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We generalize the factorized resummation of multipolar waveforms introduced by Damour, Iyer, and
Nagar to spinning black holes. For a nonspinning test particle spiraling a Kerr black hole in the equatorial
plane, we find that factorized multipolar amplitudes which replace the residual relativistic amplitude f,,
with its €th root, py,, = f %1 ‘ agree quite well with the numerical amplitudes up to the Kerr-spin value
g = 0.95 for orbital velocities v = 0.4. The numerical amplitudes are computed solving the Teukolsky
equation with a spectral code. The agreement for prograde orbits and large spin values of the Kerr black-
hole can be further improved at high velocities by properly factoring out the lower-order post-Newtonian
contributions in py,,. The resummation procedure results in a better and systematic agreement between
numerical and analytical amplitudes (and energy fluxes) than standard Taylor-expanded post-Newtonian
approximants. This is particularly true for higher-order modes, such as (2,1), (3,3), (3,2), and (4,4),
for which less spin post-Newtonian terms are known. We also extend the factorized resummation of
multipolar amplitudes to generic mass-ratio, nonprecessing, spinning black holes. Lastly, in our study we
employ new, recently computed, higher-order post-Newtonian terms in several subdominant modes and
compute explicit expressions for the half and one-and-half post-Newtonian contributions to the odd-parity
(current) and even-parity (odd) multipoles, respectively. Those results can be used to build more accurate

templates for ground-based and space-based gravitational-wave detectors.
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L. INTRODUCTION

An international network of kilometer-scale laser-
interferometric gravitational-wave detectors, consisting
of  the Laser-Interferometer Gravitational-wave
Observatory (LIGO) [1] and Virgo [2] are currently oper-
ating at the best sensitivity ever in the frequency range
10-10° Hz. We expect that in the next decade the Laser-
Interferometer Space Antenna (LISA) [3] will be also
operating but in the frequency range 10~* — 10! Hz.

Binary black holes are among the most promising
sources for those detectors. During the last 30 years, the
search for gravitational waves from coalescing black-hole
binaries with LIGO, Virgo, and LISA has prompted the
development of highly-accurate, analytical template fam-
ilies to be employed in matched-filtering analysis. Those
template families are based on the post-Newtonian (PN)
approximation of the two-body dynamics and gravitational
radiation [4,5]. In PN theory, the multipolar waveforms are
derived as a Taylor expansion in v/c (v being the binary
characteristic velocity and ¢ the speed of light). More
recently, Damour, Iyer, and Nagar [6,7] have proposed a
resummation of the multipolar waveforms in which the
Taylor-expanded multipolar waveforms computed in PN
theory are rewritten in a factorized, resummed form as

(N.€,) a(ep) i
h€m = h(mep Sc;fp T(/’me[éfmf(fm' (1)
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The several factors in the above Ky, have the following

meaning. The factor h(;;/q )

ale,) . e .
Sif}) is the relativistic conserved energy or angular mo-

mentum of the effective moving source; 7y, resums an
infinite number of leading logarithms entering the tail
effects; e’ is a supplementary phase which contains
phase effects which are not contained in the complex
T¢,; and, finally, f,, contains residual terms which can
be carefully resummed to improve its behavior as function
of €. The better agreement of the factorized multipolar
waveforms to the exact numerical results suggests that
the factors entering the hg,,’s can capture effects, such as
the presence of a pole in the effective source for quasicir-
cular orbits and the inclusion of all leading logarithms in
tail terms, that are missed when expanded in a PN series
and truncated at a certain PN order.

In Refs. [6,8], the factorized waveforms for a test particle
orbiting around a Schwarzschild black hole were computed,
including also the case of comparable-mass nonspinning
black holes. It was found that factorized waveforms agree
better with numerical (exact) results than Taylor-expanded
waveforms. In particular, in the test-particle limit, Ref. [6]
compared the analytical factorized (I, m) modes and
gravitational-wave energy flux to the numerical results
obtained by Berti [9], solving the Teukolsky equation.
The factorized waveforms have been also employed in the

is the leading Newtonian term;
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TABLE 1. PN orders currently available in the multipolar waveforms Cy,, (in the adiabatic approximation C,, = —m>Q2hy,,).
In the first two rows, we list the nonspin and spin PN orders beyond the leading-order Newtonian term Cg’o). In the next two rows, we
list the nonspin and spin PN orders beyond the leading-order term for each mode C%‘ E”). In the last two rows, we list the PN orders

beyond the leading-order term for each mode Cg:;’s”) that are needed to compute the nonspin 5.5PN-energy flux and the spin 4PN-
energy flux. For each Cy,,, the two columns refer to the parity of the multipolar waveform €, = 0 and = 1.

C2 m C3 m C4m CS m C6m C7m
0 1 0 1 0 1 0 1 0 1 0 1

C8 m

PN orders beyond Cg‘o) (nonspin) 55 6
PN orders beyond C(ZI;”O) (spin) 4 4
PN orders beyond C(ZZJE”) (nonspin) 55
PN orders beyond Cg’\;’e”) (spin) 4

PN orders beyond C(ZI\; <) needed for nonspin 5.5PN-flux 5.5
PN orders beyond C%’e”) needed for spin 4PN-flux 4 3

5.5
35
4.5

0

5 55 45 5 4 45 3
4 4 4 4 4 4 4 4 4 4 4 4

0

45 45 35 35 25 25 15 15 05 05 0
35 3 3 25 25 2 2 15 15 1 1 05
45 35 35 25 25 15 15 05 05 0 0 O

32 2 1 1 0o 0 O o0 0 0O

effective-one-body formalism and compared to waveforms
computed in numerical-relativity simulations [8,10,11].
Also in this case, the agreement of the factorized waveforms
to the numerical waveforms is better than the one of the
Taylor-expanded waveforms, especially during the last
stages of inspiral and plunge, and close to merger.

In this paper, we extend the factorized multipolar wave-
forms to the case of a test particle orbiting around a Kerr
black hole on the equatorial plane. In the case of a test
particle orbiting around a Schwarzschild black hole,
the Taylor-expanded multipolar waveforms were derived
through the PN order needed to compute the 5.5PN energy
flux [12], although their explicit formulas were not avail-
able in the literature. In the case of a test particle orbiting
around a Kerr black hole on the equatorial plane, spin
terms in the Taylor-expanded multipolar waveforms were
derived through the PN order needed to compute the 4PN
energy flux [13], but their explicit formulas were not
published. Motivated by this work, Tagoshi and Fujita
[14] have recently computed the spinning and nonspinning
Taylor-expanded multipolar waveforms up to 4PN and
5.5PN order (see Table I for a summary), respectively.
Also, recently, Fujita and Iyer [15] have independently
computed the nonspinning Taylor-expanded multipolar
waveforms up to 5.5PN order.

Since, as said above, explicit expressions of the Taylor-
expanded multipolar waveforms are not available in the
literature, even at lower PN orders [12,13], we write those
expressions explicitly in this paper (see Appendix A),
decomposing them in —2 spin-weighted spheroidal
harmonics. Then, we apply the transformation from —2
spin-weighted spheroidal harmonics to —2 spin-weighted
spherical harmonics and build the factorized multipolar
waveforms decomposed in —2 spin-weighted spherical har-
monics. The latter decomposition is the one commonly used
in the fields of numerical relativity and gravitational-wave
data analysis. Finally, we compare the factorized waveforms
to numerical (exact) waveforms for a test particle orbiting

around a Kerr black hole, on the equatorial plane, solving the
Teukolsky equation [16-18]. Finally, we derive the factor-
ized multipolar waveforms for spinning, nonprecessing
black holes of comparable masses. Those factorized wave-
forms were recently used in the spinning effective-one-body
model of Ref. [19] and compared to numerical-relativity
simulations of spinning, nonprecessing equal-mass black
holes from the Caltech-Cornell-CITA collaboration.

This paper is organized as followed. In Sec. II, we work
out the factorized waveforms decomposed in —2 spin-
weighted spherical harmonics for a test particle orbiting
a Kerr black hole, on the equatorial plane. In Sec. III, we
compare the gravitational-wave energy flux and the (I, m)
modes of analytical factorized waveforms to numerical
waveforms. The numerical results are obtained solving
the Teukolsky equation [16—18]. In Sec. IV, we derive
the factorized waveforms for generic mass-ratio spinning,
nonprecessing black holes. Section V summarizes our
main conclusions. In Appendix A, we write the Taylor-
expanded multipolar waveforms in the test-particle limit
through the PN order currently known. In Appendices B,
C, D, and E, we give the complete expressions of the f,,’s,
Cen’s, Pem’s, and 8y,’s for 4 <[ =28. Finally, in
Appendix F, we compute the / and m dependence of the
spin terms in the mass and current-multipole moments at
0.5PN order and 1.5PN order, respectively.

II. FACTORIZED MULTIPOLAR WAVEFORMS
FOR A TEST PARTICLE ORBITING AROUND
A KERR BLACK HOLE

We consider a nonspinning test particle orbiting around
a Kerr black hole and extend the factorized waveforms of
Ref. [6] to the case where the motion is quasicircular and
confined to the equatorial plane, that is the spinning, non-
precessing case. The factorized multipolar waveforms are

. . . N,
built as the production of a leading-order term hi,m “ and a
higher-order correction term g, consisting four factors [6]
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h(m = hfel;:]fp)ﬁf - h(N E’))S;’*))T meiﬁmffmr (2)

where €, denotes the parity of the multipolar waveform.
In the quasicircular case, €, is the parity of £ + m: €, =

(€ + m). Henceforth, we use natural units G = ¢ = 1.

(N.€p)

The leading term & g:; ””in Eq. (2) is the Newtonian order

waveform
Ne,) _ Mv (e, e)yt—e,—m( T
hemEI _ 7,1;’11 C@+€F(V)v(€+ Dyl—€n m(Ey d)), 3)

where v is the orbital velocity, Y*"(6, ¢) are the scalar

. . (e,)
spherical harmonics, n,,~ are

87 [+ D)(€+2)
€(2€+1)u\/ w-1n (42)

€+ 1) +2)(€%—m?)
—DE+1)EE—-1)’

167ri

W _
(m)€(2€+1)!z

R =

(4b)

and C€+GP(V) are functions of the symmetric mass-ratio
v = mmy/M?, with M = m, + mj:

1 1 {+e—1
Core(v) = <§ - EVI - 4V)

+(_)€+e( +1 \/_)€+e 1 (5)

Although in this section, we consider the test-particle limit
m; = M > m, = u, that is v — 0, the above relations

will be used for generic » in Sec. IV and Appendix F.

We shall define the source factor Sf:ﬁ” " and the tail factors

T¢, in Sec. IIB. In Secs. IIB and Il Cwe compute the
imaginary and real PN spin effects in the e?’s and
fem's, respectively. We shall obtain those quantities by
requiring that when we Taylor expand the factorized
waveforms (2) the results coincide through 4PN order,
for the spin terms, and 5.5PN order, for the nonspinning
terms, with the Taylor-expanded waveforms given in
Sec. IT A and Appendix A.

A. Taylor-expanded multipolar waveforms

The Newman-Penrose scalar W, = —(h, — ihy)
can be decomposed in either —2 spin-weighted spherical

PHYSICAL REVIEW D 83, 064003 (2011)

2P, (8)e™?, or =2 spin-
Sero(0)e™? as

harmonics _,Y,, (6, ¢) =
weighted spheroidal harmonics _,

¢

FVe =3 > Cim¥, (0, p)e 0,

€ m=—¢

P
_Z z C{/m -2 gm( ) za)o(r —t)+lm¢>

€ m=—¢

90

B (0) P
— § E 7 o 2 fm ei® o(r t)+tmq5, 6
T m——¢ frmeo N2 ©

where a is the spin of the Kerr black hole, having the
dimension of length (while we also define ¢ = a/M) and
wy = m{) is a multiple of the orbital frequency (). Since
—2 spin-weighted spheroidal harmonics are eigenfunc-
tions of the Teukolsky equation, it is natural to expand
its solution in the spheroidal basis. In the fields of numeri-
cal relativity and gravitational-wave data analysis,
however, the —2 spin-weighted spherical harmonics are
commonly used because they do not depend on the spin
and the frequency as the —2 spin-weighted spheroidal
harmonics do.

The —2 spin-weighted spherical and spheroidal har-
monic bases are related by

—252::0(9) = P, (0) + awoZCﬁﬁn-szm(ﬁ)
€/

+(aw0)22d€m 2Py (0) + O(awp)’. (1)

The coefficients C?m and dﬁ/m are given in Ref. [13] as

(3 D DC—mT 1)
(€+1>2\/ RENIES) U'=C0+1
¢ =1 _ 2 [ w2 mi—m O =0—1 (8)
[ G-
0, otherwise
and if €/ = € we have
di = [(C€+1)2 + (cf %], )

while if €/ # € we have

) 1 _
di, = INGENG) {—[2’" + M€ m)[Spesichit + 8pe—ich,! — e Ar(€, m)]

2¢+3 20 —
ot Y 1<€ +1,m,1, 0|€’, m><€ +1,2, l,Olf” 2) 4¢ gml T 1<€ —1,m1, Olg/ m><€ — 1,21, Ole/ 2>
2 2¢ + 1
+ g [8{!( - m<€, m, 2, 0|€/, m><€, 2, 2, Olgl, 2>]}, (10)
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where (j;, my, j,, my|J, M) is a Clebsch-Gordan coefficient
and

() = (€ = D€ +2), (an

M m) = —2m+€+4)/>+0), (12

Mol m) = —2(€ + D)l + 26(cl-1Y2 + 2

20+ A =3 + € —3m?)
3 0+ )2 +3)2¢ - 1)

(13)

In the nonspinning case, _,Sy.*(6) reduces to _,P,, (6),
which has the closed expression

(—1)m (I+m)(I—m)(2l+1)
2(L+2)!1(1—2)!

O\ 2(1+2 [—2
X S~n21(7) _1 [—r+2
! 2 rZO r r—=2—m (=D

X cotzr—z_m(g). (14)

—2P€m(0) =

The —2 spin-weighted spherical harmonic basis is ortho-
normal in the sense that

j; P, (0) P, (0)sin0dl = &¢p 8, (15)
To explicitly write the modes Cy,, and Z,,,, expanded

in v, we find it convenient to introduce the following
notation:

Com = Con™ Com (16)
_ ,WNe)s
Z€mw0 - Z€mw0 Z{’mwor (17)

where C,,/ (N.ep)

and Z%Z’;) represent the Newtonian contri-
butions and, as said above, €, denotes the parity of the
multipolar waveform. In the adiabatic limit, C,, =
—m?*Q%hy,,. Therefore, whereas the Newtonian contribu-
tion to Cy,, and hy,, differ by a factor of —m?(?, the PN
corrections are the same, i.e., éem = ﬁ{;m. The Newtonian

contributions in the Cy,,’s or Zg,,,,’s are [see Eq. (3)],

C(N, €p) Z(N ,€p)

tm {mw
= —m2vn(cpp e, (W TETOY ()2, ),
(18)
where we define v = (MQ)/3. In Refs. [12,13], the

Taylor-expanded multipolar waveforms were calculated
at the PN order needed to compute the nonspinning

PHYSICAL REVIEW D 83, 064003 (2011)

5.5PN-energy flux and spin 4PN-energy flux, respectively.
For the purpose of the present paper, Tagoshi and Fujita
[14] extended the computation of the multipolar wave-
forms at higher PN order. Although those new PN correc-
tions are not sufficient for computing the energy flux at the
next order (6PN and 4.5PN order in the nonspinning and
spinning cases, respectively), they do improve our knowl-
edge of the multipolar waveforms, as we shall discuss
below. In Table I, we list the PN orders available to us in
each multipolar waveform Cy,,, while the explicit Taylor-
expanded waveforms ngwO’s are given in Appendix B.

We compute the Cy,,’s from the ZAeme’S by applying
Eq. (7) and the orthogonality condition of the —2 spin-
weighted spherical harmonics

Cop = [ A0, ,Y? e ol

Sawo
Z Z€’m’a)o 7_2 . tm l(m _m)¢
0 m=—

=[ smﬁdezzermwo[, P, +awOZc{m 2P oy,
0 €/I
+ (awg)? Zd(é:lm 2P aPly
(//

= Z(ma)() + awOZCg,mZmeo + (awo)zzd?mZ@mwO
4 4
+ O(awy)’. (19)

We notice that the mixing of spheroidal waveforms
happens among modes with the same m and different €.

The Cy, modes are computed in perturbation theory
[12,13,20,21] using a coordinate system different from
the one used in PN calculations [22,23]. When expressing
both modes in terms of the orbital frequency they should
coincide. However, the presence of tail terms in both
calculations demands a careful treatment. In PN calcula-
tions, the tail terms contain a freely specifiable constant
ro that corresponds to the difference in the origins of the
retarded time in radiative coordinates and in harmonic
coordinates in which the equations of motion are given
(see e.g., Eq. (3.16) in Ref. [23]). This constant can be
absorbed into the phase of the PN modes (see e.g., Eq. (8.8)
in Ref. [23]) once it is traded with x; (or vg) [22] as

11 2
—37E

lngO = ZIOgUO = E 3 - g

2
log2 — 3 log(ry/M),

(20)

where yp = 0.577215... is the Euler’s constant, and
throughout the paper, we use “log” to denote the
natural logarithm. In perturbation-theory calculations,
Schwarzschild or Boyer-Lindquist coordinates are used.
The waveforms at infinity are naturally expressed with
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the tortoise coordinate, and the relation between the
Schwarzshild or Boyer-Lindquist coordinate and the
tortoise coordinate has an arbitrary constant which in
Refs. [12,13,20,21] is fixed to —2M log(2M) [24].

We find that to recover the PN results we need to express
some of the y.’s in the perturbation-theory modes [14] in
terms of x, and r, using Eq. (20) and set r, = 2M/./e.
More specifically, we replace some of the y;’s using the
following equation [22]

PHYSICAL REVIEW D 83, 064003 (2011)

We notice that the constant r, will appear later in our
definition of the tail term 7, of the factorized resummed
waveforms. In fact, since the Ty, term resums all tail
integrals that contain r,y at known orders, it is the only
term in the resummed waveforms that depends on r.
Finally, to ease the notation, we follow Ref. [6] and in-
troduce eulerlog,, (v?) = vy + log2 + logm + 1/2logv?
into our Cy,, expressions.

Below we list the Cy,,’s through [ =4 and give the
expressions for 4 < € < 8 in Appendix B. The differences

1 2 1 _ between the Cy,,’s and Z;,,, ’s concern only spin terms.
1 =_ _ _ — 21092 — — 1 2 1/2. 21 €m {mw y sp
0gvo =35~ 3ve ~ 3 log2 =3 logRe™ ) 2Dy ain
|
N A 20q 404> 386q 40mq  7720¢%> 20 80
=Zpo, — oV +—— 00+ —— 7+[—— ——igl ( )] 8 22
N T T 1701 189 83349 639 3’408 (222)
N s q 5, 8q s [m] 27147 (1 ) 2 (v)] 6 <607q q3> ;
=Zo1er — =03+ LS — | 2L (L 2 om)ig + Zig1 — L+ L ), 22b
Ca = %0 T3V T 19”63 4536 \a5 |63 08%)1 T opialee\ 12474 " 378)7 " %)
R A 3q s 3q? 6 4 117q V7
= —_—— + s
C33 Z33w0 2011 32 v 220 (22C)
. . 4q  3lg [87Tq 464> ( )] ( 76944 4q3)
Cy =Zyy, + v ——0+|—=———+ 16igl -+ )°
2T L0 TV T g 3 27 14708 4455 3 )"
2683¢> 62mq iq 124 (v )]
. _ L 6, 22d
[ 109 5 3 ey, (22d)
A A 32¢q 1642 79¢q 32mq  4349¢> 16 64
C3] = ZSle TU3 —3 4 — ¥U5 + [—9 - 2592 - —(1 + 4]Og2)lq + ?lq10g< 0)] 6
286q° 16mq*  8ig*> 32, 3935¢ , v
+ - + +=ig*log2 — ——— — 32ig*1 —]7, 22
[ 27 3 3 31108 T 35 — M Og<v0) v (22¢)
A N 224q S 6724° 6
_ _ , 22
Car = Zason ~ 375V " 6575 Y (220
A N 5q 1396¢q 17¢*> 15mq 2lig 15 3 45, v
Ci3 = Zi3e, + — ——3+[— + - + —igl <—>+— 1 (—)]4
BT Aoy TV T g5 Y 8 4 g Ty laloe(z) ¥ 5ialog(f ) v
15¢° 51567q)
+ 22
( 8 28600 )" (22¢)
. R 64> 17953¢ 35627094 , , v
= Zure. + 3qU3 — — vt — VS + [ + 67q — 9ig + 36iq1 (—)] 6, 22h
Cup = Zpy, T 3qv oY 2750 73750 074~ Yiq iqlog e v (22h)
A . 5¢  919¢ 191> Smq Tig 5. 15 v 110711g 9543 .
C41 :Z41w0 +TU_WU3 +[_ 36 +T T_E 10g2+71q10g( )] 4+<m—¥)v5, (221)

where the ng s can be found in Appendix A. We notice that whereas the Zen’s contain 0.5PN spin terms (relative
to ZN ’s), the C om S do not, except for C,;. The spin terms in the multipolar waveforms (22a)—(221) agree with the currently
known spin terms computed in Ref. [25] and with the 0.5PN and 1.5PN spin terms in the odd and even-parity modes

computed in Appendix F.
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B. Source and tail terms

In the limit of a nonspinning test particle of mass w
orbiting around a Kerr black hole of mass M in a quasicir-
cular equatorial orbit, the energy and orbital angular mo-
mentum, in Boyer-Lindquist coordinates, read [26]

E(r)  1—-2M/r+ aM'/? /312
M \/1—3>M/r-i-2aM1/2/r3/2

, (23)

- \/Z L= 2aM"?/r" + @/

, 24)
uM M\/l—3M/r-i-2(1M1/2/r3/2

where r = (1 — av?)?/3/v2. The source term in the factor-
ized waveform (2) is

o _ 5% e=0

. , )

St = ‘Lo (25)
(uM/v)’

where uM/v is the Newtonian angular momentum.
We use the resummed tail factor T, given in Eq. (19)
of Ref. [6]

L T(C+ 1 - 2ik)

o7k p2ik 10g(2kr,) 26
T+ 1) ¢ : (26)

Tf m

where k = mQ, k = H, ..k, and the real Hamiltonian in
the test-particle limit reduces to H,.,; = M. Once again, we
emphasize that the constant r, must take a fixed numerical
value, 2M/ \/E [27], to reproduce the correct test-particle
limit waveforms. We notice that there is no spin contribu-
tion to Ty, since the latter resums the corrections to the
waveform when traveling through a long-range Coulomb-
type potential generated by the mass M [28,29]. Spin
effects generate a short-range potential, thus they do not
contribute to T,,.

We compute the phase correction factors /%t in Eq. (2)
by Taylor expanding the factorized waveforms #,,, given
in Eq. (2), comparing the result with the C;,, waveforms
derived in Sec. I A (in the circular-orbit, adiabatic ap-
proximation Cy,, = —(mQ)?hy,,), and collecting all
imaginary terms into &,,,. We obtain

0y = zv3 (42877 4q)v6 + 20—qv8
3 105 3 63
171272 2203
2
( 315 81 ) : (272)

PHYSICAL REVIEW D 83, 064003 (2011)

2 1077 17¢q 3q%
S —=.3 + __'1 6 + 1 7
21— 3v (105 35 )” 140"
2472 272\,
27b
< 315 81) (27b)
13 397 8lg 7872 227827
Oy = v + = — " )° +( )
B 107 ( 720 )” 7 3000
(27¢)
2 527 136g
Sy ==v +4qv* + <— ) 6
T gV T 21 45
20872 9112
+ 27d
( 63 405) (27d)
13 6lg 137 244?
8y =—=1v° +< +—) 6 — 7
317307 20  2) 57
2672 227827
+ 9 27
(63 81000) (27¢)
14 251367 464q
Syp = —v3 + 27
“ 715 ( 3465 75) 27D
3 11g 15717
S — .3 + 1 4 6 27
BTV 385 U (272)
7 212g | 62847
Sy = — 3+( ) , 27h
27 15" 75 3465 (27h)
1 I1q 15717 .
Oy =-vi+—v*+ V0, 27
a5V T 3465 27

Notice that the nonspinning terms in the &, already
appeared in Ref. [6], except for the terms at 3PN order
(v®) [Ref. [6] did compute §,, at 3PN order]. We find that
those 3PN-order terms in the &y, are necessary to obtain
full agreement between the factorized waveforms and the
nonspinning C{’m waveforms through 3PN order. We note
that the nonspinning terms at 3PN order in the d,,,’s are the
same as the 3PN phase terms in Zg,,,, in Ref. [21]. This
happens because in the test-particle limit the PN expansion
of T, does not contain imaginary terms at 3PN. Thus, for
q = 0, the phase corrections 8y, at 3PN order do not
contain any additional terms other than the 3PN phase
terms in Zy,,,,. We further note that some of the above
6’s can be obtained directly in the standard PN and test-
particle limit calculations. For example, the terms propor-
tional to 7v°® and 7*v° (for ¢ = 0) are the same as the
phase factors in the asymptotic amplitude in the test-
particle limit calculations (e.g., Egs. (30)—(32) in
Ref. [21] and Eq. (4.17) in Ref. [30]).
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C. Taylor-expanded residual terms
and their resummation

In the circular-orbit, adiabatic approximation
Cim = —(mQ)?hy,,. By Taylor expanding the factorized
waveforms hy, given in Eq. (2), comparing the result
with the C,, waveforms derived in Sec. IT A, and
factoring out the imaginary terms in the &, of
Egs. (27a)—(271), we derive the f;,,’s in Eq. (2). We notice
that in the case of even-parity modes, the determination of

PHYSICAL REVIEW D 83, 064003 (2011)

the fy, is unique. In the case of odd-parity modes,
it depends on the choice of the source which, as explained
above, can be either the energy or the angular momentum.
We denote with f% and f# the odd-parity modes
computed with the energy and angular-momentum
sources, respectively. [Since in both cases the source
is a real quantity, the phases &, s remain the same.]
We obtain through ¢ = 4 (see Appendix C for modes
with 4 < £ = 8)

43, 4q , 536\ , 118q 8¢* 856eulerlog,(v?) | 21428357\ .  1562q |
fp=1—2 =3 (2 -2 0) e v+ (24— v
21 3 189 63 63 105 727650 189
(232q2 36808 eulerlog, (v2) 5391582359) . (458816 eulerlog, (v2) 93684531406) 0 o5
B B , .
189 2205 198648450 /¥ 19845 893918025 )
3¢ 59, 6lg , ( , 5) L3 (4163q2 214 eulerlog, (v2) 88404893)
=1-"v-=v +—v+ (-3¢ - vt + —qdqg® - 27)v° + - +
fa=1-Zv=svi+ v 7 g T gl v 252 105 11642400
259343 107 11847887¢ 6313 culerlog, (v>) 33998136553
+{ - +——gqeulerl 2 —7) 7 +( )
( Teg | 35 4evlerlogi (V) = o0 1470 4237833600
214 eulerlog, (v?) 214752050459) 0
— , 28b
( 189 21794572800 ) (28)
7 3> 443 2q 7q*> 78eulerlog;(v?) 147471561 6187¢g
:1__2_2 3+(___)4+_5+<___ )6+( _ 3)7
£ P 2 aa0)’ T3 7 2802800 330 1)
53641811
+ (39 eulerlog3(v2) - m) 8 (28C)
2 2
P 164, 2 o, (q2 . @)v 1148q 5 (ﬂ _ 104eulerlog(v?) | 110842222)
45 3 495 135 3 21 4729725
N (17056 eulerlog,(v?) 97490306) X (284)
945 1702701
Fo—1- 1B, 2’ + (1273 3 5_q2) 4,384 5, (43q2 _ 26eulerlog, (v?) 400427563)
6 792 2 9 12 21 75675600 o)
N <1lq3 3 2657q) 74 (169 eulerlog, (v?) 12064573043)
3 594 )Y 63 1816214400
269 8¢q 63002 262q 2203¢> 50272eulerlog,(v?) 11985502766
—1——2——3+(22+ >4+ S — + - )6, 28
faa 55 37 T 7 55005)" T 55 ¢ 495 3465 156080025 )7 (8D
st 3¢ | 225543\ , 12113g 11337315611 3142 eulerlog; (v2)
L= v+ [+ S+ - 6, 28
e B2} ( 2 40040) 1540 ( 277477200 385 )v (28¢)
191 8¢ 76918 368¢ 97¢> 12568 eulerlog,(v?) 5180369659
=1——2——3+(22 ) + 5—( + - )6, 28h
fo sV 37 " " 25005 55 U 405 3465 312161850 )¢ 28

064003-7



PAN et al.

PHYSICAL REVIEW D 83, 064003 (2011)
3142 eulerlog, (v?)

301 3¢> 760181 1043
41—1——v2+(i+ ) ( 1
66 2 120120
where, as introduced above, we have defined
eulerlog,, (v?) = yg + log2 + logm + 1/2logv®>  with

m=1,2,3,.... Note that all the nonspinning terms in
Eqgs. (28a)—(28i) appear at even powers of v and the spin
terms at odd powers of v. Moreover, except for the (2,1)
odd-parity mode, all the other odd-parity modes do not
have a spin contribution at 0.5PN order. This is consistent
with the results of Appendix F.

As emphasized in Ref. [6], the decomposition of the
Taylor-expanded multipolar waveform into several factors
[see Eq. (2)] is in itself a resummation procedure. In fact,
the factorization of Ty, has absorbed powers of mr,
which introduce large coefficients in the Taylor-expanded
waveform. Moreover, in the quasicircular case assumed
here, the factorization of the energy or angular-momentum
sources has extracted the pole located at the light-ring
position v = /M /r, with r, = 2M[1 + cos[2/3 arccos
(¥a/M)]] (where F refers to prograde and retrograde
orbits, respectively), which causes the coefficient of v?"
in any PN-expanded quantity to grow as rj. as n — 0. As
we shall see in Sec. III, despite those improvements, the
fem’s above are not close enough to the exact results for
large velocities.

20033q) X +_(4735160051 -
3 13860 )7

)vé, (28i)

2497294800 3465

As we shall discuss in detail in Sec. III, the f;,,’s in the
form of Taylor-expanded power series f,, = iv% 1(‘,’];)1 k
can be further improved by applying the Padé summation
and/or the p resummation [6]. In the Padé summation, we
replace f,, with its Padé approximant, i.e. with the rational
function (33, a,v*)/(ZN_, biv*), with ay = by = 1 and
M + N = Ng,,. The p resummation consists in finding the
polynomial function pg,, = Ziv"{) pg;)l K such that the
Taylor-expanded power series of its €th power (pg,,)¢
agrees with f,, through order N,,.

The motivation for the p resummation is to reduce the

magnitude of the 1PN-order nonspinning coefficient f (5,)1 of
S em» which grows linearly with € (see Sec. IID of Ref. [6]).

In the nonspinning case, since p(l) = f(l) =0, we have
(2) —

Pem =
from p(z) We find that such dependence on € does also
affects the 1.5PN spin terms in the even-parity modes
computed as function of € and m in Appendix F. In fact,
we find that AS™ = —2€qv3/3, and so fEN =
—2€gv®/3. Thus, we apply the p resummation also to
the spin terms and find (see Appendix D for modes with
4<€<8)

(2) /€ and the linear dependence of € is removed

43 ) 2q 3 <q2 20555) 34q 5 (89q2 428 eulerlogz(vz) 1556919113) 6 <q3 18733q> 7
ppn=1——v" ——v’ +|— -——v + — v = v
42 3 2 10584 21 252 105 122245200 3 15876
N (_q4 n 18353q2 n 92026uler10g2(v2) 387216563023) n (439877 eulerlogz(vz) B 16094530514677) 10
8 21168 2205 160190110080 55566 533967033600 ’
(292)
3 9¢> 59 1177 2743 47009 865¢> 4054*
p21—1——q +(—i——>v2+( 1_ q)v3—( + 4 q)v4
4 32 56 672 128 56448 1792 2048
(98635q 20316]3 1701q5) 54 ( 15309(16 3897q4 9032393q2 107 eulerlogl(vz) 7613184941) 6
- - v - - v
75264 7168 8192 65536 16384 1806336 105 2607897600
72171¢7  18603¢5 5516943 107 38593744574
+(- + - lerl ) L 11
( 262144 65536 1634 1407 lerlos (V) ~ Tiagnese00 Y
. (6313 eulerlogl(vz) 1168617463883) n (5029963 eulerlog; (vz) 63735873771463) 10 (29b)
- v
5880 911303737344 5927040 16569158860800 ’
2 2 1 4 2 26eulerl 2 203101 35
oo — 1 —zv2 _29 5, (q__67 9)1)4 4q s (51_ 6 eulerlog;(v*) N 320310 567) 64 (q_+5 97q>v7
‘ 6 3 2 3960 3 36 7 227026800 3 2970
2
N (13 eulerlogz(v?) 57566572157)1}8’ (29¢)
3 8562153600
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. 164 5, 2q , (¢° 18066\ , 2788g .  (488¢> I104culerlog,(v?) , 5849948554y
p3=1- — v+ 2+ (- vt — v - v
135 9 3 200475 1215 405 63 940355325
(17056 eulerlog, (v2) 10607269449358) (29d)
8505 3072140846775
2 2 2 3
1B 2 < 101 5&),,4 L4 s, (_49q _ 26eulerlog,(v) 11706720301) . (q_ - 2579q)v7
13 3 7128 6 9 63 6129723600 9 5346
N (169eulerlog1(v2) N 2606097992581)1}8’ (29)
567 4854741091200
2 2 2
12900 24 (q_ 14210377) 69q 5, (217¢° _12568eulerlog,(v?) 16600939332793)1)6’ (00
220" 3 2 8808800 55 3960 3465 1098809712000
_ M (3q2 6894273) 12113¢ (1664224207351 B 157leulerlog3(v2)) ] 00
Pis 88 8 7047040 6160 * 195343948800 770 v &
2 2 2
PR LI (q_ 3190529) T4 s, (2323q _ 3142culerlog,(v?) | 848238724511)1}6) oon)
220 3 2 8808800 110 3960 3465 219761942400
1 2 491 39 1227423222031 1571 eulerlog, (v?
b =1 _&U“(% 777549 ) +<_5L 0033(]) ] ( 7423222031 1571 eulerlog, (v ))v6. oo
264 8 21141120 6 55440 1758095539200 6930

Lastly, we may use E(r) instead of | L| as the source term in
Eq. (2) for the odd-parity modes. The corresponding on
and pZn expressions are given in Appendices C and D,
respectively.

In the next section, we shall investigate the numerical
(exact) pg,’s and compare them with the analytical
ones. We shall find that the agreement between the nu-
merical and analytical pg, is quite good, except for
some modes. Guided by the comparison with numerical
results, we shall apply the Padé summation to the pg,,’s
and also work out an improved resummation which
consists in factoring out the lower-order PN terms in the
Taylor-expanded py,,’s. We find that this factorization
brings the zeros of the analytical pg,, closer to the numeri-
cal (exact) ones.

III. COMPARISON BETWEEN ANALYTICAL
AND NUMERICAL RESULTS FOR THE
TEST-PARTICLE LIMIT CASE

We have two goals to achieve in this section. The
first is to accurately model the amplitude of the (/, m)
modes for several values of the spin parameter g and
velocity v. The second is to obtain the best agreement
between the numerical (exact) and analytical energy
fluxes without introducing adjustable parameters in the
analytical model.

The numerical values of the energy flux used in this
paper are obtained with a high precision numerical
code which solves the Teukolsky equation [16—18]. The

homogeneous solution of the radial Teukolsky equation is
obtained numerically by using a formalism developed
by Mano, Suzuki, and Takasugi [31]. In this method, the
homogeneous solutions are expressed in terms of series of
two kinds of special functions, hypergeometric functions
and confluent hypergeometric functions. In Refs. [16,17],
it was shown that the series converges very fast and one
can compute numerically the homogeneous solutions very
accurately. The homogeneous solution obtained with this
method was applied to the numerical calculation of gravi-
tational waves emitted by a particle in a quasicircular and
equatorial orbit around a Kerr black hole [16,17]. In this
paper, for the comparison with analytical formulas, we
compute the Zg,,, (and thus the Cg,) as well as
(dE/dt),,, for various g and ). The computation is done
with the double precision accuracy, and the estimated
accuracy of Zg,,, (and thus the Cg,) as well as
(dE/dt),, is about 14 significant figures. As in Ref. [16],
the accuracy is estimated by comparing the energy flux
with that of Ref. [32], in which the accuracy was estimated
as about 20 significant figures.

A. Hierarchy between the (I, m)’s modes

In Fig. 1, we study the hierarchy among the numerically-
computed modes and plot |hg,|/|hy| versus v for the
representative spin cases: g = 0.95, 0, and —0.95. The
parameter v varies between 0.1 and vygp(g), where we
denote with the last stable orbit (LSO) for a test particle in
the Kerr geometry.
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FIG. 1 (color online).

Hierarchy of the numerically-computed modes /4, relative to that of the dominant /,, mode. The spin values

in the three panels from left to right are ¢ = 0.95, 0, —0.95, respectively. The x axis ranges between 0 and vy go(g).

The strain waveforms hy,,’s are computed from the
Cy,,’s under the quasicircular adiabatic assumption, i.e.,
hew = —Com/(mQ)?. As we shall discuss in Sec. III C, the
energy flux for quasicircular adiabatic orbits can be com-
puted through the well-known relation

1 f
F(v) = E% m;g(mﬂ)zmem(vﬂz- (30)

Thus, when analyzing the contribution of the /,,’s to the
energy flux, we need to remember that hy,, = iCy,,/(mQ).
Thus, the dependence of /;,,’s on m is different than the
one of hy,,’s, and, as a consequence, the hierarchy of the
modes in the energy flux is different.

Denoting by |hy,,|/1hx»| the relative strain amplitude
and by |/,,|%/|hy|? the relative radiation power, we find
the following trends. In the antialigned case ¢ = —0.95
and the nonspinning case, the (3,3), (2,1), and (4,4) modes
are the largest subdominant modes in terms of strain am-
plitude. In terms of radiation power, they are also among
the largest subdominant modes although their hierarchy
changes. The (4,4) mode contributes more power than the
(2,1) mode because of its larger m. For the same reason, in
the nonspinning case, the (5,5) mode contributes more
power than the (2,1) mode and becomes the third strongest
subdominant mode. In fact, in the antialigned and non-
spinning cases, relative to the (2,2) mode, the (3,3) mode
contributes >10% of radiation power at the LSO, only the
(3,3) and (4,4) modes contribute >1%, and the (5,5) mode
contributes 1% only in the nonspinning case. In the aligned
case ¢ = 0.95, we plot in Fig. 1 the relative strain ampli-
tudes of 8 modes that are larger than 5% at the LSO. In
terms of the relative radiation power, the (3,3), (4,4), (5,5),
(6,6), (7,7), and (8,8) modes are the largest subdominant
modes. The (3,3), (4,4), and (5,5) modes each contributes
>10% relative to the (2,2) mode at the LSO. In particular,
the (3,3) mode contributes >30% relative to the (2,2) mode

to both the strain amplitude and the radiation power.
Accurate modeling of its amplitude is therefore crucial in
modeling the full gravitational-wave waveform and the
energy flux.

B. Comparison between the analytical
and numerical modes

We now examine the amplitude agreement of the nu-
merical and analytical waveforms, focusing mainly on the
dominant modes: (2,2), (2,1), (3,3), (3,2), (4,4), and (5,5).

In Figs. 2 and 3, we show several numerical py,,’s versus
x = v? for three representative spin cases: ¢ = —0.95, 0,
0.95. Since the latter are real, the numerical pg,,’s are
obtained using Eq. (2) with f;, = pf;m, that is dividing
the numerical |/2¢,,|"/¢ by (IT¢,,|8'9)"/¢. The numerical /,,
are computed from the numerical Cy,, through the relation
hfm = _C{fm/(mﬂ)z

Using the 0.5PN (1.5PN) order spin terms in the odd
(even)-parity modes computed in Appendix F for generic
¢ and m and the nonspinning 1PN terms derived in
Refs. [6,22], we have

2
1+ m*(€ +9) )€x

) =1 <1 Tl 2000+ DL+ 3)

2
— §€qx3/2 + O(x?), (3D
and
3 1 2
Fonx) =1- qu1/26€25m1 - <1 e
m2(l + 4)

+ &+ 0x?). (32
20(€ + 2)2€ + 3)) ¥+ O 6D
Note that the 1.5PN spin terms in the odd-parity modes are
not known for generic € and m, but they are available
through € = 6 in this paper.
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FIG. 2 (color online).

We plot the p,,,’s extracted from the numerical data as function of x = v?. The upper panels (blue colors) refer

to ¢ = 0.95, the lower panels (red colors) to ¢ = —0.95. The variable x ranges between 0 < x < x;g0(a).
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FIG. 3 (color online).

0.00

We plot the py,,’s extracted from the numerical data as function of x = v?. The upper panels (blue colors) refer

to g = 0.95, the lower panels (red colors) to ¢ = —0.95. The variable x ranges between 0 < x < x; go(a).

Reference [6] pointed out that because the 1PN order
term in the f{"*" and f%m scale as € and is negative, for
large € it can cause the fy, to go to zero even before
reaching the LSO. For example, if we consider the LSO
in Schwarzschild, x;50(0) =1/6 (v150(0) = 1//6 =
0.4082), f¢s at 1PN order has a zero at v = 0.3634 [6].
In the even-parity case, the inclusion of the 1.5PN spin
term with g > 0 can cause the zero to occur even at smaller
values of v. In particular, for g = 0.95, f¢ has a zero at
v = 0.3362 (v150(0.95) = 0.6497). By contrast, the cases
with ¢ <O can push the zero to negative or imaginary
values, or to values of v above the LSO, thus making it
harmless. For example, for ¢ = —0.95, f¢ has a zero at
v = 04075 (vp50(—0.95) = 0.3373). Similarly, when
considering the odd-parity modes for large €, e.g., the fE
mode, we find that in the nonspinning case the 1PN term
causes f& to have a zero at v = 0.3602 and the inclusion
of 1.5PN spin term causes the zero to move to v = 0.3502
for ¢ = 0.95 and to v = 0.3717 for ¢ = —0.95.

In the spin case, the above problem can be even worse
than in the nonspinning case for lower values of €.
For example, the 1PN term causes a zero in the f3; at
v = 0.5345 which is above v;45(0), but the inclusion of
the 1.5PN spin term moves the zero to v = 0.4764 for
g = 0.95 which is quite below v 5(0.95).

Motivated by the above discussion and the result in
Appendix F that shows that the even-parity 1.5PN spin
terms scale as € (f&" = —2€qv*/3), we adopt the p
resummation also for the spin terms. The py,,’s through
1.5PN order read:

Y S | m>(£ +9)
Pin"®) = 1 (1 ¢ 2T nee+ 3))x

2
- 5(]?63/2 +0(x?),

(33)

and
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31 9¢—1
P%m(x) =1- Equ1/25€25m1 - §7q2xa€25m1
1 2 m2(1+4)
_ + - - + 3/2 .
(1 AN YT Y 3)>x O6)
(34)

We notice that the 1PN and 1.5PN terms in pgg cause a zero
at v = 0.8902 for ¢ = 0 and at v = 0.7577 for g = 0.95.
The zero in ps33 occurs at v = 0.9258 for ¢ = 0 and at
v = 0.7765 for g = 0.95. All these numbers are larger
than vy go(q). Note however that the p resummation may
be less effective for g > 0.95, since at ¢ = 1, the zero in
Pes occurs at v = 0.7530 and the zero in p33 occurs at
v = 0.7713, both smaller than wv;go(1) = 0.7937. Of
course all this discussion does not take into account the
higher-order PN terms, which can also move the zero to

PHYSICAL REVIEW D 83, 064003 (2011)

lower or higher values. However, as we shall see below, the
behavior of the numerical p,, is captured by the 0.5PN,
1PN, and 1.5PN terms.

In Figs. 2 and 3, we plot the € =2, 3, 4,5, 6 (m =
€, € —1,...,1) numerical modes versus x. First, as ob-
served in Ref. [6] for the nonspinning case, also for the
spin case, the behavior of the p,,, is reasonably simple. In
particular, except for the (2,1) case which shows a special
shape due to the presence of the 0.5PN term (1/x), all the
other modes are well represented by (broken) straight
lines with one or two changes in the slope at high fre-
quency. As in the nonspinning case, but less pronounced
here, for each value of ¢, the (negative) slopes of the
dominant m ={ (even-parity) and subdominant
m = € — 1 (odd-parity) modes are close to each other,
and these slopes become somewhat closer as € increases.
This property is reproduced by the analytical py,’s
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FIG. 4 (color online).

Numerical and analytical py,’s as functions of x = v2. The three panels are for spin values g = 0.95, 0, and
—0.95. The notation of the analytical p,, models follows the definition in Sec. III B. The Ty[p,,] and p’zc2 lines overlap with each

other, and in the ¢ = 0 case they also overlap with the numerical p,,.
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FIG. 5 (color online).
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truncated at 1.5PN order through ¢ = 6 modes, whose
1.5PN terms are known.

In Figs. 4 and 5, we compare the numerical and analyti-
cal py, and ps3, respectively. We use the following notation
for the analytical models. We indicate with Tx[p¢,] the
pem €xpanded in Taylor series of v through vV. We in-
dicate with PM[p,,] the Padé-summed py,, with M and N
denoting the order of the polynomial in v in the numerator
and denominator, respectively. When applying the Padé
summation in presence of logarithms (i.e., log(v)) we treat
the latter as constants. We indicate with p"gm an improved
resummation of the Taylor-expanded py,,’s, which consists
in factoring out their 0.5PN, 1PN, and 1.5PN order terms,
that is we write

43 2q q°
pjzcz - (1 _E‘UQ _?US)[I + (7_

34q
-——v
21

20555
io551)”

N (_ 428 eulerlog, (v?) N

PHYSICAL REVIEW D 83, 064003 (2011)
ph =+ v + "o 4 v+ drut ),
(35)

where the coefficients c1 7o cl , and cﬁ?”z are the 0.5PN,

1PN, and 1.5PN order terms in the p,,, and the coefficients
d™ with i = 2 in Eq. (35) are obtained by imposing that

the Taylor-expanded pm coincides with pg,. We shall
motivate the introduction of the py, ’s in the discussion
below, but basically we find that the first factor on the right-

hand side of Eq. (35) can capture reasonably well the zeros
of the numerical (exact) pg,,’s.

For the modes € < 4, we find the following p'gm’s:
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We notice that for a few modes, it is convenient to factor
out even the 2PN order term. The procedure of factoring
out zeros of pg,, can be improved in the future by introduc-
ing appropriate adjustable parameters and calibrate them
to the numerical result.

In Figs. 4 and 5, we also show results when adopting the
Padé summation. We find that the diagonal and nearest-
diagonal Padé summation improve the agreement with the
numerical results not only for the (3,1) mode but also for
the (3,1) and (4,2) modes. An even better agreement for
several modes is obtained when using the farthest-diagonal
Padé summation. However, this quite interesting result
suffers by the presence of spurious poles appearing for
several ¢ values, and for this reason we will no longer
discuss the Padé-summation in this paper.

Finally, we observe that close to the LSO the even-parity
modes p’ agree slightly better to the numerical results
than pf’s. Thus, we adopt in this paper the multipolar
waveforms built with the p’. In Figs. 6-8, we compare
the Taylor-expanded, p/-resummed, and numerical
Newtonian-normalized multipolar amplitudes for the
dominant modes. In general, the p/ and p-resummed
amplitudes agree better with the numerical amplitudes
than Taylor-expanded amplitudes do, especially for
higher-order modes. More specifically, we find that
p-resummed amplitudes (not shown in Figs. 6-8) differ
from the numerical ones by =< 0.6% up to v = 0.4 for the
(2,2), (2,1), and (3,2) modes and by < 1.8% for the (3,3)
and (4,4) modes. Their fractional difference grows up to
~1-10 at the LSO when g = 0.95.

When applying the p/ resummation, we find that the
fractional amplitude difference between the numerical and

(361)

analytical (2,2) amplitude at the LSO is 16% (33%), 0.18%
(0.32%), and 0.20% (0.85%) for ¢ = 0.95, 0, —0.95, re-
spectively. We indicated in parenthesis the numbers when
Taylor-expanded amplitudes are employed. For the (2,1),
(3,3), and (4,4) modes, for which fewer spin PN terms are
known (see Table I), the improvement due to the p/
resummation is more striking. In fact, for the (2,1), (3,3),
and (4,4) modes, we obtain a fractional amplitude differ-
ence of 2.4% (4.2), 0.2%(0.58%), and 0.0036%(0.15%);
7.5%(2), 0.027%(0.55%), and 0.13%(0.2%); 16%(7.5),
1.7%(28%), and 0.6%(5.8%), for g = 0.95, 0, —0.95,
respectively.

We summarize the results of Figs. 6-8 as follows.
First, we remark that the Taylor-expanded amplitudes
agree with the numerical ones quite well for the (2,2)
mode where the PN expansion is known through the
highest order today (5.5 PN for nonspinning terms and
4PN for spin terms). Thus, for the (2,2) mode, the improve-
ment due to the resummation technique is marginal. We
expect that a similar result holds for higher modes when
sufficient PN terms are known. Second, the factorized
resummed waveforms consistently improve the amplitude
agreement with numerical waveforms for several values of
g and large spanning of v. In the lower panels of Figs. 6-8,
we observe that the fractional amplitude difference be-
tween the numerical and p/-resummed waveforms is al-
ways smaller than the difference between the numerical
and Taylor-expanded waveforms, except around the v
values where the numerical and Taylor-expanded ampli-
tudes coincide. For all modes [except the (2,2) mode] and
all spin values shown in the figures, we find that
p/-resummed amplitudes are typically closer to the
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FIG. 6 (color online). Upper panel: Comparison between the numerical and analytical Newtonian-normalized |h,,| and |h,;| modes
for a test particle orbiting around a Kerr black hole in the equatorial plane. For the numerical data and analytical models (Taylor
expanded and p/ resummed), we have nine curves corresponding to different spin values of the Kerr black hole. From top to bottom,
the spins are ¢ = —0.95, —0.75, —0.5, —0.25, 0,0.25, 0.5, 0.75, and 0.95. Lower panel: relative fractional difference between

analytical and numerical |hg,,| for the representative spin values ¢ = —0.95, 0, 0.95.
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FIG. 7 (color online). Upper panel: Comparison between the numerical and analytical Newtonian-normalized |/155| and |h3,| modes
for a test particle orbiting around a Kerr black hole in the equatorial plane. For the numerical data and analytical models (Taylor
expanded and p/ resummed), we have nine curves corresponding to different spin values of the Kerr black hole. From top to bottom,
the spins are ¢ = —0.95, —0.75, —0.5, —0.25, 0, 0.25, 0.5, 0.75, and 0.95. Lower panel: relative fractional difference between
analytical and numerical |hg,| for the representative spin values ¢ = —0.95, 0, 0.95.
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FIG. 8 (color online). Upper panel: Comparison between the numerical and analytical Newtonian-normalized |/144] mode for a test
particle orbiting around a Kerr black hole in the equatorial plane. For the numerical data and analytical models (Taylor expanded and
p! resummed), we have four curves corresponding to different spin values of the Kerr black hole. From top to bottom, the spins are
g = —0.95, —0.5, 0, 0.5, and 0.95. Lower panel: relative fractional difference between analytical and numerical |hg,,| for the
representative spin values ¢ = —0.95, 0, and 0.95.

numerical amplitudes than Taylor expanded are by an order ~ values of the Kerr black hole. In the left panel of Fig. 9,
of magnitude or more. we consider two Taylor-expanded fluxes computed from

Finally, for € =5 modes, the p/ resummation is not  the Taylor-expanded /g, ’s: one that truncates all terms
very successful in modeling the numerical amplitudes but ~ beyond 5.5PN order and spin terms beyond 4PN order
it is better than Taylor-expanded amplitudes. We know  (Taylor expanded truncated), and one that keeps all
nonspinning and spin corrections only through 2.5PN order ~ higher-order terms (Taylor expanded nontruncated).
in the (5,5) mode (see Table I); thus it is not surprising  [The former is the Taylor-expanded flux that consistently
that we cannot model those modes very well. Since the  includes nonspinning effects through 5.5PN order and
contribution of the £ = 5 modes to the radiation power and spin effects through 4PN order [12,13]; the latter includes

strain amplitude is not negligible, it would be very useful new higher-order PN terms Computed by Tagoshi and
to calculate higher-order corrections in those modes in  Fuyjita [14].]

the future. In the left panel of Fig. 9, we do not show the Taylor-
expanded flux truncated at 4PN order [13] since its agree-

C. Comparison between analytical and numerical ment with the numerical flux is rather poor. Figures 2 and 3
energy fluxes of Ref. [33] show that in this case the Taylor-expanded

flux starts to differ from the numerical one at a relatively
low velocity of v = 0.2 for all spin values. By contrast, the
agreement is substantially improved when we include the
5.5PN order nonspinning terms in the Taylor-expanded-

Here we compare numerical and analytical Newtonian-
normalized energy fluxes for a test particle orbiting a Kerr
black hole in the equatorial plane. The fluxes are computed

by summing the power radiated using Eq. (30) and setting
¢ = 8. For a test particle moving along a quasicircular truncated flux. The Taylor-expanded-nontruncated flux

equatorial orbit, the Newtonian-normalized flux is  agrees better with the numerical flux tha}n th? Taylor-
F(v)/ Frow(v), Where Fyou(v) = 3202019/5. expanded-truncated flux for retrograde orbits with g <0,

We note that the dominant error source of the numerical ~ While its agreement is worse for prograde orbits with
calculation of the total flux is the truncation at € = 8 of the ¢ = 0. For spin values g > 0.5, the agreement is especially
mode summation. Let Fy_g(v) be the contribution from bad, as the Taylor-nontruncated flux grows too fast when
¢ = 8 mode for F(v). The fraction, Fy_g(v)/F(v), isabout V= 0.4. We find that this difference is mainly due to the
107 around v = 0.1 and 1075 to 10~ around the LSO. ~ large new spin term [14] in the (3,3) mode, i.e. (—¢* +

In Fig. 9, we compare numerical and analytical  97¢*/2 + ¢89/5)v” in Z334, (real part only). Without any
Newtonian-normalized energy fluxes for different spin  resummation, the Taylor-expanded-truncated flux agrees
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Upper panels: Comparison between the numerical and analytical Newtonian-normalized energy flux

for a test particle orbiting a Kerr black hole in the equatorial plane. There are nine curves for each waveform’s model and numerical
data. They correspond to different spins of the Kerr black hole. From top to bottom, the spins are ¢ = —0.95, —0.75, —0.5, —0.25, 0,
0.25, 0.5, 0.75, and 0.95. The Taylor-expanded-truncated flux includes test-particle spin terms through 4PN order [13] and
nonspinning terms through 5.5PN order [12]. The Taylor-expanded-nontruncated flux includes higher-order PN terms originated
by the new PN terms in the /y,’s computed by Tagoshi and Fujita [14] (see Table I). The p-resummed flux is plotted for one spin
value ¢ = 0.95 in the upper right panel, to show the large improvement when using p/-resummed instead of p-resummed flux.
Lower panels: fractional difference between the numerical and analytical energy fluxes for the representative spin cases:

g = —0.95, 0, 0.95.

well with the numerical flux for all spin values except for
g = 0.95. The lower left panel shows that the fractional
differences between the numerical and the Taylor-
expanded-truncated fluxes are below 1% until v = 0.3
and are below 10% for g = 0.95 until v = 0.55 and below
10% for all other spin values until the LSO.

In the right panel of Fig. 9, we consider three analytical
flux models which use the fy,,, pe, (for ¢ = 0.95 only),

and pém, respectively. The fractional difference between
the numerical flux and f, p, or p/-resummed fluxes is
<0.3% for all spin values when v <0.3. Larger differ-
ences appear only when v > 0.3 for large and aligned
spins, and the f-resummed flux performs especially bad
when v > 0.4. In the case of g = 0.95, we show the
significant improvements achieved from the f-resummed
to the p-resummed and eventually to the p/-resummed
flux. The fractional difference with numerical flux at the
LSO is reduced from ~3.5 X 10* to ~3 to 13%. The main
reason for the bad performance of the f-resummed flux is
caused by the new spin term [14] in the (3,3) mode, i.e.
(—q* +97¢*/2 + q89/5)v” in Zs3,,, (real part only), as is
in the case of the Taylor-expanded-nontruncated flux.
As a matter of fact, we notice that if we did not include

this new term computed in Ref. [14] and applied the f
resummation, or the p resummation only to the nonspin-
ning terms [19,34], we would find a flux not very different
from the p-resummed flux in the right panel of Fig. 9. In
the p or p/ resummation, this new term is suppressed
by an order of magnitude, which leads to the improvements
in their performance in modeling the numerical flux.
Specifically, this term becomes (¢g6187/330 — ¢°)v’ in
f33, (¢5297/2970 + ¢*/3)v” in p3, and (—g1073/1188+
¢°2/3)v7 in pl;.

Finally, for large aligned spin ¢ = 0.95 at the LSO, the
p/-resummed flux is closer to the numerical flux than the
Taylor-expanded-truncated flux. Furthermore, we want to
emphasize that the p/ resummation improves the Taylor-
expanded flux substantially over a large range of v and
spin values. The differences between numerical and
p/-resummed fluxes are smaller than those between the
numerical and Taylor-expanded-truncated fluxes, by a fac-
tor of 3-5 at low velocities. Considering the large number
of orbits an extreme mass-ratio binary spends in this range
of velocities or frequencies, such an improvement is indeed
significant in correcting the orbital dynamics (see Ref. [35]
for a quantitative analysis in the nonspinning case).
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IV. FACTORIZED MULTIPOLAR WAVEFORMS
FOR GENERIC MASS-RATIO SPINNING,
NONPRECESSING BLACK HOLES

In this section, we extend the calculation of Sec. II
to generic mass-ratio spinning, nonprecessing black-hole
binaries.

In Ref. [22,23], the nonspinning Taylor-expanded multi-
polar waveforms were computed through 3PN order. In
Ref. [25], spinning Taylor-expanded multipolar waveforms
were computed through 1.5PN order. Using the definitions

M=m; +m, (37a)
om = my — my, (37b)
Wl o
Xa = ;(:11% —~ %) (37d)

and restricting ourselves to circular, equatorial orbits, we
obtain the following modes decomposed with respect to
—2 spin-weighted spherical harmonics
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The 1.5PN, 0.5PN, and 1PN order spin terms in the modes
hy, hyy, hss, respectively, were obtained in Ref. [25].
The 1.5PN-order (0.5PN-order) spin terms in the even
(odd) parity modes are computed in Appendix F. The
higher-order nonspinning PN terms can be found in
Refs. [6,22,23].

To compute the factorized multipolar waveforms for
generic mass ratios, we use Eq. (2). For the source terms

i;'?), we employ the energy and angular momentum for
circular, equatorial orbits computed from the effective-
one-body Hamiltonian of Ref. [36] (at the PN order at
which we derive the factorized modes, the Taylor-
expanded Hamiltonian of Ref. [36] coincides with the
Hamiltonian of Ref. [37]). More explicitly, when expand-
ing the effective-one-body energy and angular momentum
for circular, equatorial orbits through 1.5PN order, we find

E(v) _ | _%vz{l _Myz +§|:<1 _lV)XS

. 12 3 4
om 5
o) (39)
and
L 9+ 1 0
—Z})= Vv_l{l +[ g V—V(l _ZV)XS_ VﬁmXA]vz
7 1 om

Egs. (39) and (40) are sufficient for computing the quantity
fem 10 Eq. (2). In fact, similarly to the test-particle case
analyzed in Sec. II, the factor 7', in the generic mass-ratio
case is not modified by spin effects. The factor &, is not
modified by spin effects either since there are no imaginary
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spin terms in Egs. (38a)—(38i). The nonspinning &y,
expressions for generic mass ratios are given in
Egs. (20)—(29) of Ref. [6]. Thus, inserting Eqgs. (39) and
(40) in Eq. (2), and using Eqs. (38a)—(38i), we derive the
even-parity f¢,, and py,, and odd-parity f% and p% up to
the highest PN accuracy known today. We obtain

1 4 om
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=15 (xs gy @
7 5
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We may use E(r) instead of |L| as the source term in the
odd-parity modes. However, there is no difference between

L and fH, and correspondingly between p% and p!l
through PN orders where spin effects of binaries with
generic mass ratio are known.

In the nonspinning case, using 1PN, 2PN, and 3PN
corrections, it was shown [6] that the dependence of pg,,
on the mass-ratio » is mild. As a consequence, it was
considered meaningful to use test-particle results at PN
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orders where generic mass-ratio results are unknown.
Since for each mode only the leading-order generic
mass-ratio spin terms are known, it is not possible to carry
out an exhaustive study and understand how the spin terms
in py,, depend on v. As obtained in Appendix F, at leading
order, the 0.5PN spin terms in the odd-parity modes are
proportional to v. Thus, they are zeros in the test-particle
limit but finite in the comparable-mass case. Moreover, we
find that the dependence on » of the 1.5PN spin terms in
the even-parity modes is not that simple. Depending
on the values of yg and y,, the relative difference between

hi)oni'l'SPN(V = (0.25) and h%LSPN(V = 0) varies from zero

to order of unity. Therefore, also the dependence of
h(((;)l’leN on v is not mild.

Nevertheless, it is still reasonable to include the test-
particle limit spin terms in fy, and pg, such that at least
part of the higher-order spin effects are included and to
check the results against available numerical (exact) data.
Specifically, we combine the test-particle and generic
mass-ratio results by replacing all the test-particle terms
in fy, and pg,,, whose generic mass-ratio counterparts are
known with their generic expressions.

Thus, in the generic mass-ratio, spinning case, we pro-
pose to add to the f,,’s and py,,’s derived in this section
the test-particle limit terms derived in Sec. II. In applying
this procedure, we need to make a choice for the dimen-
sionless spin variable ¢ appearing in the test-particle limit
fem’s and py,,’s. For a black-hole binary with component
masses m; and m, and spins y; and x,, we consider
here two possibilities motivated by the choice of the
deformed-Kerr spin in the effective-one-body formalism.
References [19,36] used for the deformed-Kerr spin

(1 + @)51 + (1 + ﬂ)sz
nmy ny

=1 —4dvy, + xs 43)

1Sl 1

>

while Ref. [37] used the following deformed-Kerr spin

QSZQZLZlSl T8l =V1—dvys +(1-2v)xs. (44)

M- M
Moreover, in the generic mass-ratio, spinning case, we
also propose to use as effective sources in Eq. (2) the
Hamiltonian and angular momentum for quasicircular
orbits computed using the effective-one-body
Hamiltonians [36,37].

In Fig. 10, we compare the amplitudes of the numerical,
the Taylor-expanded and the p-resummed modes for the
five most dominant modes and for the two configurations
of equal-mass, equal-spin black-hole binaries of the
Caltech-Cornell-CITA collaboration of Ref. [19,38]. We
employ the effective sources built using the Hamiltonian
and angular momentum for quasicircular orbits of
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FIG. 10 (color online). Comparisons between the numerical,
Taylor-expanded, and p-resummed amplitudes of the dominant
modes for an equal-mass equal-spin black-hole binary as func-
tions of the orbital velocity v. In the left panel, the component
spins are | = y, = 0.43655; in the right panel, the component
spins are y; = yx, = —0.43757. The numerical amplitudes were
produced by the Caltech/Cornell/CITA collaboration.

Ref. [19,36]. The dimensionless spins in the two
configurations are y; = x, = 0.43655 and y; = x, =
—0.43757, respectively. The numerical amplitudes are de-
rived from the numerical simulations published in
Ref. [19]. Oscillations in the numerical amplitudes are
due to numerical artifacts in the simulations. For the
(2,2) mode, the Taylor-expanded amplitudes agree quite
well with the numerical amplitude, at least up to the
frequency considered. Thus, the improvement due to the
p resummation is marginal. For higher-order modes, there
are large differences between numerical and Taylor-
expanded amplitudes, and we find a substantial improve-
ment when we adopt the p resummation, except for the
(3,3) mode in the spin aligned case (y; = y» = 0.43655),
whose numerical and Taylor-expanded amplitudes overlap,
likely by coincidence. For the (2,2), (4,4), and (6,6) modes,
the relative difference between numerical and p-resummed
amplitudes is within 5% [39]. For the (3,2) and (4,2)
modes, the relative difference is between 10%—20%. We
find that the results in Fig. 10 depend weakly on the choice
of ¢g. In fact, using g = g, defined in Eq. (43) and
g = qs = qo/2 (when v = 0.25) defined in Eq. (44), the
relative amplitude difference is <2% for the (2,2), (4,4),
(4,2), and (6,6) modes and ~5% for the (3,2) mode.
Therefore, the uncertainty in the p-resummed amplitude
due to the choice of ¢ is less than half their systematic
difference from the numerical results.

Since we expect a stronger amplitude dependence
on ¢q in the case of larger spin magnitudes, we study the
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FIG. 11  (color online). Relative difference between

p-resummed amplitudes of the dominant modes for an equal-
mass, equal-spin black-hole binary when the test-particle spin is
setto ¢ = ¢go and ¢ = gg. The component spins of the binary are
X1 = x> = 0.95. The relative amplitude difference is plotted as
a function of the orbital velocity v.

p-resummed amplitude dependence on the choice of ¢ in
Fig. 11, where we show the difference between the ampli-
tudes |h¢,,(g = qo)| and |hy,,(¢ = gqg)| for an equal-mass,
equal-spin black-hole binary with component spins y; =
X2 = 0.95. The relative amplitude differences are <5% for
the dominating (2,2) and (4,4) modes and <10% for the
weaker (3,2) and (4,2) modes at v < 0.45. For the (6,6)
mode, since the test-particle spin terms in pgq are known
only through 2PN order, i.e. only one more term is known
beyond the generic mass-ratio results, the amplitude de-
pendence on ¢ is entirely determined by this term and is
somewhat stronger—reaching 30% at the LSO.

Finally, we check the effect of the test-particle spin
terms by comparing |h,,(¢ = go)| and |k, (g = 0)| (i.e.,
removing the test-particle spin terms from the generic
mass-ratio amplitudes in the latter) for this binary configu-
ration. The difference, compared to Fig. 11, becomes larger
by a factor of a few and reaches 10-25% for the (2,2), (4,4),
(3,2), and (4,2) modes in the range of frequencies inves-
tigated in this paper. These terms may provide non-
negligible corrections to the waveform and flux modeling.

V. CONCLUSIONS

In our study, we employed the spin PN multipolar
waveforms derived and decomposed with respect to the
—2 spin-weighted spheroidal harmonics in Ref. [13]
and transformed them in —2 spin-weighted spherical
harmonics. We also took advantage of the new, recently
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computed [14], higher-order nonspinning and spin PN
contributions in several subdominant modes. We also aug-
mented our knowledge of the higher-order spin terms for
generic mass-ratios, computing the generic expressions for
the half and one-and-half post-Newtonian contributions to
the odd-parity (current) and even-parity (odd) multipoles,
respectively, (see Appendix F).

Using the above results, we extended the resummation
method of factorized multipolar waveforms introduced in
Ref. [6] to spinning, nonprecessing black-hole binaries.
This factorized multipolar decomposition consists in a
multiplicative decomposition of the h,, waveform into
the product of several factors corresponding to various
physical effects and the replacement of the factor f,, by
its €th root py,, = (fem)"/*.

In the case of a nonspinning test particle orbiting
a Kerr black hole in the equatorial plane, we found
that the p resummation is quite effective in reproducing
the numerical multipolar amplitudes and energy flux
up to ¢ = 0.75 and v = 0.4. However, for larger values
of g, we observed that the analytical pg,(v)’s either
have a slope larger than the numerical one or they tend
to grow as function of v instead of decreasing. This be-
havior can be cured by factoring out the lower-order PN
terms in the pg,,, notably the 0.5PN, 1PN, and 1.5PN
order terms. Being the lower-order PN terms negative
(for g > 0), this procedure corresponds to factoring out
the zeros of pg,,, which turns out to capture the numerical
(exact) zeros.

When applying the p/resummation, we found that the
fractional amplitude difference between the numerical and
analytical (2,2) mode at the LSO is 16% (33%), 0.18%
(0.32%), and 0.20% (0.85%) for ¢ = 0.95, 0, —0.95, re-
spectively. We indicated in parenthesis the numbers when
Taylor-expanded amplitudes are employed. Thus, we
found that for the (2,2) mode the improvement of the
resummation is marginal. This might be due to the fact
that the (2,2) mode is known at rather high PN order
(5.5 PN for nonspinning terms and 4PN for spin terms).
For the (2,1), (3,3), and (4,4) modes, for which less spin PN
terms are known (see Table 1), the improvement due to the
p/ resummation is even more striking. In fact, for those
modes, we obtained a fractional amplitude differences
24% (4.2), 02% (0.58%), and 0.0036% (0.15%); 7.5%
(2), 0.027% (0.55%), and 0.13% (0.2%); 16% (7.5), 1.7%
(28%), and 0.6% (5.8%), for g = 0.95, 0, —0.95, respec-
tively. For € = 5, the p/-resummed amplitudes are cer-
tainly better than the Taylor-expanded amplitudes, but they
differ from the numerical results quite substantially at high
frequency. This is due to the fact that for those modes the
spin effects are known only up to 2.5PN order or lower. In
summary, we found that the multipolar amplitudes com-
puted with the p/ resummation are systematically closer to
the numerical (exact) results than Taylor-expanded ones
over a large range of v and spin values. The agreement can
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be further improved by including suitable adjustable pa-
rameters and calibrating them to the numerical results, as
done in the nonspinning case in Ref. [35].

Moreover, the numerical energy flux can also be
successfully modeled by the p/ resummation—for ex-
ample, we found that the fractional difference between
the numerical and p/-resummed flux is 13% (63%),
0.70% (3.3%), and 0.48% (2.9%) for g = 0.95, 0, —0.95,
respectively, where the numbers in parenthesis refer
to the Taylor-expanded-truncated PN flux. For large
aligned spins, the p/-resummed flux is much closer to
the numerical flux at the LSO than the Taylor-expanded-
truncated flux. Furthermore, we emphasize again that the
p! resummation improves the Taylor-expanded flux sub-
stantially over a large range of v and spin values and
especially at low frequency where the majority of the
signal-to-noise ratio of a binary accumulates.

We have also extended the factorized resummation to
generic mass-ratio, nonprecessing, spinning black-hole bi-
naries and proposed, as in Ref. [6], to augment the generic
mass-ratio pg,, with higher-order test-particle spin contri-
butions. Unlike in the nonspinning case [6], in the spinning
case only the leading-order generic mass-ratio spin terms
are known. Using this limited information, we found that
the dependence on » of the spin terms is not necessarily
mild. It depends on the mass ratio and the spin values.
Nevertheless, we explored the possibility of adding the
spin contributions from the test-particle limit case to the
generic mass-ratio amplitudes.

When adding the test-particle limit contributions, we
proposed to identify g with the Kerr-deformed spin in the
effective-one-body description. Using the two choices
currently available in the literature, that is g = |S,|/M?
[19,36] or g = |S|/M? [37], we found that the resummed
amplitudes of the (2,2), (4,4), (4,2), and (6,6) modes agree
with numerical simulation results [19] to within 2%, for
equal-mass, equal-spin binaries with spins |y;| = | x,| =
0.44. The (3,2) mode amplitude agrees with numerical
results at 5% level. The relative difference between the
two choices of resummed amplitudes is less than half their
difference from numerical results. When the spins are near
extremal, e.g., Y1 = x» = 0.95, we found a mild but non-
negligible ¢ dependence of the resummed amplitudes.
Finally, when setting ¢ = 0, that is removing the test-
particle spin terms from the generic mass-ratio amplitudes,
we obtain that the results vary by 10-20% for the (2,2),
(4,4), (3,2), and (4,2) modes in the range of frequencies
investigated in this paper.

The study carried out in this paper should be considered
as a first step in the modeling of extreme-mass-ratio
inspirals and comparable-mass black-hole binaries in pres-
ence of spins. We expect that in the extreme-mass-ratio
inspiral case, the amplitude and flux agreement can be

further improved by including in our p'gm a few adjustable
parameters and calibrate them to the numerical data, as
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already done in Ref. [35] for nonspinning extreme-mass-
ratio inspirals. In the comparable-mass case, more detailed
comparisons with accurate numerical-relativity simula-
tions will allow us to nail down the choice of the spin
parameter ¢ and allow us to carry out direct comparisons
between the numerical and analytical pg,,, thus helping
in modeling the latter.
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APPENDIX A: TAYLOR-EXPANDED
MULTIPOLAR WAVEFORMS Z,,.,,

In order to compute the multipolar waveforms for
a test particle around a Kerr black hole, we transform
the Teukolsky equation into the frequency domain and
expand it into the —2 spin-weighted spheroidal
harmonics. The resulting equation is an ordinary differen-
tial equation about the radial coordinate. This radial
Teukolsky equation can be solved formally by using the
Green function. Since the Green function is represented
by homogeneous solutions of the radial Teukolsky equa-
tion, the central issue of this problem is to obtain the
homogeneous solutions. There are two methods for
obtaining them.

In the first method, we transform the radial Teukolsky
equation into the Sasaki-Nakamura equation. In the
Schwarzschild case, the homogeneous Sasaki-Nakamura
equation becomes the homogeneous Regge-Wheeler equa-
tion. We expand the homogeneous Sasaki-Nakamura or
Regge-Wheeler equation in terms of € = GM w, where w
is the angular frequency of the wave. In the case of circular
orbit, w becomes w, = m{) (we revive the gravity con-
stant G here). We look for the solution in power series in €.
This is thus a kind of post-Minkowskian expansion. One
difference between the ordinary post-Minkowskian ap-
proximation and this approximation is that we must impose
correct boundary conditions at the horizon. Closed analytic
representation of the solution at each order is necessary
in order to obtain the asymptotic amplitudes which con-
stitute the Green function. The lowest-order solutions are
represented by spherical Bessel functions. The higher-
order solutions can, in principle, be derived iteratively.
However, it becomes more difficult to perform this
iteration and to derive the solution in closed analytic
form at higher orders. The highest order computation
so far was done in the Schwarzschild case by Tanaka
et al. [12] in which the closed analytic formulas for a
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homogeneous solution are obtained up to O(e) for
arbitrary € and up to O(e?) for € =2 and 3 and up to
O(€?) for € = 4. The formulas are explicitly given in a
review paper [30]. Those computations are sufficient for
obtaining the energy flux through 5.5PN order. Since the
formulas for the Z,,,, , s are not given in the literature, we
write them below. For each mode, we write the terms up to
O(v'172((=2)) relative to the lowest-order term.

Furthermore, in the Kerr case, so far the highest order
computation was done by Tagoshi et al. [13] in which the
closed analytic formulas for a homogeneous solution are
obtained at O(e) for arbitrary £ modes and at O(e?) for
€ = 2 and 3 modes. These computations are sufficient for
obtaining the energy flux through 4PN order.

Two of the authors have recently obtained the O(e?)
closed analytic formulas for € = 4 mode [14]. This order is
necessary to derive the multipolar waveforms through 3PN
order beyond CE{,\;’O), i.e. 4PN order beyond Cg’o) (see
Table I). More details of the computation and complete
results are given elsewhere [14]. Here, we show only the

explicit formulas for ngwo defined in Eq. (17). We write
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The second method to obtain the homogeneous
Teukolsky function is based on the Mano-Suzuki-
Takasugi formalism [31]. In this formalism, the homoge-
neous solutions of the Teukolsky equation are represented
with the series of hypergeometric functions and confluent
hypergeometric functions. The expansion coefficients of
the two series solutions are the same, and they are closely
related to the series expansion in power of €. Thus, if we
compute this series up to higher order, we automatically
obtain the higher-order PN expansion formulas. Such
computation was applied to the evaluation of the PN
expansion of the black-hole absorption effect in the Kerr
case [40]. This method was also applied to the energy
flux through 5.5PN order in the Schwarzschild case, con-
firming the results obtained with the above iteration
method [12]. We apply this method to the Kerr case and
obtain the 4PN-order multipolar waveforms, which agree
with the results obtained with the above iteration method.
This method has also been recently applied to the compu-
tation of the 5.5PN-order multipolar waveforms in the
Schwarzschild case by Fujita and Iyer [15]. The nonspin-
ning terms of expressions below agree with their results up

the spin-dependent 4PN-order Z}mwo in which each mode to O(v'1-2(-2)),
contains terms up to O(v®~ =27 relative to the lowest- We have
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Vo Vo
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0

34 3 180
276w0 =1- i—qv - %vz

250y =1 — %vz + [—% + 57— % + 10ilo g(s) + 30ilog(vlo)]u3,
Z 530, =1— 23%91}2 + [—% + 37— 4i22§i + 6i10g(§) + 18ilog<v10)i|v3,
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APPENDIX B: EXPRESSIONS OF THE C,,,’S MODES FOR 4< (<8
éss = Zssw,, - ;22;1 v,
o+ S0 20 [ S T 0 8 ()
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. 64 5 8q¢* , 20976q

Css = Zsiuy + 5 V' ~ 95V s V0 (Ble)
SRRV S T T PR
Csi = Zsio, + 9265‘1 3 4;12 vt - —105737152q v, (Ble)
Cos = Z66w0’ Cos = Z65w, + %U - %U3, (BIf)
Cor = Zoso, 207‘1 v} — %v“, Cos = Zzw, + %qu - %zﬁ, (Blg)
Cor = Zgro, + 327‘11;3 lgg v Cor = 2ot + %qu 4;31 v, (B1h)
Crr =Ty Cro= Zao + v, Crs = s i Cum Zag + w1
Cr3 = Zpu, + %U3y Crr = Zpy + 87—qu Coi =231, + %U3, (B1j)
Csr1 = Zgyu, + %qu, Cys = Zgsa, + %qu, Cos = Zgaa, + %qu, Co1 = Zgiu, + %qu. (B1k)
APPENDIX C: EXPRESSIONS OF THE f,,,’S MODES FOR ¢ >4
1. The odd-parity f,f“m ’s and even-parity f,,’s
PR PR
o1 B B (9 2
fh=1- %zﬂ - %qlﬁ + <2q2 + 115316954) (Cld)
fee=1— 57—3v2 —4qv° + (3q2 13?2;5) fl=1- %vz — 4?(]1)3, (C1f)
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67 10¢g 5¢> 1667 7481¢q 11083164791 3142 eulerlog;(v?)
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43 R 2 3640)° " 4620 ¥ 277477200 385 v (C2c)
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37 , 2 2 817991
MODES FOR ¢ > 4 po =1~ ?qv3 + (% 3298680)
1. The odd-parity p’ ’s and even-parity p,,’s 161 )
o Pl =1- v~ S0 (D1h)
487 , 2q , (q2 3353747) , 24lq |
pss=1——v " ——v’ +|—— v ———v°,
3000 3 2 2129400 195
(D1a) :1_15_1 2_2_‘13 L _ _10722
P 1o ~3vr P 833 ©
(D1i)
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pss 26 3 2 709800 325
(Dlc) 1, 2g 8416
R TR S N TR
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L —1_ 224 5, (21 _ 2“9 3
sy 275" 15" ( 5 15526875 pn=1-1ov ~ 3V (DIK)
(D1d)
) 1741 3913
ps1 =1 —&v2 _2_qv3 + (q_ 31877) + D v, Psg= 1~ v?, Py = ) v,
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167 725
Dle — -2 —1-2 DIl
(Ple) s 1527 Pss 608" (D1
53 , 2q 4 (q2 1025435)
P =1 ——v"——v’ +
42 3 2 659736 o133, L343,
L, 185, 2 oy Y 13687 ST T3040
Pis =1 qv" "9 ¥ (D1f) 1231 , 3337
psr =1 =72V Ps1 = 1= 3500 (D1m)
43 2q q> 476887
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169 2q 2. The odd-parity p ’s
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63 144 9 v ’ ( g)
|
3q 1 405¢* 1767¢7 21809
B=1-"v——-021¢* +4v* — ——(q(189¢> + 3+(— + )
P2 4" 224( q* + 4V~ 256 (9(189¢° + 596)v 2048 1792 56448
(1701q 191g° 69851q) - (7839703541 15309¢° , 4113¢* | 342289¢> 107 eulerlogl(vz)) ]
- - v - - v
8192 7168 = 75264 2607897600 65536 16384 | 200704 105
+< 72171¢7 | 19683¢° , 3131¢° 107 ) 40609146713q) ,
- — v - |V
262144 65536 344064 1407 & 10431590400
.\ (107 culerlog; (v?) | 48499995300301) .\ (2333563 culerlog; (v2) 3762995064239) 0 D2
v
1960 22782593433600 5927040 8679083212800)"
T4, 8y, (2_q2 - 164726)v4 2138 (8_q2 _ 104eulerlog, (1) 61271294666)
pR=1-13v" "5 3 200475 1215 135 63 10343908575
2
(7696 culerlogy(v) 1593740014406) | Do)
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07 , 59 ; N (S_q2 _ 6934313)1}4 _ 13847¢q o5+ (1597804689571 1571 eulerlog;(v?)

H _ 1 —— -7 6 D2
Pi3 88v 6 v 8 7047040 9240 195343948800 770 )v » (D20)

27720 6

169 5¢° 2204777) - ( 151¢q 5q3) 5. (1299523316251 1571 eulerlogl(v2)> 6
_ _ — VO,

pH=1——v2—5—qv3+(— v
4l 264 6 8 7047040 1758095539200 6930

1998 4 3> 16699324
H —1 99 v2— 9.3 + (i_i)v{ (D2e)
5 15526875

1728 4q 3¢> 6936754
H —1 2 _ 3+<_—7) 4 D2
v S T 13s26875)Y 0 (P2

137 , 7q ,
P =1 gV T
121 74
peh = _mvz_jv3’ (D2g)
113 74
H_l—— 2 1 3’
Pei 144 9"
834 6736
phe=1—-—=v:  pl=1-—-—1%
833 7497
6274 (D2h)
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APPENDIX E: EXPRESSIONS OF THE 6,,,’S
MODES FOR 4< (¢ =7

31 31 31
5S= Rl 53=%U3, 51 —FOU3; (Ela)
12 8 6 4
554 = ?qll4 + E‘US, 852 = ?qv“ + BU3, (Elb)
43 43 43
566 = %U , 864 ﬁv , 62 mv , (EIC)
10 2 2
565=iv, 663=—U, 561—51], (E]d)
19 95
o717 = %U ) 75T 250 v, (Ele)
19 19
673 = FT 71 EU3 (E1f)

(D2d)

APPENDIX F: MULTIPOLE MOMENTS FOR
GENERIC ¢ AND m

In Refs. [6,22], the authors have computed the even- and
odd-parity 1PN multipoles for generic € and m. Those
calculations were crucial in understanding the ¢ scaling
of the fy,’s, suggesting the introduction of the py,,’s
functions.

In this Appendix, we calculate the 0.5PN spin terms in

the odd-parity multipoles fzfql”)l and the 1.5PN spin terms in

the even-parity multipoles ﬁg. Just for completeness, we
also reproduce the 1PN nonspinning terms in the odd-
parity multipoles ]:i(fln)z already computed in Ref. [6].
Henceforth, we make use of the standard multi-index
notation for tensors of arbitrary rank, which are displayed

as

I,=T, (F1)

1in.dp?

where each index i, to i, runs from 1 to 3. We also employ
the notation T,y = STF,[T,] to denote the symmetric
trace-free projection over the indices i; to iy. For example,
we have

1 1
T(l]) = E(T” + T]l) - gsijququ. (FZ)

Repeated multi-indices imply summation over all corre-
sponding indices, e.g.
T, St =T,

iip...

ifsiliz...ig. (F3)

Reference [22] computed the expression of the full wave-
form as an expansion in —2 spin-weighted spherical har-
monics through the coefficients U,,, and V,,, as follows

1
By = —=—(Uygy — iVey), F4
I \/ER( om — Vem) (F4)
where
ter e DT L,
U =G u\ 2ec -1 oY B9

SO J (€ +2)
=20+ DU2e(0 + (e — 1

)VLyQW. (F5b)
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The radiative moments U; and V; are the /th time deriva-

tives of the multipole moments /; and J;, respectively, as

we neglect tail contributions for our purposes here. In

terms of the vector # defined above Egs. (F11), the quantity
tm is defined as follows

yom = yimp,. (F6)

1. Odd-parity 0.5PN spin multipoles

The odd-parity contributions to the waveforms are pro-
vided by the expansion coefficients V,,, which in turn
are determined by the current-multipole moments J;. In
the circular orbital case, the nonspinning 1PN current-
multipole moment J; is given by [6]

NS = (er‘”'())[KIZA,§\",571L’1> + szzl:%fnL*)xif*zi’*l)],

(F7)
where () is the orbital frequency, v = (MQ)'/3 and
r A r Xr ~
==- =Ly X
n=- Ly=15cm A= Lvxn @)
and where
v 20+3 €+ 1
Kl = Cy¢+1 +v2{_ﬁ+7b€+l +2V e b@—l
IT€¢+1 -1 +4)
+= - : F
2[ ¢ (+2)00+ 3)]"“4 (F9)
-1 —2)(¢ +4)
K, = F
2 200 +2)20 +3) ¥ (F9b)
by = X§ + (—)'x{, (F9c)
ce =X+ (5 X (Fod)

where ¢, coincides with Eq. (5), and X, = m,/M.
For circular orbits, we have

n = (CoS@yy, Sind .y, 0), (F10a)
A= (_ Sind)orbr Cos¢orb’ O)’ (FIOb)
v =1(0,0,1). (F10c)

In terms of the vector 7 = (sinf cosg, sinf sing, cosh),
the following expressions will prove very helpful below:

n = [Flomr/sp=o (F11a)

A = [04Flo=r/2p=po (F11b)

PHYSICAL REVIEW D 83, 064003 (2011)
Ly = —[00Flo=r/20=g.- (Fllc)
The 0.5PN-order contribution to J; that is linear in the
spins is given by Ref. [41]

(€+1)

7=

STFL{ZS" }

To rewrite Eq. (F12) in the center-of-mass frame, we use
y; = Xpr and y, = —X,r, which leads to the following

(F12)

€+1 1 o<iy lvb—1 ey L—
JE _ 5 [(Xf 1SI<4 +(_)€ le 1S<24)XL 1>]
+1
= o1 D g 5 S S{ntn, (F13)
where

S0 =X X2+ (5) XXy, (F14)

and we define x; = S,/m? and x, = S,/m3. For non-

precessing binaries, we have E(g) = E(g)LN, and hence
we can write down the total 1PN-order current-multipole
moment as

JL = (VM)"«+]Q)STFL{Z:;\(’;[K]HL71 + szanﬂ)\i“Z"‘*l
€+1) 4
+v 5 E(g)n ]}

Next, in order to compute the radiative coefficient Vy,,,
we first need Jy,, = J; Y& It is therefore useful to rewrite
all vectors appearing in J; in terms of 7 as follows:

(F15)

Jp = (IJMerQ)STFL{G,9rzifI:Klnl‘_1

. . {+1
+ v2K2nL736¢n’f*28¢n"’*1 + v( )2(@11 ]} )
orb
(F16)

where the “orb” subscript is shorthand for evaluating the
bracket at @ = 7/2, ¢ = . The purpose of this rewrit-
ing is to allow us to eventually make use of Eq. (F6),
together with the following identities

dynl) = €(dynticynt =1 (F17a)
03D = (€~ DI = 239 nic2d yni)
— [t — (n - Ly) LS nl =2}, (F17b)

By substituting Egs. (F17) into Eq. (F16), the current-
multipole moments become
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K K
= +1 il Ly2_ 22
Jp=(wMr Q)STFL{ 7 den- +uv €(€_2)89n
K (€+ )&
) 2 2L 4,2
t—nye—z %" Y Tar mo0lert }orb
(F18)

Contracting Eq. (F18) with y,{’ﬂ* then yields

c *
J€m = fg—l (VMreJrlQ)[aﬁY(m(a’ ¢orb)]9=7r/2
€+1)

v 20+3 by,
x 11 + -
{ v 2C€+1 2(6) [2€ 2¢ Co+1
oy, 1 b 1( m*(€ + 4)
YT o (€ +2)(2€ + 3)

€+1
- —) 0“3]}. (F19)
€ ) ces
From the parity properties of associated Legendre poly-
nomials, Jy,, is nonvanishing only if € + m is odd. The next
|
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step consists of converting 7¢*!
means of Kepler’s third law,

into an expansion in v by

A — (Mv—2)€+1[1 v + 1)(1 - g)] (F20)

and substituting it into Eq. (F19) yields

Jom = Cfg—l (Mv72)€+1VU3[89Y§m(0, ¢orb)]0=77/2
€+1) - {
X1+ - + 3
(100 ofi-3)
LY 2{3+3b€+1 2€+1be—1
R — LV —
20 20 coay € con

Slietaacs 10D

Taking ¢ time derivatives and multiplying by the appro-
priate normalization factor finally gives

(F21)

327T€ (€ + 2) . €, ,(6+1) Co+ < { ( )
= — - - o +
V€m (2€ ¥ 1)”\/2€(€ + 1)(€ — I)VM( lm) v ¢ [BGY(m(Hr (f)orb)]efﬂ'/z 1 v 2’( €)
20+3b C+1boy 1( m*+4) €+1c
| LAV o1 _ -1 _( _ )€+3:|}
v [(€ 1)<1 3) W2 o VT e TA\Txery € ) ®2

The overall factor in front of the bracket in Eq. (F22)
coincides with the Newtonian contribution as given by
Eq. (3), using Egs. (F4) and (4b). Hence by definition
[see Eq. (2)], we find

N €+1) v
A =14l 3 —v[(€+1)< )
{m 20€+l () 3
14 _2€+3b€+1 €+1 b{’*l

20 20 ¢y T4

+1( m*(€ + 4) _€+1)cm]
2\(€ +2)(2¢ + 3) € Jcor J

Co+1

(F23)

Again, the 1PN-order terms in the above equation were
computed in Appendix A of Ref. [6].

Quite interestingly, we find that in the nonspinning test-
particle limit (m, < m;, x; = |xy| = am; = ¢q, x, = 0),
only the odd-parity mode € = 2 contains the 0.5PN spin
term, for all the other odd-parity modes the 0.5PN spin
terms vanish. In fact, using Eqs. (F9d) and (F14), we find
that if we set y, = 0, the 0.5PN spin terms reduces to

(€ + Dmix,
+ (—l)emfm%_e]

h{DOSPN v.  (F24)

2[mym;
If ¢ =2, then A" = —3/204 when v — 0, while if

€ > 2, we have ﬁi,lni’o'S PN o vqu and the latter goes to zero
as v — 0. The fact that the odd-parity modes with € > 2

|
vanish is consistent with the —2 spin-weighted spherical
Cy,,’s computed in the main part of this paper. However, it
is worth noticing that the odd-parity —2 spin-weighted
spheroidal Z,,,’s do contain 0.5PN spin terms.

Moreover, for the case of finite symmetric mass-ratio v,
we find that the 0.5PN spin terms in Eq. (F23) coincide
with what was derived in PN theory [22]. The € depen-
dence of the 0.5PN spin term in Eq. (F23) varies depending
on the binary mass ratio and the spin magnitudes. For
example, we find that for maximally spinning and aligned
black holes (y; = x, = 1) if the masses are equal, the
0.5PN spin term in Eq. (F23) scales as ¢ but if the masses
are unequal, it generally does not scale as .

Finally, we derive the corresponding generic 0.5PN spin
contributions to f (1 and p(fln)1 Since we know that there is
no quadratic spin contribution at 1PN order in f e WE need

to introduce a 1PN quadratic spin term in p(€1n)1' Thus, the
spin portions read

1),0.5PN 1),0.5PN 1)0.5PN | £(1),0.5PN
O O, e o
(1),IPN _ -1 "(I)OSPN 2
o = T (B ") (F25)

2. Even-parity 1.5PN spin multipoles

The 1.5PN spin contributions to the even-parity wave-
form come from two distinct sources. The first is the 1.5PN
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spin mass multipole moment /3, given by (in the center-of-
mass frame, for nonprecessing, circular orbits)

20 -1 o
S — 12,2 i al—2pic 1 yic
=M E(,)STFLI: g ]
(F26)
where
S =X+ ()X . (F27)

Making use of the following identity which is valid for
circular orbits

ste [V sy ] = st [L L 0]
(F28)
we can rewrite I3 as follows
4>
I3 = M2v2€ 1 €2(1)STFL[(€ + 1)Qnt + — 7 7 L].
(F29)

The second contribution comes from the Newtonian mass
multipole moments, in two different ways. First, since the
coordinate transformation that takes us from a generic
frame to the center-of-mass frame involves the spins at
1.5PN order, the Newtonian mass multipole moments ac-
quire a spin contribution when reexpressed in the center-
of-mass frame. Second, when we use Kepler’s law at 1.5PN
order to rewrite the orbital separation r as an expansion in
v = (MQ)'/3, spin terms are generated which contribute to
the 1.5PN spinning waveform. In a general frame, the
Newtonian mass multipole moments are given by

I} = STF [my} + myy5]. (F30)

The coordinate transformation to the center-of-mass frame
is given by [42]

¥y, =X2r+%v><A, (F31a)

y, = —X]r+%v><A. (F31b)

Therefore, in the center-of-mass frame, the Newtonian
mass multipole moments read
N = Muvcor'n't + v2€c,_ ' 'nt (v X A)O. (F32)

For nonprecessing, circular orbits, Eq. (F32) may be re-
written as
€C€ 1

N = Mvc€r1n<L>[1 +v (X, x> — X, Xl)v3]. (F33)
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Adding together both contributions (F29) and (F33),
contracting with Y = and finally taking € time derivatives
as well as multiplying by the appropriate overall factor, we
arrive at the following expression for the even-parity ra-
diative moment

I L ) B
U€ln - (2€ + 1)” 2€(€ — 1) MVC@( lmQ)(l"e

X Yy, (7/2, ¢orb)[1 + V€ L (Xox2 —

+ — v (€2—i—€1)<€ +1- f)i(g)vﬁ’:l.

The overall factor in front of the bracket in Eq. (F34)
coincides with the Newtonian contribution as given by
Eq. (3), using Egs. (F4) and (4a). Next, we use Kepler’s
third law to replace the orbital separation r by the follow-
ing expansion in v. Again, we do not write the 1PN order
nonspinning contributions explicitly here to keep formulas
short.

X x)v?

(F34)

- vaz{l +[ Xix1 + X3x2) + vy, + X2)] } |
(F35)

Substituting (F35) into (F34), we can finally isolate the
1.5PN spin contribution to the even-parity waveform as

ﬁ(f(i,l’l'SPN = { [ XIx1 + X3x2) + vy + Xz)]

Lc
+ v 1

Xox2 — X1 x1)

te (€2+€ 1)(6 o 2)2(@}1)3

In the nonspinning test-particle limit, Eq. (F36) simply
reduces to

(F36)

h(O)lSPN 2 (F37)

thus, it scales as €. Finally, we derive the corresponding
(0) Q)

generic 1.5PN spin contribution to f,, and p,  and they
read
0 0),1.5 ).L5PN _ 1 0)1.
f()ISPN_h()lPNy (e(n)ql PN_Z 2'1115PN (F38)

Therefore, the generic fg,?z and pgi)q expressions through
1.5PN are given by the above equation combined with
the 1PN nonspinning result given in Eq. (Al5) of
Ref. [6] (note that there is no 1.5PN nonspinning contri-

bution to fé(;)l or p?l:l)
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