂd;ﬂ.

Thus, it is worth knowing that, for the considered form of
the Gaussian state (10), we have

(afayy +(ata,y + 1= (1 + v, + v,) cosh(2lz]),
(afa)y —<alay) = v, — vy,
2(&1&2> = (1 + 141 + V2) Sinh(2|Z|)€i¢.

We set n;(r) = (4l a;)(r) and u(t) = (a,4,)(). The equa-
tions of motion of these expectation values,

d”ll‘ _ .

T —2vy;n; + n;, i=12
du . .
yr —(y1 T y2 Tiw) +io)u,

are easily solvable. The initial conditions are given by
n,(0) + n,(0) + 1 = cosh(2|z],), n;(0) — ny(0) =0,
2p(0) = sinh(2[z]o).
From the first and second equations above we find
n1(0) = ny(0) = sinh*(|zl,).

The solutions of the dynamical equations for the elements
of the covariance matrix are

ni(t) = Sinh2(|z|0)e*2w + fl,‘(l _ 6’7271"),
p(t) = %lelo)e_(%

The time dependence parameters of the Gaussian state
D (1) are functions of these elements

+y2)te—i(w| +w2)l.

_emiertedt 1o (1) + ny(1) + 2| (1)
d) =— (1 + n,(1) + ny(1) — 2|,u(t)|>
via(t) + % =z M

A0 0+ ma0) — CluD?

The relation between the entropy and the covariance
matrix can be introduced via a generalization of the
Robertson-Schrodinger uncertainty relation for two or
more degrees of freedom [7],

2
CJC = %J]. (13)

Here the simplectic matrix J is defined as
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FIG. 1 (color online). Dynamics of a symmetric two-mode
Gaussian state coupled to local identical baths with mean num-
ber of excitations 7 = 1 and relaxation rates y = 1. The pa-
rameters of the initial state (10) are z = +/2 and »; = 0 = »,.
The solid (black) line depicts the evolution of twice the norm of
the two-mode squeezing parameter (2|z|), the dashed (blue) line
corresponds to the entropy of the state S, and the dotted (red) line
corresponds to the mean number of excitations of one of the
modes, n.

0 0 1 0

0 0 01
J=

-1 0 0 0

0 -1 00

The uncertainty relation (13) works if the state is symmet-
ric under the exchange of the 2 degrees of freedom.

For the sake of simplicity we consider identical baths. In
this case the entropy of the Gaussian state, S = 2(v(r) +
1) log(v(r) + 1) — 2v(r)logw(r), can also be written in
terms of the determinant of the covariance matrix D =
(% + v(1))*, or in terms of the uncertainty relation (13),
which gives #?(v + 1/2)2J. We have assumed v, = v, =
v. In the asymmetric case it is still possible to quantify the
Gaussian state information using the determinants of the
2 X 2 submatrices of the covariance matrix. A full dynam-
ics of this sort is given in [8].

As can be seen in Fig. 1, even in this simple case one
observes two time scales. One of them, related to the
particle production rate, is larger than the time scale for
decoherence.

IV. QUANTUM FIELDS

As in II, in this section we study only kinematics, that is,
we generalize the concept of a covariance matrix to quan-
tum fields, and derive a relation between its determinant
and the entropy, for symmetric Gaussian states of complex
scalar fields. We find a generalization of the Robertson-
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Schrodinger uncertainty principle. We show that it is pos-
sible to quantify the information content of a Gaussian
symmetric field state in terms of its second
moments only.

We will consider a complex scalar field subjected to a
flat-space Robertson-Walker metric. The associated metric
is given by

d*s = —d7* + a*(2)(dx? + dy* + d2). (14)

It is very convenient to define the conformal time as

(1) = : %

and to explicitly write down the original Lagrangian

s=[a0(dé - 2()V¢V¢> ~m$é’) (o

(15)

in terms of the auxiliary field § = a(n)d. We get
"

§= [d*xdn<” VRV <m2a2 —“—)f(;(*), (17)
a

where the prime denotes derivation with respect to 1. We
can define the Hamiltonian in the usual way and expand
the fields and their conjugated momenta in their Fourier
components

< Pk e
fen) = [t sy
. d’k
r(x, m) = 2 Tr(m)e” %%, (18b)
. 4’k :
= | Sapiets sy
3k
e = [LX al et (18d)
T @ap T
It is usual to define the time-dependent mass
//( )
m2(n) = m2a*(n) = =L, (19)
a(n)
and the following annihilation and creation operators:
ar(n) = iler(m#l — e (i) = (@ (), (20a)
bi(m) = iep(man — e (ML) = (Bf(m)t.  (20b)

The time-dependent functions ¢ (n) satisfy the equation
of motion

el(n) + (k* + m*(n)er(n) =0, 1)

and the condition

er(mep(n) =i (22)

Adopting the classical solution as expansion coefficients
for the field in this context is of extreme technical impor-
tance, as will become clear later. They are specially

h(ey (mer(n) —
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important when one includes a relativistic background.
This is one of the vital technical points of this paper.
Since the equation of motion does not depend on k but
only on its magnitude, the coefficients ¢; can be simply
written as ¢;. For example, the condition (22) reduces to

(e (mer(n) — ei(ner(n) =i (23)

For future reference we also give the expressions of the
creation and annihilation operator in terms of the fields

R = hle(mag(n) + @5 (b} (1), (24a)
X = nlep(mal(n) + eumbi(n),  (24b)
7 = h(ef (maf () + el (mbe(n),  (24c)
= nel(ma(n) + of (mbli(n).  (24d)

In order to evaluate the two-point correlation functions
we assume the most general Gaussian state, which besides
being very general, implies a considerable technical sim-
plification. This state is not necessarily pure and this
impurity can mask quantum effects present in the initial
Gaussian states, such as squeezing or, more generally, sub-
Poissonian statistics, as will become clear in the examples.

We now define a covariance matrix C(x, y, i7), which is a
direct generalization of the one proposed in [7], as

Clx,y,m)
9% A Hr Ay sk AT
_ KR Gt st A @R AT
Hrah 3dm R (FA) (#rat)
aL gy dat ity (EE) (wtaty
(25)

where the dependence of the entries of the matrix on x, y,
and 7 has been ignored, for the sake of clarity. The
example below shows how the two-point functions are
calculated. We have

{7 =k #h(x, y, )
=X My n) +{F)xy )
= Tr(x(x, )7 (y, n)p) + Te(Fr(x, n) ¥ (y, 1)p),

with p = p(n) being the density operator for the field, at
time 7). The average values of the fields were assumed to
vanish (¥) = 0 = (#) without losing generality. For fields
of nonvanishing average it suffices to subtract the mean
values. For example, instead of ({}, #}), we would con-
sider ({{ — (X), 7 — (@)}

In terms of the covariance matrix, we will show that the
condition for saturation of Robertson-Schrodinger uncer-
tainty relation in quantum field theory reads
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hZ
[ dudvCx,, 1), (w5, ) = 0wy, (26)

where J(x, y) = 6% (x — y)J, and

0 0 1 0
~ 0 0 0 1
\J]: )
-1 0 0 0
0 -1 00

is a simplectic matrix. For the sake of economy, the left-
hand side of Eq. (26) will be referred to as D(x, y, ).

In what follows we consider the following Gaussian
state, defined as

p(10) = [181(read)Sa(ricb) 5y pS ST (1 ) ST (ri ),
k

27)

where S(ry¢,) and S,(ry¢;) are squeezing operators
[defined in (4)], acting on the modes a and b, respectively.
The mean number of excitations of the thermal state f)gk) ,
corresponding to mode a, is v;. The Gaussian state defined
here, a squeezed thermal state, includes as particular cases
the vacuum, squeezed states, and thermal states. It is worth
pointing out the symmetry between particles and antipar-
ticles, given by the symmetry of the state (27) under
exchange of the modes a and b. An additional rotation
symmetry can be seen: although the product is over k, the
squeezing parameters and the number of excitations
depend only on its norm, k. For example,

NO. Vi )Af . )
= exp( In a,ay |
ka 1+Vk p( (Vk+1 ke Tk
The calculation of the covariance matrix is a straightfor-

ward procedure. As an illustration we presently calculate
its element C; ,(x, ¢, n),

dq &k
Qm)? Q2m)}

[ dq &k
- f Qmy )¢

(XA y = xRy Te(R, () ¥ (m)p)

e kIR 1,
where we used the Fourier decomposition of the field,

given by (18). If we use the expressions (24a) and (24b)
we find

(R Dy = (e (may(n) + s (mbl(m) (e (maf(n)
+ o (mbi()). (28)

This expression is of the form f = f{(a,, I;}IL, &;{, b))
7 = 1u{tag B o], BT TS1Sup% 53kt
1

which can be recast as
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f= Tr(l_[S;rlSLf(flq, ak, bk)SllSZIpyl)pgzl))
1
= (T, B, 4L, 0353
1

where the transformed operator a, is

A, = Sir 4,4S1, = cosh(r,)a, + et sinh(rq)&;r
= x,d, yqa;r
The short notation x, = cosh(r,), y, = —e'®sinh(r,) is

useful to perform this calculation. Taking into account the
equality above, and similar relationships which hold for the
other operators (l?;, A}:, Bk), we have

)
— Vi)

N %k /\1‘ % /\T * A
Xglq @i X3y + PgYalq €3Yidi)h

(RgkD) e = 1@, (x,a, — yiad) + @)(xib) —

X (QDZ(xZ&k — yedr) + @y (xeby
= nXe,
+ 712(4023625; @by + éDqul;qGDkyzl;;DTh,

(29)

with the subscript reminding us that the averages on the
right-hand side are taken on the thermal density operator.
Taking into account that

(afagym = Qm)v,8(q — k) = <5;5k>Th

we can write
@qf(}:) = n26(q — k) oo (xxi(ng + 1) + yiyenyg
+ xpxen + yyi(ng + 1)
= 1?8(q — Bl (lxe* + lyeHQ2ny + 1).
Finally we can write the first term as
d’q &k
ooty =
<XX >xy [(277_)3 (277_)36
X 8(g =)l @il (Ixl” + 1y 2y + 1)

&Pk .
=n’ /‘Welk'(xiy)wlcp(lxklz + |Yk|2)(2”k +1).

iq~xe—ik~yh2

After evaluation of all of the elements of the covariance
matrix we get

A’k
C (x’ Y 77) = h2 3 (2nk + I)Cl(kl X, ), T’)r

(2m)

where the new matrix C, is

eik~(x+y)c1 eik~(x—y)6.2 eik~(x—y)cg eik'(x+y)c4
eik~(y7x)c2 e*ik<(x+y)c] efik~(x+y)c4 ez’k-(yﬂc)c3
eik~(y—x)c3 e—ik~(x+y)c4 e—ik~(x+y)c5 eik'(y—x)c6
eik~(x+y)c4 eik~(x7y)c3 eik'(xfy)cﬁ eik-(x+y)c5
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The explicit expressions for the coefficients ¢; are as
follows:

c1 =~y — ()2 xyer el (Il + [yel?)

&3 = 5 (bt + oeol )il + )
Ch = XV @r e + X ey

Cs = —QLPXYE — PF PLXk

loL P (x| + [yel®).

Now we are able to compute D(x, y, ), the left-hand
side of (26),

Co

D(x, y, ) = f PudvC(x, u, 7)d(w, v)C(v, y, n)

Bk dq
= h4fd3u (277)3 W(an + 1)

X (2n, + )C(k, x, u, n)JICi(q. u, y, n)

=nt @’k (2n;, + 1)?D,(k, x, y, 7).
m)? B
After integration over u and ¢ matrix D, (x, y, i) reads
0 0 _dl eik~(x—y) dzeik~(x+y)
0 0 dye~ K&ty — g pmik )
dje~*E=y) — g, eikxty) 0 0
_dzeik~(x+y) dleik-(x—y) 0 0

with

dl _Cg+C4_C1C5 CyCg,

d2 = C1Cg — 2C3C4 + CyCs.

After the use of the explicit expressions of the coefficients
¢; we obtain
2y2

di = 1@l (em) = e = Ly

4 hz
d2 - O,

where the Wronskian (23) and the explicit form of the
coefficients x; and y; was used.

Making the appropriate simplifications, we find that the
left-hand side of (26), evaluated at time 7), is given by

&’k
D(x,y, m) = J[Q)3*Wﬂ@mmw+lﬂ(m>
The integral above is a smoothed version of a Dirac delta
function. For the vacuum state (and for squeezed vacuum
states) v; = 0, we recover the delta function behavior. We
have written 7, instead of 7 to stress the fact that, although
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n is an arbitrary instant of time, it is fixed. Dynamical
considerations are left to the following section.

It is easy to find a relationship between entropy and the
covariance matrix in quantum field theory. Let us remem-
ber that entropy is defined, for separable field states, as

S(E[ﬁk) - % Tr(pe Inpy).

If the field happens to be in a Gaussian state like (27) then
we can write

S([1)-

where the factor of 2 comes from the existence of two
modes, a and b for the same value of k. Now, given the
result (30)

f Bée *ED(z + £ 7, 7m)

L [ dq
= 3 g,k
[dfe 4&[(2ﬁ)3e

h* -
= Z\J](ZV]{ + ])2

2((v + D)In(wy + 1) — vi Inyy),

(2 )3

4E(Qp, + 1)2

Since —J is the inverse of J, we can write

n= gy T [ @8 I + £2m0) 5
Now, entropy depends only on the numbers v, and hence
only on the covariant matrix.

Thermal state

A particularly important example is a thermal state,
with inverse temperature (. The average value of the
excitations is

efﬂhwk(no)

1 — ¢ Bhoi(m)’ wi(no) = k> + m?(n),

vi(no) =

so that the function A(x, z, ) can be written as

hz d3k eik.(x_z)coth2<5wk(7’0))
—2 .

A(x <, ”’70) 4 (2 )3

For any temperature the argument of the hyperbolic cotan-
gent function can be small, but not smaller than BAm/2, or
large, depending on the value of k. Hence, the asymptotic
behavior of this function

Bhw, 4
coth2< 5 ) — el
k

if pho, <1, (31

)
cothz(%) — 1 + de~ (BRI if Bhe, > 1,

(32)
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can be used to approximate it as follows:

+1+ 48*(([”10’1()/2),

,(Bhoy b~ (BRw}))/4)
coth ( )% 555
2 B w;

where the maximum fractional error is of the order of 20%.
Note that the asymptotic result (31) is small for large
arguments and the asymptotic result (32) is small for small
arguments, so the simpler approximation [9],

sza)k 4
cothz( ) ~ +1,
2 )" prte?

can be used, giving a maximum fractional error of the same
magnitude (although the integrated fractional error is
larger). Employing the second approximation we obtain

2

n
A(xr Z, 77()) =~ 163(}: - Z)

f12 d3k 4eik-(x7z)

@2m)* BPr*(k* + m*(n))

fl2 e—m(”flu)|x—2|
e 3 2] e
;O3 4787 — 2

where the second term can be interpreted as a classical
correction, because it does not depend on Planck’s
constant.

V. QUANTUM FIELD EVOLUTION

The calculation of the left-hand side of (26) can be
extended to other times as follows. After the promotion
of the fields to field operators we obtain the Hamiltonian

3
() = j %(ﬁz e+ (2 + m ()] o)

where we have defined the time-dependent mass

(n) = (n) — a(n) -

In terms of the annihilation and creation operators

it + (% + m? ()R R

= R2(\i i + wixix)@tag + blbg + 1)
+ (VX + oixixDalby
+ 12 + a’%/\/k/\/k)&k];k

= A(a}ay + bib, + 1) + Baj b} + B*aby.

The equations of motion for the annihilation and creation
operators are
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ihd, = [A(n), a] = —Ady — Bb}
ihby = [A(n), b1 o B*ay + Ab]
inby, = [H(n), bl « —Aby — Baj
ihal =[A(n), al] = B b, + Aaj.

Taking into account the symmetry of the equations the
solutions can be written as

ar(n) u, 0 0 vy ar(mo)
at(n) I U A at(mo)
Bk("l) |o v ue 0 Bk(ﬂo) ’
bi(m) vi 00w/ \bf(n)

with time-dependent coefficients u; = ui(n, n9), vy =
vi(n, 19). In order to preserve the canonical commutation
relations we must have

lugl? = o> = 1.

Notice that this evolution corresponds to a time-dependent
two-mode squeezing, defined in (11),

&k(ﬂ) = S}Lz,k(z(ﬁ, no))ﬁk(no)slz,k(z(ﬂ, 770))-

Physically, we have a mechanism of production of
correlated particles and antiparticles.

The calculation of the covariance matrix (25) proceeds
as in the previous section. However, the two-point func-
tions are now understood as

XX = X 0, y, ) = Tr(¥(x 7) ¥y, m)p(n0)).

The fields %(x, n), ¥T(x, ), etc., are functions of the
creation and annihilation operators d;(7), 13;(17), etc. To
highlight this fact we write {(dz(n),..., l;}:(n)). In the
two-point function used above as an example, we would
write

¥ &= Te(Ra(n). ... bE () R(aw(n). ... b () (1))
= Tr(f(ax(n), ..., b ()p(no))

= Tr(SIrzf(sz(no), ces Ez(no))slzﬁ(ﬂo))-

We see that the effect of evolution is an additional trans-
formation on the operators. For example, the calculation of
the element C,, of the previous section remains essentially
unaltered. For example, (29), now reads
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<X/‘1X/’J‘[>PG - h2<8;r2(¢q(xq&q - YZ&};)
+ @5(bY = v b)) @i (xiaf — veay)
+ @rleebr = Yib)S 12

Proceeding with the evaluation of C;, we finally obtain
<)A(/f’f> = B2 fds_keik-(x—y)(;z(k),
xy (277.)3

where the coefficient ¢, (k) is slightly more complicated,
Q@ni + D> + i@ ug + v (e + 9" v)).

After obtaining all of the elements of the covariance matrix
we follow the procedure sketched in the previous section.
We finally obtain that the left-hand side of (26), evaluated
at time 7, is given by A2A(x, z, 7o)J/4, that is, it is
conserved in the course of the evolution.

VI. CONCLUSIONS

We established a quantum field theoretical counterpart
of well-known quantum mechanical measures of informa-
tion. We consider 1 and 2 degrees of freedom and establish
the connection between entropy and the covariance matrix.
We generalize this important concept (covariance matrix)
to a quantum field theoretical scenario of nonautonomous
fields in curved space-time. We work with symmetric
complex fields, showing that in this case it is also possible
to implement a relationship between the covariance matrix
and the state entropy. We show that unitary (even non-
autonomous) evolutions are isoentropic, a result also ob-
tained in [10]. This does not mean, however, that the
dynamics does not produce quantum correlations. In the
case studied we show that particle-antiparticle correlations
are dynamically generated and, provided environmental
effects are weak enough, such correlations remain as a
hallmark of the inflationary period.

There are some scenarios in which it would be natural to
use the tools introduced here, such as variational Gaussian
approximations (however, the evolution will be always
isoentropic), proposals of a decoherence mechanism, by
interaction with other fields or by lack of information of
correlation functions higher than the second order.
Systematic approximations beyond Gaussian states have
been derived [11,12], but their technical complexities pre-
vent current use. Thus it would be highly desirable to find
suitable approximation schemes in which the decoherence
mechanisms, and their consequences, become more trans-
parent. We hope our results to be useful as a first step in that
direction, because they will be of use for interacting fields.
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