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This paper reports the Feynman-parametric representation of the vacuum-polarization function
consisting of 105 Feynman diagrams of the eighth order, and its contribution to the gauge-invariant set
called Set I(i) of the tenth-order lepton anomalous magnetic moment. Numerical evaluation of this set is
carried out using FORTRAN codes generated by an automatic code generation system GENCODEVPN
developed specifically for this purpose. The contribution of diagrams containing an electron loop to
the electron g — 2 is 0.01747 (11)(a/7)>. The contribution of diagrams containing a muon loop is
0.000001 67 (3)(a/7r)>. The contribution of a tau-lepton loop is negligible at present. The sum of all these
terms is 0.01747 (11)(a/7)>. The contribution of diagrams containing an electron loop to the muon g — 2
is 0.0871 (59)(a/7)>. This is to be compared with the unpublished asymptotic analytic result (0.25237 +

O(m,/m,))(a/m)’. The contribution of a tau-lepton loop to a

18 0.000237 (1)(a/7)°. The total

contribution to a,,, the sum of these terms and the mass-independent term, is 0.1048 (59)(a/ 7).
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I. INTRODUCTION

The anomalous magnetic moment g — 2 of the electron
has played the central role in testing the validity of quan-
tum electrodynamics (QED) as well as the standard model.
The latest measurement of a, = (g — 2)/2 by the Harvard
group has reached the precision of 0.24 X 1077 [1,2]:

a,(HVO08) = 1159652180.73(0.28) X 10~ '2
)

At present the best prediction of theory consists of QED
corrections of up to the eighth order [3-5], and hadronic
corrections [6—-12] and electroweak corrections [13—15]
scaled down from their contributions to the muon g — 2.
To compare the theoretical prediction with the experiment
(1), we also need the value of the fine structure constant «
determined by a method independent of g — 2. The best
value of such an « has been obtained recently from the
measurement of 4/mygy, the ratio of the Planck constant
and the mass of the Rb atom, combined with the very
precisely known Rydberg constant and mg;,/m, [16]:

[0.66 ppb]. (2)

With this « the theoretical prediction of a, becomes

a~'(Rb10) = 137.035999 037 (91)

a,(theory) = 1159652 181.13(0.11)(0.37)(0.77) X 10~ 12,
(3)
where the first, second, and third uncertainties come from

the calculated eighth-order QED term, the tenth-order
estimate, and the fine structure constant (2), respectively.
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[0.24 ppb].
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The theory (3) is thus in good agreement with the experi-
ment (1),

a,(HV08) — a,(theory) = —0.40(0.88) X 10712, (4)

proving that QED (standard model) is in good shape even
at this very high precision.

An alternative test of QED is to compare the « of (2)
with the value of a determined from the experiment and
theory of g — 2:

a~(a,08) = 137.035999 085 (12)(37)(33) [0.37 ppb],

(&)

where the first, second, and third uncertainties come from
the eighth-order QED term, the tenth-order estimate, and
the measurement of a,(HVO08), respectively. Although the
uncertainty of @~ !(a,08) in (5) is a factor 2 smaller than
a~'(Rb10), it is not a firm factor since it depends on the
estimate of the tenth-order term, which is only a crude
guess [17]. For a more stringent test of QED, it is obviously
necessary to calculate the actual value of the tenth-order
term. In anticipation of this challenge we launched a
systematic program several years ago to evaluate the com-
plete tenth-order term [18-20].

The tenth-order QED contribution to the anomalous
magnetic moment of the electron can be written as

a\d
al = (S A1 + AL n, /) + A5 /)

+ AV (m, /my, my/m,)] ©6)

where the electron-muon mass ratio m,/m w=
4.83633171(12) X 1073 and the electron-tau mass ratio
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m,/m, = 2.87564(47) X 1074 [17]. The contribution to
the mass-independent term A(llo) may be classified into six
gauge-invariant sets, further divided into 32 gauge-
invariant subsets depending on the nature of the closed
lepton loop subdiagrams. Thus far, 24 gauge-invariant
subsets which consist of 2785 vertex diagrams, have
been evaluated and published [18,21-24]. Throughout the
paper the overall factor (a/7)’ is omitted for simplicity.

In this paper we report the value of A(llo) contributed by a
subset, called Set I(i), which consists of 105 Feynman
diagrams obtained by insertion of proper eighth-order
vacuum-polarization diagrams in the second-order anoma-
lous magnetic moment M,. These diagrams can be repre-
sented by 39 independent integrals taking account of
various symmetry properties. The evaluation of these in-
tegrals would be straightforward if the spectral function of
the eighth-order vacuum polarization were known.
Unfortunately, it is not available at present. Thus we follow
an alternative approach of expressing the eighth-order
vacuum-polarization function II®(4?) as a set of
Feynman-parametric integrals and inserting them in the
virtual photon line of the second-order anomalous mag-
netic moment M, [25].

Construction of the Feynman-parametric integral of the
vacuum-polarization function and removal of subdiagram
ultraviolet (UV) divergences by the K operation [25] are
described in Sec. II. This scheme is implemented by an
automated code generation system GENCODEVPN devel-
oped specifically for this purpose. Incorporation of I1®
in M, is carried out in Sec. III. Since the K operation
subtracts only the UV-divergent part of the renormalization
constant, additional removal of UV-finite parts of renor-
malization constants must be carried out to obtain the
standard on-the-mass-shell renormalization. This is shown

explicitly in Sec. IV. Numerical evaluation of M(ee) is

described in Sec. V, where the first e in the superscrlpt
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(ee) refers to the open electron line and the second e refers
to the closed electron loop. The contributions of the muon
loop and tau-lepton loop to the electron g — 2, namely,
M;e;fs) and Méf;}g, are described in Sec. VI. The contribution

of the Set I(i) diagrams to the muon g — 2 is described in
Sec. VII. Section VIII is devoted to the summary and
discussion of this work. Especially, our result of the
electron-loop contribution to the muon g — 2 is compared
to the prediction based on the renormalization group [26]
and to the result obtained by the analytic-asymptotic ex-
pansion [27,28].

Appendix A describes the construction of Feynman-
parametric integrals for M, P Appendix B describes

the on-shell renormalization scheme for the vacuum-
polarization function. Appendix C gives intermediate re-
normalization of individual diagrams by the K operation.
Appendix D gives the divergence structure of quantities of
sixth or lower orders.

II. PARAMETRIC INTEGRAL OF
VACUUM-POLARIZATION FUNCTION

Diagrams that contribute to the eighth-order vacuum-
polarization can be classified into five types according to
their structures (See Fig. 1). Contributions from the dia-
grams of Types f, g and &, and j to the tenth-order lepton
g — 2 have been evaluated previously in Refs. [3,21,22]. In
this paper we focus our attention on the remaining Type i, a
set of 105 proper eighth-order vacuum-polarization dia-
grams, which is the most complicated one of the diagrams
shown in Fig. 1, and evaluate its tenth-order contribution
Set 1(i) to g — 2.

A. Diagram representation

In order to deal with diagrams which contain closed
lepton loops as well as open lepton paths, we have to

L@ )

(a)Type f

(b)Type g

¢)Type h

-0--00r

d)Type i

FIG. 1.

e)Type j

Five types of diagrams that contribute to the eighth-order vacuum polarization.
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generalize the rules for the diagrams without the closed
lepton loop described in Ref. [19].

We begin by representing a diagram in terms of a
sequence of symbols that characterize the photon lines by
the following rules:

(1) Assign indices to photon lines, e.g., by lowercase

alphabetical letters, “a,” “b,” ....

(2) Identify a vertex by the index of the photon line that
is attached to the vertex.

(3) Read the indices of vertices along a lepton path (or
loop) in a certain direction. (We adopt the reverse of
the direction of the lepton propagator.)

(4) Enclose the sequences of indices of closed lepton
loops by parentheses (but not indices of open lepton
lines).

For example, the tenth-order diagram with two lepton
loops shown in Fig. 2 [which belongs to Set I(g)] may be
represented by a sequence, “ab(acbd)(cede).”

This representation is not unique because there are
several possible choices of assignment of photon line in-
dices, cyclic permutations of vertices along lepton loops,
and permutations of lepton loops and paths. To reduce the
ambiguity we adopt the convention that the sequence for
the open lepton path comes first, followed by the lexico-
graphical sequences of closed lepton loops. The sequence
within a loop is chosen also lexicographically, e.g., the
sequence (dacb) is rotated into (acbd). The photon line
indices are taken from “a” in order of appearance in the
sequence.'

For diagrams describing a vacuum-polarization loop,
which is our main concern, we adopt an additional rule
that the two photon lines external to the vacuum-
polarization loop are labeled by “s” and “t,” whose
Lorentz indices are u and v, respectively. We also assume
that the external momentum ¢ flows in from the photon line
“t” (v) and leaves from the photon line “s” (w). The
sequence of lepton lines in the loop is chosen to start from
the index “s.”

B. Algorithm to generate a proper lepton loop diagram

We now present an algorithm for generating proper
lepton loops of 2nth order. A diagram of this type has a
single lepton loop that consists of 2n vertices, 2n lepton
lines, two external photon lines, and (n — 1) internal pho-
ton lines attached to the lepton loop. All lepton lines are
directed, and two external photon lines are distinguished.

The algorithm is as follows:

(1) Avertex to which an external photon line labeled by

“s” is attached is chosen as the first element of the
sequence. Assign the index “0” to this vertex, and

"This convention may still have ambiguities. However, it
works for the diagrams with a single lepton loop that are
discussed in the present article.
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FIG. 2. ab(acbd)(cede): An example of the sequential rep-
resentation of a diagram of Set 1(g).

assign numeric indices to other vertices sequentially
along the loop in a certain direction.

(2) Another vertex is chosen to which the other external
photon line labeled by “t” is attached. There are
(2n — 1) choices of vertices.

(3) The remaining (2n — 2) vertices are made into
(n — 1) pairs. Each pair corresponds to an internal
photon line that connects the two vertices of that
pair. There are (2n — 3)!! ways to construct (n — 1)
pairs.

Therefore, the total number of diagrams is (2n — 1) X
(2n = 3)11.

Taking into account the time-reversal symmetry of QED
and the symmetry by the permutation of Lorentz indices of
external photon lines, we identify the equivalent diagrams
with respect to the reversal of sequences and exchange of
symbols “s” and “t.” In this fashion we obtain a com-
plete set of topologically distinct diagrams with an appro-
priate weight factor of the symmetry. In the case of the Set I

(i) we have 39 distinct diagrams, which are shown in Fig. 3.

C. Photon self-energy amplitude

The momentum representation of the 2nth-order
vacuum-polarization diagram G has the form given by
the Feynman-Dyson rule:

il1g"(q)
d*l d*l
=(—1)(—i 2n ... n
D™ | o Gy
] i —1i
XTI'[')/M ,ya...,yV ,ya...] (_)’
1 —m Pivy—m 17[ k,?

(7
where m is the rest mass of loop leptons, p; is the momen-
tum flowing on the lepton line 7, and k; is the momentum
flowing on the photon line j. These momenta are given as
linear combinations of the loop momenta [y, ..., [, and the
external momentum q.

As a convention, the flow of the external momentum ¢ is
chosen as shown in Fig. 4, where each fraction ¢/2 flows
on the upper (lower) semicircle that consists of lepton lines
I,...,i (i+1,...,2n), respectively. The function (7) is
quadratically divergent, and we assume that the above
expression is appropriately regularized by the Pauli-
Villars regularization.
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FIG. 3. Eighth-order vacuum-polarization diagrams containing one closed lepton loop.

FIG. 4. Flow of extra momentum gq.

We adopt here an approach that exploits gauge invari-
ance of the sum IT#* = ¥ - TIZ" which allows us to ignore
the gauge-dependent part of (7). The gauge invariance
ensures the identity

q,11%%(q) = 0, (8)

which holds for Pauli-Villars regularized function IT~”.
Differentiating it with respect to g, we obtain

6]:[(17/
I1#7(q) = "oy 9
qdu
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Since g, is the external momentum, the order of ¢, and the integration over the loop momenta can be interchanged, as far

as the integral is properly regularized. Thus we can write

i1g" () = —(=1)(—ie)*'q TS —Tr[y“ i oy i ]ﬂ(l) (10)
¢ “J@emt  (2m)tag, pr—m Piv1 —m 7\ ey
Carrying out the differentiation with respect to g, we obtain
d*l 1 yH 1 1
T2 (g) = —(—1)(—ieymien [0 T[ { (:_) } v ]
o (2m)*! (277)42 pi—m\ 2 )p—ml T p = m
—i
X l‘[(?) : (11)

where the minus (plus) sign in ( ¥ y#/2) is taken when the
line j belongs to the upper (lower) semicircle of the
diagram.

The calculation can be simplified using the identity [25]

(P; + m)y* (P, + m,) 1
: L =2D%(B; + m) —5—,
(0 = m? P Gy
12)
where DY is defined by
[ dm? aq (13)
i

We can now move the trace operation outside the k inte-
gration. With the help of Feynman parameters z; associated
with the line i, the denominators can be combined into one,
and then the momentum integration can be carried out
analytically. Now we bring back D operators inside the z
integral and obtain

dz)
(o) = (- &) [ (z 7 500)
XTa, )y A, ()
where
(dz) = 6<1 - Zzi)l_[dz,-, i=12..3n—1
5)

U is a homogeneous function of z’s determined from the
topology of the diagram and V is defined by
V= VO - LIQG, VO = Z Zimz,

all lepton lines (1 6)

Z Z,’Ai;

i€EP(u,v)

G =

where the path P(u, v) is arbitrarily taken to run between
two external photon lines. In the present case, we choose

the convention that the path 2 runs on the upper half part
of the loop of diagrams shown in Fig. 4.

From Lorentz invariance and gauge invariance we have
the general structure

2. (2
ey (q) = 22,2 ()

+ (gauge-dependent terms). (17)

(9,9, —

The Lorentz scalar 1" has only a logarithmic divergence
so that the number of auxiliary masses in Pauli-Villars
regularization can be reduced to one. The renormalizations
of subdiagram UV divergences are carried out indepen-
dently of each other. Gauge-dependent terms cancel out
when all diagrams of Set I(i) are combined. The charge
renormalization can be achieved by
ngY(g?) = g (¢?) — 0. (8)
For the case n = 4, which is our concern, l:I(Gz”)(cf) can
be expressed in the form

~ Dy + ¢*By + ¢*Cy + ¢°E
H(GS)(qz)=/(dZ)|: 0T g DbygTqgLygT gLy

U2v3
+ Dl + q231 + q4C1 D2 + q232
U3v? U*v
D5 [V

when the D operation is carried out [omitting the factor
(a/7r)* for simplicity]. The coefficients D,, B;, C;, and E,
are functions of building blocks B;; and A; described in the
following subsection. The suffix / labels the number of
contractions of D operators.

D. Building blocks

Building blocks U and B;; are homogeneous polyno-
mials of degree n and n — 1 of the Feynman parameters z;,
respectively. They are determined by the topological struc-
ture of the diagram called the chain diagram that is derived
by amputating all external lines and disregarding distinc-
tion of the types of lines [25].

053003-5



T. AOYAMA et al.

The fundamental set of circuits of the chain diagram that
consists of n independent self-nonintersecting closed loops
is chosen in the following manner. One type of circuit is
formed by an internal photon line and consecutive lepton
lines that connect the endpoints of the photon line. The
direction of the circuit is chosen to be that of the lepton
lines. We may assign the direction of the photon line
accordingly. There are n — 1 circuits of this sort. The nth
circuit is chosen to be the closed lepton loop itself.

Then, for i and j that label the lines of the chain diagram,
U and B;; are given by

Ust = zzkfk,sgk,t’ U= dStUst’
‘ | (20)
B = UZfi,sfj,z(U_l)sz,
5.t

where s and t refer to the circuits. The loop matrix &; .
takes (1, —1, 0) according to whether the line i is (along,
against, outside of) the circuit c.

Once U and B;; are obtained, another building block, the
scalar current A, is given by

Aj= Y (8;—zBy/U). (1)
i€P(u,v)

E. UV divergence

The amplitude constructed thus far may have UV diver-
gences when the sum of Feynman parameters of one or
more internal loops tends to zero. We adopt subtractive
renormalization here in a suitable way for numerical treat-
ment. The subtraction terms are prepared as an integral
over the same Feynman parameter space as the original
unrenormalized amplitude so that the divergences of the
amplitude are canceled pointwise. These subtraction terms
are constructed by a simple algorithm called the K opera-
tion [25] for each occurrence of subdiagram UV divergen-
ces. The whole divergent structure of a diagram is
recognized by Zimmermann’s forest formula.

The subdiagrams relevant for the UV divergence are of
the self-energy type or vertex type. For the proper lepton
loops of the present concern, such a subdiagram is repre-
sented by an open segment of the lepton loop, which
involves vertices and lepton lines in the segment, and
photon lines whose endpoints are included in the segment.
Therefore, we have to examine every segment of the lepton
loop whenever it corresponds to a one-particle irreducible
subdiagram of self-energy type or vertex type.

The inclusion relation of subdiagrams are found by
examining the inclusion relation of the segments: they
are independent or overlapping, or one segment is com-
pletely included in the other. Once the relation is known,
the complete set of forests are constructed by finding all
possible sets of subdiagrams whose elements are not over-
lapping with each other.

PHYSICAL REVIEW D 83, 053003 (2011)

Each forest corresponds to a particular emergence of UV
divergence, and it is related to a subtraction term in the
subtractive renormalization. For a vertex subdiagram & of
a diagram G, the subtraction term defined by the K opera-
tion factorizes analytically by construction as

LYV g5, (22)

where Lgv is the UV-divergent part of the vertex renor-
malization constant for the subdiagram S, and Il /s is the
amplitude of the reduced diagram G/S. When a subdia-
gram S is of the self-energy type, the subtraction term
factorizes analytically as

dmg¥ T g s + B3 Mgy s, (23)

where 8mYV is the UV-divergent part of the mass renor-
malization constant Smg, and BY" is the UV-divergent part
of the wave-function renormalization constant Bg. When a
forest consists of more than one subdiagram, the subtrac-
tion term becomes products of renormalization constants
and reduced amplitudes.

III. INSERTION OF I1® IN M,

The easiest way to insert the eighth-order vacuum-
polarization loops in M, is by the formula [29,30]

| 2
Mo == [ -ymo() e
s 0 1 — y

where I1® is given by Egs. (18) and (19). It is straightfor-
ward to include this in the automated code generation
system.

As a check of the integration codes, we have also derived
the following formula from Eq. (19) applying the method
described in Ref. [25] which yields

M p, = j;l dy(1 —y) [(dz)[%(w3 - (W -1)>
0

By Co
S AR | L — A |
U>GVIW3 ( ) UGV, W3 ( )
E, D,
+ W2 — (W — 1)
UG*W?3 U3v3W2( ( )
B C D
3 l 2(‘}‘1_1)_352""42
U3GV,W UG*W? UV, W
vaw* o " =1)]
+ =1 : 25
vtew | US T\WW—1 (25
where
Vo 1l—
w=1+-2-"2 (26)
G vy

The UV-divergent terms of M, p, can be isolated by the K
operation. See Appendix C for details.
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IV. RESIDUAL RENORMALIZATION

The standard on-the-mass-shell renormalization of our
vacuum-polarization function I1® is given explicitly in
Appendix B. Actually, it is not suitable for evaluation of
these terms on the computer, because individual terms of
these functions are UV divergent. Thus it is necessary to
convert them into sums of UV-finite quantities. This is
achieved by an intermediate renormalization procedure
carried out by the K operation shown in Appendix C.
The K operation subtracts only the UV-divergent parts

J

ai, 1)) = My — 6ALBMY

PHYSICAL REVIEW D 83, 053003 (2011)

of renormalization constants. In order to obtain the stan-
dard on-the-mass-shell renormalization, the remaining
UV-finite terms must be removed by a procedure called
residual renormalization.

Substituting expressions given in Appendix C into cor-
responding expressions in Appendix B, and making use of
various subdiagram relations listed in Appendix D, we can
convert the right-hand side of equations of Appendix B into
the sum of finite quantities. Collecting all terms thus
created we obtain

+ {14(ALB,)? — 4ALB M)\

2,AP,

+{—14(ALB,)* + 14ALB,ALB, — 2ALBM}}”

— ASmyMY\y. + (12ALByASm, + 288m;A8m; — 2A8me)MY. 27)

2AP;

Suppressing the superscript (/,1,) for simplicity the resid-
ual renormalizaton terms are defined as follows:

P39

Moap, = D npMs,,
i=p01

H
MZ,APG = Z 77,8M2,P6,3>
B=A

Mypp, = My p, +2M5p,,,

Mysp, =Myp, . +2Msp,.,
H
B=A
3
ALB4 = (AL4a,i + AL4h,i) + AB4H + AB4h,
i=1
ALBz = A32
H
A5m6 = Z /\BA5m65,
B=A

A8m4 = A5m4a + A6m4b,

where np; =1 for i= p0l, p02, p03, np =2 for
i=p04,..., p22, and np; =4 for i= p23,..., p39,
M=Nc=Mp=nr=2, Mmp=nc=ng=1 npg=4,
and Ay =Ag=Ac=Ag=Ap=Ayg =1, Ap = A5 =2.
ALBgg, B=A,...,H, are defined in Appendix D.
Numerical values of ALB,, Admg, Admy, Myp.,, Omy,
etc., are listed in Table II. )

The coefficient —6 of M, zp, in (27) can be readily
understood noting that the vacuum-polarization function
[T has 6 fermion lines into which a two-point vertex can
be inserted. This insertion is the source of the wave-
function renormalization constant B, and the self-mass
ém, term. Since Aém, = 0, however, only the AB,

survives in (27). For convenience let us call this an inser-
tion of B,.

We find 14 different ways of insertion of two B,’s in I1,.
Ten come from insertions of two disconnected second-
order self-energy diagrams and four come from insertions
of the fourth-order self-energy diagram in which a second-
order self-energy diagram is completely included in an-
other second-order self-energy diagram. Three B,’s can be
inserted in II, in 14 ways. Insertion of one B, and one B,
in IT, can also be made in 14 different ways. All three of
these terms should be accompanied by terms proportional
to A dm, which, however, vanish in our formulation based
on the K operation.

The factor —4 in —4ALB,M, p, is due to the fact that
I1, has 4 fermion lines into which B, can be inserted. The
apparent absence of the coefficient 4 in —Adm M, APy
can be accounted for by the fact that II, has four fermion
lines into which a two-point vertex can be inserted. Thus
the coefficient 4 is absorbed in the definition of II,-. This
term is present in (27) since Admy is nonvanishing.

Finally one By can be inserted in II, in two ways. The
factor 2 in —2A6mgM,, p, 1is the same as that of
—2ABgM, p,. The term 2AdmyAdmy-M, p . is related to
the subdiagram of —2AdmgM,, p,. except for the factor
—1. Application of the K operation on the second-order
self-energy subdiagram of Il yields 6AB,II,-.
Application of the K operation on the second-order self-
energy subdiagram of &mg yields 6 AémyAB,. Together
they give 12AL32A5m4M2,P2* .

A similar argument can be given starting from vertex
renormalization subdiagrams, although it does not give
information on the Adm term. Consideration of vertex
renormalization is not necessary, however, since

agllo)[l(i)] is free from infrared (IR) divergence so that L,

is always combined with B,, to form an finite combination
ALB,,.
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The reason the coefficients of residual renormalization
terms can be determined by the argument described above
is that the UV-finite parts are not affected by the K opera-
tion which deals only with UV-divergent parts so that the
coefficients of residual renormalization terms inherit the
structure of the standard renormalization unaltered.

V. NUMERICAL EVALUATION OF My}

FORTRAN codes of our diagrams are generated by
GENCODEVPN following the procedures described in
Sec. II. The validity of GENCODEVPN has been tested

TABLE 1.

PHYSICAL REVIEW D 83, 053003 (2011)

thoroughly for diagrams of Set II(d) whose integrals are
known by several other means [31-34]. Numerical inte-
gration was carried out by an adaptive-iterative
Monte Carlo numerical integration routine VEGAS [35]
with 10% sampling points per iteration and 150 iterations
followed by 10° sampling points per iteration and 10
iterations. The results are summarized in Tables I and II.
From these data we obtain

alO[1(i)€)] = 0.01747 (11). 29

Contributions of diagrams of Set I(i) to a, for (I,/,) = (ee). The superscript (ee) is suppressed for simplicity. The

multiplicity ny is the number of vertex diagrams represented by the integral and is incorporated in the numerical value. All integrals
are evaluated initially with 10% sampling points per iteration, iterated 150 times, followed by 10° points, iterated 10 times.

Integral nr Value (Error) including np Sampling per iteration Number of iterations
M5 01 1 0.035 760 8 (60) 1 X108, 1% 10° 150, 10
M5 00 1 0.017 303 9 (40) 1 X108, 1 x10° 150, 10
M) 03 1 0.039 757 3 (73) 1X10%, 1% 10° 150, 10
M; s 2 0.037 755 2 (93) 1 X108, 1% 10° 150, 10
M, 05 2 0.062 796 0 (190) 1 X108, 1 X 10° 150, 10
M3 06 2 0.129 748 0 (225) 1 X108, 1 % 10° 150, 10
M; 07 2 0.128 655 4 (251) 1x10%, 1% 10° 150, 10
M 08 2 0.103 304 6 (167) 1 X108, 1 %X 10° 150, 10
M 0 2 —0.0389687(92) 1X 108, 1x10° 150, 10
M; 10 2 —0.0572817(105) 1 X108, 1 x10° 150, 10
M; 1, 2 0.020 893 9 (34) 1x10%, 1 % 10° 150, 10
M; 1 2 0.038 800 8 (54) 1 X108, 1x 10° 150, 10
M; 13 2 0.017 581 6 (166) 1 X108, 1 X 10° 150, 10
M; 14 2 0.090 813 8 (165) 1 X108, 1 % 10° 150, 10
M; 15 2 0.008 522 3 (17) 1 X108, 1 % 10° 150, 10
M; 16 2 0.023 211 8 (28) 1 X108, 1x10° 150, 10
M5 17 2 —0.009 190 1 (34) 1 X108, 1x10° 150, 10
M, 1 2 0.011 705 8 (31) 1 X108, 1 x 10° 150, 10
M; 19 2 0.024 548 0 (48) 1Xx10%, 1% 10° 150, 10
M 0 2 0.028 129 1 (24) 1 X108, 1X10° 150, 10
M; 01 2 —0.0144227(29) 1 X108, 1 % 10° 150, 10
M; 0 2 0.012 984 7 (39) 1x10%, 1% 10° 150, 10
My 03 4 0.008 650 4 (35) 1 X108, 1 %X 10° 150, 10
M5 4 4 0.037 873 8 (95) 1 X108, 1% 10° 150, 10
M5 s 4 0.168 761 3 (302) 1 X108, 1 x10° 150, 10
M; 6 4 —0.0615675 (141) 1X10%, 1% 10° 150, 10
M5 o7 4 —0.1456576 (325) 1 X108, 1 X 10° 150, 10
My g 4 —0.078 819 8 (148) 1 X108, 1 X 10° 150, 10
M5 o 4 0.110 765 8 (297) 1 X 108, 1 % 10° 150, 10
M; 30 4 0.217 591 7 (407) 1 X108, 1% 10° 150, 10
M; 31 4 —0.149 396 6 (349) 1 X108, 1% 10° 150, 10
My 3 4 —0.1224390(139) 1 X108, 1% 10° 150, 10
M; 33 4 0.043 600 9 (107) 1 X108, 1 % 10° 150, 10
M; 34 4 —0.003 1774 (75) 1X10%, 1% 10° 150, 10
M, 35 4 —0.054 6419 (129) 1 X108, 1 X 10° 150, 10
M, 36 4 —0.138 6808 (150) 1 X108, 1 x10° 150, 10
My 37 4 —0.102260 8 (164) 1x10%, 1% 10° 150, 10
M, 35 4 —0.060 8927 (234) 1 X108, 1% 10° 150, 10
M5 3 4 —0.008 689 5 (43) 1 X108, 1% 10° 150, 10
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Aucxiliary integrals for Set I(i). Some integrals are known exactly. Other integrals

are obtained by the integration routine VEGAS. The superscript (l,l,), where [; = e, m, f,
indicates that the open and closed fermion lines consist of fermions /, and /,, respectively.
The letters e, m, and ¢ stand for electron, muon, and tau-lepton, respectively.

Integral Value (Error) Integral Value (Error)
Adm} -0.75 ALB, 0.75

Adm, 1.906 340 (21) ALB, 0.027 930 (28)

Admg —2.340 65 (48) ALBg 0.100 86 (77)

MY 0.015 687 421 ... M 0.519762 (21) X 107
M) 1.094 258 28 ... M) 0.000 078 067 (4)
M5 ~0.012702383... M. ~0.519719(17) X 10°6
MY —0.16108405.. .. My, —0.000077 655 (3)
M, 0.076 401 785 ... M, 0.275271 (1) X 1073
MYy 3.135 059 01 (2) My, 0.000 412 61 (3)
My ~0.117770(12) M. —0.000005 505 (1)
MY ~0.75440 (13) My, —0.00081949 (8)
Mg 0.187 046 (7) M 0.731632(71) X 1073
M5 5.543 94 (42) M, 0.001 094 28 (7)

VI. NUMERICAL EVALUATION OF M;‘j,",;)

Once FORTRAN programs for mass-independent dia-
grams are obtained, it is straightforward to evaluate the
contribution of the mass-dependent term A(zm)(me/ m,).
We simply have to choose an appropriate loop fermion
mass. The results are summarized in Table III. From this
table we obtain

aMOTIE)E™] = 0.000 001 666 (24). (30)

The numerical data used to obtain (30) are listed in

Tables II and I1I. The contribution A(QIO)(me /m_) is 2 orders
of magnitude smaller than (30) so that it is negligible at
present.

VII. CONTRIBUTION TO THE MUON g — 2

The codes described above can also be applied to cal-
culate the contribution of the Set I(i) to the muon g — 2.
From Tables I and IV, we obtain

a1OT1(1)me] = 0.087 1 (59). (31)

We have also evaluated the tau-lepton contribution. The
values listed in Tables II and V lead to

aOT1G)™0] = 0.000237 (1). (32)

The contribution of Set I(i) diagrams to the muon g — 2
was first discussed in Eq. (19) of Ref. [26] in which the
renormalization group was efficiently used to pick up the
leading logarithmic contribution:

. 1 115 23 m
aﬂo)[l(l)(’”e)] = _EGE‘I] + m - ﬁln( ,u,) + O(I’Vle/m#),

(33)

e

where 051] is the constant term of the asymptotic expansion
of the proper vacuum-polarization function I1®)(g) of the
eighth order, which was left undetermined. This constant
can be determined from our numerical result Eq. (31):

ai[numerical] = —1.6410 (59). (34)

Recently the asymptotic analytic form of agl] was ob-
tained directly together with other eighth-order vacuum-
polarization diagrams [28]. The explicit form of agll was
given only in the slide of the conference talk [27], and
reads

agl][anal.—asympt.] = —19716 + O(m,/m,).  (35)

Substituting this value into Eq. (33), Chetyrkin obtained
the asymptotic contribution of the Set I(i)

aﬂo)[l(i): anal.-asympt.] = 0.25237 + O(m,/m,). (36)
Whether this is in agreement with our result (31) or not is

somewhat subtle and will be discussed in the next section.

VIII. SUMMARY

In this paper we obtained the eighth-order vacuum-
polarization function IT1®(¢2) as a sum of Feynman-
parametric integrals. It is then applied to the calculation
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Contributions of diagrams of Set I(i) to a, for ({;1,) = (em). The multiplicity np is the number of vertex diagrams

represented by the integral and is incorporated in the numerical value. The superscript (em) is omitted for simplicity. All integrals are

evaluated in double precision.

Integral ne Value (Error) including np Sampling per iteration Number of iterations
M 01 1 0.11563(3) X 1073 1x108 50
M5 00 1 0.07701 (3) X 1077 1 x 108 50
My 03 1 0.20124(5) X 107 1% 108 50
M, 04 2 0.14775(6) X 1073 1 X108 50
M 05 2 0.23681 (14) X 1073 1 X108 50
M; 06 2 0.48429 (16) X 1073 1x 108 50
M> o7 2 0.48827(19) X 1073 1 X108 50
M pos 2 0.40043 (12) X 1073 1 X108 50
M 00 2 —0.14804 (6) X 1073 1x108 50
M; 10 2 —0.24834(8) X 107 1 %108 50
My 1 2 0.07131(2) X 107 1% 108 50
M; 12 2 0.16894 (4) X 1073 1x108 50
M; 13 2 0.05285(12) X 1073 1 X108 50
My 14 2 0.40941 (12) X 1073 1% 108 50
M, 15 2 0.04304 (1) X 107 1 %108 50
M; 16 2 0.06453 (1) X 1073 1 x 108 50
My 17 2 —0.04476(2) X 107° 1 X108 50
M, 18 2 0.03780(2) X 107 1% 108 50
M5 19 2 0.08850(3) X 107 1 X108 50
M5 00 2 0.11422(1) X 1073 1x108 50
M5 o 2 —0.06259 (2) X 1073 1% 108 50
My 0 2 0.04781(2) X 1073 1% 108 50
M; 13 4 0.03472(2) X 107 1 x 108 50
My 4 4 0.148 88 (7) X 1073 1x108 50
M, s 4 0.65231(23) X 1073 1% 108 50
M5 6 4 —0.23583(10) X 107 1% 108 50
My 07 4 —0.49134(21) X 1073 1 X108 50
My g 4 —0.34715(11) X 1073 1x 108 50
Mj 9 4 0.38988(21) X 1073 1 X108 50
M, 30 4 0.94416(33) X 1073 1% 108 50
M 3 4 —0.51263(25) X 1073 1 X108 50
My 3 4 —0.47771(9) X 1073 1x108 50
My 33 4 0.146 82 (6) X 1073 1 X108 50
My 34 4 —0.00010(5) X 1073 1 X108 50
M, 35 4 —0.17164(9) X 1073 1x108 50
M, 36 4 —0.54836(11) X 107 1% 108 50
M, 37 4 —0.49839 (13) X 107 1 X108 50
M, 38 4 —0.17907 (15) X 1073 1 %108 50
M 39 4 —0.04415(3) X 1073 1 x 108 50

of the tenth-order lepton g — 2. Collecting (29) and (30)
we obtain the contribution of the gauge-invariant Set I(i) to
the electron g — 2:

aVOT1G) @] = 0.01747 (11). S

From (29), (31), and (32) we obtain the contribution from
Set 1(i) to the muon g — 2:

alOT1(0) @] = 0.104 8 (59). (38)

It is difficult to decide whether our result (31) and
asymptotic result (36) are in agreement or not. In order

to illuminate this problem it may be helpful to compare a,,
of similar structure in lower orders.

The sixth-order a, obtained by inserting a proper
fourth-order vacuum-polarization IT in the second order

M, gives [18,36]

a'9[num.] = 1.493 671581 (8),

(39)
aﬁf)[asym.] = 1.5173 + O(m,/m,,),

where the overall factor (a/7r)? is omitted for simplicity.
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The eighth-order @, obtained by inserting a proper  where the numerical evaluation af)[num.] is from [33,37],

sixth-order vacuum-polarization IT© in the second order  the Padé approximation aﬁf)[Padé] is from [31], and the

. - 4.
M, gives the coefficients of (a/m)*: asymptotic result a\¥'[asym.] is from [38]. Note that the

asymptotic result of (40) contains the leading logarithmic
and next-to-leading constant terms.
aﬁf)[num.] = —0.230596 (416), The difference between the numerical and asymptotic

(8) 1 40 results comes from the contribution of order m,/m - From
@u [Padé] 0.230362(5) “0) the sixth-order (39), eighth-order (40), and tenth-order
aﬁf)[asym.] = —0.290987 + O(m,/m,), cases we find

TABLE IV. Contributions of diagrams of Set I(i) to a,, for (/;1;) = (me). The multiplicity ny is the number of vertex diagrams
represented by the integral and is incorporated in the numerical value. The superscript (me) is omitted for simplicity. All integrals are
evaluated initially with sampling points 108 per iteration, iterated 50 times, followed by 10° points per iteration, iterated 200 times, and
10'° points, iterated 10 to 80 times.

Integral nr Value (Error) including ny Sampling per iteration Number of iterations
M o1 1 5.475 765 (50) 1 X108, 1% 10° 1 X 100 50, 200, 40
My 0 1 —3.639035(13) 1 X108, 1% 10% 1 x 100 50, 200, 40
M) 03 1 1.014 582 (56) 1 X108, 1% 10% 1 x 100 50, 200, 40
M; o4 2 9.957 281 (77) 1 X108, 1 X 10% 1 x 100 50, 200, 60
M, 05 2 11.130 636 (109) 1 X108, 1 X 10°, 1 X 100 50, 200, 80
M3 06 2 3.445 706 (95) 1 X 108, 1 X 10°, 1 X 100 50, 200, 60
M, 07 2 1.150 328 (136) 1 X108, 1% 10% 1x 100 50, 200, 70
M 08 2 2.431 621 (98) 1 X108, 1x10% 1 x 100 50, 200, 60
M 0 2 —6.305904 (87) 1 X108, 1% 10° 1 % 100 50, 200, 60
M; 10 2 3.576 267 (69) 1 X 108, 1 X 10°, 1 x 100 50, 200, 10
M; 1, 2 3.087 991 (41) 1 X108, 1% 10% 1 x 100 50, 200, 20
M; 1 2 2.681 026 (32) 1 X108, 1 X 10% 1 x 100 50, 200, 10
M; 13 2 8.166 698 (70) 1 X108, 1 X 10°, 1 X 10'° 50, 200, 20
M; 14 2 —2.042862(97) 1 X108, 1% 10% 1 x 100 50, 200, 60
M; 15 2 —0.014213(9) 1 X108, 1x10% 1 x 100 50, 200, 20
M; 16 2 3.556 341 (11) 1 X108, 1% 10° 1 X 100 50, 200, 20
My 17 2 3.279 641 (8) 1 X108, 1% 10° 1% 100 50, 200, 20
M 15 2 —1.044 365 (5) 1 X108, 1% 10% 1 x 100 50, 200, 20
M; 19 2 3.238 053 (31) 1 X108, 1% 10% 1x 100 50, 200, 20
M 0 2 —0.804 464 (15) 1 X108, 1% 10° 1 % 100 50, 200, 20
My 01 2 —2.002 941 (28) 1 X108, 1% 10% 1 X100 50, 200, 20
M; 0 2 1.439 287 (14) 1 X108, 1% 10% 1 x 100 50, 200, 20
My 03 4 2.246 387 (9) 1 X108, 1x10% 1 x 100 50, 200, 20
M; o4 4 —1.943 020 (59) 1 X108, 1% 10° 1 % 10'° 50, 200, 50
M5 s 4 0.717 756 (211) 1 X108, 1 X 10% 1x 100 50, 200, 80
M; 6 4 —11.597221(131) 1 X108, 1% 10% 1x 100 50, 200, 80
My o7 4 —16.497990 (188) 1 X108, 1% 10° 1 X 100 50, 200, 80
My g 4 7.463 932 (85) 1 X108, 1 X 10°, 1 X 10'° 50, 200, 60
My 9 4 18.659 291 (133) 1 X 108, 1 X 10°, 1 X 100 50, 200, 80
M; 30 4 —3.240940 (198) 1 X108, 1% 10% 1 x 100 50, 200, 60
M; 31 4 —16.369751 (181) 1 X108, 1x10% 1x10'0 50, 200, 80
My 3 4 —1.501462(99) 1 X108, 1% 10° 1% 10'° 50, 200, 70
M; 33 4 8.005 147 (70) 1 X108, 1% 10% 1 x 100 50, 200, 20
M; 34 4 —5.994 355 (74) 1 X108, 1% 10% 1 x 100 50, 200, 60
M, 35 4 —13.319800(61) 1 X108, 1% 10° 1 X 100 50, 200, 20
M5 36 4 6.372 372 (64) 1 X108, 1 %X 10°, 1 X 10'° 50, 200, 50
My 37 4 —0.889232(94) 1 X108, 1% 10% 1 x 100 50, 200, 60
M, 38 4 —12.751250(97) 1 X103, 1x10% 1 x 10'0 50, 200, 60
M; 30 4 1.541 038 (33) 1 X108, 1% 10° 1 % 100 50, 200, 20
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a'¥num.] — a©lasym.] = —0.024,
aﬁf)[num.] — aﬁf)[asym.] = 0.061, (41)

ago)[num.] - aﬂo)[asym.] =0.17.

Note that the difference increases as the order of pertur-
bation increases. Nevertheless, we cannot exclude the pos-
sibility that the difference between (31) and (36) is caused
by some error. One possible cause is that the uncertainty of
(31) is a gross underestimate because of insufficient data
sampling. The situation might be similar to the case of

PHYSICAL REVIEW D 83, 053003 (2011)

aﬁf)[num.] in early calculations [31,39,40] where poor
sampling of integrands was found to be the cause of a large
discrepancy with the Padé result. This problem was finally
settled by going to a much larger sampling, which led
to (40).

In order to examine the possibility of a gross under-
estimate of errors in (31), we evaluated the integrals with
the sampling points per iteration N of 108, 10°, and even
10'°. The results show no sign of the central values drifting
beyond the error bars estimated by VEGAS as N increases.
We are therefore confident that our result (31) is free from
the problem caused by insufficient samplings.

TABLE V. Contributions of diagrams of Set I(i) to a,, for (/;1,) = (mt). The multiplicity np is the number of vertex diagrams
represented by the integral and is incorporated in the numerical value. The superscript (mf) is omitted for simplicity.

Integral nr Value (Error) including np Sampling per iteration Number of iterations
M; 01 1 0.000 173 73 (5) 1x108 50
M poa 1 0.000 115 02 (4) 1x 108 50
My 03 1 0.000 299 06 (8) 1 X 108 50
My 04 2 0.000 220 89 (9) 1 X 108 50
szp()5 2 0.000 354 37 (21) 1 X 108 50
M, po6 2 0.000 725 06 (24) 1 x 108 50
M5, 07 2 0.000 730 62 (28) 1 X 108 50
M, 0 2 0.000 599 02 (19) 1 X 108 50
M, poo 2 —0.000221 58 (10) 1x 108 50
M; 510 2 —0.00037054 (12) 1% 108 50
M, 2 0.000 107 04 (3) 1% 108 50
My p12 2 0.000 252 11 (6) 1 X 108 50
My 13 2 0.000 079 35 (18) 1 X 108 50
My 14 2 0.000 610 34 (18) 1 X108 50
My 15 2 0.000 064 07 (1) 1 X108 50
M 16 2 0.000 097 35 (2) 1x 108 50
My p17 2 —0.000 06671 (3) 1x 108 50
My i 2 0.000 056 95 (3) 1 X108 50
M; 19 2 0.000 132 63 (4) 1 X108 50
M 10 2 0.000 170 72 (2) 1 X108 50
M o1 2 —0.000093 37 (3) 1 X108 50
M 2 2 0.000 071 59 (4) 1 X108 50
M 103 4 0.000 051 80 (4) 1 X 108 50
My 4 4 0.000 222 52 (11) 1 X108 50
M, o5 4 0.000 975 69 (35) 1 X108 50
M5 6 4 —0.00035291 (15) 1 X 108 50
M; 7 4 —0.00073737(32) 1 X 108 50
My, s 4 —0.000517 81 (17) 1 x 108 50
M 9 4 0.000 584 31 (32) 1 x 108 50
My, 30 4 0.001 408 74 (49) 1 X 108 50
M; 31 4 —0.000768 96 (38) 1 X108 50
Mj 3 4 —0.000714 49 (14) 1x 108 50
My 33 4 0.000 220 34 (10) 1 X 108 50
M 34 4 —0.00000059 (8) 1 X108 50
M; 35 4 —0.00025799 (13) 1 X108 50
M 36 4 —0.000 82021 (17) 1 x 108 50
M, 3 4 —0.00074152(19) 1108 50
M, 38 4 —0.000269 58 (22) 1 X 108 50
M 39 4 —0.000 065 68 (4) 1x 108 50
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Note added in proof.—In order to test the assumption
that the difference of (31) and (36) is caused by the
O(m,/m,) term of (36) we carried out an additional
computation of the electron-loop contribution to the tau
lepton g — 2, and obtained

aMOl1(0):num.] = —0.212 (41).
Meanwhile the asymptotic calculation gives
A0)ry(:\(te). — _
ar [1(1)":asym.] 0.255 + O(m,/m.,).

This implies that the term of order m,/m, is about +0.043
(41). Although this is not as small as is implied by the ratio
mﬂ/mr times 0.17 of Eq. (41), it is consistent with the
expected behavior within the error bars.

APPENDIX A: FOURTH-ORDER
VACUUM-POLARIZATION FUNCTIONS
WITH MASS INSERTION AND THEIR
CONTRIBUTION TO M, p,,

Since M, zp,. does not appear except in Set I(i) in our
study of the tenth-order g — 2, we shall derive parametric
formulas for the diagrams Il,,-, 114+, and M, p, in this
appendix.

Our derivation follows closely the treatment of diagrams
I147 and I}, (without mass insertion) which consist of
four lepton lines forming a closed loop and an internal
photon line a as shown in Fig. 5. Following the steps
leading to Eq. (14) we obtain

(a)l4q (b)TLyy

FIG. 5. Fourth-order vacuum-polarization diagrams.

PHYSICAL REVIEW D 83, 053003 (2011)
—1\2 [(dz)
v __
J

XTY[Q(ﬁiwLm)---y”---]%. (A1)

From Lorentz invariance and gauge invariance, we have
the general structure
%" = (9,49, — 4°8,,)I14 + (gauge-dependent terms).
(A2)
Charge renormalization is achieved by
MMy (g%) = Ty (g%) — Ty (0). (A3)

When the D operation is carried out in 1114*, the result
can be expressed in the form

Dof1 1\ ¢By D1 1
- a3 )72 )
el [ (dZ)[U2<v2 vg) v Toe\v v/l

(A4)

where Vi = z,234m* and Dy, By, Dy, U, V, and (dz) are
diagram-specific.

1. Diagram M, p .

This diagram has four fermion lines into which mass
vertex can be inserted. They all give the same contribution
to M, p, . so that we have to evaluate only one of them such

as I1,, 1~ of Fig. 6(a). For this diagram we find
Dy =r*(—2A34, = 24,A4 + AyAs + 241 Ay — A A — A Ay),
By=r?A}(AyA; — A 1A — Al Ay),
D, =B, (A3A, + AyA, +2A,A; +24,A,)
+ 2By (—3A3A, — AyAy +2A,1A, — 2A,A,)

+ 2By(2A,A)), (AS)

where r is the ratio of the mass m of the loop lepton and the
mass of the lepton of M, and

Ay =1—-z/B;,—22B15, Ay=1—21B1, — 2By,

As=—71B13— 2By, Ay=—71Biy— 2By,
B = Z14a;

G= Z1A1 + ZzAzy

Biy =254 Bn=2,
U= 2144203 T 214200
V=V,—-¢°G,

(dz) = 71dz,dz,dz3dz4d7,8(1 — Z12340);

7;=0.  (A6)

This diagram has a UV divergence from the subvertex
{2, 3, a}, which can be isolated by the K,3 operation.
Subtraction of this term yields a UV-finite value

Ally, = 4(1 — Ky3)yy v, (AT)
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OO

)y o+ d)ILyp 4+

FIG. 6. Fourth-order vacuum-polarization diagrams with mass insertions.

and a finite contribution M, p , to g — 2. By numerical

integration we obtain the value —0.066 907 (7) for the (ee)
case, and —0.443 935 (69) for the (me) case.

2. Diagram M, p .
The diagrams Il - and Il 3+ give an identical con-
tribution to M p, ., whereas the diagrams Ily;,- and

I1,, + must be treated separately.
For the diagrams Il - [see Fig. 6(b)] we find

DO = 7"4(2A2A4 - 6A]A4),

BO = 72(3A%A2A4 - 2A?A4),
Dl = rZBll(6A1A4 _A1A2 + 2A%) + ran(—9A1A4 - ZA%),
(A3)
where
Ay =1—z1By; —22B1» — z3By3,
Ay =1—2z1Byp — 5By — z3B3,
A3 =A;, A4=A -1,
B, ,=Bs=Byy=By;=Byy =By =2,
11 13 14 33 34 44 = 224 (A9)

By = 21340,
G= Z]Al + Z2A2 + Z3A3,

By =By =By =2z,
U= 2134204 T 2220
V=V,— q*G,

(dz) = z1dz dzydz3dz4dz,6(1

—Z12340), 2 =0.

This diagram has a UV divergence from the self-energy
subdiagram {2, a} which can be subtracted by the K,
operation

Al = (1 = Ky)Ilyp - (A10)
For the diagrams Il [see Fig. 6(c)] we find
Dy = r*(2A,A, — 4A,Ay),
By = r2(—4AA3A, + 2A3A,A,),
D, = r’By(8A,A,) + r’By1(2A,A4)
+ r?Bp(4A2A, — 8A 1A, + 4A1A, — 2A3),  (All)

where

A =1—z/B|| — 2B, — z3By3,
Ay =1=2/Bjp — 25Bx» — 3By,
A3 =1—27B|3 — 250By; — z3B33,
Ay = —7\Byy — 2By, — 23B34,

By = B3 = B4 = B33 = B34 = Byy = 224 (A12)

By =By =By =2, By =3
U = 2134204 + 2224 G = 71A| + A, + 7345,
V=V, - ¢G,

(dZ) = sz21d22d13d24d2a 5(1 Zj =0.

- Z1234a)’

This diagram has a UV divergence from the subdiagram
{2*, a} which can be subtracted by the K,- operation

ATl = (1 = Ky )1y 0. (A13)

For the diagrams I1,, 4+ [see Fig. 6(d)] we find

DO = r4(2A2A4 - 8A1A4), BO = r2(2A%A2A4),
D; = r’B1(2AA,) + rPBy(—8AA, — 2A3),
(A14)
where
Ay =1—z1B;y — 22B;p — 3By3,
Ay =1—2z1B;y — 250By» — 23B03,

Az =1—21Bj3 — 2pBy3 — 23B33,

Ay = —71B1y — 20Bos — 3By,

By = Bi3 = By = B33 = B3y = By, = 224
B, = By; = Byy = z,, By = Z134a
U = 2134220 + 2220 G = 71A| + 24, + 2345,
V=V, - 4G,

(dz) = z4dz,dzodz3dz4d7,6(1 z; = 0.

(A15)

- Z1234a):

As is for the diagram Il,, ;- this diagram has a UV
divergence from the self-energy subdiagram {2, a} which
can be subtracted by the K, operation.
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By numerical integration we obtain for the (ee) case

MYy, = —0.046309(7) + 0.033507 (4)

= —0.050863(9),

—0.038061 (6)
(Al6)

where the right-hand side of the first line is listed in order
of Pyp, 1+, Papoe, and Py 4.
The result for the (me) case is

2M§m§},4b = —0.409550(61) + 0.528 759 (51)
— 0.429 683 (62)
= —0.310464 (101). (A17)

The sums M, xp. = My ap, . + 2M; pp,,. for the (ee),
(em), (me), and (mt) cases are listed in Table II.

APPENDIX B: STANDARD ON-THE-MASS-SHELL
RENORMALIZATION

This appendix describes the standard on-the-mass-shell
renormalization of vacuum-polarization function IT®),
where n =2, 4, 6, 8. T1® consists of only one diagram,
but higher order functions consist of several diagrams,
which must be distinguished by an additional symbol.

For instance IT“) with i=a, b, 1% with j=
A, B, ..., H. However, the eighth-order functions are
denoted as II®, k= p0Ol, p02,...,p39 to avoid

overcrowding.

Renormalization terms include functions such as 1"
which means insertion of a two-point vertex (such as a
mass vertex) in the fermion line.

Quantities L,,, B,, 6m,, denote a vertex renormalization
constant, wave-function renormalization constant, mass
renormalization constant of nth order of the standard on-
the-mass-shell renormalization, respectively. We must also
deal with renormalization constants with mass insertion.
For instance for L,, which contains two electron lines, it is
necessary to distinguish the lines into which a two-point
vertex insertion is made. Suppose we name them line 1 and
line 2. Then Lj(;++) implies that two two-point vertices are
inserted in the fermion line 1 of L,, while L,(;++) means
that one two-point vertex is inserted in line 1 while another
is inserted in line 2. (Previously [25] we used the notations
L, and Ly for these quantities.)

1. Standard renormalization of fourth-order
vacuum polarization

H(4a) 1% — ZLZH(Z)

Iied) = T4 — 5my 11 — B, 11

PHYSICAL REVIEW D 83, 053003 (2011)

2. Standard renormalization of sixth-order
vacuum polarization

Y = T16Y + 28m,B, 1% — 28m, [T#019
+ (5m2)21‘[(2**) — 2BZH(4h) + (BZ)ZH(Z),
H(6B) [168) + 25m2321‘[(2*) —28m, I] (4b.4%)
+ (8my) 1) — 2B, 11%) + (B,)*11?,
189 = 6O — 5y, I + Smy, Smy 12

+ 5m2B2*H(2) + 6m2321_.[(2*) - 5m2H(4b’2*)
— By, 11? — B, 11 + (B,)*11?,

e — ren — 5y, 112 + 28m, LTI — B, TI®
+ 2B, L,11® — 20,114,
H(6E) 1B + Sm,L, T1? + SmyL, 12
— 8my[14e1*) + 2B, [, 11 — B,[14)
— Ly 1@ — L1140,
TG = 167 = 20,4, T1?) = L1149 + 2(L,) 11,
&Y = TI66) — 2L,,,TT® — 2L, 114 + 3(L,)*TT?),

e = 1m6M — 21,11,

3. Standard renormalization of eighth-order vacuum
polarization

01
Y = [P0 — 216, 511 + 4L, L, 11?

— 2L, T1P) + (L,)2I140 — 2(L,)’T1?,

H(pI?Z) 102 — 2L6H%H(2)

03
LY = 100 — 2L, sTI@ + 6Ly, ,L, 11

— 2L, 1140 — 21,1100 + 3(L,)2 114
— 4(L,)*1?),

Y =TT + 66m,B, T4 — 35m,(B,)* 12

— m,I10A3%) — 2 &5m, [1(641%)
— 3(85m,)2BoI1%*) + (Sm, )2 1“0 1%3%)
+ 2(8my) PTTU 119 — (§,)3T1 @)

= 3B, + 3(B,2TIW) — (B,)*TT?),
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150 = T1P05) + 48m, B, TT4P4) +285m, B, T4 — 38m,(By)2 T — 28m, T1OB 1) — 5, [164.6%
— 2(5m2)2BQH(2**) — (5m2)2BQH(2**) + (5m2)2H(4b,4*4*) + 2(5m2)2H(4b’ 14x)
— (5my)3TI@*) — 2B T16B) — B, T104 4 3(B,)2[14Y) — (B,)*11?,
A = T1P%) — 26m,B,y Ly, 1 — 28m, ByLy 1T + 28m,By 11441 + 28m, Ly, 1) + 28m, Ly, T4
— 28my IO — 2(8my)? Ly, 11 + (§m,)? 114129 + 2B, 1, TI?) + 2B, 1,114 — 2B, 11
— 2(B,)’L,11? + (B,)?T14) — 2L, \ TI4),

H(p07) H(P07) - 26"’1232L2*H(2) - 25m232L2H(2*) + 25m232H(4" 1) + 25m2L4b ](1*)]._[( ) +26m L2H(4b 4%)
- 25m2H(6E’5*) - (5m2) L2(1*2*)H( ) — (5m2)2L2H(2**) + (5m2)2H(4“’1*4*) + 2B2L4b‘1H(2) + 2BzL2H(4b)
— 2B, 115 — 2(B,)?L,11? + (By)? 114 — Ly, 311 — L,116P),

H(pr?g) H(POS) - 23szzL2*H(2) - 25szzL2H(2*) + 25m2321_[(4“ 1) + 25m2L4b ]H(zx) + 23m2L2 H(4b)
- 25m2H(6E'6*) - 2(31’”2)2142*1_.[(2*) + (5m2)21_[(4“'1*3*) + 2BzL4b’1H(2) + 2BzL2H(4b) - 2BQH(6E)
= 2(By)*LoM1® + (By) TIU9) — 2Ly,  TTUY),

H(p09) H(p09) + 5m4 5m2H(2**) + 5’7’14 BQHO*) - 5"’1 H(4b4*) + 5m234 H(Z*) - 48m2BzL2H(2*)
+ 45m2L2H(4b'4*) - 5m2H(6D’6*) - 2(5m2)2L2H(2**) + B4aB2H(2) - B4aH(4b) + 4BzL2H(4b) - BzH(6D)
— 2(By)2L, 1@ — 2L, T1B),

I = 110 + Sy, SmyT1%™) + SmyyBo 1) — Smyy 14 — Smy, SmyBo 11 + Sy, Sm, I14049
— 8 (6my) T1 ) + 8my By, 1) — 8myBy BoIT? + 8my By 1140 + 28my By 11404 + §m, B, 14029
— 26my(By)TI®) — 5my IO — 5, TIOB2) — (8285, T — (8my, 2By TTC™) + (5my)  TT#h249
+ By, B,11® — B, 1140 — B, T1©C) — B, 118 + 2(B,)2[1*?) — (B,)3 11,

H(pll) H(pll) - 5m FH(2 ) + 26"’[401421—[(2*) + 25m2L4a 1H(2 ) - 357’}’12([12) H(zk) - BéFH(z) + 2B4 L2H(2)
+ 2ByLy, 1 11? = 3By(L,)*11? — 2L, TT#) — 2L, T10P) + 3(L,)114Y),

A = TP — §mg, TT®) + 28myy1) 8my 129 + 28my, By 1) — Smiy,(5my) 1) — 26m,, 8my B, 112

+ 267’}’123417(1*)1_[( ) - 26m2B2*32H(2) + 261’}’[2321—[(4&2*) - (sz(Bz)ZH(Z*) - 257’}’121_[(6(:'2*)
— (6my)? By J11® + (8m,)* 1140229 — B . T1? + 2B, B,11® — 2B, 1100 + (B,)21140) — (B,)*11®@,

H(plg) H(pl3) + 25m2L4a 2(1*)]._.[( ) — 5m H(6H2*) + 2BzL4 2]._.[(2) - B H(GH) - 2L6D4H(2)

H(p]4) H(P14) + 25m2L4b 2(1*)1_[( ) — 25m2L2*L2H(2) + 25m2L2H(4“ b9 — 5m2(L2)2H(2*) - 5m H(6G 2%)
+ 2B, Ly, T1? + 2B, L, 1149 — 3B, (L,)*T1? — B,1109 — 2L, ,TI® + 2L, | L,T1? — 21,1165
+ (L) 114,

H(p15) H(pls) - BmGHH(Z ) + 28”’[2[44 2H(2 ) — BG H(2) + 232L4 2H( ) — 2L4 2H(4b)

MO = 1P — 2L¢,  TI@ + 2Ly, L, TT® — Ly, 114,
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H(pnl7) e — 2Ly 21-[(2)
H(pIS) s — 2L6(}2H(2)
L = TP — 2L sTI® + 204, L T1® — Ly, TT60 + 2L, LTI — L IT6F + (L,)2T1640) — 2(L,)311@),

H(pZO) H(p20) - 5m6CH(2 ) + 25m4bL2H(2 ) + 5m4 BmZ*H(Z ) + 57’}’14 BZ*H(z) - 5m H(4b 2%)
- 26m2*5m2L2H(2V) + 6sz4aH(2*) - 28”’[2B2*L2H(2) - 25m232L2H(2*) + 25m2L2H(4b’2*) - B6CH(2)
+ 2B, L,11® + B, ,B,]1? — B, T1*) + 2B, L, 11%#") — 2(B,)2L,I1® — 21,11,

H(p21) H(p21) - 5m6EH(2 ) + 5m4a(2*)3m2H(2 ) + 6m4 le_[(2 ) + 5sz4a(2*)H( ) — 25m232L2*H( )
- 25szzL2H(2*) + 25m2L4h’1H(2*) + 26m2L2*H(4h) - 8m2H(6D’3*) - Z(sz)sz*H(z) - BﬁEH(z)
+ B4aBZH(2) + 2B2L4b’1H(2) + 2B2L2H(4b) - le_[(éD) - 2(32)2L2H(2) - 2L4b,11_.[(4h),

T2 = P22 — Sl + SMyp(an My I1®) + Smyy, Smy 1) + Smyy By I1? + Smy, By 11 — Smy, 11402
— 8y 8my By I1? — 8my SmyBo 11 + 8my, Smy 1402 — (8my,)? 8my 1% + SmyByy . 112
+ 8my By 11?9 — 28m, BBy 11? + 5my By, 1140 + 8my By T1#2%) — §m,(B,)?T1%) — §m, 116639
— (6my)?By 11 — B, 11@ + 2B,, B, 11 — B,, I14") — B,T10C) + (B,)2I14Y) — (B,)311?),

Hﬁg[%:” = H(P23) - 2L6G3H(2)’
L = T2 — Lo T — Loy T + 3L,,,L, 11 — Ly, ,TT40 — L, T16H),

H(p25) H(‘DZS) - 26"’[232[42*1_[( ) — 26szzL2H(2*) + 25m232H(4a 1) + 5m2L4b 1(4%)H( ) + 5m2L4b 1(2*)1_[( )
+ 23m2L2H(4b’1*) - 6m2H(6E’4*) - 5m2H(6E'2*) - (8"’[2) Lz(l*lv)n( ) — (8M2)2L2 (2**) + (81’}’[2)21—[(4“’1*1*)
+ 2B, Ly T1? + 2B, L, 11 — 2B, T1F) — 2(B,)2L, 112 + (B,)2 1140 — L, \TI? — L, 1104,

T = 1029 + §my, 6my 1™ + 8my, BT — 8my I + 8my By, 112 — 48m,B, L, 112
+ 45m2L2H(4b’1*) - 5m2H(6D’1*) - 2(5m2)2L2H(2**) + B4aB2H(2) - B4aH(4b) + 4BzL2H(4h) - an(6D)
- 2(B2)2L2H(2) - 2L2H(6A),

L7 = 02D + §myLyy 100 TT? + 8myLyg I — §myLy Lo T + SmyLy T4 — §my(Ly)2T12)
- 5m2H(6F’1*) + 2BZL4a,IH( ) + BzLZH(4a) - 2Bz(L2)2 (2) - BzH(6F) - LGD,IH( ) + L4b,1L2H( )
= Ly 114 = LyTTOF) 4 (Ly)* 1T,

H(ng) H(ng) + 5m4b3m21_[(2**) + 6m4bB2H( ) — 5m4bn(4b1 ) — 3m2*5szZH(2*) + (sz 5m2H(4b 1)
- 5m2*(5m2)21_[(2x*) + 5sz4bH(2*) - 8szz*an(2) + (szBz*H(4b) + 67712821_[(4b'2*) + 25m232ﬂ(4b’1*)
— 28my(By)* 1) — §my IO — my TTOA2) — (8my)? By TT®) — (8my)? By T2 + (8myp) 2 [114152)
+ By, B,11® — B,, I14¥) — B, 11©C) — B,T10A + 2(B,)2I1*?) — (B,)3I1?,
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H(p[129) H(ng) + 5m2L4a 2(2*)1_[( ) + 5m2L4 21_[(2 ) — 67’}’1 H(6H 1*) + 232L4 2]._[(2) - 2H(6H) - L6E,2H(2)
_ L4a’2H(4b),

H(p30) H(P30) + 5m2L4b 2(2*)1—[( ) + 5m2L4b 2H(2 ) — 25m2L2*L2H(2) + 5m2L2 H(4a) + 5m2L2H(4” 1%)
— 8my(Ly)*T1?) — §my 110G + 2By Ly, TT? + 2B, Ly 1140 — 3B,(L,)2 11 — B,1109) — Ly, 11
= Lypp 1T + 204, Ly TT® — Ly, TTEO — LHTTCE) + (L,)*TT),

H(P’”) H(p3l) + 5m2L4a 1(]*)1_[( ) + 5m2L4 lH( o 5m2L2*L2H( ) + 5m2L H(4a ) 5m2(L2)2H(2x)
- 5m2H(6F’5*) + 232L4a,1H(2) + B2L2H(4a) - 232(L2)2H(2) - B2H(6F) - L6D,3H(2) + L4b,1L2H( )
— L4a,1H(4b) _ LZH(GE) + (L2)2H(4b),

H(pSZ) H(p'n) + 67’}’[4 LZ*H( ) + 5m4 Lzl_[(2 ) - 8m H(4a1 ) - 25m2L2*L2H(2) + 267’)1 L H(4a 1*)
— 28my(Ly)* 1% + 2B,,L,11? — B, 114D + 2B, L, T140 — 4B,(L,)*T1? — Ly T1? + 2Ly, L, 11
— 2L, T10E) — [ T1OD) 4 2(L,)2T14h),

LY = 0 — Lo T — Lep 1T + 4Ly, LTI — Ly, T4 — L, TI6F) + (L,)2T140) — 2(L,)* 1@,

T8 = 1039 — Sy 1@ + Smy, L, 1129 + SMaq(100mI1®) + Smy By 11D — Sy, Smy L, 1Y
+ 8myBuy1911? — 8myBy Ly ]1?) — 8myBy Ly, 11? — 26m,y By L, 11%) + 8myLy, , 11 + Sm,L,, 114
+ 8my Ly 11402 — §m, ITOP2%) — (§my)? Ly 1% — Bgp 11? + By, L,11? + B, B,11? + B,L,, , 11?
+ 2B, L, 11 — B, T1OP) — 2(B,)2L,11? — Ly,  T14) — 1,110

H(P35) H(P35) - LﬁG4H( ) - L6F2H(2) + 2L4 2L2H(2) - L H(GH)

T = T3 — L, 1T = LeaTI® + 2Ly, LyTI® + 3Ly LTI — Ly, TI4 — L1166 — L, 1165
+ 2(L,)*I1%0) — 3(L,)3 11,

e = 13 + Smyp Ly I1® + 8mgy Ly IT) — 8y, IT4T) — §my, Smy Ly JT® — Smy, 6m, Ly 112
+ 8y dmy 141 — 28m, By Ly ]1? + 8my By 1149 — 8myBo Ly J1® — 8m, B, L, 112 + §m, B, T4 1%)
+ 8myLyy 13 11? + SmyLy 11402 — §my [1OE3) + 2B, L,11? — By, 1140 + ByLy, (112 + B, L, 1149
= ByI165 = 2(B,)’ L, 11P + (By)* 11U — Lgp 1T® — L, 119,

H(p38) H(p38) + 5m2L4a 1(4*)1_.[( ) + 5m2L4a 1(3*)1_.[( ) — 25m2L2*L2H( ) + 5m2L2 H(4a) - 5m H(6F2*)
+ 2B,y L40 | 11? + By Ly 1140 — 2B,(L,)2T1? — BITOF) — Lep \TT® — Lo sTI? + 2Ly, Ly T1? — Ly, T4,

LY = TP — §mggTT®) + 8my, LT + 8myLy, 2 1T + Smy Ly TT®) — 28my(L,)2 1) — B TT@

+ By Loy J1? + ByLyy o 1T + ByLy, [ TT® — 2B,(L,)2 11 — Ly, TT@Y) — Ly, 114 — L, T16P)
+ 2(L,)2T14),
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APPENDIX C: INTERMEDIATE
RENORMALIZATION BY K OPERATION

This appendix describes how UV-divergent subdiagrams
obtained by applying the K operation on the original un-
renormalized vacuum-polarization functions are separated
out.

LYV, BYV, etc., denote UV-divergent parts of renormal-
ization constants L,, B,, etc., defined by the K operation.
Quantities with A attached in front are finite parts of the
quantities. Note that Adm, = 0 so that dmJV can be
replaced by 6m,. Derivative amplitudes [25] are denoted
as L, B}, etc.

1. Fourth-order vacuum polarization

140 = ATI40) + 2L 0VIT®),
149 = ATI@) + BUVIT® + §m,T1C),

2. Sixth-order vacuum polarization

H(6A) _ AH(GA) + 2B§JVH(4b) _ (BgV)2H(2)
+28m, T4 1%) — 28m, BYVIT?
— (8m,)* 112",

168 = ATT6B) + 2B§JV TT@b) — (BEJV)ZH(Z) +28m, 1404
—28m, BYVII®) — (5m,)? 113,

T160) = ATI®O) 4 BUVIT#) — BYVBIVII) 1 UVIIQ)
— BmIZUVBlzjVHQ*) + 3m21_l(4b'2*)

— SmydmYY ) + smyyY 113,

T16P) = ATI6P) + BUVIT® + 2LYVIT4) — 2LJVBIVIT®

— 28myLYVIICY + SmUVIIC?),
|

PHYSICAL REVIEW D 83, 053003 (2011)
I165) = ATICE) + BUVI[@4a) — LUV BRIV

+ LYVIT@) — LIVBYVIT® + LYYV 11

+ omy 141 — S, LIV,

H(6F) _ AH(6F) + LgVH(4a) _ 2(LI§IV)2H(2)
+2LYY, 112,

H(6G) — AH(6G) + ZLEVHM“) _ 3(L5JV)2H(2)

+ 2Ly, T,

TOH = ATTCH 4 21UV, [TO),

3. Eighth-order vacuum polarization

H(pOl) — AH(pOl) + ZL%TVH(6F) _ (LIQIV)ZH(éta)
+ 2(LI2JV)3H(2) — 4LEZ1L12JVH(2) + 2L2X3H(2)’

1(r02) = ATI(P02) 4+ 2L51}’3H(2),

H(pOS) — AH(pO3) + 2L12JVH(6G) _ 3(L12JV)2H(4¢1)
+4(LYVYP T + 2LV, 1140 — 6LYY, LIVIT®
+ 2L‘6Jg3ﬂ(2>,

[P0 = ATTP0H + 3BIZJVH(6A) _ 3(BIZJV)2H(4},)
+ (BYVYIIO + 5m, 116434 + 25m, 11(641%)
— 66m,BYVII¢P 1) + 35m,(BYY )2 11?9
= (8mpP TIP3 — 2(§my) T1 40 1+1%)
+ 3(8my)2BYVIIZ*) + (8m,)3 T1@),

I1(P09) = ATI(P05) 4 2BYVITO8) 4 BYVITOA) — 3(BVVRITUY) 4 (BYVYII®) + 28my 16819 4 5y, 1646
_ 45szI2JVH(4b,4*) _ 25szIZJVH(4b,l*) + 35m2(BI2JV)2H(2*) _ (5m2)2n(4b,4*4*) _ 2(5m2)21_[(4b’1*4*)
+ 2(8my)2BYVIIZ™) + (8m,)2BIVIT™) + (8m,)3 113,

H(p()f)) — AH(pOfJ) + ZBEVH(GE) _ (BgV)ZH(4a) _ LIZUVBENHW’) + LQUV(BIZJV)ZH(Z) _ L/2UVBIZJVH(4h)
+ LIOV(BYV)ITT® + 2LV, TP — 2L0Y, BWVTT®) 4 28m, TIOEY — 28m,BYVTT¢a19) 4§, L0V BYVITY

+ SmyLiPVBYVIT®) — 28m, LYY, T1*) — (8m,)2 141529,

(P07 = ATIPOD + 2BIZJVH(6E) _ (BgV)ZH(Ala) + LgUV(BIZJV)QH(z) + LEVH(GB) _ 2LEVBEVH(417) + LIZJV(BIZJV)ZH(Q)

_ HJUV
2L4b,1(1’

JBIVIT®) + LIV TTD + 28m, 11053 — 25m, BYVITU41) — 25m, LYV 11404

+ ZSmZLEVBgVH@*) — (5m2)21‘[(4a,1*4*) + (sz)ngVH(Z**>,
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1% = ATIPO®) + 2BIVITOE) — (BYV)2I14a) — 2L /0VBYVITGH) 4+ 2L/9V(BYV)PIT@) + 2LYY 1140 — 210V, BYVIT®
+ 28m,y ITOES) — 28m, BYVIT@e 1) + 28m, L7V BIVIT?) — 28m, LYY 1% — (8m,)>T1 a3,

[P0 = ATI(#9 4 BIVIIOD) + BIVIT¢H) — BVBIVTT?) + oL YVTTOB) — 47 IVBIVITUH) 4 21 9V(BYV)2 1)
+ SmyI1OP0) — 5, BIVIT®) — 48m, LIVIT@4) + 48m, LYY BYVIT®Y + 2(8m,)>LYVIT )

+ 3m}favH(4b’4*) — SmfangVH(z*) — Sm}favﬁmzfl(z**),

TI(P10 = ATI(IO) 4 BYVITOO) 4 BUVITOB) — BUVBIUVITEH — (BUV)2TI@H) 4 (BYV2BUVIT?) 4 BUYTT“H)
— BYYBYVIT® — sm!/VVBYVITG@P4) + §mUV(BIV)2 T + myI1OCH) + §m, [1082%) — §m, BYV 1 4#04%)
— 8myBYVIT422) + §m, BYVBIUVIT®Y) — Smy BYY T — Smy SmyY TI#0%) + 5m, sm3Y BIVIT 2
+ 8mySmY BYVIT®*) — (§m,)2TL@24) + (8my)?SmIY 1) + SmiyY 144 — §mYV BYV 1)
— dmYY Sm, 1),
[P = ATIPID + BYYTI® + 2LYVITOP) — 2L 9VBIVIT® — 3(LYV)?TIUD) + 3(LYV)2BYVIT® + 2L T4

— 2LV, BYVIT® + 38my(LYVPIIC — 25m, LYY, 1) — 25mUY LYVITC) + smUY 1),

[P12 = ATT(P12) + 2BYVITOO0 — (BYV)2ITEH + (BYYRBIUVIT® — BYY, BYVIT® — BYY, BYVII® + BYYIC)
+ SmiUY (BYYRTICY) + 28m, 1€ — 28m, BYVITH2) + §my 5mV BIVITC?) + Smy 5milY BYVITC
— (BmyPIIOP22) 4 (5my)? SmPYV T — 26myY, dmy 113 — smlY,, BIVIIC) — smY  BYV T

uvyy2*
+ omg, @),
13) — 13 Uvrr(6H) — 7 UV uvyir(2) — yUv uvyr(2 uv 2 6H, 2+
P = AT + BYVITOH — V) | BIVIT® — LYY, | BIVIT® + 2LgN 1) + §m, T164:27),
P4 = AT 4+ BgVH(GG) + 2L12JVH(6E) _ ZLEJVBEJVH(M) + LEJVL/zUVBgVH(Z) + LEJVL/zUVBgVH(Z) _ (LIQJV)ZH(M;)

+ (LVyPBYVIT® — LYY, BYVIT® — LYY, | BIVIT® — 2% LIVIT® + 2Ly, TT? + §m, 116662

— 28m, LIVITH 1)+ §my(LYV)2 113,
[P = ATIP1 + BIYTT? + 2LYV 1140 — 219V BIVIT® — 26m, LYY, 112 + smZy 1129,
[1P10) = ATIPIO) + L9V [1¢0) — 2LV LIVIT? + 208y 111,
P = ATIPD 4 2LI6JI-\I/,2H(2)’
P18 = ATI(P18) + 2Lg(\;{2H(2),

TI019) = ATIC19) 4+ LYVITER — (LYV) T 4 2(LYV)PTIC) + LYY, T4 — 2L, LIVIT® — 2LYY, LYVIT®)
+ 2LV @),
T2 = ATIP20 4 BYVITGD — BYYBIVIT®) 4+ BUVIT) 4 2LYVITOO — 2LYVBYVITED + 219V BYV BV ITO)
— 2LYVBYYII® — smlUVBYVIICY + 26mPV LYY BYVIICY — 28m, LYV IT#29 + 26m,5myY LYV IICY

—26mPYLYVII®) + SmyVIT402) — SmY SmyY 1?9 + dmIY 11,
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(2D = ATIP2D 4 BUVIT6D) — BEXzf)BEVH(z) + BUYII® — LUVBUVII@H) 4 [IOV(BUV2[I®) — [/UVBUVI](D)
+ LPVBYV)PII? + 2Ly 114 — 2L YV, BIVIT®) + §m,I1CP3) + 8my LOVBYVIT®) + §m, LYV BYVIT)
- 25m2L}fl¥1H(2*) — omYY,  Sm, [T — BmEXZ,)BgVH(z*) + SmIY 112,

4a(2%)

H(p22) — AH(p22) + BgVH(6C) _ BgVBIZUVH(M?) + BgV(BIZUV)ZH(Z) _ BE}XZ/)BEVH(Z) + B}L]bVHMh) _ BEbVBIZUVHQ)
+ BUYTI® — smPY BYVITH2) 4 5mlUV BUVBIVIICH — 5V BUVITCY + smiY smlY BYVIICY
+ 8my I3 — §my SmEY T2 + my(SmBY PTI®) — smiy,  smy 1) — smiy, BYVIT@)

+ omyyY 129 — §mY SmIV I + smIy 1Y),
(P23 = ATIP23) + 2LE§3H(2),
[P = ATIP2) + LIVITOH) + LIV 160 — 300V LIVIT@ + LOY.T1@ + LEY, 11,

H(p25) — AH(pZS) + ZBIZJVH(f)E) — (BIZJV)QH(ALa) + L/2/UV(BI2JV)2H(2) + LIZJVH(GA) — 2LI2JVBIZJVH(4IJ) + L12JV(BI2JV)2H(2)
— LYYy BYVII® — LYY, BIVIT® + LY TT? + §my [IOE4) + §my 1652 — 25m, BYVIT 1)

— 28my LIV 1) + 265my LYY BIVIT®) — (8my)?T14 11 + (§m,)? LYVIT?),

T1r26) = ATI(2 4 BYVITOD) + BYVITHH) — BYVBUVITE) 4 2L UVITON — 4L0VBYVITED) 4 219V (BYVPTI®)
a
+ 8my IO — §m) BWVITC?) — 48m, LYV IIP1) + 48m, LYV BYVIT®) + 2(5m,)2 LYV 12+

T+ omYY I — sV BYVITC) — smyY sm, T+,

H(p27) — AH(p27) + BEJVH(6F) + LEVH(GE) _ LgVBgVH(4a) + LngéUVBgVH(Z) _ (LEV)ZH(‘”?) + (LgV)ZBgVH(Z)
— LYY LYV — LYY, | BUVITO) 4 LUV [16) — LYY, BOVIT®) 4 LUV 1) + Sy 116719

— SmyLYVITH1) 4 sy (LIVITC) — G, LYY, 112

129 = ATI28) 4 BUVII(6C) 4 BUVII(64) — BUVBIUVIT(6) — (BUVRIT4D) 4 (BYV)2BIUVIT®) 4 B‘llJbVH(étb)
_ B}tJbVBgVH(z) _ 5m/2UVBgVH(4b,1*) + SmleV(B%JVVH(Z*) + SmyTTOCT 4 Sy TT0A429) — 5szgVH(4b,2*)
— SmaBUVTTUP 1) + SmyBYYBIVITC) — SmyBUYTIC) — SmysmUY T 1) + Sy mlY BUVITEY
+ 8my dm!VY BYVIT ) — (8my) 2140129 + (§my)2dmyY I+ + 5mgl}/l_[(4b’1*) - BmEbVBIZJVH(Z*)
— BmEIYBmZH(z**),

72 = ATI%2) + BYVITCOH — LDV, . BIVIT® + LY, TT@P — LIV, BIVIT®@ + LY, 1@

+ Smy 1R 1) — §m, LYY, 114,

1T (p30) — ATl (p30) + BIZJVH (6G) __ LIZUVBIZJVH (4a) + LIZJV 1T (6E) __ lejVBgV I (4a) + 2L12JVL/2UVBIZJV I 2) _ (LEV)Z I (4b)
(LYVPRBIVIIO - LY, | BIVIT) 4 LV TT6H — LOY, BIVITE) + LYY, TT60 — 214, LYVTI)

+ LYY, TO) + §my[16619) — sy LIVITE1) 4 5y (LYVPII) — sm, LYY, 1162
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13D = ATI®3D + BgVH(6F) + LgVH(6E)

_ UV JUVTTQ uv
Ly L3 e — Liyarar)

_ LgVBgVHMa) + LEVL’ZUVBEVH@)
BUV 11 ?2) + L‘l‘JVl II (4b)
a,

PHYSICAL REVIEW D 83, 053003 (2011)
_ (LgV)ZH(4b) + (LgV)2BgVH(2)

— LYY BYVII® + LEY 1@ + 5m, 16554

— SmyLYVTIG1) + Sy (LYV)2II@) — 5my LYY, 112,

(P32 = ATIP32 + BV
a

+2LYVLPVBIVIT®

+ 28m2(LgV)2H(2*) + Bmk}tyﬂ(““’l*) —

H(p33) — AH(”33) + LgVH(GF) _ (LgV)ZH(M) + 2(LEV)3H(2) + LEZIH(M)

TIP3 = ATI®) 4 BYVITOP) — BYY. BIVIIC) + BYYTI®)

4b 2
— LYVBIVIT“®) + LIVBYVBIVIT?
+ 5myI16P2) + §m, LIV BIVIT) —

_ UV UVTT(2%) _ §,,,UV
omy, L; 1@ 5m4(1)

135 = ATI(P35 + LgVH(6H)

H(p36) — AH([)36) + LI2JVH(6G) + LIZJVH(éF) _ 2(L[2JV)2H(4”) + 3(LI2JV)3H(2)
— 3L}‘JZIL12JVH(2) + ng,zn(z) + ngZH(Z),

P37 = ATTW37 4 BIVIT©E
_ LEVBEV I (4b) + LIZJVBlzJVBéUV I 2) _

— LOVBYYTI® + 2LYVITO) 4 [YVITOD)
— 2(L5JV)2H(41)) + Z(LIZJV)ZBEVH(Z) _
SmYVLYVIICY),

2 4b
— LYVBYYTI® + LY, TI6V
5m LUVH(4b,2*) _

Smy 11 — smY., BIVIIC) + smly 1129,

_ BngleV I (4a) + BUV I (4a) + L/UVBUVB/zUVH ?2)
LUVBUVH(Z) _ LUV

—2LYVBIVIT@a) — LIVBIVIT®
2L, LIVIT® + LYY 1T — 28m, LYV IT¢e 1)

2 2 2
— 4L LIVIT@ + LY 1P + LYY T1@),

— LIZUVBIZJVH(MJ) + LQUV(BEV)ZH(Z) + leJVH(6C)
— LYY, BYVIIC) + 5mlVV LYV BYVITEY
Smy LYY T2 + §mysmYY LYY

2 2 2
= 2L, LIVIT® + LYY I + LYY 112,

LGP+ L

2 6
— LIPVBYNTI® + LYVIT6O)

4b, 1(3/)BUVH(2) + LEI}TIH(Z) — 5m/2UVB12JVH(4a,I*)

+ omIV LYV BYVITC) + 5y TTOE3) — 5y LYVIT29) — sy sm¥Y 1419 + sy smY LYVITCH

+ SmUYITUat) — 5V LIVITE),

[1(P3®) = ATTP3®) 4 BIVIT©H

BUVH(2 _ LUV

— Ly 4a,1(3)

da,1(4)

@39 = ATI@39 4+ ngn@) + LgVH(GD)

- LYVBYI® -

— LPVBYVII® + 2L9VLIPVBIVIT® + LYY 1140 — 2LV, LYVIT®

uv 2 Uuv 2 uv 2 OF,2:
BYVIT® + LYY 1T + LUY 1) + §m, T16F29),

2(LUV) ey + 2(LUV)ZBUVH(2) + LUV R

— LYY,BYVII® + LY T4 — LIV BIVIT® + 26my(LYV)* 11 — 8m, LYY, 112 — 5m, LYY, 1129

— mYYLYVIIC) + smUYI1CY,

APPENDIX D: DIVERGENCE STRUCTURE OF
RENORMALIZATION CONSTANTS OF SIXTH
AND LOWER ORDERS

Throughout this appendix L,, B,, and &7, denote
quantities obtained by removing the overall UV divergen-
cesof L, B,, and 6m,, by the K operation. They may still
have subdiagram UV divergences which are subtracted by
subdiagram K operations. The resulting UV-finite quanti-
ties are denoted as LR, BR, and §m?®. These quantities may
have IR divergences, which are subtracted by R subtraction
and [ subtraction. These operations create UV- and

IR-finite quantities which are denoted as AL,, AB,,
and Adm,,.

1. Second-order renormalization constants
Ly=LV+ 1L, LR=[,=1,
B,=BVV+B,  B¥=B,=-1,+AB,
ALB,=L8+BR=AB, B, =—2L,,
Ly =Iy + ALy, By = —2QLyu1s) + Laeae),
Smy = SmyY + I, + ASmy-.
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2. Fourth-order renormalization constants

dmk, = sy,
dmk, = 8y, — Sy BYY — Sy Smy,
Admy, = Smk,
Abmy, = Bmfb,
Abémy = Admy, + Admy,,
B = By, —2LYVB,,
BR = By, — ByBYY — dmyB,.,
Ly, = Ly, — LoLYY,
Lffa,Z = L~4a,2’
L8 =Ly — LyBYY — 8m,L,,,
LY,y = Lapy = LL5Y,
ALBy, = By, + 2L, + L, »,
ALBy, = be + 2L§b,1 + Lffb,z - L§B§ - (Lg)z’
ALB, = ALB,, + ALBy,

3. Sixth-order renormalization constants

5m§A = 6ﬁl6A - Blzjv8n~14b(1/) - Bgvérfub@/)
- 23m25n~14h(1*) + 57712//(Blzjv)2
+ Sﬁ’lz*/aszgV + 577’12*/8}’”235}\/

+ 67712**(6’”2)2;

5m§B = Eﬁ’lGB - BIZJV(SI’;[M’(Z/) - 5m287h4b(2*) - 67’7’[2/3}1ij
+ 81y BYYBYY — 81y, dmYY + Siiy, SmYY BYY

+ 5}’712* 5mgy5m2,

5m§c = 5ﬁ16c - 2LgV8n‘7l4b - 6}’7’!273}3;/
+ 28y LIVBYY — Siy, 5myY

+ 2877’12* 6M2Lgv,
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(Sng = 6ﬁ7’6D - Bgvéfh4a(1/) - Lgvéﬁub
- 5m25n~14a(1*) + (SI’T’lergVBgV

+ 677’12* 8M2LUV,

Bng = 51’7’[6]; - Bgv5ﬁ’l4a(2/) - 8m25ﬁ14a(2*),

Smb, = Simgp — 2LV Siny,,
Sm8. = dingg — LYY Siiny,,
SmB, = Sy,
ASmgy = Smk,,
Admep = dmgy — [425’”51)’
Admee = dmge — Lrdmf,,
Admgp = Smk,,
Admgp = dmk&,,
Admgr = dm&,
ASme = dm¥,

Admey = Sm&y,

Admg = Smf, + 6m¥y + SmE- +28mk, + dm¥;

+ 8mb, +26m8, + dmf,, — IZZBmffa

_ 7 R
L26m4b,

BgA - EGA - Bgvg4b(1/) - BIZJVBM)@/) + B;Z//(BIZJV)Z

R
B6B

- 28”’[234[,(1*) + 6szngz*/ + 5m2Bngz*r
+ (5m2)232**,

== E6B - BQ*BmEbV - Bgvg4b(2/) - Bz/BEbV

+ Ez/BgVBIZJV - 5sz4b(2*) + SmEVBgVBQ*

+ 3mg*\/5m232*,

Bl = Boc — Bo,omlY — ByBYY —2LYVBy,

R
B6D

+2LYVB,BYY + 26m,LYV B,.,

= Bep — BYV By, — BoLY)Y, — LYV By,

+ LgvgleIZJV + Lg,vézBIZJV - 5m234a(1*)

+ 6m2Lngz*,
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BR, = Beg — BYV Byyy — 2B,LYY, + LYV B,BYY

+ Lg/véngv - 5m234a(2*),

2LYVB,, +3(LYV)?B,,

By = —2B,LY)Y, -
Bf; = Beg — BZLE;,] BZL4b2 LYVB,, +2(LYV)?B,,
Bfy = Bey — 2B,LY)),,
L& = Lear = BYY Ly yary) — BYY L1z + Lon(BYY)?

— 8myLyp (1w — OmoLay 13w + SmyLywBYY
+ 8m2L2*/BgV + (5m2)2L2(1*1*)’

LgA,Z = £6A,2 - Bgvf‘4b,2(3/) - Lgvf‘4b,1 + ljz/LgVBgV

— 8myLyp s + Smy LYY Lo,

2BV Lyp 11y + Lon(BYV)? — 28m, Ly, 1)

LgA,S = Leas —
+ 26m2L2*/BgV + (5m2)2L2(1*(1’)*),
L& = Lep1 — BYYLup 1) — Lyudmyy — LyBY)Y
+ LzIBUVBUV - 5m2L4h 1(2%) + 5m VLZ*BUV
Lgss = Leps = BY Y Lapory) = LoLy)y + LoLSVBSY
- 5m2L4b,2(2*),
LgB,S = EGB,3 - lejqub,z - £2L}ljb\,/2 + EZ(LIZJV)Z,
LE., = Lec) — LyndmlY —2LYVE,,, — LyBYY

+ 2Ly L9VBYY + 26m, L5V L,.,

Ly =Loco — LYV Ly — LLLYY, + Lr(LYY),
LE.3=Lecs — EzL}sz,
Lgpy = Lepi = BSVLugry) = LV Lapy + Ly LYVBYY
— 8myLyg 1y + SmaLYV Ly,
L§D,2 = L~6D,2 - L‘zjv1:4a,1 - Lgvl:zm,z + Ez(LEV)Z,
Léps = Leps — BSVLyg1qny — LYVLyy,, + LyLYVBYY

— 8myLyg (1w + 8my LYV Ly,

L§D,4 = I:6D,4 - Bgvimz(l’) - 6m2L4a,2(1*):

PHYSICAL REVIEW D 83, 053003 (2011)

Lgys = Leps = BYYLaqi) — LoLlip)y + LLYVBYY

— 0my Ly, (34

Ly = Loy = BYYLagi2) — L2L4b1 + L,LYVBYY

- 5m2L4a, 1(2%)

L&, = Legy — BYY Lugoiaryy — 8maLay o,

R _ 7  _ JUVF
Legs = Leps — Ly "Lygp,

LEe = Lepy — LYV L4y — LYY, + Ly(LSV)?,

LgF,z = I:6F,2 - Lgvimz,
Lé 3= Lers = 2LYV Ly, + Ly(LYV)?,
LE. = Loy — LYVLyuy — LzL}JJl + Ly(LYV)?,
Lgcz = 1:60,2»
LgG,S = I:GG,S»
LE; = Loga — LYV Ly,
L8 s =Legs — LYV Ly, — LoLY), + Ly (LYV)?,
LgH,l = Lo — EzLE‘,\,Iz,
LgH,2 = EéH,z,

R =
L6H,3 - L6H,3r

ALBgy = BE, +2LE, | +2LE, , + L&, , — 2ALB,LE,
ALBgs = BR, + 2LE,, +2LE,, + LB, ; — ALB,, L%
— ALB,L% ,,
— ALBy, LR,

ALBge = B§. + 2L{e, + 2LE0o + Lics

_ pR R R R R R
ALBsp = Bgp + Lepy + Lepn + Leps + Lepa T Lep s

— ALB,L%,

ALBg = B’gE + 2L§E,1 + 2L§E,2 + LgE’3 - ALBszfayz,

ALBgp = By + 2L§r | + 2L¢p, + Lir s,

— RR R R R R R
ALB6G - BGG + L6G,l + L6G,2 + L()G,3 + L66,4 + LGG,S’
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(1]
(2]
(3]

ALBgy = BgH + 2L§H,1 + 2L§H,2 + L§H,3’

H
ALBg = AgALBgg,
B=A

(D1)

PHYSICAL REVIEW D 83, 053003 (2011)

where Ay = A = Ac= A =Ap=Ayg =1, and Ap =

/\G=
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