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First-order quantum correction to the Larmor radiation from a moving charge
in a spatially homogeneous time-dependent electric field
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First-order quantum correction to the Larmor radiation is investigated on the basis of the scalar QED on
a homogeneous background of a time-dependent electric field, which is a generalization of a recent work
by Higuchi and Walker so as to be extended for an accelerated charged particle in a relativistic motion. We
obtain a simple approximate formula for the quantum correction in the limit of the relativistic motion
when the direction of the particle motion is parallel to that of the electric field.
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L. INTRODUCTION

The Larmor radiation is the classical radiation from a
charged particle in an accelerated motion [1]. In a recent
paper by Higuchi and Walker [2], the quantum correction
to the Larmor radiation is investigated on the basis of the
scalar quantum electrodynamics (QED). In their approach,
the mode function for the complex scalar field is con-
structed with the Wentzel-Kramers-Brillouin (WKB) ap-
proximation, in a form expanded with respect to A. In a
series of Higuchi and Martin’s work [3-5] (see also refer-
ences therein), it has been well understood that the mode
function reproduces the classical Larmor formula when the
radiation energy is evaluated at the order of #°. The first-
order quantum correction to the classical Larmor radiation
is evaluated at the order of 7 in Ref. [2], though the
investigation is limited to the nonrelativistic motion of
the charged particle.

In the present paper, we consider a simple generalization
of Higuchi and Walker’s work [2], in order to investigate
the case of a relativistic motion of an accelerated charge.
Assuming a homogeneous but time-varying background of
an electric field, we derive a formula for radiation energy
of the order of h, the first-order correction due to the
quantum effect. This generalized formula is applicable to
an accelerated charge in a relativistic motion, and we focus
our investigation on the first-order quantum correction to
the Larmor radiation in the limit of the relativistic motion.
This paper is organized as follows: In Sec. II, we present
the general formula for the first-order quantum correction
to the Larmor radiation. In Sec. III, we show that the
formula reproduces the same result obtained in Ref. [2],
in the limit of the nonrelativistic motion of an accelerated
charge. Then an approximate formula in the limit of the
relativistic motion is presented. Section IV is devoted
to summary and conclusions. In Appendix A, a brief
derivation of the approximate formulas is summarized.
In Appendix B, we consider the validity of the WKB
approximation. Throughout this paper, we use units in
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which the velocity of light equals 1, unless stated

otherwise.

II. FORMULATION

We consider the scalar QED with the action

S—fmf[a)@Uw¢—th¢— F,,F* ]

(D

where D, = (9/dx* + ieA,/h), e and m are the charge
and mass of the massive scalar field, respectively, and w is
the magnetic permeability of vacuum. We work in the
Minkowski spacetime, but consider the homogeneous elec-
tric background field E(z), which is related to the vector
potential by A, = (0, A()) and A(t) = —E(1), where the
dot denotes the differentiation with respect to the time. The
equation of motion of the free scalar field yields

(p — eA() + m _
(atz fl ) p(t) - 0’ (2)

where ¢, () is the coefficient of the Fourier expansion of
the field, i.e., the mode function. Using the mode function,
which is normalized so as to be ¢p¢, — ¢p¢, = i, the
quantized field is constructed as

D) = 4153y Oy + 6 DL, )
P

where L3 is the volume of the space, the creation and
annihilation operators satisfy the commutation relations,

MPQJ=6MU ww%qzw;QJza 4)
and the same relations hold for ¢, and c[‘;. We also quantize

the free electromagnetic field as

X

—zkt
( ak+Hc)*& (5)
A=12 k

NeT:
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where €, denotes the polarization vector, and al’yr and ap
are the creation and annihilation operators which satisfy
the following commutation relation,

[a}, alT]= 6™ 8y . (6)

We consider the process in which one photon is emitted
from a charged particle, as shown in Fig. 1. Note that this
process is prohibited without the background electric field
because of the Lorentz invariance of the Minkowski space-
time, which ensures existence of the frame that the charged
particle is at rest. However, on an electric field background,
we have the radiation energy from the process, which can
be evaluated, as follows. Using the in-in formalism [6,7],
we may compute the radiation energy at the lowest order of
the coupling constant,

E= Z[ﬁkhk@ﬁ*aﬁ)
A

- h—2zfd3khkRe fm dt
)l — 00

< [ antnlaati e, )

where we adopted the range of the integration from the
infinite past to the infinite future, and |in) denotes the initial
state, which we choose as one charged particle state with
the momentum p;, i.e., |in) = ngIO), and

H,(t) = —% fd%;AM{(aM — %A#)¢>T¢
- ¢+<a# + %A#)¢}. 8)

Expression (7) leads to the lowest contribution correspond-
ing to the process of Fig. 1,

ez d3k eikt 6
N L (LN C I
e J 2m)} { If ok <8t ‘pr( ) @p. (1)

05 ep0) |

- | fdt \e/;‘_;(w @p, () ¢p, (1)

a0 PN g, )| ©

where py = p; — 71k, and €, is the permittivity of vacuum,
which is related to uy by €yuo = 1/c* = 1. Performing
the partial integral and using Eq. (2), we have
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FIG. 1. Feynman diagram for the process.
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where k is the unit vector of k, ie., k =k/|Kk|.

We consider the following WKB solution for the mode
function

N0 =#exp|:—iftﬂp(t’)dt’:| (1)

1/29p(f)

2
s, 1,0

with
Q1) = y(p — €A + m?/h; (12)
then Eq. (10) gives
21 [ dk k - (2p; — 2eA(r) — hk)
N 2_60? (277)3{ ,[dt

h,/ﬂpi ()4 /pr(t)
X exp[ikt + ift(pr(ﬂ) — Qpi(t/))dﬂ:l |2

B | [ dthl-—ZeA(t)—hk
Ry, (1)4/ 2, (1)

x exp[ikt +i f (1) - Qpi(t’))dt’] |2} (13)

with

Q, (1) = %\/(pi Z oA + it
(14)

1
Q,, () = %\/(pi — hk — eA())? + m?.
In order to evaluate the quantum correction, we consider
the expansion in terms of a power series of #. Up to the

order of O(h), we have

Q

—Q, = k- (p; —eA)

P — AR 2

h( K

+ —

2 V(p; — eA)? + m?

(k- (p; — eA))? )
Vip; — eAZ + m%/

1 1
h@; oW o — AP T
h k-(p;i—eA)
<143 (o, — cA) + 1)

then
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£ Loy J s Joef (i ) )

_dx ax }elkf lkf’[l | Tk k- (pi—eA)
dé dé 2 (p; — eA)? + m?
LDk K-(pi—eA) in ( K
2 (p;— eA)* +m? ' \{(p; — eA”)? + m?

_ Rk (p = eA))?
Vo, = AT

)dt” + @(hZ)], (15)

where we used the notations x = x(7), x' = x(¢), A =
A1), A’ = A(Y), A” = A(¢"), and we introduced the
new variable ¢ instead of 7 by

- (pi — eA(t")
=1 — dt’, 16
- f oy 19

and &' is defined in the same way as ¢ but with replacing ¢
by . Furthermore, we introduce the quantities parame-
trized by ¢ (or £),

dx
= =p; — €A, 17
= p,—e (17)

dt
— =4/(p; — eA)? + m?% 18
i \/(P eA) +m (18)

then Eq. (15) is rephrased as

e= =g Ja [ o¢ [l )5 )

_dx dx} ke~ tkf’[l +@<f{.d_"ﬁ
d§ d&' 2 dt dt
. dx' dr'\ ihk* [t . dx\2
k-2 g - (k-2
ar dt’) 2 ). ( ( dt”) )]
+ O(1?). (19)

The mathematical technique adopted in Ref. [2] is equiva-
lent to replacing k in Eq. (19) by the partial differentiation
with respect to & or &' which operates to e*¢ ~*¢' Partial
integrations lead to

E=EO + EV + O#?), (20)

where we defined

2 o
E(°)=—67[d9mf dkfd
2€,(2m)° k ¢
¢ Ax\(~ d*x"\ d*x d*x
f f d§2 df/z d§2 dfl2

21
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EO = —ﬁ;ﬁ f a0 [0 " dk [ dé / A eME=8)
8 {m(ddf ddf)ddf %[((k ;b;)(k %)

_d_x.d_x)<f{ dxd7+ﬁ dx’ dr)]
dé d& dt dt dr’ dt

inh d* d> [<< dx)(A dx) dx dx)
+—— ——|([k- =)k -

2 d&? der? dé da¢')  dg dée

@) dr" ~ dx"\2
X dé¢'"— |1 -k -—- , 22
Joo (- G)) e
where E© and E(V are the terms of the order of 4% and ',
respectively. Here, we assumed the boundary terms can be

neglected, as is the case in Ref. [2]. The integration with
respect to k yields

e J 05 [oe((8) - (- 28))

(23)
The expression (23) yields the classical formula of the
Larmor radiation from a charged particle. The first-order
quantum correction of the order of # is described by
Eq. (22), which yields

i [ [ fae L
X{<d§ df’)df df’[«ﬁ g)(k Z§>
)]
i el (0 B0 5) - 5 i)
St g -5 e

Equation (24) transforms into Eq. (A3). Other useful for-
mulas are summarized in Appendix A.

E(O) _

ED =

III. APPROXIMATE FORMULAS

In the nonrelativistic limit, where the velocity
v = dx/dr is small compared with the velocity of light,
|v| < 1, Egs. (23) and (24) reduce to

EO = Gre. f drv(t) - v(1), (25)
(1 _ ,V(f) (1) — () - V(1)
E e fdzfd — , (26)

respectively. A brief derivation is summarized in
Appendix A. Equation (26) was found for the first time
by Higuchi and Walker in Ref. [2]. In the case of the
periodic electric field, |[E| = E, sinwt, where E, is a con-
stant, we have the periodic acceleration, V| = (eEy/m) X
sinwt. Then
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dE©  e*E} sin*wt

o= , 27
dt m? 6me, @7)

(1) he'E]
g _ R 9 (28)

dt m*=  12meym

After taking an average over a long time-duration, we have

(1) h
E __ 1o (29)

E© mc

where c¢ is the light velocity, which is restored here. The
quantum effect becomes important when the time scale
of the acceleration multiplied by c¢ is comparable to the
Compton wavelength, namely, when the wavelike feature
of the particle appears.

Let us consider a more general case, when the electric
field |E| = Eyf(t/1,), where f is a function of /t, with
a constant f,(>0). In this case, the acceleration is |v| =
(eEq/m)f(t/ty), and Egs. (23) and (24) give

€4E(2)t0

EO0 =~ Z0°9
6meym?

f drf2(r), (30)

g = _ Mg f grap IO 2 =[S A7)

67 €ym? T—7
3D
respectively. Then we have
(1) h
E___ p (32)
EO© mTme*t

where we defined

p([arren) " [[trar L) L1

T—7

(33)

where f ,(7) means the differentiation of f(7) with respect
to 7. Here, let us consider the following four cases:
() f(r)=1— (72" for |7| <1 and f(r)=0 for
l7l>1, @) f(n)=1/0+7)" for —oo<7<o00,
(3)  f(r) =1/(cosh7)" for —oo<7<oo, and
@ f(p=Q+7" for —1=7=0, f()=010—1)"
for 0<7 =1, and f(7) = 0 for |7| > 1. Figure 2 shows
D as a function of n for cases (1)—(3), in which one can see
that D is positive. Figure 3 shows D as a function of n and
m for case (4), in which too we find that D is positive.

Thus, in all of the above cases, the first-order quantum
correction E is negative. Also, the quantum effect is very
small as long as the motion of the particle is nonrelativistic.
This result is consistent with that found in Refs. [2,8]. The
quantum effect might become important when the emitted
photon energy becomes of order of mc? [2]. Note that this
speculation is based on the result with the nonrelativistic
approximation.

Next, let us consider the relativistic limit, |p;| > |eA],
m. For simplicity, we consider the case when the direction
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FIG. 2 (color online). D as a function of n for cases (1)—(3).
The dotted curve is case (1) f(7) =1— (7?)" for —1 =7 =1
and f(7) = 0 for |7| > 1, the (red) dashed curve is case (2)
f(r) = 1/(1 + 72)*, and the (blue) solid curve is case (3) f(7) =
1/(coshT)".

of the particle motion is always parallel to that of the
background electric field, i.e., v « A. Namely, we consider
the case when the directions of the particle’s motion and
the background electric field are parallel at any moment,
and adopt this direction as the z axis. Then we may
write A = (0,0, A()), A = (0,0, —E(t)),v = (0, 0, v), and
p; = (0,0, p;). In this case, we have

2 4 242(¢
EO=_° [dQ,;(l - c<>s26r)fdt’"—6 e AN .
(47)%€ p? (1 —vcosh)
(34)
The integration with respect to k yields
1 mte* A%t
po = 1 me /dt O s
6mey pt (1 -2

We consider the case p; > |eAl, m. We also assume
|A| ~ |A/w| ~ |A/w?|, where 1/w is a time scale of a
time-varying background electric field. In this relativistic
limit, we have the leading order expression for the quantum
correction (see also Appendix A),

FIG. 3 (color online).

D as a function of m and n of case (4),
foy=0+7)for—-1=7=0,f()=0—-7"for0< 7=
1, and f(7) = 0 for |7] > 1.
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(1) ~ — _ /
EV ~ (477)360 /dﬂ (1 coszﬁ)fd.ffdf
f §’ P (1 - vcosﬂ)z(l —v 0050)2
x LA A —v? cosf
{ ! ((1 — vcosh)(1 — v’ cosh)

2+ cos@)v’) — AMA®

(1 — vcosh)?
N 2+ vcosﬁ)v)}‘

( —v'% cosf
(1 —vcosh)(1 —v'cosf) (1 — v cosh)?
(36)

Adopting the approximation, v =1v' =v =1, and
E—E&E=0—-1)1 - ﬁcos@) we have
EW ~ — [ dQi(1 -
4(277 il —cos®0)

dt | dt ———
/ [ (1- vcosH)5

2(A(t)A(t’) - A(t)A(t’)

37
pa— (37
The integration with respect to k yields
EW ~ — " dt[dt’i
(277)260 pl _2)3
A DA(') — A(DA(Y
04D — Awd) .
In the case of the periodic background of the electric
field, A(r) = —E, sinwt, where E, is a constant, we have
dEO _ e4m46 E(z)coszz(u;’ (39)
dt 677'60]7,' (1—v?)
dEWM _ he*m? E%w (40)

dt 127eyp? (1 —v?)*
After averaging over sufficiently long time-duration,
we have

EV _ pi ho 41)
EO  mc mc?
Note that the quantum correction E() is positive, which
is a contrast to the nonrelativistic case.
Similar to the nonrelativistic limit, we next consider
the case A(r) = —E,f(t/t,), with a general function f(7).
In this case, we have

e*m*E}t,

EO =_"~-" 700
67T€0p1(1 - _)3

[ drfi (. @2
he*m*E}

127%€yp3 (1 — )

y f] o SO ) = [ 0)

T_T

ED =

X))
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and

EV _ pi N
EO  amc mc’t,

D, (44)

where D is defined by Eq. (33). When we adopt the four
function of f(7) considered in the case of the nonrelativ-
istic limit, D is positive. Thus, in contrast to the non-
relativistic case, the quantum correction E(V is positive
again, for all the cases in the present paper.

For the radiation from an electron in a periodic electric
field, e.g., by a laser field, Eq. (41) is estimated as

E(l) pic mc? -2 w

—~2.6 X 10" , 45
(GeV)(O.S MeV) (1015 s—l) )

where @ ~ 10" s™! corresponds to an x-ray laser.

The quantum effect becomes significant when the
electron kinetic energy reaches the TeV scale. The above
formula is derived under the condition p; > |eA|, m. For a
periodic electric field of large amplitude, p; ~ |eAl, the
condition of the relativistic motion cannot be always guar-
anteed, because the physical momentum might become
|p; — eA| ~ m. In this case, it is difficult to express the
quantum correction in a simple analytic form. We need a
more general treatment including fully numerical calcula-
tion, because the nonlocality plays an important role.
Potentially, there is a lot of room for discussion about
how to detect the quantum effect of the Larmor radiation
experimentally, but this is outside of the scope of the
present paper.

IV. SUMMARY

In the present paper, we obtained the general formula,
Eq. (24) or Eq. (A3), for the first-order quantum correction
to the Larmor radiation from a charged particle moving in a
spatially homogeneous but time-dependent electric field.
This formula reproduces the same result as that in Ref. [2],
in the limit of a nonrelativistic motion of the charged
particle. Our result is useful to investigate the case of a
relativistic motion. When the direction of a particle’s mo-
tion is parallel to that of the background electric field, a
simple formula was derived. In the limit of the relativistic
motion of the charged particle, we obtained the formula
(36). Similar to the case of the nonrelativistic motion [2],
the leading quantum effect is described by a nonlocal
difference between A(1)A(#) and A()A(¢), as is demon-
strated in Eq. (38). This quantum effect disappears when A
is constant. Note that Eq. (38) is the leading term in the
limit of the ultrarelativistic motion, assuming p; >> eA, m
and |A| ~ |A/w| ~ |A/w?|. We discarded the other sub-
leading terms. For example, the term in proportion to
A(DA(f")(A(t) — A(r')) appears in the subleading terms,
but also disappears when A is constant. Thus, the essence
of the quantum effect of the Larmor radiation should be the
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nonlocality, which reflects the fact that the exact solution
of motion cannot be represented with simple classical
trajectories in quantum theory [2].

We also note that the expression in the nonrelativistic
limit (26) is not simply connected to that in the relativ-
istic limit (38). The leading contributions for these
opposite limits come from different sources. In the non-
relativistic limit, the leading contribution comes only from
terms in (A2), i.e., the phase of the mode function. On the
other hand, in the relativistic limit, the leading contribution
comes from both (A1) and (A2), i.e., the amplitude and the
phase of the mode function. An interesting question might
be how these facts are related to the difference of our final
results in the opposite limits.

By applying the formula to the cases of a periodic
acceleration and possible function of acceleration, it was
demonstrated that the leading quantum effect enhances the
radiation in the relativistic limit and that it decreases in
the nonrelativistic limit. This quantum effect will become
important when the incident kinetic electron energy ap-
proaches TeV scale for a periodic electric field background
with an x-ray laser. However, this result is obtained assum-
ing that the charged particle is moving in the direction
parallel to that of the background electric field. In a prac-
tical situation, this assumption is somewhat ideal. Here too
there is a lot of room for further investigations of more
general cases (cf. Ref. [2]), but this is outside of the scope
of the present paper.

Our work, which is based on the QED theoretical frame-
work, will be useful to investigate the feature of the radia-
tion from an electron under a strong electric field.
Investigation of the quantum effect in the Larmor radiation
could be related to the subject of testing the QED process
in the strong field background. For example, Chen
and Tajima claimed the possibility of detecting the
Unruh effect in the radiation from an electron under an
ultraintense laser background [9]. Possible signature of
the Unruh effect in the radiation from an electron accel-
erated by an electric field of strong lasers is under debate
(cf. [10-12]). According to Ref. [9], the radiation from the

(L2 2) =y

d d
dé a¢'

_dx
dé

)

. dxdr
dt dt
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Unruh effect could be of order of #. The characteristic
signature of the Unruh effect claimed in [9] is in proportion
to ES at order of 7. As mentioned in the above, in our
approach, the term in proportion to A(H)A(#')(A(r) — A(t'))
appears in the subleading terms in evaluating Eq. (24). This
might give a contribution in proportion to Ej. However, the
angular dependence is different. In our approach, the quan-
tum radiation of the order # emitted in the direction of
the motion, = 0, is exactly zero from Eq. (19). This is a
difference between our result and the prediction in Ref. [9],
which might be tested experimentally. However, in our
approach, it is difficult to separate the signature of the
Unruh effect from other effects, even if they existed. This
is a disadvantage of our approach.

In Ref. [8], the quantum radiation from a charged par-
ticle moving in an expanding or contracting universe was
investigated. It was shown that the radiation can be re-
garded as the Larmor radiation from a charged particle in
an decelerated (accelerated) motion, because the physical
momentum of the particle decreases (increases) as the
background universe expands (contracts) [8,13]. The ap-
proach developed in the present paper is useful to inves-
tigate the quantum effect of this process [14].
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APPENDIX A: BRIEF SUMMARY OF DERIVATION
OF APPROXIMATE FORMULAS

It is straightforward to derive the following formulas:

Y dx’ dT’)]
dr dt

. dPx\[(~ d&*x\  dPx X L A2 x\ ([~ &Px\  d*x Px\(~ dxdr . dx' dr'
() B ) sy
dg&\"* ag?) " ag ag” d@ N\ ags) " a2 ae\* @ a T ar ar
L dAx\(, d*x"\ d*x d*x'\(/d [, dx dr d (~ dx' d7
ok - EX (k- EX ) - AX EXN( 4 (f ax ATy @ (g ax 4T
(( dfz)( d§/2) dé? df/z)(df( dt dt) d§/< dr' dt/))
2o 2o 2 2 / 2 N I g
(Y ) N by XYy iy i
e\ agz) " ag agr) a2 \" @ @ a2\ ag) " ag ag)aez\* ar ar
. Px\(~ dx\ &@x dx\ d [~ dx' d7 . dx\(, &x\ dx &Px\ d [, dxdr
(k- EX (k) - EXL XY @ (g aX 4T (X S X XN @ XATY A
(( dé)( df’) & d§’)d§’< R (O ng) dé d§’3)d§( T ) A

and
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e (B a6 58) ) [ e (- (6 5))]

des d¢’ d¢ ag')  d¢ dég') Jewy T A€’ dt”

(R 8 ) - ) [ (- (R )) (% 32N
d§3 dér/3 d§3 d§'3 dér// dt” é'_-
/ R N2 R 2 R 3/ 2 3 R 2
(1= (6 5 ) = (e 2200k 25) ~ G )z - (- 3)
dé¢' dr' dé? deé?)  dgr del)d dt

() )% (- ()
X

=

‘ dzx’) _dx dzx’)
d§/2 dé'_—fi dé*_-/2

w

N—

~((F D) - )0 (- 5))) 2
Then we ﬁnd
3 25/ 3 24/ 2 3/ 2 3!
B0 = ey J o [ ae fae (R G Ge) - e (R )6 ) )
R . 2y 2 2! R . I g
(k) 2w d§2)< )i )& T @) et @)

. . d’x/ 2x! . R 2 N2 g
() R D) (R0 ) D)
(L3542 e ) (6 506-50) 55 a6 )
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@((%ﬁ)«fgﬁiﬁiéiﬁﬂ () (- )(k- )
& . . By 3
e ap)ag (o (- (0 5) ) -2 )0 ) - ) e G- ()} e
From the definition of £ by Eq. (16), we have Iand
where we defined » = k - v. Then we also have l
ZZ 1 iv’ (AS) i(ﬂﬂ)
dé\ dt
Z; ~ - 27 iﬂv)r (A6) 1 : v(,/(p,. = :;)2 el f/((p;:,-_—e;:)); (+_::3))
d’x \ Vi 3vy 3ve? (A9
@ 0w Uw G- (- A
J
dd_;@%) IR0 —ﬂ v)’ <\/(p,. - ;1:)2 T 1:/((1)[:1‘__661:))2' t:ﬁ*)) Ta —1 )’ (\/(pi — j;y + m2
3v((p; — eA) - (—eA))? _ 29(p; — eA) - (—eA) + v(—eA) - (—eA) + v(p; — eA) - (—eA)
Y e Vlo; = AV + ) A
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In the limit of a nonrelativistic motion of a charged parti-
cle, we use the following approximate formulas,
dx x x

~ ~

&= ap=t Y

dt  m’ dé¢

then we have the following expression by neglecting sub-
leading terms,

’ — Y 5
m de*\" dt

dr _ 1 d(dr) v d2<ﬂ)~£

m

(1) — / IS
E (477_)360 [d(l [dtfdt v-v)
X @ —#)+ Wy —v-V)(r— t’)
— 2wy —v-V)+ 2% — v V)L (A11)

We also neglect the first term of the right-hand side of
(A11), whigh is of order of v3. After the integration with
respect to k, we have

(4)? 60[ ,/dt, {_

The first term of the right-hand side of (A12) gives no
contribution by assuming that the acceleration is zero at the
boundaries of the time. Then Eq. (26) is obtained.

Now let us consider the case when the particle is moving
with a relativistic speed in the direction parallel to the
electric field. We choose the z axis parallel to this direction.
Then we may write A = (0,0, A(r)), v= (0,0, v), and

= (0,0, p,). In this case, we have

ED =

2(V Vi —v-vV)
t—t }
(A12)

) m2eA . m2eA
v - = ——
Pi Pi
We also have
d’z _ -1 m2eA
d&2 (1 —wvcosh)® p?°
a3z - —1 m2eA

s

dé&® (1 —vcosh)* p?

dr _ 1 d ( dT) veosh  eA
dr  pi’ dé\" dt) 1 —wvcosh p?’
and

(eA)*m?

(1—-wvcost)® p?

v cosé eA v cosé

& (vﬂ)N—__
de?\" dt) (1 —wvcosh)? p?

in the limit of the relativistic motion. These approximate
formulas yield the expression (36) at the leading order.
In this derivation, we note that the following term included
in Eq. (A3),
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dr" . ax!
1€ g (1= (k- G))

= [ érll dT” dt” (1 _ yz(t//)),

dt// dé‘:// (A13)

gives no contribution at the leading order. Using Egs. (A4)
and (AS8), the right-hand side of Eq. (A13) is written as

dr'" dr"
11 1 _ vz t”
[ g Gt =)
_ [ JE (1 + w(e")) ‘
¢ Np;—eA? +m?
In the limit of the relativistic motion, the leading term is
+ 1" - .
T [ ehony
Jp;, —eA)? + m?> PiJ¢ |pil
X (1 + w(1"))
1 + cosf

— = ¢&)

(A14)

(A15)

The contribution of this term to E(” is zero by assuming
that the acceleration is zero at the boundaries of the time.

APPENDIX B: VALIDITY
OF WKB APPROXIMATION

We consider the validity of using the WKB approxima-
tion, which breaks down when the background field varies
rapidly. The following condition is necessary to use the
WKB approximation (e.g., [15]),

Q, 39,

p_Z°®
0, 203

1

— <1 (B1)
202

Using the expression (12), this condition yields
h2
2((p; — eA)* + m?)?

2(eA - (b~ eA)?

+ ((p; — eA)? + m?)(eA - (p;, — eA) — (eA)?) | < 1.

(B2)

In the relativistic limit, |p;| > |eA[, m, as is considered in
Sec. III, (B2) reduces to

h2
20 (eA p)’ + pi(eA - py) | <L (B3)
In the case of the periodic electric field, A = —E, sinwt?,
(B3) gives
h’e’E} h*eE
<1, and — %<1, (B4
Pi Di

which can be rewritten as
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2/ eEn\2 2/¢E
(h—"’) (ﬂ) <1, and (h—‘”) (ﬂ) < 1. (B5)
Pi piw Pi piw

We impose eE,/w < p;, as a condition of the limit of the
relativistic motion. Then the first inequality (B5) is satis-
fied when the second inequality (B5) is satisfied. Then the
condition required for the WKB approximation is written

as

PHYSICAL REVIEW D 83, 045030 (2011)

_ E p.c -3
1.3 % 10 10( e )( =0 )( i ) <1
10 s71/\1 X 10'% eV/m/\MeV

(B6)
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