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We report on our first experiences with a mixed action setup with overlap valence quarks and

nonperturbatively OðaÞ improved Wilson sea quarks. For the latter we employ CLS Nf ¼ 2 configurations

with light sea-quark masses at small lattice spacings. Exact chiral symmetry allows to consider very light

valence quarks and explore the matching to (partially-quenched) Chiral Perturbation Theory (ChPT) in a

mixed �=p-regime. We compute the topological susceptibility and the low-lying spectrum of the massless

Neuberger-Dirac operator for three values of the sea-quark mass, and compare the sea-quark mass

dependence to NLO ChPT in the mixed regime. This provides two different determinations of the chiral

condensate, as well as information about some NLOlow-energy couplings. Our results allow to test the

consistency of the mixed-regime approach to ChPT, as well as of the mixed action framework.
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I. INTRODUCTION

Thanks to the theoretical and algorithmic improvements
of recent years, and to the ever increasing computational
power available, state-of-the-art Lattice QCD simulations
now easily reach dynamical pion masses in the
200–300 MeV ballpark.1 In this mass region the effective
description of the dynamics of pseudo-Goldstone bosons at
low energies by means of chiral perturbation theory
(ChPT) is expected to work well at a quantitative level.
This gives rise to a fertile interaction: by matching Lattice
QCD and ChPT results it is possible, on the one hand, to
test the effective description vs the fundamental theory;
and, on the other hand, low-energy constants (LECs) can
be determined from first principles, thus providing a soun-
der foundation to phenomenological applications of ChPT.

One particularly interesting aspect of the matching be-
tween QCD and ChPT is the role of finite volume effects
[2–5] (we will always assume that the theory lives in an
Euclidean four-volume V ¼ L3 � T). While for large
enough values of L (one typical estimate is M�L * 4)
the latter are expected to be strongly suppressed, and
give rise only to small corrections to the infinite volume
expansion in powers of pion momenta, the situation
changes completely when the Compton wavelength of
pions approaches L, i.e. M�L� 1. In this regime slow
pion modes, strongly affected by the finite volume, domi-
nate the path integral in the effective theory, and the
expansion in powers ofM2

�=�
2
� breaks down. A new power

counting for this �-regime was proposed in [3], which
implies a rearrangement of the chiral expansion, in which

quark mass effects are suppressed relative to volume ef-
fects. As a consequence, less LECs appear at any given
order in the expansion relative to the infinite volume case,
and the approach to the chiral limit is therefore more
universal. This regime leads to a very different setup for
the determination of LECs, which offers both the potential
to obtain cleaner computations of some of the latter (those
whose effects are unsuppressed in the quark mass), and a
cross check of the systematic uncertainties of ‘‘infinite’’
volume studies.
Another key property of finite volume chiral regimes

(�-regime) is that the partition function of ChPT (at leading
order in the �-expansion) has been shown to be equivalent
to a random matrix theory (RMT) [6–9], where many
analytical predictions can be obtained for spectral quanti-
ties, such as the spectral density or the distribution of
individual eigenvalues. These predictions are expected to
be valid also for the spectrum of the Dirac operator in this
regime, and have been tested both in quenched [10–12],
Nf ¼ 2 [13–15] and Nf ¼ 2þ 1 [16,17] QCD. Since

RMT predictions depend on one free parameter that cor-
responds to the chiral condensate (at the leading order in
the matching of ChPT and RMT), they provide yet another
way of studying chiral symmetry breaking, using simple
spectral observables.
As we will see the matching of ChPT in the �-regime

holds up to NLO in the chiral expansion, both for full and
partially-quenched (PQ) situations as long as some quarks
remain in the �-regime, because the path integral is domi-
nated by the zero modes of the lighter pions. The matching
of QCD to RMT can therefore be extended to unphysical
situations which are however more favorable from the
computational point of view.1See e.g. the review [1] at Lattice 2009.

PHYSICAL REVIEW D 83, 054503 (2011)

1550-7998=2011=83(5)=054503(17) 054503-1 � 2011 American Physical Society

http://dx.doi.org/10.1103/PhysRevD.83.054503


Obviously enough, an adequate treatment of chiral
symmetry on the lattice is especially relevant in this
context. While simulations of Nf ¼ 2ðþ1Þ QCD with

full chiral symmetry have proven feasible, they are still
limited to relatively small values of the inverse lattice
spacing and/or physical volume [18]. A way to overcome
this is to use a mixed action approach [19,20], in which
chiral symmetry is exactly preserved at the level of valence
quarks only. Our aim is to develop such a framework by
considering overlap valence quarks on top of Nf ¼ 2

Coordinated Lattice Simulations (CLS) ensembles,2

obtained from simulations with nonperturbatively OðaÞ
improved Wilson sea quarks.

We will use this method to study the matching of
QCD to ChPT and RMT in a mixed regime, in which
sea-quark masses are in the p-regime and valence quark
masses are in the �-regime [21,22]. From this matching
we will be able to extract theNf ¼ 2 low-energy couplings

� and L6.
Furthermore, the use of overlap fermions allows us to

measure the topological susceptibility of the dynamical
Wilson configurations. The dependence of this quantity
on the sea-quark mass has been derived in ChPT at NLO
in infinite volume in [23], and has been shown to depend on
� and on a combination of L6, L7 and L8. We will show
how this prediction can be easily obtained in the mixed
regime of ChPT and we will test it from the measured
distribution of the topological charge.

Obviously, mixed actions also have huge potential for
phenomenological applications in which the exact preser-
vation of chiral symmetry is greatly advantageous, e.g. to
simplify the renormalisation of composite operators enter-
ing hadronic weak matrix elements. Along this line, first
data for standard two- and three-point functions, as well as
for correlation functions computed in the chiral limit via
saturation with topological zero modes [24,25], will be
covered in upcoming publications.

The structure of the paper is as follows. In Section II we
review the main results from [21,22] on the mixed regime
of ChPT and collect the results needed for our work, in
which the sea quarks are degenerate and lie in the p-regime
and valence quarks are in the �-regime. We will show that,
up to NLO in the mixed-regime expansion, the partition
functional matches onto a RMT, where the free parameter
depends on the sea-quark mass in a way that can be
predicted from the matching. In Section III we present
our numerical results for the low-lying spectrum of the
overlap operator and the topological susceptibility on
Wilson sea quarks and compare with the predictions of
RMT and ChPT. In Section IV we present our results for
the fits to ChPT predictions and extract the low-energy
couplings.

II. PROBING THE DEEP CHIRAL REGIME WITH
MIXED ACTIONS

A. Mixed chiral regimes

While the exploration of chiral finite volume regimes
ideally involves simulations with extremely light sea
quarks, it is still possible to access them in a situation in
which sea quarks have moderately larger masses.
The first step is to formulate ChPT in a so-called mixed

regime [21,22], in which Ns quarks have masses such that
the p-regime requirementms�V � 1 is satisfied, while Nl

quarks have masses that fulfill the �-regime condition
ml�V & 1. An appropriate power counting for this regime
was first introduced in [21,22]:

p� �Oð�Þ; L; T �Oð1=�Þ;
ml �Oð�4Þ; ms �Oð�2Þ:

(1)

The partition function and meson correlators were com-
puted to next-to-leading (NLO) order according to this
power counting, both in the context of fully dynamical
quarks and also in various partially-quenched situations.
The relevant PQ zero-mode integrals where also studied in
[26]. In this work, we want to keep the sea quarks in the
p-regime and the valence quarks in the �-regime. We
briefly describe the results for this situation, and we refer
to the original papers for details on the computations.
As is common in the �-regime of PQChPT, we need to

consider sectors of fixed topological charge. We will be
dealing therefore with the replica method in which the PQ
limit is obtained in the limit Nl ! 0.
The starting point is the parametrization of the

Goldstone manifold according to the power counting
above. It can be shown that the nonperturbative zero modes
can be parametrized by a constant matrix, �U0 2 UðNlÞ that
together with various perturbative modes, �ðxÞ, ���Oð�Þ
span the full Goldstone manifold (� contains all the non-
zero momentum modes, while �� parametrizes the only
perturbative zero-mode—for details see [21,22]). The par-
tition function in a sector of charge � is given by [21,22]

Z� ’
Z
½d��½d ���

Z
UðNlÞ

½d �U0�Jð�Þ detð �U0Þ�

� exp

�
�
Z

d4xLð�; ��; �U0Þ
�
: (2)

Jð�Þ is the Jacobian associated with the parametrization
[21,22,27], and both the Lagrangian and the Jacobian can
be perturbatively expanded in powers of � and ��. The
Lagrangian has an expansion in � of the form:

L ¼ Lð4Þ þLð6Þ þ . . . ; (3)

with terms up to Oð�4Þ, up to Oð�6Þ, etc, while Jð�Þ ¼
1þOð�2Þ.2https://twiki.cern.ch/twiki/bin/view/CLS/WebHome
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The leading-order Lagrangian is found to be:

Lð4Þ � Tr½@��@��� � �

2
Tr½PlMPlð �U0 þ �Uy

0 Þ�

þ 2�

F2
Tr

�
PsMPs

�
�� F

2

��

Nh

Ps

�
2
�
þ i

�

V
��; (4)

where Pl;s are the projectors on the light and heavy quark

sectors and M is the quark mass matrix. At this order,
there is a factorization of the perturbative and nonpertur-
bative modes.

An important observation from Eq. (4) is that the de-
pendence on the nonperturbative modes, �U0, and on the
light quark mass is identical to that of a theory with Nl

quarks in the �-regime, but with the low-energy coupling,
�, corresponding to a theory with Nf ¼ Nl þ Ns flavors.

This is to be expected since the heavier p-regime quarks
behave, at the lowest energies, as decoupling particles that
can be integrated out, but they are not quenched [22].

The quadratic form of the perturbative modes justifies
their scaling with �. The last term in Eq. (4) could be
treated as a perturbation as long as ��Oð�0Þ. However,
in the partially-quenched case Nl ¼ 0 that we will be
considering here, the distribution of topological charge
is, on average, controlled by the sea quarks only. Indeed
the � dependence of the leading-order function is found to
be (after integrating over the perturbative modes)

ZLO
� / exp

�
� �2

VF2

X
s

1

M2
ss

�Z
UðNlÞ

½d �U0� detð �U0Þ�

� exp

�
�

2
Tr½PlMPlð �U0 þ �Uy

0 Þ�
�
; (5)

where

M2
ss � 2ms�

F2
: (6)

In the case Nl ! 0, the integral over the zero modes is
exactly one (as in the quenched case) therefore all the �
dependence of the LO partition functional is in the explicit
gaussian factor in Eq. (5). The Leutwyler-Smilga result
[28] for the topological susceptibility is obtained:

h�2i ¼ 1

2
VF2 1P

s

1
M2

ss

� ��2; (7)

a scaling that makes the last term in Eq. (4) of Oð�4Þ, and
therefore of leading order.

In fact we can easily push the computation of the topo-
logical susceptibility to NLO. In [29,30], the topological
susceptibility has been computed in ChPT to NLOwhen all
the quarks are in the p-regime. The same result should be
obtained in the mixed-regime case when Nl ! 0, since
only the dynamical p-regime quarks can contribute to the
distribution of topological charges when Nl ¼ 0. Indeed
the NLO partition functional of ChPT in the mixed regime

at fixed topology can be computed straightforwardly ac-
cording to the power-counting rules of the mixed regime,
and the � dependence can be explicitly determined. It turns
out that for Nl ! 0, all the �-dependence comes from the
integration of the perturbative modes � and ��. The result
for Ns degenerate quarks is found to be

h�2i ¼ ms�V

Ns

�
1� N2

s � 1

Ns

�
M2

ss

16�2F2
log

�
M2

ss

�2

�

þ g1ðMss; L; TÞ
�
þ 16M2

ss

F2
ðLr

8ð�Þ

þ NsL
r
6ð�Þ þ NsL

r
7ð�ÞÞ

�
; (8)

where the function g1ðM;L; TÞ contains the finite volume
corrections to the closed pion propagator; its explicit defi-
nition can be found in [31]. This result agrees with the
NLO results of [29,30]. Note the appearance of Lr

7ð�Þ, for
which no prediction has yet been obtained on the lattice.
In [6–9], it was shown that the �-regime zero-mode

partition function at LO is that of a Random Matrix
Theory (RMT) of matrices of size N, that depends only
on the number of flavors, Nl, and the corresponding mass
parameters m̂l, viz.

Z
UðNlÞ

½dU� detðUÞ� exp
�
�

2
Tr½MðUþUyÞ�

�
’ RMTNfNl; m̂lg; (9)

where M ¼ �ijmi is the Nl � Nl mass matrix and there

must be an identification Nm̂i ¼ mi�V.
From this relation, the microscopic spectral density of

the Dirac operator, as well as higher order spectral corre-
lation functions, can be related to those quantities com-
puted in the corresponding RMT. Furthermore, the
distribution of individual low-lying eigenvalues of the
massless Dirac operator can also be predicted from this
equivalence [32–34], providing an efficient method to
determine the chiral condensate, �. This relation has
been tested in the quenched approximation and a good
agreement has been found for volumes above 1.5 fm or
so [12]. In dynamical simulations, it has also been tested in
[13–15] for Nf ¼ 2 and in [16,17] for Nf ¼ 2þ 1. More

details on the RMT formulation will be given in the
Section II B.
The rationale for expecting a matching of QCD to RMT

relies on the existence of a regime where the chiral effec-
tive theory simplifies to a theory containing only the
Goldstone zero modes, as depicted in Fig. 1. In fact, if
we consider ChPT in the usual �-regime or in the mixed
regime above, there is a hierarchy of scales Mvv � L�1,
which implies that we can integrate out the heavy scale
L�1 to obtain a theory of zero modes only, which we could
call ZMChT (zero-mode-chiral theory). We can obtain this
theory from the full ChPT integrating the heavy modes
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order by order in the �-expansion. The difference between
doing this matching in the � or the mixed regime is the
different assumption on the scaling of Mss. In the former
case, Mss � L�1 and this scale is not integrated out (the
ZMChT has therefore Nl þ Ns flavors), while in the latter
L�1 �Mss and the zero modes of the sea pions must be
integrated out as well (the ZMChT has then Nl flavors).

The matching of ChPT and ZMChT at LO in the mixed
regime can be easily derived from Eq. (4): the ZMChT is
simply ChPT at this order without the heavy modes (the
integration over them gives an irrelevant normalization
factor):

ZZMChT
� jLO /

Z
UðNlÞ

½d �U0�ðdet �U0Þ�

� exp

�
�V

2
Tr½PlMPlð �U0 þ �Uy

0 Þ�
�
: (10)

According to Eq. (9), this partition function is then equiva-
lent to an Nl RMT. In particular, it is important to stress
that ZMChT has Nl flavors, while the full ChPT from
which it is derived corresponds to Nf ¼ Nl þ Ns flavors.

In particular, for Nl ! 0, the ZMChTor RMTwe expect to

find is the quenched one, while the couplings should be
those of an Nf ¼ Ns theory.

The matching at NLO still does not modify the structure
of the ZMChT theory. We could have anticipated this by
realizing that there are no operators in the list of Gasser and
Leutwyler that depend only on a constant �U0 atOð�6Þ. This
does not mean however that there are no corrections,
simply that they can be absorbed in the couplings appear-
ing at LO in Eq. (10), that is �. Indeed at NLO, there are
corrections to the zero-mode Lagrangian from the Oðp6Þ
terms

Lð6Þ ¼ . . .þ �

F2
Tr½PlMPlð�2ðxÞ �U0þ �Uy

0�
2ðxÞÞ�

�16
�L6

F4
Tr½PsMsPs�Tr½PlMPlð �U0þ �Uy

0 Þ�þ . . . :

(11)

The integrations over the �, �� fields result in a change
� ! �eff [21],

ZZMChT
� jNLO ¼

Z
UðNlÞ

½d �U0�ðdet �U0Þ�

� exp

�
�effV

2
Tr½Mlð �U0 þ �Uy

0 Þ�
�
; (12)

with (for degenerate sea quarks)

�eff

�
� 1 ¼ 1

F2

�
16L6NsM

2
ss � Nl

��ð0Þ � Ns�ðM2
ss=2Þ

þ
�
1

Nl

��ð0Þ � Ns

NNl

��ðM2
�Þ
��

;

(13)

where

M2
� � Nl

Nf

M2
ss: (14)

In dimensional regularization,

�ðM2Þ ¼ M2

ð4�Þ2
�
�	þ log

M2

�2

�
þ g1ðM;L; TÞ;

��ðM2Þ ¼ �ðM2Þ � 1

VM2
;

(15)

and 	 contains the expected UV divergence

	 � 1

�
þ log4�� 
þ 1� log�2; � ¼ 2� d=2;

(16)

that gets fully subtracted in the usual MS scheme. The
small M expansion of � gives

E

1/L

Λ

ε QChPT

1/FL Λ M

mixed

ChPT

ZMChT

Nl
Nl

ss

+ N s

2

χ

χ

FIG. 1 (color online). Chiral regimes of QCD showing the
range of validity of the zero-mode-chiral theory (ZMChT),
which is equivalent to a RMT, and is obtained from ChPT by
integrating out the nonzero momentum modes. �� ’ 4�F rep-

resents the chiral symmetry breaking scale. The LECs of the
ZMChT (�eff) can be derived from the LECs of ChPT from
matching, which can be done in two regimes depending on the
size of the sea-quark mass. For Mss � 1=FL2, the � regime is
appropriate, while for Mss � 1=FL2 the mixed regime has to be
considered. The resulting ZMChTs have a different number of
flavors in the two cases.
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�ðM2Þ ¼ 1

VM2
þ M2

ð4�Þ2 ð�	� 2 log�LÞ

� X1
n¼1

1

ðn� 1Þ!�nM
2ðn�1ÞL2ðn�2Þ; (17)

where�n are the shape coefficients that depend only on the

ratio T=L [31]. Note that theM ! 0 limit of ��ðM2Þ is well
defined.

In summary, up to NLO we have found that the ZMChT
is equivalent to a RMT. Furthermore, the matching of this
theory with ChPT gives the precise dependence on the sea-
quark mass of the coupling �eff which is the only free
parameter of the RMT theory. Testing this prediction will
be one of the main results of this work.

At this point it is interesting to discuss the possibility to
have a smooth transition within the ZMChT regime be-
tween theNf ¼ Nl þ Ns effective theory and theNl theory

as the scale ms is increased. The authors of [14] have
assumed that indeed this is possible and have found some
evidence that the eigenvalue ratios seem to follow the
dependence on ms predicted by the RMT or ZMChT.
Such expectation would be justified if the conditions
were such that FL � 1, because in this case the scale
Mss can be neglected in the integration of the non-zero
modes, as is done in the �-regime. However this is not true
in practice, where FL� 1, and indeed even though the
eigenvalue ratios in [14] showed roughly the dependence
on ms predicted by the RMT (note that �eff drops in the
ratios), this is certainly not true for the eigenvalues them-
selves. The mixed-regime matching is the correct proce-
dure to account for the correct ms dependence of �eff , for
large enough ms. If FL is not sufficiently large, there is no
warranty that the transition region (vertical band in Fig. 1)
can be modeled correctly by RMT. For a recent proposal to
get predictions in the intermediate region from a resum-
mation of zero modes see [35].

The distribution of the lowest-lying eigenvalues of the
Dirac operator is expected to match the prediction of RMT
with Nl flavors and �V ! �effV. �eff depends on the low-
energy couplings of the Nf ¼ Nl þ Ns theory. Note that

the only NLO coupling entering is L6.
Now since we want to consider the case of quenched

light quarks, we have to take the limit Nl ! 0. �eff has a
finite replica limit given by

lim
Nl!0

�eff � �

�
1þM2

ss

F2

�
�2

Ns

þ logð�V1=4Þ
8�2Ns

þ 16NsL
r
6ð�Þ

� Ns

ð4�Þ2 log

�
Mssffiffiffi
2

p
�

��
� �1

NsF
2

ffiffiffiffi
V

p

� Ns

F2
g1ðMss=

ffiffiffi
2

p
; L; TÞ

�
: (18)

For the case T=L ¼ 2, that we will be considering in our
simulations, �1 ¼ 0:08360 and �2 ¼ �0:01295. For de-
tails on how to compute the shape coefficients we refer to

Ref. [31]. In Fig. 2 we show the result of the ratio�eff=� as
a function of M2

ss=F
2, for Ns ¼ 2, F ¼ 90 MeV and

Lr
6ðM�Þ ¼ 0:07� 10�3. The NLO corrections are quite

significant, up to 30% for the masses considered.
Concerning the quenched limit of the zero-mode integral

over UðNlÞ, a prescription using the supersymmetric or
replica methods gives the well-known result for the
quenched partition functional [36,37] that matches
quenched RMT (qRMT). The low-lying eigenvalues of
the Dirac operator should then follow the predictions of
qRMT. Comparing the eigenvalues computed numerically
in this PQ setup with the predictions of qRMT, we can
extract �eff of Eq. (18). If we do this for different values of
the sea-quark mass, we can study the sea-quark mass
dependence of �eff , from which we can in principle disen-
tangle� and Lr

6ð�Þ, up to NNLO corrections (assuming we

have an independent determination of F).
A relevant question is however what are the eigenvalues

that should be matched to RMT. Since there is a cutoff
over which the zero-mode-Chiral-Perturbation Theory
(ZMChPT) should not be a good description, we expect
that when the eigenvalues roughly reach such cutoff they
should get significant corrections from the massive modes
and therefore the matching to RMT should break up. A
rough estimate would be the condition that 	 	 mth, where
mth is the value of the quark mass corresponding to the
p-regime. For example taking the value of mth such that
ML � 3, converts into the condition 	�V 	 9F2LT=2,
which is roughly 6–7 for our lattices. This results in the
expectation that only the few lowest eigenvalues (< 3–4
for our lattices) are below the threshold. For the largest
eigenvalues, deviations from RMT could be sizeable, and
the associated systematic uncertainty should be reduced by
simulating at larger volumes.

B. Random matrix theory

We consider the gaussian chiral unitary model described
by the partition function

6 8 10 12 14 16 18

Mss
2

F2

0.7

0.8

0.9

1.0

1.1

1.2

1.3

eff

FIG. 2 (color online). �eff=� for Nf ¼ Ns ¼ 2 as a function of
M2

ss=F
2 for F ¼ 90 MeV, Lr

6ðM�Þ ¼ 0:07� 10�3.
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Z�ðm̂1; . . . ; m̂Nf
Þ ¼

Z
dWe�ðN=2Þ TrðWyWÞYNl

i¼1

detðD̂þ m̂iÞ;

(19)

where

D̂ ¼ 0 W
�Wy 0

� �
; (20)

and W is a complex rectangular matrix of dimensions
ðN þ �Þ � N. Here N plays the role of the space-time
volume, multiplied by a constant. We are interested in
the large-N scaling limit at fixed �i ¼ m̂iN. The partition
function Z� then provides an equivalent description of the
zero-mode-chiral theory partition function in Eq. (9) [6–9]

with Nl flavors of mass m̂i and fixed topological charge �,
with the identification Nm̂i ¼ mi�V ¼ �i.

If x is the k-th smallest eigenvalue of the matrix
ffiffiffiffiffiffiffiffiffiffiffiffi
WyW

p
,

the probability distribution associated to the microscopic
eigenvalue  ¼ Nx can be written as

p�
k ð ; f�gÞ
¼

Z 

0
d1

Z 

1

d2 . . .
Z 

k�2

dk�1!
�
k ð1; . . . ; k�1;  ; f�gÞ;

(21)

with 0 	 1 	 . . . 	 k�1 	  . The explicit form of
!�

k ð1; . . . ; k�1;  ; f�gÞ is known in the microscopic limit

[33,34]. For instance, in the quenched case Nl ¼ 0 one has

!�
kqð1; . . . ; k�1; k; f0gÞ

¼ W�
k e

�2
k
=4k

Yk�1

i¼1

2�þ1
i

Y
k�1�i>j�1

sði; jÞ4Z2ðsðk; 1Þ; sðk; 1Þ; . . . ; sðk; k�1Þ; sðk; k�1Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
2ðk�1Þ

; k; . . . ; k|fflfflfflfflffl{zfflfflfflfflffl}
�

; (22)

with

sði; jÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2i � 2j

q
; (23)

and

Z2ðs1; 
 
 
 ; snÞ ¼ detAðnÞ

�ðnÞ ;

½AðnÞ�ij ¼ sj�1
i Ijþ1ðsiÞ;

�ðnÞ ¼ Y
n�i>j�1

ðs2i � s2j Þ;
(24)

where Ii are modified Bessel functions. The coefficient
W�

k can be fixed such that the probability p�
k is normalized

to unity. There is an interesting property, called flavor-
topology duality, which manifests itself at zero mass:
p�
k ð ; f0gÞ depends on the number of dynamical flavors

and the topological charge only through the combination
� ¼ Nl þ j�j. The microscopic spectral density

��
Sð ; f�gÞ ¼ X1

k¼1

p�
k ð ; f�gÞ (25)

coincides by construction with the one computed in the
ZMChT [38]. For instance, the quenched LO spectral
density is given by

��
Sqð ; 0Þ ¼



2
½J�ðÞ2 � J�þ1ðÞJ��1ðÞ�: (26)

The equivalence can be extended to generic n-point density
correlation functions. It is possible to show that probability
distributions of single eigenvalues can be defined also in
the chiral effective theory by means of recursion relations
involving all spectral correlators [39]. The clear advantage
of RMT is that the probability distributions are computable

in practice, while in the chiral effective theory explicit
expressions are missing. By assuming this equivalence
holds for all spectral correlators, it is then legitimate to
match the expectation values of the low eigenvalues of the
massless QCD Dirac operator 	k with the predictions of
the corresponding RMT.
We will be considering here a situation where two

flavors of degenerate sea quarks have masses that are
sufficiently large to be in the p-regime. In this case the
sea-quark mass does not appear explicitly in the ZMChT/
RMT, as we have discussed. The latter corresponds to a
theory with Nl ! 0 light flavors, that is quenched RMT
(qRMT). The sea-quark mass dependence comes in only
through �effðMssÞ and can be predicted at NLO, as ex-
plained in the previous section. Therefore we expect

hki�qRMT ¼ �effðMssÞjNl¼0Vh	ki�QCDðMssÞ; (27)

where Mss is the sea pion mass, �effðMssÞjNl¼0 is given in

Eq. (18), and expectations values are computed in RMT as

hki�qRMT ¼
Z

dp�
k ð ; 0Þ: (28)

In this matching we assume that the QCD quark masses,
the eigenvalues of the Dirac operator and the quark con-
densate are properly renormalised. The prediction for the
ratio hki�qRMT=hli�qRMT is parameter free and can be com-

pared directly with h	ki�QCD=h	li�QCD at any fixed Mss.

On the other hand, if we consider ratios at different sea-
quark masses of the form h	ki�QCDðM1Þ=h	ki�QCDðM2Þ, (M1;2

are two different sea pion masses), we can assume that they
can be matched to qRMT with appropriate values
�effðM1;2Þ of the effective chiral condensate. Therefore
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h	ki�QCDðM1Þ
h	ki�QCDðM2Þ ¼

hki�qRMT

hki�qRMT

�effðM2Þ
�effðM1Þ

								Nl¼0
¼�effðM2Þ

�effðM1Þ
								Nl¼0

:

(29)

It follows that information on the mass dependence of�eff ,
and hence on L6, can be obtained from suitable eigenvalue
ratios.

III. RESULTS ON DIRAC SPECTRAL
OBSERVABLES

We have carried out our computations on CLS lattices of
size 48� 243. The configurations have been generated
with nonperturbatively OðaÞ improved Wilson fermions
at � ¼ 5:3 and sea-quark masses given by � ¼ 0:13620,
0.13625, 0.13635 [40]. The simulations have been per-
formed with the domain decomposition Hybrid
Monte Carlo (DD-HMC) algorithm [41]; further details
can be obtained in [42]. The lattice spacing has been
determined to be a ¼ 0:0784ð10Þ fm in [40], which im-
plies that our lattices have physical size L ’ 1:88 fm and
sea pion masses of 426, 377 and 297 MeV, respectively.
However, preliminary results from more precise determi-
nations through different methods yield a ’ 0:070 fm [43].
We will consider both values in our analysis.

Following [40], we will refer to our three lattices as D4,
D5 and D6. It has to be noted that for the D6 lattice we have
two statistically independent ensembles, that we dub D6a

and D6b. We have analyzed 246 D6 configurations, 169 D5

configurations and 156 D4 configurations; in all cases
successive saved configurations are separated by 30
Hybrid Monte Carlo (HMC) trajectories of length
� ¼ 0:5. In Table I we collect the simulation parameters.
The sea pion masses in lattice units are taken from [42] for
the lattices D4, D5, while for D6 we performed an inde-
pendent evaluation from the pseudoscalar correlator com-
puted on 96 CLS configurations. The resulting value
implies M�L ¼ 2:84ð9Þ, which complies with the stability
bound for the simulation algorithm derived in [44]. On the
other hand,M�L< 3 implies sizeable finite volume effects
in p-regime physics, which in the present work are ac-
counted for within ChPT.

On these configurations we have built the massless
Neuberger-Dirac operator [45,46]

DN ¼ 1

�a
f1þ 
5signðQÞg; (30)

with

Q ¼ 
5ðaDW � 1� sÞ; �a ¼ a

1þ s
; (31)

where DW is the Wilson-Dirac operator. The parameter s
governs the locality ofDN and has been fixed to s ¼ 0:4 for
all our simulations. A discussion on the locality properties
of the Neuberger-Dirac operator in our setup can be found
in Appendix A.

Our Neuberger fermion code is the same used in pre-
vious quenched studies [12,47–50], and is designed spe-
cifically to perform efficiently in the �-regime [51]. Our
data analysis methods, including a discussion of autocor-
relations in the observables under consideration, are dis-
cussed in Appendix B.

A. Topological charge

A first, immediate application of having constructed the
Neuberger-Dirac operator DN on a given dynamical con-
figuration is the determination of the topological charge of
the latter by computing the index of DN,

� ¼ nþ � n� (32)

where nþ (n�) is the number of zero modes of DN with
positive (negative) chirality.
In the upper part of Figs. 3 and 4 we show the

Monte Carlo history of the topological charge for our three
lattices. The topology sampling proceeds smoothly,
although there are clear hints at the presence of sizeable
autocorrelations (cf. Appendix B). The histograms in the
lower panels show the distribution of the measured topo-
logical charges, which qualitatively exhibits the expected
Gaussian-like shape and width. This finding is consistent
with the study reported in [52], since our computations
take place at a value of the lattice spacing sufficiently
larger than the threshold a & 0:05 fm below which topol-
ogy is expected to exhibit freezing symptoms.
In Table II we quote our results for the expectation

values h�i and h�2i.

B. Low modes of the Dirac operator

We have computed the 10 lowest eigenvalues of the
Neuberger-Dirac operator on lattices D4, D5 and D6 by
adopting the numerical techniques described in [51].
The eigenvalues of DN appear in general in complex

conjugated pairs and lie on a circle in the complex plane

DNc ¼ 
c ; 
 ¼ 1

�a
ð1� ei�Þ: (33)

In order to compare them with the predictions of RMT, we
have computed the projection [12]

	 ¼ ffiffiffiffiffiffiffiffiffi


�p ¼ 1

�a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1� cos�Þ

q
: (34)

TABLE I. Simulation parameters.

� ¼ 5:3, csw ¼ 1:90952, V=a4 ¼ 48� 243

label � aMss Ncfg

D4 0.13620 0.1695(14) 156

D5 0.13625 0.1499(15) 169

D6 0.13635 0.1183(37) 246 (D6a: 159, D6b: 87)
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We have evaluated expectation values at fixed absolute
value of the topological charge j�j. In Fig. 10 we show
the bare eigenvalues for j�j ¼ 0, 1, 2.

Since the matching with RMT involves the parameter �,
it is useful to first consider ratios of eigenvalues. In our
case, following Eq. (27), the QCD ratios h	ki�1=h	li�2 can
be directly matched with the qRMT predictions
hki�1=hli�2 . In Tables VII and VIII (App. B) we report
the results for eigenvalue ratios involving the four lowest-
lying eigenvalues and topologies j�j ¼ 0, 1, 2, together
with qRMT predictions. It should be pointed out that the
matching to RMT should work provided 	k�effV is not
much larger than 1. For the lattice parameters we are
considering, we set out cutoff at k 	 4 for which the
parameter is below 10. Since k ¼ 4 is probably borderline,
we will not include it in the extraction of �eff though.

The ratios at fixed topological charge are shown in
Figs. 11–13 (App. B); moreover, in Fig. 5 we report the
ratios h	ki�=h	li� normalized to the corresponding qRMT
predictions, for j�j ¼ 0, 1, 2 and for several combinations
k, l given in the bottom of the plot. This allows to appre-
ciate clearly the precision and level of agreement with

qRMT of each specific case. Finally, ratios at fixed k
involving different topological sectors are presented in
Fig. 14 (App. B).
While the RMT prediction seems to work well for ratios

not involving 	1, the ratios h	ki=h	1i exhibit somewhat
more significant deviations. On the other hand, ratios
between eigenvalues in different topological sectors follow
well RMT predictions also in the case of 	1, as shown in
Fig. 14, albeit with larger errors. The data presented in this
work do not allow for a full assessment of the systematics
of these deviations, as this would require e.g. further values
of the lattice spacing and/or physical volume. It is worth
noting however that there are no clear differences between
the three lattices, which we can take as an indication that
corrections associated with relatively small values of ms

are small. Concerning finite lattice spacing effects, having
an estimate of the associated corrections in Wilson ChPT
[20,53,54] would be welcome, although our value of the
lattice spacing is quite small. Finally, one has to keep in
mind that the impact of autocorrelations on statistical
errors cannot be estimated accurately for our ensembles.
While we have attempted to stay on the safe side by
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FIG. 3. MC history and distribution of the topological charge in lattices D4 and D5.
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quoting conservative errors that ought to include autocor-
relations properly, it cannot be excluded that some errors
are underestimated. Details are provided in App. B.

C. Effective quark condensate

In the spirit of the mixed-regime ChiPT analysis, our
data also allow us to study the mass dependence of the
effective condensate, cf. Equation (29). In Table IX we
report the values of the bare effective condensate extracted
from the matching

�effðMssÞ ¼
hki�qRMT

Vh	ki�QCD
(35)

for k ¼ 1, 2, 3, 4 and j�j ¼ 0, 1, 2. The results are shown in
Fig. 6, where one can observe that, at fixed value of the sea-
quark mass, �eff does not depend on k and � within the
statistical precision (with larger errors for k ¼ 1). By
averaging over k ¼ 2, 3 and j�j ¼ 0, 1, 2 we obtain
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FIG. 4. MC history and distribution of the topological charge in lattice D6.

TABLE II. Results for the expectation value of the topological
charge and its square.

lattice h�i h�2i
D4 0.01(55) 9.9(1.5)

D5 �0:24ð40Þ 6.93(98)

D6 0.62(24) 3.36(47)
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FIG. 5 (color online). Eigenvalue ratios at fixed j�j, normal-
ized to qRMT predictions, for the indices ðk; lÞ ¼
ð2; 1Þ; ð3; 1Þ; ð4; 1Þ; ð3; 2Þ; ð4; 2Þ; ð4; 3Þ.
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a3�eff ¼ 0:00113ð3Þð4Þ ðD4Þ;
a3�eff ¼ 0:00103ð3Þð4Þ ðD5Þ;
a3�eff ¼ 0:00066ð2Þð5Þ ðD6Þ:

(36)

The first error is the statistical one, while the second
uncertainty is a systematic effect estimated by adding the
values for k ¼ 1 in the average. We have checked that
including k ¼ 4 in the fit does not change the values within
the statistical accuracy but decreases slightly the errors.

Finally, in Fig. 15 (App. B) we show the ratios defined in
Eq. (29) for k ¼ 1, 2, 3, 4 and j�j ¼ 0, 1, 2: they can be
matched to the ratios of �eff at different quark masses.
Here we can see that, as expected, those ratios do not
depend on the topology and on k, within the statistical
uncertainties.

IV. FITS TO NLO CHIRAL PERTURBATION
THEORY

On the basis of the evidence presented in the previous
section, now we assume that the matching to ChPT in the
mixed regime works in this range of sea-quark masses and
volumes, and try to extract the low-energy couplings from
the sea-quark mass dependence of the two quantities �eff

and h�2i.
The NLO predictions from ChPT are summarized in

Eqs. (18) and (8). As expected they depend on the two
leading-order LECs, � and F, but also on the Oðp4Þ
couplings L6, L7 and L8.
We first consider the topological charge distribution.

The statistical error in this quantity is fairly large, but it
is encouraging to see that there is a very clear dependence
on the sea-quark mass as shown in Fig. 7. We have fitted
both to the full NLO formula in Eq. (8), and to the linear
LO behavior. In either case ms is taken to be the PCAC

Wilson mass renormalised in the MS scheme at 2 GeV,
tabulated in Table III. The results for the lattice D4 and D5

are taken from [42], while we have computed that of D6,
3

using the renormalization constants and improvement co-
efficients of [55–59].
At LO the slope provides a direct measurement of � in

the same scheme. At NLOwe fit for� and the combination
½Lr

8 þ 2ðLr
6 þ Lr

7Þ�ðM�Þ after fixing� ¼ M� and rewriting

Mss ¼ 2ms�=F
2. The value of F is fixed to 90 MeV; the

systematic uncertainty related to this choice is estimated by
varying F by �10 MeV.
In Table IV we show the results of the LO and NLO fits.

In the case of the NLO, there is a slight difference when the
scale is taken to be a ¼ 0:078 fm [40] or the preliminary
result a ’ 0:070 fm [43]. We quote both. The �2 is better
for the NLO fit, but it is not possible to exclude the LO
behavior without decreasing our statistical errors. In physi-
cal units we get for a ¼ 0:078� 0:070 fm:

�MSð2 GeVÞ ¼ ½262ð33Þð4Þð34Þð5Þ MeV�3 � ½287ð35Þð5Þð36Þð7Þ MeV�3;
(37)

where the first error is coming out of the fit and the second
is the effect of changing F. There have been previous
studies of the dependence on the topological susceptibility
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FIG. 7. h�2i versus the sea-quark mass amMS
s ð2 GeVÞ. The

smaller errors are the statistical ones and the largest include
our estimate of autocorrelations. The dashed and solid lines
correspond to the best LO and NLO ChPT fits, respectively,
(for a ¼ 0:078 fm).

1 2 3 4 5

k

0.0006

0.0008

0.001

0.0012

0.0014

0.0016

0.0018

0.002

a3 Σ ef
f

D
4
, ν=0

D
4
, |ν|=1

D
4
, |ν|=2

D
5
, ν=0

D
5
, |ν|=1

D
5
, |ν|=2

D
6
, ν=0

D
6
, |ν|=1

D
6
, |ν|=2

FIG. 6 (color online). The bare effective condensate �eff ex-
tracted from the matching in Eq. (35), for k ¼ 1, 2, 3, 4 and
j�j ¼ 0, 1, 2. The data for D4 have been shifted in the horizontal
axis for better clarity.

TABLE III. Bare and renormalised (MS scheme at 2 GeV)
PCAC sea-quark masses.

Lattice am amRðMS; 2 GeVÞ
D4 0.00954(8) 0.01366(23)

D5 0.00761(7) 0.01090(19)

D6 0.00445(22) 0.00637(33)

3We thank A. Jüttner for providing the necessary Wilson
propagators for D6.
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on the sea-quark mass [23,60–62], but as far as we are
aware the fits in these works have not included the NLO
chiral corrections.

Let us now turn to �eff . In this case, the dependence on
ms is expected starting at NLO in ChPT. The results in the
previous section indicate that indeed there is a significant
sea-quark mass dependence in this quantity. We perform a
two-parameter NLO fit, where we fix F and fit for � and

Lr
6ðM�Þ. As a function of the MSð2 GeVÞ sea-quark mass

ms, we expect therefore:

ZMS
S �effðmsÞ¼�

8<
:1þ2ms�

F4

�
�2

2
þ 1

16�2
logðM�V

1=4Þ

þ32Lr
6ðM�Þ� 1

16�2
log

�
ms�

F2M2
�

��

� �1

2F2V1=2
� 2

F2
g1

0
@ ffiffiffiffiffiffiffiffiffiffi

�ms

F2

s
;L;T

1
A
9=
;; (38)

where we need the scalar density renormalization factor in

the MS scheme for the valence overlap fermions. We have
obtained a rough estimate of this factor by matching our
valence and sea sectors at a reference value of the pion
mass, computed with mass-degenerate quarks, following
the method of [63]. We have done this at the unitary point
on lattice D5; choosing the latter instead of our lightest
point D6 allows to avoid sizeable finite volume effects in
the determination of pion masses.

The sea pion mass in lattice units is aMss ¼ 0:1499ð15Þ
[42], while for the mass of the valence pion at bare valence
quark mass am ¼ 0:020 we obtain aMvv ¼ 0:153ð5Þ with
63 D5 configurations.

4 In order to obtain the renormaliza-
tion factor we then apply the matching condition

ðZMS
S Þ�1mjoverlap

Mref
�

¼ mMSð2 GeVÞjWilson
Mref

�
(39)

at aMref ¼ aMss. The renormalized MS mass of the sea-
quark mass for the D5 lattice can be read from Table III,
and we obtain

ZMS
S ð2 GeVÞ ¼ 1:84ð10Þ; (40)

where the error is dominated by the one in aMvv, i.e. in the
determination of the unitary point, and can be much im-
proved with a larger statistics in the valence sector.
Obviously, several checks need to be done to ensure that
this result is robust, such as checking the dependence on
the reference pion mass, as well as on the sea-quark mass.
A careful study of renormalization is beyond the scope of
this exploratory study, and will be performed in a forth-
coming publication.
With this estimate for the renormalization factor and

fixing F ¼ 90 MeV, the result we obtain from the fit is,
for a ¼ 0:078� 0:070 fm

�MSð2 GeVÞa3 ¼ 0:00102ð18Þ � 0:00099ð16Þ (41)

Lr
6ðM�Þ ¼ 0:0015ð11Þ � 0:0010ð7Þ: (42)

The quality of the fit is shown in Fig. 8. Although the fit is
good, it would be desirable to have more sea-quark masses
and smaller statistical errors to assess the systematics of
this chiral fit. Particularly useful would be to test the finite-
size scaling. Translating to physical units we have

�MSð2 GeVÞ ¼ ½255ð14Þð1Þð16Þð4Þ MeV�3 � ½280ð14Þð4Þð16Þð5Þ MeV�3;
(43)

where the only systematic error that has been estimated is
that associated to the change of F by �10 MeV.

TABLE IV. Results from the chiral fits to Eq. (8).

�MSð2 GeVÞa3 ½Lr
8 þ 2ðLr

6 þ Lr
7Þ�ðM�Þ �2=dof

LO 0.00182(16) - 1.2

NLO (a ¼ 0:078 fm) 0.00112(48) 0.0023(43) 0.02

NLO (a ¼ 0:070 fm) 0.00106(44) 0.0018(30) 0.03
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FIG. 8 (color online). �effa
3 as a function of the sea-quark

mass amMS
s ð2 GeVÞ. The dashed and solid lines correspond to

the best fit for � and Lr
6ðM�Þ at F ¼ 90 MeV, taking the scale to

be 0.070 fm and 0.078 fm, respectively.

4The relatively small error for this limited statistics is a result
of the use of low-mode averaging [47] in the computation of the
two-point function of the left-handed current, from which the
mass is extracted.

PROBING THE CHIRAL REGIME OF Nf ¼ 2 QCD . . . PHYSICAL REVIEW D 83, 054503 (2011)

054503-11



This value of � is consistent with the one obtained from
the topological susceptibility above, and both are in nice
agreement with the alternative determination of [64], that
extracted the condensate from the spectrum of the Wilson-
Dirac operator on Nf ¼ 2 CLS configurations at the same

lattice spacing and sea-quark masses, but in a larger physi-
cal volume. A number of recent determinations of � for
Nf ¼ 2 can be found in the literature (for a recent review

see [65]). The matching to ChPT has been done in the
p-regime [66–68], and also in the �-regime in
[14,15,17,69–71]. Our determination uses instead a PQ
mixed regime and has been obtained with significantly
finer lattices than the latter. Although our result lies in
the same ballpark as many of these previous determina-
tions, it is necessary to quantify the systematic uncertain-
ties involved in our calculation. The dispersion of results
for � existing in the literature is rather disturbing, and it
is very important to do a proper job at evaluating the
systematic uncertainties: finite a, systematics of the chiral
fits and finite-size scaling.

V. CONCLUSIONS

We have implemented a mixed action approach to lattice
QCD in which sea quarks are nonperturbatively OðaÞ
improved Wilson fermions, while valence quarks are over-
lap fermions. As a first application we have studied the
spectrum of the Neuberger-Dirac operator, as well as the
topological susceptibility, in the background of dynamical
configurations at a  0:07 fm, for three values of the
Wilson sea-quark mass. The mixed regime of ChPT pro-
vides predictions for these observables and their sea-quark
mass dependence in terms of various Nf ¼ 2 chiral low-

energy couplings: at the NLO, they are �, L6 and the
combination L8 þ 2ðL6 þ L7Þ. We find that these NLO
predictions describe our data well, and the extracted
LECs are in good agreement with previous determinations.

This exploratory study obviously needs several impor-
tant refinements to quantify systematic errors in a reliable
way. Different volumes should be considered to test the
expected finite-size scaling. Also, larger volumes will al-
low to augment the number of eigenvalues that can be
safely matched to RMT predictions, which in turn will
provide a definitive assessment of the associated system-
atic uncertainty. The lattice spacing is not known very
precisely and an accurate determination is under way by
various CLS groups. Obviously other � values need to be
considered to attempt a continuum extrapolation. Finally
the effects of autocorrelations, that we have observed,
would need larger statistics to ensure fully reliable statis-
tical errors.

Our results show that new PQ setups where sea
and valence quarks may lie in different chiral regimes
(p and �) are tractable (unphysical) regimes from which
chiral physics can be extracted. Mixed actions are adequate
to treat such regimes, and constitute an interesting

approach for those applications where chiral symmetry
plays an important role.
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APPENDIX A: LOCALITY PROPERTIES OF THE
NEUBERGER-DIRAC OPERATOR

The Neuberger-Dirac operator DN has been defined in

Eqs. (30) and (31). While Q is ultralocal, sign ðQÞ ¼
Q=ðQyQÞ1=2 in general couples all space-time points. As
a consequence, the locality of the Neuberger-Dirac opera-
tor is not granted a priori. In [72] it was verified that
locality is preserved in the quenched case, for values of
the lattice spacing around and above the one we are con-
sidering now. We apply the method used there to our
specific case.
We analyze the effect of the sign operator on a localized

field �:

c ðxÞ � signðQÞ�ðxÞ ��ðxÞ ¼ �xy��1 (A1)

where y is some point on the lattice and � runs over the
color and the spin indices of the field. We evaluate the
function:

fðrÞ � maxfkc ðxÞk2 j kx� yk1 ¼ rg; (A2)

where k . . . k1 denotes the so-called ‘‘taxi-driver distance’’.
It is clear that locality is recovered in the continuum limit if
fðrÞ decays exponentially, with rate proportional to the
cutoff 1=a. To check that this indeed happens we fit the

5https://twiki.cern.ch/twiki/bin/view/CLS/WebHome
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lattice data to Ae�Br in a range rmin 	 r 	 rmax. The upper
limit has to be set because the inaccuracy with whom we
calculate the overlap operator becomes bigger than the
value of fðrÞ at large enough distances. The parameters
of the simulation were set to calculate reliably jjc ðxÞjj2 at
least down to values of about 10�16 (corresponding to
r� 28). However, as can be seen in Fig. 9, our implemen-
tation of the overlap operator is more precise and the
picture of a decaying exponential only breaks down at
r� 38 where fðrÞ � 10�22. We have taken in all the cases
rmin ¼ 14 and rmax ¼ 28 also to compare with the results
in [72]. The parameter s in Eq. (31) can be varied to
improve the locality properties of the Neuberger-Dirac
operator. We collect the results of our fit for different
values of s in Table V. The quoted error is obtained through
jackknife with bin size 1. Among the values we adopted in
our test, the choice s ¼ 0:4 yields the most satisfactory
locality properties for this� value, as shown in lower panel
of Fig. 9. This result is in agreement with the previous

studies in the quenched case. We will therefore adopt
s ¼ 0:4 in our study.

APPENDIX B: STATISTICAL ERROR ANALYSIS

1. Autocorrelations

We have studied the presence of autocorrelations in our
observables in various ways:
(i) Integrated autocorrelation times have been estimated

by using the methods described in [41,73]. In the first
case, the summation window for the normalized
autocorrelation function is fixed by setting the pa-
rameter S of [73] to S ¼ 2, while in the second case
we stop the summation when the normalized auto-
correlation function is zero within one sigma.

(ii) The impact of changing the bin size in jackknife
resampling of data has been assessed for all
observables.

(iii) The impact of autocorrelations on statistical errors
has been estimated directly with the techniques
described in [73] for all observables (again with
S ¼ 2).

In the case of the D6 lattice, we have studied autocorrela-
tions in the D6a ensemble only, as considering it together
with the independent D6b ensemble would result in an
underestimation of autocorrelation effects.
Our primary observables are the topological charge �

and expectation values of Dirac eigenvalues at fixed topol-
ogy. In order to construct meaningful autocorrelation times
for the latter, we consider their ratio with the RMT pre-
diction for the expectation value of rescaled eigenvalues,
i.e. h	ki�=hkiRMT;� ¼ ð�effVÞ�1, which is �-independent
up to higher orders in the � chiral expansion. Results for
autocorrelation times are given in Table VI. While uncer-
tainties on �int are remarkably large, due to the fact that
measurements are performed only every 30 HMC trajecto-
ries, the values indicate that results coming from succes-
sive configurations are not completely decorrelated,
especially in the case of the D6 lattice.
This is further reinforced by the analysis of the depen-

dence of jackknife errors on the bin size. Again, this
exercise is constrained by limited statistics, as the number
of available configurations decreases rapidly with increas-
ing j�j. Still, for topologies j�j ¼ 0, 1, 2 it is possible to
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FIG. 9 (color online). Upper panel: Result of the fit of fðrÞ to
Ae�Br for s ¼ 0:4. The dashed line is the best fit to the data in
the range 14 	 r 	 28. Lower panel: Comparison between
various values of s.

TABLE V. Results of the fit for dynamical configurations after
jackknife resampling. The results for S ¼ 0:2, 0.4, 0.6 are based,
respectively, on a set of 13, 21, and 20 configurations, respec-
tively.

s B 104A �2

0.2 0:711� 0:081 0:3� 0:1 0.70

0.4 1:001� 0:032 3:4� 1:5 0.45

0.6 0:975� 0:031 3:7� 1:2 0.42
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have meaningful errors up to bin sizes of at least 5 con-
figurations on lattices D5 and D6. On lattice D5, errors for
h	kij�j and ratios h	kij�j=h	jij�j exhibit little or no depen-

dence on the bin size, with errors increasing by at most 20
to 30%. On the other hand, on lattice D6 errors consistently
increase with the bin size, and, in cases where there is
enough statistics to avoid an early loss of signal, they tend
to saturate around bin sizes of the order of 3–4, at which
point they are between 30% and 70% larger than with bin
size 1. Finally, the errors taking into account autocorrela-
tions computed following [73] are consistent with jack-
knife errors with bin size 1 on D5, while on D6 they are
systematically consistent with those around which the

TABLE VI. Estimated autocorrelation times for the topological charge and its square (upper panel), as well as for the ratios
h	ki�=hkiRMT;� up to k ¼ 4 (lower panel). Superindices (1) and (2) refer to computations following [41,73], respectively. �int is
provided in units of gauge configurations, i.e. it should be multiplied times 30 to convert to number of trajectories and times 15 to
convert to MC time.

�ð1Þint �ð2Þint �ð1Þint �ð2Þint

h�i h�2i
D4 12.0(6.2) 8.0(5.2) 1.47(58) 0.83(12)

D5 6.4(3.4) 3.6(1.7) 1.7(0.7) 1.1(0.4)

D6a 4.9(2.5) 3.8(1.8) 2.9(1.3) 2.0(0.8)

h	1i�=h1iRMT;� h	2i�=h2iRMT;� h	3i�=h3iRMT;� h	4i�=h4iRMT;�

�ð1Þint �ð2Þint �ð1Þint �ð2Þint �ð1Þint �ð2Þint �ð1Þint �ð2Þint

D4 0.404(94) <0:5 1.32(60) <0:5 1.56(77) <0:5 1.22(56) <0:5
D5 0.56(15) 0.89(27) 1.45(63) 0.89(27) 0.93(34) 0.89(27) 1.22(54) 0.89(27)

D6a 2.7(1.3) 2.3(1.1) 4.0(2.1) 3.2(1.5) 7.0(3.9) 4.4(2.4) 7.4(4.0) 5.2(3.2)

TABLE VII. Results for eigenvalue ratios at fixed topology
h	ki�=h	li� compared with qRMT predictions hki�=hli�.
j�j k=l D4 D5 D6 qRMT

0 2=1 3.10(47) 2.76(26) 3.51(36) 2.70

0 3=1 5.09(71) 5.20(45) 5.98(72) 4.46

0 4=1 7.89(96) 7.54(65) 8.7(1.0) 6.22

0 3=2 1.64(9) 1.88(9) 1.70(8) 1.65

0 4=2 2.55(16) 2.73(12) 2.49(15) 2.30

0 4=3 1.55(7) 1.45(6) 1.46(4) 1.40

1 2=1 1.98(10) 2.08(13) 2.26(10) 2.02

1 3=1 3.10(16) 3.45(23) 3.56(19) 3.03

1 4=1 4.30(23) 4.80(33) 4.85(30) 4.04

1 3=2 1.56(4) 1.66(6) 1.57(4) 1.50

1 4=2 2.17(6) 2.31(7) 2.15(8) 2.00

1 4=3 1.39(3) 1.39(3) 1.36(3) 1.33

2 2=1 1.98(15) 2.00(10) 2.04(8) 1.76

2 3=1 3.02(21) 2.99(16) 3.02(10) 2.50

2 4=1 3.99(28) 3.93(20) 3.94(14) 3.23

2 3=2 1.53(5) 1.49(4) 1.48(4) 1.42

2 4=2 2.02(7) 1.96(6) 1.93(7) 1.83

2 4=3 1.32(5) 1.32(2) 1.30(3) 1.29

TABLE VIII. Results for eigenvalue ratios h	ki�1=h	ki�2 com-
pared with qRMT predictions hki�1=hki�2 .
k j�1j=j�2j D4 D5 D6 qRMT

1 1=0 2.20(31) 1.87(24) 2.12(29) 1.75

2 1=0 1.41(11) 1.41(10) 1.36(14) 1.31

3 1=0 1.34(7) 1.24(8) 1.26(10) 1.19

4 1=0 1.20(4) 1.19(6) 1.18(7) 1.14

1 2=0 2.55(41) 2.69(32) 2.76(35) 2.45

2 2=0 1.62(14) 1.96(14) 1.61(16) 1.59

3 2=0 1.51(11) 1.55(10) 1.40(11) 1.37

4 2=0 1.29(7) 1.40(7) 1.26(7) 1.27

1 2=1 1.16(13) 1.44(14) 1.30(11) 1.40

2 2=1 1.15(8) 1.39(9) 1.18(8) 1.22

3 2=1 1.13(8) 1.25(7) 1.12(6) 1.15

4 2=1 1.07(6) 1.18(6) 1.07(4) 1.12

TABLE IX. The bare effective condensate �eff extracted
from the ratios hki�qRMT=ðVh	ki�QCDÞ for k ¼ 1, 2, 3, 4 and

j�j ¼ 0, 1, 2.

k j�j a3�eff (D4) a3�eff (D5) a3�eff (D6)

1 0 0.00135(18) 0.00121(12) 0.00089(11)

2 0 0.00118(8) 0.00118(6) 0.00068(6)

3 0 0.00119(5) 0.00104(5) 0.00066(5)

4 0 0.00107(3) 0.00100(4) 0.00063(3)

1 1 0.00108(6) 0.00113(9) 0.00074(5)

2 1 0.00110(4) 0.00110(5) 0.00066(3)

3 1 0.00105(4) 0.00099(4) 0.00063(2)

4 1 0.00101(3) 0.00095(3) 0.00061(1)

1 2 0.00130(13) 0.00110(7) 0.00078(2)

2 2 0.00116(7) 0.00096(5) 0.00068(3)

3 2 0.00108(7) 0.00092(4) 0.00065(2)

4 2 0.00105(5) 0.00090(3) 0.00064(2)
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jackknife bin dependence stabilizes, and in some cases
even slightly larger.

Regarding the topological charge, where statistics al-
lows to trace the bin size dependence up to much larger
values, the increase in the error of h�i and h�2i is much
more marked than for Dirac eigenvalues. Typically, jack-
knife errors stabilize for bin sizes between 5 and 10 for all
three lattices, at which point they are larger by as much as
60% with respect to those for bin size 1. The analysis à la
[73] yields comparable errors.

Our conclusion is that there is evidence that autocorre-
lations affect the topological charge in all three lattices,
while spectral observables are affected by detectable auto-
correlations on D6 only. As a simple recipe to stay on the
safe side when including autocorrelation effect in the
errors, we quote results for spectral observables from

the analysis with jackknife bin size 1 for lattices D4 and
D5 and bin size 3 for lattice D6. In the case of h�i and h�2i
we quote jackknife errors for the bin sizes at which they
stabilize. It has to be stressed that we find no significative
evidence that autocorrelations depend on the sea-quark
mass in some systematic way.

2. Systematic errors in the computation of
Dirac eigenvalues

The numerical computation of eigenmodes and eigen-

values of the Hermitian non-negative operator Dy
NDN has

been performed with the techniques described in [51]. The
accuracy to which eigenmodes are computed is bound by
an input parameter, which in our case has been set to 1% in
lattices D4 and D5 and 5% in lattice D6. On the other hand,
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for each separate eigenmode an a posteriori estimate of the
actual error in the computation of the eigenvalue is
produced by the program. Usually, this estimate yields an
error one order of magnitude smaller than the nominal
accuracy parameter mentioned above.

This systematic error should, in principle, be added in
quadrature to the statistical error of h	ki and observables
derived thereof. We have estimated its impact, and found
that it is completely negligible with respect to statistical
errors in lattices D4 and D5, both if it is computed using the
estimates on each eigenvalue accuracy and in the much

more pessimistic case in which a flat error associated to the
1% nominal precision is set. In the case of D6, the uncer-
tainty coming from numerical error estimates is again
negligible, but a flat error set at 5% yields uncertainties
comparable to the statistical ones. However, our experi-
ence shows that the estimates produced by the program are
in the right ballpark, and conclude that setting a flat 5%
uncertainty in D6 observables would be a gross overesti-
mate of the effect. Hence, we have opted for neglecting this
source of error in our final results.
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Tantalo, J. High Energy Phys. 02 (2007) 056.
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Comput. Phys. Commun. 153, 31 (2003).
[52] S. Schaefer, R. Sommer, and F. Virotta (ALPHA

Collaboration), Nucl. Phys. B845, 93 (2011).
[53] G. Rupak and N. Shoresh, Phys. Rev. D 66, 054503

(2002).
[54] S. R. Sharpe and R. L. Singleton, Phys. Rev. D 58, 074501

(1998).
[55] M. Della Morte, R. Hoffmann, and R. Sommer, J. High

Energy Phys. 03 (2005) 029.
[56] M. Della Morte, R. Sommer, and S. Takeda, Phys. Lett. B

672, 407 (2009).
[57] M. Della Morte et al. (ALPHA), Nucl. Phys. B729, 117

(2005).
[58] M. Della Morte et al. (ALPHA), J. High Energy Phys. 07

(2008) 037.
[59] P. Fritzsch, J. Heitger, and N. Tantalo, J. High Energy

Phys. 08 (2010) 074.
[60] S. Aoki et al. (JLQCD and TWQCD), Phys. Lett. B 665,

294 (2008).
[61] A. Bazavov et al. (MILC), Phys. Rev. D 81, 114501

(2010).
[62] T. DeGrand and S. Schaefer, arXiv:0712.2914.
[63] P. Hernández, K. Jansen, L. Lellouch, and H. Wittig, J.

High Energy Phys. 07 (2001) 018.
[64] L. Giusti and M. Luscher, J. High Energy Phys. 03 (2009)

013.
[65] S. Necco, Proc. Sci., CONFINEMENT8 (2008) 024.
[66] R. Baron et al. (ETM Collaboration), J. High Energy Phys.

08 (2010) 097.
[67] R. Frezzotti, V. Lubicz, and S. Simula, Phys. Rev. D 79,

074506 (2009).
[68] J. Noaki et al. (JLQCD and TWQCD), Phys. Rev. Lett.

101, 202004 (2008).
[69] T. DeGrand and S. Schaefer, Phys. Rev. D 76, 094509

(2007).
[70] H. Fukaya et al. (JLQCD), Proc. Sci., LAT2007 (2007)

073.
[71] A. Hasenfratz, R. Hoffmann, and S. Schaefer, Phys. Rev.

D 78, 054511 (2008).
[72] P. Hernández, K. Jansen, and M. Lüscher, Nucl. Phys.
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