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Critical points of D-dimensional extended gravities
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We study the parameter space of D-dimensional cosmological Einstein gravity together with quadratic
curvature terms. In D > 4 there are in general two distinct (anti)-de Sitter vacua. We show that, for an
appropriate choice of the parameters, there exists a critical point for one of the vacua, with only massless
tensor, but neither massive tensor nor scalar, gravitons. At criticality, the linearized excitations have
formally vanishing energy (as do black hole solutions). A further restriction of the parameters gives
a one-parameter cosmological Einstein plus Weyl? model with a unique vacuum, whose A is determined.
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I. INTRODUCTION

Adding new types of terms—and their associated pa-
rameters—to an action can lead, in the extended parameter
space, to solutions with properties qualitatively different
from those of their components. In the gravitational models
we consider here, such phenomena have already been
found. Examples include two, maximally symmetric, va-
cua in Einstein-Hilbert gravity with quadratic curvature
terms in dimensions D >4 [1]; “partial masslessness™
[2], in which degrees of freedom are lost and gauge invari-
ance ‘“‘emerges”’ for massive higher spins s > 1 in AdS
backgrounds with suitable mass?/A ratios, and the tuning
of masses in the “new massive gravity” (NMG) in D =3
[3,4]. Another example where the tuning of parameters
leads to new effects is the so-called ‘“‘chiral gravity” [5],
which is a special case of topologically massive gravity in
AdS [6]. Most recently [7], still wider critical effects were
found in D = 4 systems combining the Einstein-Hilbert
action, a cosmological term, and terms quadratic in the
curvature. The latter work motivates our extension to
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generic dimensions, where the interplay between the mul-
tiple parameters will provide novel effects, some relying on
the explicit cosmological term. For example, as we shall
see, multiple vacua and ‘“‘tuned” masslessness will now
interact. We will find these critical models by studying
their conserved charges, especially the energy, of black
holes, as well as their excitation spectrum.

II. FIELD EQUATIONS

The most general quadratic gravity model is
1
1= dexﬂ/—gl:; (R —2Ay) + aR* + BR*'R,,,
+ y(R¥"POR 0 — 4RMVR,, + Rz):l. (1)

We follow the notation and conventions of [8,9], where
relevant details of field equations, curvature linearizations,
and conserved charges may also be found. For generic
values of the parameters, there are two distinct (A)dS
vacua,! with metrics satisfying R, = Dz—ﬁ\zg uv» Where A
is determined by the quadratic equation

"Depending upon the choice of parameters, and assuming
Ay <0, there can be either two AdS vacua or else one AdS
and one dS. If A is positive, there will be either two dS vacua or
one dS and one AdS. If Ay = 0 there will be one Minkowski
vacuum and either an AdS or a dS vacuum.
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A= Ry pa2—0
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(2)
(D —4) (D —=3)(D —4)
= (Da + .
f=0at A 5 Yo ho —2)
This phenomenon was first observed [1] in Einstein-
Lovelock gravity (a=pB8=0, Ay=0), where

Minkowski and (A)dS vacua coexist. The source-free lin-
earized equation of motion for the metric fluctuations
around an (A)dS vacuum, h,, = g,, — §,,, becomes

¢GL, + (2a + B)(gwi ~-V,V, + Dz—fz(gw)RL
- 2A
+ B(Dglﬁu - ﬁg,uVRL) =0, (3)

where ¢ is given by
1 n 4AD N 4A ﬁ+4A(D_3)(D_4)
c=— a >
x D—2%"D—1 D-1DD-2) 7

and the linearization of the Einstein tensor G,,, = R, —
%Rg uwv T Ag,, [defined using the effective A of the sys-
tem’s vacuum state(s), not the bare parameter A, in the
action] is given by

1 2A
L —pL _ .5 pL_
wy RW Eg’“’R mh;m
Here, the linearized Ricci tensor R/Lw and scalar curvature
RL = (g#¥R,,)" are given by

1 VAAY VAAY = vARY
RL, = E(V Vhye +V°V,h,, —0Oh,, —V,V,h),

2A
D -2
Taking the trace of (3) gives

Rt = —Oh + V°Vth,, — h.

[(4a(D - 1)+DpO - (D - 2)(% + 4fA)]RL = 0.
)

We see that the D’ Alembertian operator is removed if «
and S are chosen to obey

4a(D — 1)+ DB = 0; (5)
then RL is constrained to vanish, provided also that

LY ©)
K
(See [9], and the discussion below.) As in [7], we shall
choose the (compatible) gauge V#h wr = V,h, which then
leads to RE = — D2—§2h. Imposing the condition (5), which
eliminates the scalar mode [see Eq. (30) of [9]], one has
h = 0; hence h,, further satisfies the conditions

V#h,,=0,  h=0. (7)

L

The linearized Ricci, R},

reduce to

and Einstein, G%,, tensors
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2DA 1.
RL,=—— """ _p —_Ch,,
D= 1)(D—2) 2

2A 1-

P — g |
W D—1)(D—2) 2

The equations of motion simplify to the product of second
order operators annihilating 4,,,:

S GRITE Ry

- 4A
X - 0@ =
O-z=vo=g)w0  ®
where
1 4AB
M? = — —(c + —) 9
B\ D-DD-2) ©
The massless and massive modes satisfy
= _ 4A m) _
©-o=vo=9)" -0
4A (10
= __ )M
(O-G=nw=9 ") -0

respectively. Stability requires M? = 0, and the case where
M*=0,ie.,

4AB _
‘To-Db-2

defines the critical point.

0, (11)

III. ENERGY

We now show that at the critical point, the mass and
angular momenta of all asymptotically Kerr—AdS and
Schwarzschild—AdsS black holes vanish.” We can calculate
the conserved charges of any such asymptotically Kerr—
AdS space, as discussed in [11]. Letting & » be a Killing
vector of AdS, the conserved charges associated with this
Killing vector will be given by [8]

) [ @ EaE

01(&) = (e + RN
+ Q2a + B) [ " dS;J—g{é*V'R, + R, V* &
a9

— EVER) + B [ | ASTREVG
— £, VEGY — GYVIE, + GIPVHE)  (12)

Here, M is a spacelike hypersurface in the asymptotically
AdS space, and 9 M denotes its boundary. The first integral

%Actually, unlike for cosmological Einstein theory [10], ex-
plicit Kerr-AdS type solutions for these models are as yet
unknown. Such solutions presumably exist, and they will ap-
proach the standard Kerr-AdS metrics at large distance where the
effects of the higher-order curvature terms become negligible.
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can also be written as a boundary term, see [8,12]. In
asymptotically AdS spaces, only the first term survives.
[We recall that the charges in (12) are measured at infinity;
their detailed form as volume integrals is given by the
spatial integral of the field equations’ nonlinear terms.]
At the critical point then, all charges, including the energy
(Q% formally vanish. For example, the energy of the
Schwarzschild—AdS solution, with asymptotics hgy =
W = (F70)D73’ is [8]

E=< 4A S )(D—Z)

(D—1)(D-2) 2

where (), is the solid angle on the D — 2 sphere.
Specifically, in four dimensions, « = 87wGy and
ro = 2Gym, and then E = [1 + 167Gy(da + B)]m. At
the critical point (11), we see that in all dimensions, £ = 0.

Note that in D = 3, the critical theory reduces to the
NMG at the “Proca” point. Namely, 8a + 38 = 0 gives
the NMG theory, and the criticality condition M? = 0
gives Ay = Kiﬂ which is exactly the point where the line-

Qp_,rB3, (13)

arized NMG can be written explicitly as a unitary massive

spin-1 theory with mass squared —K% (see [4], and

Sec. V.A in [3]). (For AdS and with 8> 0, one should
set k <0 since A = %.)

IV. LINEAR EXCITATIONS

Let us now consider the energy of the excitations, ex-
pressed as explicit volume integrals, by constructing the
Hamiltonian for the theory, as in [5,7]. The quadratic
Lagrangian for the metric perturbations of (1) around an
AdS vacuum is given by simply multiplying the left-hand
side of (3) by — % h*"; hence it vanishes on-shell. With the
parameter choice (5), and in the transverse-traceless gauge
(7), the quadratic action takes the form

D v
2 [d Xy — [ Clh+ Dh
_ 1 4AB B - Ve
§<(D “ (D -2 C)vph Vol
2Ac

The canonical momenta, using the Ostrogradsky formal-
ism for higher-order Lagrangians, are defined and com-
puted as follows:

(47 = 5£2__< 5L, )
W 8h,,  \S[Z(Veh,,)]

_ V&0 AN

510
ny 5£2 =\/__g S00r= v
H<2>_5[%(vohw)] 5 gL

Yt + pme |
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The Hamiltonian can be written as
H= de | [ng;hw e (Vohw)]

- j JgLyd" I, (15)

where we use for the implicit AdS background metric the
time-independent form

(D—-1D -2
2(—=A)
+ sinh?pdQ3,_,].

ds? = [—cosh?pdt* + dp?

Substituting the canonical momenta into (15) gives the
Hamiltonian for the quadratic fluctuations. The energies
of the various (linearized) excitations could be obtained
directly from (15), but a more convenient starting point is
to note that the Hamiltonian H is time independent, since
the Lagrangian has no explicit time dependence. We are
therefore free to write H as its time average, H = (H) =
T-! [I'dtH. The advantage of doing this is that we can
then perform integrations by parts for time derivatives.
This allows us to manipulate (15) into a more convenient
form. The Lagrangian term [./=gL,d” 'x, being pro-
portional to the equation of motion (8), does not contribute
to the on-shell energies. Substituting the expressions (10)
for the massless and the massive modes into the time
average of the Hamiltonian (15), we find, after an integra-
tion by parts, that their energies are given by

I O R v
En = 2T<C NN E 2))
X [ P =GR, (16)
| 4N
Ew =57 (C N ENE 2))

f dPxy =g (R R, (17)

where the time integrations are understood to be over the
interval 7. The excitation energies E,, and E,; have oppo-
site signs, as expected from their fourth-order origin [13],
but at the critical point (11), they vanish. The integral itself
for the massless modes is known to be negative, since in
pure Einstein gravity for which &« = 8 = y = 0, the en-
ergies E,, are known to be positive. The integral for the
massive modes is also expected to be negative, away from
M?* = 0, at least for small mass.

We started with a theory with four parameters, namely
(Ay, @, B, y), not counting «, since it can be scaled out.
The critical point is defined by the two conditions (5) and
(11), implying that any two of the four parameters can be
eliminated. Note, however, that we must also require that
(6) hold at the critical point, since otherwise, R;, a gauge
invariant object, would be left undetermined in the theory.
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As we already remarked, there are in general two dis-
tinct AdS vacua in the theory with given values for the four
parameters (A, «, B, ¥), corresponding to the two roots of
the quadratic equation (2). Our specialization to the critical
case turns the massive spin-2 modes massless for just one
of these vacua. In the other vacuum, the spectrum still
contains massive as well as massless spin-2 modes, with
excitation energies of opposite signs. Whether it is the
massive spin-2 modes or the massless spin-2 modes that
have the negative energy depends upon the detailed choice
of parameters. Note that if the parameters are chosen such
that the massless spin-2 modes have positive energy, then it
will also be the case that black holes in the noncritical
vacuum will have positive mass.

A():

_D*D—1)(D—2)(D—1)(D —2)a + (D — 3)(D — 4)y]
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For some purposes, in order to avoid solving the qua-
dratic equation (2) for A, it is convenient instead to view
it as a linear equation for the parameters expressed in
terms of the critical value of A. We take « and vy as the
free parameters for D > 4. From (5), one determines (3 in
terms of «. Then, from (11), one obtains the unique critical
vacuum with a cosmological constant

- DD — 1)(D —2)
4x[(D — 1)(D — 2)%a + D(D — 3)(D — 4)y]’
(18)

To determine the corresponding critical A, we can use (2)
to get

Acrit =

The other (noncritical) vacuum has the cosmological con-
stant

A D[(D — 1)(D = 2)a + (D — 3)(D — 4)y] At
nonerit (D —4)[(D—1)(D —2)a + D(D — 3)y]
(20)

As a result, the two-parameter critical theory is given by
the action

I= /deJ—gI:l(R —2Ay) + aR?
K

A(D - 1)
- =" aR*R,,
D
+ Y(R*"P7R ,,py — 4RM'R ,, + RZ)], 1)

where the bare cosmological constant is given by (19). The
theory has a critical vacuum (18), while there is a non-
critical vacuum (20).

Finally, one can overcome the two-vacuum problem,
that one of them necessarily allows negative-energy
excitations, using one last allowed (consistent as we shall
see) reduction, to a single parameter. We require f = 0 in
(2), whose only solution is thereby A = A,. Our four
parameters («, B, v, Ay), are now constrained by the three
conditions (2) and (11), plus scalar mode suppression (5),
to obey

_ _4a(D -1
- -
D
A=NAp=—¢—. (22)
__ yD(D-3)
T o-nDD-2

8x[(D — 1)(D — 2)?a + D(D — 3)(D — )y

(19)

Note that Aj is also fixed in terms of the remaining
parameter. The general action (1) now reduces to
Einstein-Weyl form with a single arbitrary constant 7,
since A is also fixed:

1
I = [de /—g[—(R —2Ay) + yC“”p"C#,,p,,iI,
K

N _(D=DD-2) =
O 8ky(D - 3)
Here, C,,, . is the Weyl tensor, for which
cureoC = RMVPIR __4 R*"R
nrpo mrpe oy mv

TR
(D-1D~-2)

Physically, it is clear a priori that only the combination
(23) has a single vacuum: the Weyl tensor, being insensi-
tive to conformally related metrics, such as different (A)dS
or flat ones, does not contribute directly to (2). We also
emphasize that while condition (6) is automatically satis-
fied by taking f = 0, attempting instead to force the two
roots of (2) to be equal would violate it.

It is interesting to compare our maximally restricted
Einstein-Weyl model (23) with the similarly constrained
Einstein-Lovelock model, namely, the action (1) without
Ricci? and R? discussed in [1]. There too one must special-
ize to a single vacuum, and fix the cosmological constant to
leave one free parameter. (Otherwise, one of the two vacua
is always unstable.) The excitation here is just the single
massless tensor of (cosmological) Einstein gravity, as the
Lovelock terms quadratic in 4 vanish for all D and don’t
contribute.
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V. CONCLUSIONS

We have constructed a two-parameter theory of gravity
in D dimensions, which admits a critical AdS vacuum with
only a pair of massless spin-2 modes. For D = 3, the
critical theory reduces to the NMG at the Proca point, while
for D = 4, it reduces to the critical theory constructed
recently in [7]. In four dimensions, once the condition (5)
for the elimination of the scalar mode is imposed, the theory
has a unique AdS vacuum solution. For dimensions D > 4,
by contrast, the theory in general has two distinct AdS
vacua, which cannot simultaneously be rendered critical
for any choice of parameters. A further specialization of
parameters was then made, leading to a one-parameter
critical theory with a unique, fixed A, AdS vacuum. The
surprising confluence of so many unexpected properties at
our models’ critical points may repay further investigation.
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