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We discuss Hawking radiation from a five-dimensional squashed Kaluza-Klein black hole on the basis

of the tunneling mechanism. A simple method, which was recently suggested by Umetsu, may be used to

extend the original derivation by Parikh and Wilczek to various black holes. That is, we use the two-

dimensional effective metric, which is obtained by the dimensional reduction near the horizon, as the

background metric. Using the same method, we derive both the desired result of the Hawking temperature

and the effect of the backreaction associated with the radiation in the squashed Kaluza-Klein black hole

background.
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I. INTRODUCTION

In 1975, Hawking showed that a black hole can radiate
from the event horizon like a blackbody at the temperature
T ¼ �=ð2�Þ, where � is the surface gravity of the black
hole, by using the method of quantum field theory in
curved spacetime [1]. Thus Hawking radiation is one of
the interesting phenomena where both of general relativity
and quantum theory play a role.

An elegant derivation of Hawking radiation on the basis
of the tunneling method was proposed by Parikh and
Wilczek [2]. The derivation of Hawking radiation on the
basis of the tunneling effect has been discussed in the
literature [3–76]. The essential idea of the tunneling
mechanism is that a particle-antiparticle pair is formed
close to the horizon inside a black hole. We can divide
the field associated with a particle into ingoing modes
moving toward the center of the black hole and outgoing
modes trying to move outside the horizon. Then the in-
going modes are trapped inside the horizon, while a part of
the outgoing modes escapes outside the black hole by the
quantum tunneling effect. If the particle which comes out
to our universe has positive energy, such a particle (and
also an antiparticle) can stably exist and we can regard the
particle outside the horizon as the radiation from the black
hole. Parikh and Wilczek calculated the WKB probability
amplitude for the particle by taking into account classically
forbidden paths. By comparing the tunneling probability of
an outgoing particle with the Boltzmann factor in thermo-
dynamics, they successfully derived the Hawking tempera-
ture. The derivation on the basis of the tunneling method
has an important advantage that it is possible to evaluate
the backreaction associated with the radiation.

Parikh and Wilczek obtained the above results for four-
dimensional Schwarzschild and Reissner-Nordström black

holes. The extensions of their derivation to four-dimensional
Kerr and Kerr-Newman black holes have been discussed in
[73–76]. The derivations for four-dimensional rotating black
holes are mathematically complicated because of the effects
of the rotation. Recently, one of the authors has suggested a
new approach, which extends the method proposed by
Parikh and Wilczek to four-dimensional rotating black
holes, and showed that the derivation of the Hawking tem-
perature is greatly simplified if one uses the technique of the
dimensional reduction [77,78]. This technique has been
used in the derivation of Hawking radiation from anomalies
and discussed for various black holes (for example, see
[79–83]). According to the technique, it is shown that
metrics of various black holes effectively become two-
dimensional spherically symmetric metrics near the horizon.
We note that this technique of the dimensional reduction is
valid only for the region very close to the horizon. Since the
tunneling effect is a quantum one arising within the Planck
length near the horizon region, the use of the technique of
the dimensional reduction in the tunneling mechanism is
justified. It is thus possible to naturally extend the method of
Parikh and Wilczek to cases of various black holes and we
can derive both the Hawking temperatures and the effects of
the backreactions associated with the radiations in various
black hole backgrounds by using the new approach. Then
the derivations of the Hawking temperatures from four-
dimensional rotating black holes become simple in com-
parison with previous ones [73–76].
A family of squashed Kaluza-Klein black holes is one of

the interesting solutions of higher-dimensional black holes.
In the context of string theory and the brane world sce-
nario, investigations on higher-dimensional black hole so-
lutions have attracted a lot of attention. From a realistic
point of view, the extra dimensions need to be compactified
to reconcile the higher-dimensional theory of gravity with
our apparently four-dimensional world. We consider
higher-dimensional black holes in the spacetime with
compact extra dimensions, i.e., Kaluza-Klein black holes.
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In higher-dimensional spacetimes, even if we impose
asymptotic flatness to the four-dimensional part of the
spacetime, there are various possibilities of fiber bundle
structures of the extra dimensions as the fiber over the four-
dimensional base spacetime. The black hole solutions with
nontrivial bundle structures have been studied by various
authors. Dobiasch and Maison found the first five-
dimensional vacuum Kaluza-Klein black hole solution
which asymptotes to a twisted S1 fiber bundle over the
four-dimensional Minkowski spacetime [84], and Gibbons
and Wiltshire clarified the meaning of the metric [85].
Later, the solution was generalized to the charged case in
five-dimensional Einstein-Maxwell theory [86]. It is shown
that this family of black holes has squashed S3 horizons,
and that the metrics behave as fully five-dimensional black
holes in the vicinity of the horizon, while they behave as
four-dimensional black holes in the region far away from
the horizon. That is, the squashed Kaluza-Klein black hole
solutions asymptote to locally flat spacetimes with a com-
pactified extra dimension and we can regard a series of
these solutions as one of realistic higher-dimensional black
hole models. Several aspects of squashed Kaluza-Klein
black holes are also discussed, for example, thermodynam-
ics [87–89], Hawking radiation [90–92], quasinormal
modes [93–95], stabilities [96,97], geodetic precession
[98], and strong gravitational lensing [99].

In this paper, we consider the Hawking radiation from a
five-dimensional charged static Kaluza-Klein black hole
with squashed horizons on the basis of the tunneling mecha-
nism. To the best our knowledge, derivations of Hawking
radiation in the framework of the tunneling method have not
been discussed in asymptotically Kaluza-Klein spacetimes.
In the present work, we extend the derivation of Hawking
radiation as a tunneling process by using the technique of
the dimensional reduction near the horizon in four dimen-
sions to the case of the five-dimensional squashed Kaluza-
Klein black hole. For simplicity, we restrict ourselves to
uncharged radiations coming from the black hole and take
into account the backreaction of the radiation. Then, in
contrast to the previous studies [90–92], we obtain not
only the Hawking temperature of the black hole but also
the effect of the backreaction associated with the radiation
in a very simple manner.

This paper is organized as follows. In Sec. II, we review
the properties of five-dimensional charged static Kaluza-
Klein black hole solutions with squashed horizons. In
Sec. III, we show that the five-dimensional squashed
Kaluza-Klein black hole metric effectively becomes a
two-dimensional spherically symmetric metric by using
the technique of the dimensional reduction near the hori-
zon. In Sec. IV, we apply the tunneling mechanism to the
squashed Kaluza-Klein black hole and derive both the
Hawking temperature and the effect of the backreaction
associated with the radiation. Section V is devoted to
discussion and conclusion.

II. REVIEW OF SQUASHED KALUZA-KLEIN
BLACK HOLES

We consider the charged static Kaluza-Klein black hole
with squashed S3 horizons, which is one of the exact
solutions of the five-dimensional Einstein-Maxwell theory
[86]. The metric and the gauge potential are written as

ds2 ¼ �Fð�Þdt2 þ K2ð�Þ
Fð�Þ d�

2 þ �2K2ð�Þd�2
S2

þ r21
4K2ð�Þ ðdc þ cos�d�Þ2; (1)

A� ¼
�
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3�þ��

p
2�

; 0; 0; 0; 0

�
; (2)

where d�2
S2

¼ d�2 þ sin2�d�2 denotes the metric of

the unit two-sphere, and the functions Fð�Þ and Kð�Þ are
given by

Fð�Þ ¼ �2 � 2M�þQ2

�2
¼ ð�� �þÞð�� ��Þ

�2
;

K2ð�Þ ¼ �þ �0

�
: (3)

The parameters r1, ��, and �0 are related as r21 ¼
4ð�þ þ �0Þð�� þ �0Þ, and the parametersM andQ denote
the Komar mass and the charge of the black hole (1),
respectively. The coordinates ðt; �; �;�; c Þ run the ranges
of �1< t <1, 0<�<1, 0 � � � �, 0 � � � 2�,
and 0 � c � 4�, respectively. To avoid the existence of
naked singularities on and outside the horizon, we choose
the parameters such that �þ � �� � 0 and �� þ �0 > 0.

The outer and the inner horizons are located at � ¼
�þ ¼ Mþ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 �Q2
p

and � ¼ �� ¼ M� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 �Q2

p
,

respectively. The shapes of horizons are the squashed S3

in the form of the Hopf bundle. The surface gravity on the
outer horizon of the black hole (1) is obtained as

� ¼ �þ � ��
2�2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�þ

�þ þ �0

s
: (4)

At infinity, � ! 1, the metric (1) behaves as

ds2 ’ �dt2 þ d�2 þ �2d�2
S2
þ r21

4
ðdc þ cos�d�Þ2: (5)

That is, the metric (1) asymptotes to a twisted constant S1

fiber bundle over the four-dimensional Minkowski space-
time. The size of the compactified extra dimension of the
spacetime (1) at infinity is given by r1.
Here, we discuss the physical meanings of the parameter

�0 in the metric (1). If �0 � ��, � dependence of the
function Fð�Þ is important but the function Kð�Þ is almost
unity for an observer outside the horizons, �0 � �� & �.
Then, the observer feels the spacetime as the four-
dimensional Reissner-Nordström black hole with a twisted
constant S1 fiber with the metric
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ds2 ’ � ð�� �þÞð�� ��Þ
�2

dt2 þ �2

ð�� �þÞð�� ��Þ d�
2

þ �2d�2
S2
þ r21

4
ðdc þ cos�d�Þ2: (6)

On the other hand, if �� � �0, the functionKð�Þ becomes
important for an observer at �� & � � �0. With the help
of a new coordinate r ¼ 2

ffiffiffiffiffiffiffiffiffi
�0�

p
and parameters r� ¼

2
ffiffiffiffiffiffiffiffiffiffiffiffi
�0��

p
, since r2� � r21, the metric (1) approaches the

five-dimensional Reissner-Nordström black hole [100]:

ds2 ’ � ðr2 � r2þÞðr2 � r2�Þ
r4

dt2 þ r4

ðr2 � r2þÞðr2 � r2�Þ
dr2

þ r2d�2
S3
; (7)

where d�2
S3

denotes the metric of the unit three-sphere.

Then, the observer feels the spacetime as an almost S3

symmetric black hole. Therefore, the parameter �0 gives
the typical scale of transition from five dimensions to
effective four dimensions.

III. DIMENSIONAL REDUCTION NEAR
THE HORIZON

In this section, we discuss the technique of the dimen-
sional reduction near the horizon in the squashed Kaluza-
Klein black hole. Considering the near horizon behavior
of the action for a five-dimensional complex scalar field in
the squashed Kaluza-Klein black hole background (1), we
show that the five-dimensional action is reduced to a two-
dimensional one and the five-dimensional squashed
Kaluza-Klein black hole behaves as an effectively two-
dimensional black hole in the region very close to the
horizon.

We consider the five-dimensional complex scalar field�
in the squashed Kaluza-Klein black hole background (1).

The action is given by

S ¼
Z

d5x
ffiffiffiffiffiffiffi�g

p
g��ð@� þ ieA�Þ��ð@� � ieA�Þ�þ Sint;

(8)

where the first term is the kinetic term and the second term
Sint represents the mass, the potential, and the interaction
terms. Substituting the metric (1) and the gauge potential
(2) into the action (8), we have

S¼� r1
2

Z
dtd�d�d�dc sin��2K2��

�
�
� 1

F
ð@t � ieAtÞ2 þ 1

�2K2
@�ð�2F@�Þ

þ 1

�2K2 sin�
@�ðsin�@�Þ þ 1

�2K2

�
1

sin�
@� � cos�

sin�
@c

�
2

þ 4K2

r21
@2c

�
�þ Sint: (9)

We perform the partial wave decomposition of � as

� ¼ X
l;m;�

�lm�ðt; �ÞSlm�ð�Þeiðm�þ�c Þ; (10)

where the function Slm� is the spin-weighted spherical
function, which satisfies

�
1

sin�
@�ðsin�@�Þ� ðm��cos�Þ2

sin2�
þ lðlþ1Þ��2

�
Slm� ¼ 0:

(11)

We have the conditions such that l � � and m ¼ �l;
�lþ 1; � � � ; l. The periodicity also requires that 2�, 2m,
and ��m are integers. Then we obtain the action (9) in
the form

S ¼ � r1
2

Z
dtd�d�d�dc sin��2K2

X
l0;m0;�0

��
l0m0�0S�l0m0�0e�iðm0�þ�0c Þ

�
�
� 1

F
ð@t � ieAtÞ2 þ 1

�2K2
@�ð�2F@�Þ � lðlþ 1Þ � �2

�2K2
� 4K2�2

r21

�X
l;m;�

�lm�Slm�e
iðm�þ�c Þ þ Sint: (12)

Defining the tortoise coordinate as

d�� ¼ K

F
d�; (13)

the action (12) is rewritten as

S ¼ � r1
2

Z
dtd��d�d�dc sin��2K

X
l0;m0;�0

��
l0m0�0S�l0m0�0e�iðm0�þ�0c Þ

�
�ð@t � ieAtÞ2 þ 1

�2K
@�� ð�2K@�� Þ

� F

�
lðlþ 1Þ � �2

�2K2
þ 4K2�2

r21

��X
l;m;�

�lm�Slm�e
iðm�þ�c Þ þ Sint: (14)

We consider the action (14) in the region near the black hole horizon, � ’ �þ. Since the theory becomes the high-energy
theory near the horizon and Fð�þÞ ¼ 0 at � ! �þ, we ignore all terms in Sint and retain the dominant kinetic term only.
Then we have
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S ¼ � r1
2

Z
dtd��d�d�dc sin��2K

� X
l0;m0;�0

��
l0m0�0S�l0m0�0e�iðm0�þ�0c Þ

�
�
�ð@t � ieAtÞ2 þ 1

�2K
@�� ð�2K@�� Þ

�

� X
l;m;�

�lm�Slm�e
iðm�þ�c Þ: (15)

We return to the expression written in terms of the coor-
dinate �. The action (15) takes the form

S ¼ �4�2r1
X
l;m;�

Z
dtd��2K��

lm�

�
�
�K

F
ð@t � ieAtÞ2 þ @�

�
F

K
@�

��
�lm�; (16)

where we have used the orthonormal condition for the
spin-weighted spherical function,

Z
d� sin�S�l0m0�0Slm� ¼ 	l0;l	m0;m	�0;�; (17)

and integrated the angular coordinate parts. From the
action (16), we can regard the field �lm� as a two-
dimensional complex scalar field in the backgrounds with
the metric ds22D, the gauge potential Ai (i ¼ t, �), and the
dilaton field �:

ds22D ¼ � F

K
dt2 þ K

F
d�2; (18)

At ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3�þ��

p
2�

; A� ¼ 0; (19)

� ¼ �2K; (20)

where the functions F and K are given by Eq. (3).
We see that the metric of the five-dimensional squashed

Kaluza-Klein black hole (1) behaves as an effectively two-
dimensional metric (18) by using the technique of the
dimensional reduction near the horizon. For confirmation,
we calculate the surface gravity on the horizon of the two-
dimensional spacetime (18) as

� ¼ 1

2
@�

�
F

K

����������¼�þ
¼ �þ � ��

2�2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�þ

�þ þ �0

s
: (21)

We see that this surface gravity (21) coincides with
that of the five-dimensional squashed Kaluza-Klein black
hole (4).

IV. HAWKING RADIATION AS
TUNNELING PROCESS

In this section, we derive both the Hawking temperature
and the effect of the backreaction associated with the radia-
tion in the squashed Kaluza-Klein black hole background

on the basis of the tunneling mechanism. Here we use the
two-dimensional effective metric (18) as the background
metric. Since the tunneling effect is a quantum one arising
within the Planck length near the horizon region, our deri-
vation of Hawking radiation as a tunneling process by using
the technique of the dimensional reduction is justified.
To describe the across-horizon phenomena, Parikh and

Wilczek used the Painlevé coordinates, where the coordinate
singularity at the horizon was removed [2]. Similarly, we
define the Painlevé-like coordinate tp to the metric (18) by

dtp ¼ dtþ K

F

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� F

K

s
d�: (22)

Then the metric (18) is rewritten as

ds22D ¼ ��2 � 2M�þQ2

�2K
dt2p

þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K � 1

K
þ 2M

�K
� Q2

�2K

s
dtpd�þ d�2: (23)

The metric (23) has a number of interesting features. At any
fixed time, tp ¼ const, the spatial geometry is flat, and for

any fixed radius, � ¼ const, the boundary geometry is the
same as that of the metric (18).
The radial null geodesics for the metric (23) are given by

ds22D ¼ 0. We obtain

_� ¼ d�

dtp
¼ �1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K � 1

K
þ 2M

�K
� Q2

�2K

s
; (24)

where the upper and the lower signs correspond to the
outgoing and the ingoing geodesics, respectively, under
the implicit assumption that tp increases towards the

future. Since we can ignore the mass of matter field near
the horizon region by the discussion of dimensional reduc-
tion, the use of null geodesics (24) in our derivation of
Hawking radiation is justified. If we restrict ourselves to
uncharged radiations coming from the black hole and take
into account the effect of the particle’s self-gravitation, i.e.,
the backreaction of the radiation, we replace the mass of
the black hole M by M�!, where ! denotes the energy
of the particle which escapes from the black hole by the
tunneling mechanism. Then we have the metric (23) and
the radial null geodesics (24) in the forms

ds22D¼��2�2ðM�!Þ�þQ2

�2K
dt2p

þ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K�1

K
þ2ðM�!Þ

�K
� Q2

�2K

s
dtpd�þd�2; (25)

_� ¼ �1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K � 1

K
þ 2ðM�!Þ

�K
� Q2

�2K

s
: (26)

By following the method proposed by Parikh and
Wilczek, we evaluate the WKB probability amplitude for
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a classically forbidden trajectory. The imaginary part of the
action for an outgoing positive energy particle, which
crosses the horizon outwards from � ¼ �in to � ¼ �out,
is given by

Im S ¼ Im
Z �out

�in

p�d� ¼ Im
Z �out

�in

Z p�

0
dp0

�d�

¼ Im
Z �out

�in

Z H

0

dH0

_�
d�; (27)

where we have multiplied and divided the integrand by the
two sides of Hamilton’s equation, _� ¼ dH=dp�j�, to

change the variable from the momentum to the energy.
Taking into account the effect of the backreaction of the
radiation, we obtain

ImS¼ Im
Z M�!

M

Z �out

�in

d�

_�
dH0

¼ Im
Z !

0

Z �out

�in

d�

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K�1
K þ 2ðM�!0Þ

�K � Q2

�2K

q ð�d!0Þ; (28)

where we have used the Hamiltonian,H ¼ M�!, and the
radial null geodesic (26) with the upper sign. Now the
integral can be done by deforming the contour, so as to
ensure that positive energy solutions decay in time, that is,
into the lower half !0 plane. By using Feynman’s i

prescription, ! ! !� i
, we have

ImS ¼ Im
Z �out

�in

Z M�!

M

dM0

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K�1
K þ 2M0

�K � Q2

�2K

q d�

¼ Im
Z �out

�in

Z M�!

M

dM0

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K�1
K þ 2M0

�K � Q2

�2K

q
þ i


d�

¼ Im
Z �out

�in

Z M�!

M
�i�

� 	

�
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K � 1

K
þ 2M0

�K
� Q2

�2K

s �
dM0d�

¼ ��
Z �out

�in

�Kd�: (29)

Thus we obtain the WKB probability amplitude as

� ’ e�2ImS

¼ exp

�
�

2
ð2�out þ �0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�outð�out þ �0Þ

q

� �

2
ð2�in þ �0Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�inð�in þ �0Þ

q

� ��2
0

2
log

ffiffiffiffiffiffiffiffi
�out

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�out þ �0

p
ffiffiffiffiffiffiffi
�in

p þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�in þ �0

p
�
; (30)

where the explicit forms of �in and �out are, respectively,
given by

�in ¼ �þ ¼ Mþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 �Q2

q
;

�out ¼ M�!þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM�!Þ2 �Q2

q
:

(31)

If we consider the effect in the second order of !, in
terms of �þ and ��, the WKB probability amplitude (30)
takes the form

� ’ exp

�
� 2�

~�
!þ �!2

�
; (32)

where the constants ~� and � are, respectively, given by

~� ¼ �þ � ��
2�2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�þ

�þ þ �0

s
; (33)

� ¼ 2��þ½2�þð�þ � 3��Þ þ �0ð�þ � 5��Þ	
ð�þ � ��Þ3

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�þ
�þ þ �0

s
: (34)

We see that the constant ~� (33) coincides with the surface
gravity of the black hole (4), that is, ~� ¼ �. Thus, by
comparing the WKB probability amplitude (32) to the first
order in ! with the Boltzmann factor in a thermal equilib-

rium state at the temperature T, � ¼ e�!=T , we obtain the
Hawking temperature of the five-dimensional squashed
Kaluza-Klein black hole (1) as

TH ¼ ~�

2�
¼ �þ � ��

4��2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�þ

�þ þ �0

s
; (35)

which is the desired result [87–90,92], and we can regard
the quadratic term of ! in Eq. (32), �!2, as the correction
by the backreaction of the radiation.
In the limit �0 ! 0we obtain the metric (1) withK ¼ 1,

which locally has the geometry of the black string (6). In
this limit, the WKB probability amplitude (30) reduces to

� ’ exp½�ð�2
out � �2

inÞ	

¼ exp

�
�4�!

�
M�!

2

�
þ 2�ðM�!Þ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðM�!Þ2 �Q2

q
� 2�M

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 �Q2

q �
: (36)

To the first order in !, this WKB probability amplitude
(36) is consistent with previous results of thermal emission
at the Hawking temperature TH for the four-dimensional
Reissner-Nordström black hole [1,2]:

TH ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 �Q2

p
2�ðMþ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

M2 �Q2
p Þ2

: (37)
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V. DISCUSSION AND CONCLUSION

To sum up, we have extended the derivation of
Hawking radiation by using the tunneling mechanism in
four-dimensional black hole backgrounds to the case of
the five-dimensional charged static Kaluza-Klein black
hole with squashed horizons. We have restricted ourselves
to uncharged radiations coming from the black hole and
taken into account the backreaction of the radiation. Then
we have derived the Hawking temperature of the black
hole in a very simple manner. The calculation in our
derivation by using the technique of the dimensional
reduction near the horizon is little different from the
original calculation for four-dimensional spherically sym-
metric black holes discussed in [2]. Although, our method
has included the essential effect of the extra dimension,
we have derived the Hawking temperature correctly by
evaluating the effect to the first order in the energy of the
particle which escapes from the black hole by the tunnel-
ing mechanism. We have seen that the technique of the
dimensional reduction has been useful in the derivation of
Hawking radiation on the basis of the tunneling mecha-
nism in the five-dimensional squashed Kaluza-Klein
black hole backgrounds. In contrast to the previous stud-
ies of Hawking radiation from squashed Kaluza-Klein
black holes [90–92], we have derived not only the

Hawking temperature but also the effect of the backreac-
tion associated with the radiation. If higher-dimensional
black holes are created in future accelerator experiments
and we assume that the five-dimensional squashed
Kaluza-Klein black hole solutions describe geometries
around such black holes, we expect that our present
work could make a contribution to the verifications of
Hawking radiation and extra dimensions in asymptoti-
cally Kaluza-Klein spacetimes.
In this paper, our analysis by using the tunneling mecha-

nism has been confined only to the derivation of the

Hawking temperature of the five-dimensional squashed

Kaluza-Klein black hole and we have not discussed the

blackbody spectrum. There remains the possibility that the

black hole is not the blackbody but merely the thermal

body. However, we expect that we can obtain the black-

body spectrum of the Hawking radiation in the squashed

Kaluza-Klein black hole background by applying the

methods in [77,101,102], which discuss the derivation of

the blackbody spectrum with the Hawking temperature

from the expectation value of the number operator by

using the properties of the tunneling mechanism. We leave

the analysis of the blackbody spectrum for the five-

dimensional squashed Kaluza-Klein black hole on the

basis of the tunneling mechanism for the future.
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