PHYSICAL REVIEW D 83, 044048 (2011)

Entropy density of spacetime and the Navier-Stokes fluid dynamics of null surfaces
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It has been known for several decades that Einstein’s field equations, when projected onto a null
surface, exhibit a structure very similar to the nonrelativistic Navier-Stokes equation. I show that this
result arises quite naturally when gravitational dynamics is viewed as an emergent phenomenon.
Extremizing the spacetime entropy density associated with the null surfaces leads to a set of equations
which, when viewed in the local inertial frame, becomes identical to the Navier-Stokes equation. This is in
contrast to the usual description of the Damour-Navier-Stokes equation in a general coordinate system, in
which there appears a Lie derivative rather than a convective derivative. I discuss this difference, its
importance, and why it is more appropriate to view the equation in a local inertial frame. The viscous force
on fluid, arising from the gradient of the viscous stress-tensor, involves the second derivatives of the metric
and does not vanish in the local inertial frame, while the viscous stress-tensor itself vanishes so that
inertial observers detect no dissipation. We thus provide an entropy extremization principle that leads to
the Damour-Navier-Stokes equation, which makes the hydrodynamical analogy with gravity completely

natural and obvious. Several implications of these results are discussed.
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I. GRAVITY AS AN EMERGENT PHENOMENON

Large amounts of theoretical evidence suggest that grav-
ity could be an emergent phenomenon like gas dynamics or
elasticity, with the gravitational field equations having the
same status as, say, the equations of gas/fluid dynamics [1].
They seem to describe the thermodynamic limit of the
statistical mechanics of (as yet unknown) atoms of space-
time or, equivalently, the hydrodynamic (long wavelength)
limit of a suitably defined “fluid” system.

A very direct argument in favor of this paradigm is the
validity of the principle of equipartition which allows one
to use the classical field equations, along with the expres-
sion for Davies-Unruh temperature [2], to determine the
number density of microscopic degrees of freedom [3].
One finds that any null surface in the spacetime is endowed
with a number density of microscopic degrees of freedom
(““atoms of spacetime’’) which depends on the structure of
the gravitational theory. In the simplest context of
Einstein’s theory, this density is a constant (equal to one
degree of freedom per Planck area), while, in a generic
Lanczos-Lovelock model, it is proportional to P =
dL/OR,.q» Wwhere L is the Lanczos-Lovelock
Lagrangian and R, is the curvature tensor [3]. We shall
hereafter call P**“? the spacetime entropy tensor or simply
the entropy tensor of the theory. (In the case of Einstein’s
theory with L « R, we have P%4 o (8¢8% — §46%).) Given
the number density of microscopic degrees of freedom one
can construct an entropy functional for the system which
will depend only on P¢*¢¢ and lead correctly to the Wald
entropy [4] of the Lanczos-Lovelock theory. The crucial
fact that entropy of a horizon in a gravitational theory
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depends on the theory (and is proportional to the area
only in the simple case of Einstein gravity) finds expression
in the related fact that the density of microscopic degrees
of freedom determined through the law of equipartition
depends on the theory.

This key “internal evidence” from the structure of
gravitational theories—especially in Lanczos-Lovelock
models—suggests that they may be viewed as the thermo-
dynamic limit of the statistical mechanics of the micro-
scopic degrees of freedom. This is reminiscent of the work
by Boltzmann and others, who used the internal evidence
of thermal phenomena to deduce the existence of atoms/
molecules and determine the Avogadro number which
quantifies their number density even without knowing
what they are and having no direct observational support
for their existence.

The above results were obtained by starting from the
field equations of the theory, rewriting them in the form of
the law of equipartition, and thus determining the density
of microscopic degrees of freedom. A more attractive
procedure will be to invert this argument and obtain the
field equations of the theory from the density of micro-
scopic degrees of freedom. We do know that the thermo-
dynamical behavior of any system can be described by an
extremum principle for a suitable potential (entropy, free
energy, and so on) treated as a functional of appropriate
variables (volume, temperature, and so on). If our ideas
related to gravitational theories are correct, it must be
possible to obtain the field equations by extremizing a
suitably defined entropy functional. The fact that null
surfaces block information suggests that the entropy func-
tional should be closely related to null surfaces in the
spacetime. This turns out to be true. The Lanczos-
Lovelock field equations can indeed be obtained [5] by
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extremizing an entropy functional associated with the null
vectors in the spacetime. This functional depends only on a
tensor P?*°? which has the symmetries of the curvature
tensor and is divergence-free in all indices. One can show
that the thermodynamic variational principle leads to the
field equations of a Lanczos-Lovelock model with the
same entropy tensor.

In this paper, I will reinterpret these results in a different
manner. I will argue that it is more natural to project the
equations which result from the entropy extremization onto
the null surfaces of the spacetime, thereby obtaining what
is usually called in the literature the Damour-Navier-
Stokes (DNS) equation [6,7]. In general, this equation is
similar to the Navier-Stokes (NS) equation but is not
identical to it because the DNS equation contains a Lie
derivative while the standard NS equation has a convective
derivative. (As I will describe in Sec. III D, this structural
difference exists in all the previous derivations of the DNS
equation in the literature but has not been emphasized.)
I will argue that it is better to study the structure of
gravitational field equations in freely falling frames rather
than in arbitrary coordinates and will show that—in locally
inertial frames—the DNS equation becomes identical to
the NS equation. Moreover, the physical interpretation,
especially aspects related to viscous dissipation, becomes
transparent in this frame.

We thus obtain an entropy extremization principle to
derive the DNS equation directly, which makes the hydro-
dynamical analogy with gravity self-contained. This is in
contrast with the conventional approach in which one first
obtains the field equations from some (action) principle
and then interprets it as an NS-like equation. In such an
approach it seems somewhat mysterious that the equation
looks similar to an NS equation with a thermodynamic
structure.

This paper is organized as follows: I begin in Sec. I with
a short review of the derivation of gravitational field equa-
tions by extremizing the entropy density of spacetime. In
Sec. IIT A, T argue in favor of projecting these equations
onto a null surface. The technology to describe the extrin-
sic geometry of the null surface is reviewed briefly in
Sec. III B. (A more pedagogical discussion is included in
the Appendix to make the paper self-contained.) This is
used in Sec. III C to recast the equations in the form of an
NS equation, with convective derivative, in a boosted
inertial frame. The DNS equation in a general frame
(which has the Lie derivative rather than convective de-
rivative) is obtained in Sec. IIID, and a comparison of
these equations and their physical implications is presented
in Sec. IV. Some further technical issues related to rescal-
ing of null normal and introducing spacetime dependent
boosts are discussed in Sec. IVa, and the conclusions are
presented Sec. V. This analysis also opens up several
further avenues of research, which I will briefly mention
whenever appropriate.
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We will use the mostly positive signature; the Latin
indices, a, b... go over 0-3 in the spacetime manifold
M while the Greek indices «, B3, ... go over the coordi-
nates in a three-dimensional null surface S with signature
(=, +,4+). When we restrict ourselves to the two-
dimensional, spatial submanifold of this null surface, we
will use uppercase Latin indices A, B, . ...

II. ENTROPY DENSITY OF SPACETIME AND
ITS EXTREMIZATION

The field equations of Lanczos-Lovelock models were
obtained previously [1,5] from an entropy extremization
principle along the following lines, which we shall rapidly
review. (The physical motivation and algebraic details are
described in detail in previous papers, e.g., Ref. [1], and
will not be repeated here.) The procedure involves associ-
ating with every null vector in the spacetime an entropy
functional S, and demanding 6[Sgy + Smaer] = 0 for
all null vectors in the spacetime where S, 1S the relevant
matter entropy. It can be argued, based on the energy flux
across local Rindler horizons and the associated entropy,
that the form of S, relevant for this purpose can be
taken to be

Smatt = fV dkx\/ _gTabnanbr (D

where n¢ is a null vector field and 7', is the matter energy-
momentum tensor living in a general D(= 4)dimensional
spacetime. (The integration could be over this spacetime
volume [k = D] or even over a nontrivial submanifold
[k < D], say, a set of null surfaces. This does not affect
the variational principle or the resulting equations.) The
simplest choice for S,,, is a quadratic expression in the
derivatives of the null vector:

Sgrav =4 [V d'x v _gPadevcnavdnb’ 2)

where P_,°? is a tensor having the symmetries of curvature
tensor and is divergence-free in all its indices. (This makes
the notation P¢¢ = P,/ unambiguous, and we will often
use this placement of indices.) It can be shown that the most
general tensor which satisfies these criteria is the entropy
tensor of a Lanczos-Lovelock theory; that is, the P*<? in
Eq. (2) can be expressed as P** = 9L /R4, where L is
the Lanczos-Lovelock Lagrangian and R, is the curva-
ture tensor [1]. This choice will also ensure that the equa-
tions resulting from the entropy extremization do not
contain any derivative of the metric which is of higher order
than second. (More general possibilities exist which we will
not discuss in this paper.) The expression for the total
entropy now becomes

S[ne] = — /\/ d*x\/=g(4PiN nVyn® — T,,nn").
(3)

044048-2



ENTROPY DENSITY OF SPACETIME AND THE NAVIER- ...

We now vary the vector field n? in Eq. (3) after adding
a Lagrange multiplier function A(x) for imposing the
condition n,6n* = 0. Straightforward algebra (see,
e.g., Sec. 7.1 of Ref. [1]) now shows that the condition
O[Sgray T Smarer] = 0 leads to the equations

QRY — T4 + A6%)n, = 0, 4)

where Rf = P} /"R, is the generalization of Ricci tensor
to Lanczos-Lovelock models. We demand that this extre-
mum condition should hold for all null vector fields n“.

At this stage the usual procedure [1,5] is to use the
generalized Bianchi identity and the condition V, T} = 0
to obtain these equations from Eq. (4):

Gi=Ry— 8L =Ty + A8, ()
where A is a constant and P> = 9L/dR ... These are
precisely the field equations for gravity in a theory with
Lanczos-Lovelock Lagrangian L. When L =« R, leading to
P o (5985 — 548%), we have R¢ o R4, G4 o« G¢, and
one recovers Einstein’s equations.

There exists, however an alternative route which we will
explore in this paper, that turns out to be more in tune with
the entropy extremization principle and emergent perspec-
tive of gravity. To do this we note that, while Eq. (4) holds
for any vector field, once the normalization condition is
imposed through the Lagrange multiplier, the entropy was
originally attributed to null vectors, and hence it is natural
to study Eq. (4) when n“ is the null normal €“ of a null
surface S in the spacetime and project Eq. (4) onto the null
surface. This is what we will do.

In the case of spacelike or timelike surfaces with a
normal, such a projection is straightforward, but the null
surfaces require a somewhat more careful treatment. This
is described in the Appendix for those readers who may not
be completely familiar with the issues involved. In the
main text of the paper, we shall use the results from this
Appendix to proceed further. We will also work with
Einstein’s theory in D = 4 for clarity and definiteness
and will mention more general possibilities at the end.

II1. NAVIER-STOKES DYNAMICS OF
NULL SURFACES

A. Entropy extremum condition projected onto a
null surface

In a four-dimensional spacetime manifold M with a
metric g,p, a null surface with normal € will be a three-
dimensional submanifold S such that the restriction vy ,,, of
the spacetime metric g, to the S is degenerate. It can be
easily shown [see Eq. (A1)] that the normal €¢ to S satisfies
the null geodesic equation €V ,€,, = k{,, with a nonaffine
parametrization, indicated by a nonzero « which we will
call the surface gravity. Since the normal € to a null surface
is also a tangent, this result also shows that a null surface
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can be thought of as “filled by” (a congruence of)
null geodesics. Using this, we can introduce a natural
coordinate system adapted to a family of null surfaces in
the spacetime. We choose one of the coordinates such that
x> = constant corresponds to a set of null surfaces with,
say, x> = 0 on S. Let the intersection of S with an x° =
constant surface (3,) of the spacetime be a two-
dimensional surface S, with transverse coordinates x4 =
(x!, x?) and coordinate basis vectors e, = 9,. We will
choose the coordinate system such that

€ =0+ v40, =09+ v, €9=(1,v4,0), (6)

with € - € =0 = € - e4. (That is, we embed S in a one-
parameter congruence of null hypersurfaces corresponding
to x> = constant and choose the other coordinates x°, x!
and x? in such a way that Eq. (6) holds.) Clearly, € has the
structure of a convective derivative if we think of v as a
transverse velocity field. The line interval, which has nine
independent functions, has the form of Eq. (A4). In par-
ticular, the line element on the x> = constant surface is
given by

ds®> = qap(dx? — vAdt)(dx® — vBdh). 7)

The metric on S, corresponding to ¢ = constant, x> =
constant is g4 with a well-defined inverse g*8. The raising
and lowering of the uppercase indices A, B etc. in this
transverse two-dimensional surface are done using these
metrics.

A more formal way of introducing this metric is as
follows: Given a null surface with the normal €¢, we first
introduce another null vector k¢ with € -k = —1. (For
example, in flat spacetime if € = e, + e, is the outgoing
null vector, then k could be k = (1/2)(e, — e.) which is
proportional to the ingoing null vector.) The metric on the
two-dimensional surface S, orthogonal to this pair is given
by the standard relations

Gab = 8ap T Cakp + €pkys (8)

The mixed tensor gj, allows us to project quantities onto S,.

We are interested in the projection of Eq. (4) onto S with
n® = €“. In contrast to timelike or spacelike surfaces, this
will now contribute (i) a term along € itself when we
contract Eq. (4) with [“ (because € is also tangent to S)
as well as (ii) a projection to the two-surface S; obtained by
contracting Eq. (4) with ¢/, In both, the term involving A
will not contribute because €2 = 0 and €“g,, = 0. More
formally, the projection will give (see Eq. (A17)) the
equations:

Qahgb =0= Qahkb'

R, 0"q" = 87T, €"ql: Ry &™0" = 87T, " (".

®)
In other words, the maximization of the entropy associated

with the null vectors leads to these two equations in a
natural, direct manner.
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Of these, the second equation in Eq. (9) involving
R, 0"€" will give the familiar Raychaudhuri equation
(which we will not discuss in detail) while the first one
with R,,,, €™ q" will lead to an equation that looks like the
Navier-Stokes equation—which will be of interest in this
paper.

To obtain the latter in a physically transparent way, we
only have to consider the A-th component (in the transverse
direction) of the vector R,, ;€. This can be expressed in
terms of the covariant derivative of € by the standard
identity

RmAgm = RMAg’u = VM(VAgﬂ') - aA(Vlu@“), (10)

where the first equality arises from Eq. (6). (Recall that, in
our notation, Greek letters cover 0, 1, 2 while uppercase
Latin letters cover 1, 2 in the transverse direction.) To
rewrite this as a Navier-Stokes equation, we need to reex-
press the derivatives V€ and V , £* in terms of quantities
related to the extrinsic geometry of S. We will now give a
brief overview of the concepts involved in the extrinsic
geometry of a null surface, delegating details to the
Appendix.

B. Extrinsic geometry of a null surface

The extrinsic geometry of the null surface is determined
by the derivative of the normal V€ along the tangential
directions of S. Because € -V, € = (1/2)6M€2 =0, the
covariant derivative of € along vectors tangent to S is
orthogonal to € and hence is tangent to S. Therefore V €
is a vector which can be expanded using the coordinate
basise,, = 9, onS. (This basisis madeof 9, = (9, 94) =
(€ — v'e,, ep) = e,,.) Writing this expansion with a set of
coefficients (called Weingarten coefficients) y“ g We have

Vol = xPoig = xPaegs  VotF=xF, (1)
From €4V €# = €2V (P = yP ¢ = kB it follows that
€< is an eigenvector of the matrix y#, with the eigenvalue
k. The coefficients y”, determine the extrinsic geometry of
the null surface we are interested in. We will now study the
different components of the 3 X 3 matrix x#,,.

To do this, we define the quantity ©,5 = y,5x*,., the
components of which are given by

®a,8 = 7,U,BX/L(X =€y lee = vﬁ(e : ea) —4{- V,Bea
= (T, (12)

where we have used € - e, = 0. This quantity is clearly
symmetric (0,5 = 0O p,) because Christoffel symbols are
symmetric. Further, from the result £,V €” = 0, we have
the identity ©,3¢# =0 which, on expansion, using
€F = (1, v%), gives O,y = —0,5zv8. This implies Oy, =
®AO = _®ABUB, WhiCh, in turn, leads to @00 =
—0y3v® = v*v#0 5. Thus all components of @, can
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be determined in terms of the three components of ® 45 and
the metric coefficients v*.

The components 0,5 have a direct geometrical signifi-
cance as the Lie derivative along € of the metric g;; on S.
Using the restriction of the four-dimensional Lie derivative
of g;; to S, we get

1
Oup = §£€QAB (13)

in the adapted coordinate system. This structure is similar
to the standard formula K, = —(1/2)L,h,,, for the ex-
trinsic curvature of a ¢ = constant spacelike surface in the
(1 + 3) decomposition. In fact, evaluating Eq. (13) in the
coordinate system adapted to S, we get a result very similar
to the familiar one for K,, (see, e.g., Eq. (12.21) of
Ref. [8]):

1 P
O, = E(DAUB + Dyu, + q“). (14)

at
When ¢, is independent of ¢, we see that @5 is essen-
tially the shear tensor of a velocity field v,. This is the key
reason why the projected equations can be interpreted as
the Navier-Stokes equation.

We will also need to define three more quantities w, =
(wg, w4) in terms of the Weingarten coefficients by

w, =X’ =V 0" = F?aff. (15)

The utility of ® .5 and (wg, w4) arises from the fact that we
can determine all the components of y“, from Oup @,

and the metric coefficients. Among the components of x5

we already have the direct relations x°, = wg, x°4 = @4.
As for the remaining components x*,, x”;. note that

Oos = X*oVus = X"0Yos + X" 0448, giving

XAo = (Opp — XOOVOB)CIBA = _(®BCUC - onB)QBA-
(16)

Similarly, we have

XS4 = 045 = X°4v08)95C = (045 + w,vp)gPC. (17)

So the covariant derivative V€ of the normal vector {—
and thus the extrinsic geometry of S—is completely char-
acterized by the set (@ 5 = — €, "y, wo = €"T° |, w, =
€T ). Confined to the transverse components, Eq. (17)
also gives the relation

Valp = xap = [Op + wpv,], (18)

which will turn out to be useful.

Being a symmetric tensor, ®,5 can be expressed in
terms of its irreducible parts, viz., the trace 6§ = @ﬁ and
the trace-free part o, by

04 = o4 + (1/2)546. (19)

In the adapted coordinates, 6 is given by the expression
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9
0=~ InJg + Dyt (20)

and is related to the divergence of € through the relation
Va€” = VM@““ = VA€A + VO€O = (0 + UA(()A) + (O]

=6+ rw, =0+« 1)

In arriving at the third equality, we have used Eq. (18), and
in arriving at the first and the fourth equality, we have used
Eq. (6). The last relation arises because x°, € = x(® =
K=o, "

C. The Navier-Stokes equation in the boosted
inertial frame

Using these results, we are in a position to rewrite
Eq. (10) in terms of the variables related to the extrinsic
geometry of the null surface. Using Eqgs. (11) and (21), we
can rewrite Eq. (10) as

Ryl = Ryt =V x*, — 0,(k + 0). (22)

Let us consider this expression around any given event in a
frame in which the Christoffel symbols vanish but their
derivatives do not. We will assume that the metric coef-
ficients become constant and have their usual diagonal
form except for keeping v # 0 but a constant. (That is,
we are working with a Lorentz-boosted local inertial
frame; we will comment on this choice later on in
Sec. IVa.) In that case, we can write V uX" 4 in Eq. (22) as

VuXfa = 0,x% 4 = 90xX"s + 0px"4
= dgw, + d5(¢"  xca)
= dows + 95[¢°(Ocy + wv()]
= dowy + 9508 + vBipw,. (23)

Each equality is obtained by discarding terms involving
Christoffel symbols but retaining terms containing their
derivatives; we have also used Eqgs. (15) and (18). (Note,
for example, that @, is proportional to Christoffel symbols
and hence vanishes but its derivative need not.) Thus
we get

1
RmAgm = (80 + UBaB)C()A + 83<O'§ +§05§) - aA(K + 0)
1
= (dg + vB0p)wy + dpof — aA(K + E6?), (24)

where we have used Eq. (19). The first equation in Eq. (9)
now becomes

1
(80 + vB(?B)a)A + 830'5 - aA<K + 50) = 87TTmA€m.
(25)

Again note that o8 vanishes in the local inertial frame but
its derivative o Ba'f; will not. Rewriting Eq. (25) in the form
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w 1 1
+ B __A —_ B __
(60 v 83)( 877') 87T8BO-A —1677'8A0
K
~aa(ge) = Tuat". 26)

we see that Eq. (26) has the exact form of a Navier-Stokes
equation for a fluid with (i) momentum density —w 4 /87r;
(ii) pressure (k/87r); (iii) shear viscosity coefficient =
(1/167r) (note that, in the conventional NS equation, the
viscous tensor 2nof + £846 is defined with an extra
factor 2 for shear viscosity); (iv) bulk viscosity coefficient
& = —1/164; and (v) an external force Fy = T,,4¢". The
NS will also have term fw 4, which vanishes in the local
frame because # = 0 but, of course, we can formally add
this term (which is numerically zero) to Eq. (26) to com-
plete the structure; but the derivative d 46 is nonzero, which
allows us to uniquely determine the bulk viscosity term.

For this interpretation to be strictly valid, it is also
necessary that o' has the form of a trace-free shear tensor
built from the velocity field v,. From Eq. (14) we see that
this is true provided (dg45/d1) = 0 when we have

1
aBU'E = 583[(831)14 + aA'UB) - 5f(acvc)] (27)

In the literature, Eq. (26) or its analogues are often called a
“Navier-Stokes equation” even when (dgyp/d1) is non-
zero. This is—strictly speaking—incorrect especially be-
cause the metric g,p has no fluid dynamical interpretation
in general. We shall come back this point in the next
section.

It should also be noted that, in the conventional NS
equation, the momentum density that is transported by
the fluid is usually collinear with velocity. In our case,
the w, and v, are in general unrelated and—in fact—the
physical meaning of w, is unclear for a general null
surface. (It does have a physical meaning in the context
of the event horizon of Kerr black hole, for which the
formalism was originally developed; in that context, w,
can be related to the angular momentum of the black hole.)

It is clear that /& = —1 also makes any interpretation
in terms of standard viscous dissipation unnatural for a
general null surface [9]. In the literature, this interpretation
has been provided in situations when teleological evolution
is acceptable especially in the context of black hole event
horizon. More importantly, the ratio between shear viscos-
ity and entropy density s = 1/4 of the null surface is given
by n/s = 1/4r, when we use the fact that any null surface
can be attributed an area density of entropy which is (1/4)
in FEinstein’s theory. Similar results are known in much
more complicated situations arising from string theory, but
they presumably have the basis in Eq. (26).

For completeness, we will also state the Raychaudhuri
equation arising from the second equation in Eq. (9) which,
in the boosted local inertial frame, reads [see Eq. (A18),
and note that ©,,, = 0 = 6 in this frame]
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Rmn€m€" = _(aO + UBaB)H = 87TTmn€m€n’ (28)

which relates the evolution of @ to the energy flux across
the null surface. In the context of local Rindler frame, the
right-hand side of Eq. (28) can be interpreted as propor-
tional to the heat flux, making this an entropy balance
equation. We shall briefly comment on this interpretation
in Sec. VA.

D. The Damour-Navier-Stokes equation in
arbitrary frame

The entire analysis can be repeated in an arbitrary
coordinate system to obtain a generalized Navier-Stokes
equation, first obtained by Damour [6]. This equation is
derived in the Appendix [see Eq. (A23)] and has the form

0
R, 4"qh = qt LO, +6Q, — Da<K + E) + D, o}

= 87T, {"q", (29)

where the various terms are defined below. The metric gj is
given by Eq. (8); the (), is the projection (},, = ¢" w, =
Q, — kk,, where w, = €/ijn; note that, since k, = 0,
we have (), = w, as far as the transverse components,
which we are interested in, are concerned. The ®,,, is the
projection of the covariant derivative: 0,,, = ¢%¢2V €},
The D, is the covariant derivative operator defined using
the metric g, in the two-dimensional subspace, while L,
is the Lie derivative with respect to €.

A comparison of Eq. (29) with Eq. (24) shows that,
while most terms have an one-to-one correspondence,
with suitable projections replacing the operation of taking
transverse components, there are two crucial differences
which we will now discuss:

(a) In the literature one usually sees the interpretation of
o as the viscous shear tensor of a fluid with a
velocity field v, without bothering about its internal
structure. But, as we have already mentioned, this
tensor contains an extra term involving the time
derivative of the transverse metric, (9¢q,,/ 1), which
has no direct fluid dynamical interpretation.
Similarly, the bulk viscosity term involving 6 con-
tains the time derivative (/1) In,/g. (See Eqgs. (14)
and (20); of course, (3q,,/dt) = 0 in the frame we
are working with, but its derivative 9,,(dq,;,/9t)
does not vanish, which is what leads to the diffi-
culty.) To get out of this difficulty, one needs to
make certain choices for the metric and coordinate
system so that g, is independent of 7. (In some other
contexts, one can avoid this term by rescaling € or
by working in a perturbative series for the metric;
we shall briefly comment on these possibilities in
Sec. IVa.) There is very little discussion of this issue
in the literature, and the term involving ¢ is usually
called shear viscosity term without worrying about
its internal structure.
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(b) The second, and probably more crucial, difference is
the following: The DNS equation in a general coor-
dinate system, given by Eq. (29), contains the Lie
derivative with respect to € while the standard fluid
dynamical, nonrelativistic, NS equation contains the
convective derivative with respect to €. This differ-
ence can be explicitly verified by expanding out
Eq. (29) in the coordinate system adapted to the
null surface in which € =9, + v2D, (see
Eq. (A26)):

(0g +v2Dp)ws + wgD VB + 0w,

1
+Dyod — DA<K + 519) =87T,,,{"q". (30)

The key difference is the second term in the left-
hand side, wzD ,v®, involving the derivative of the
velocity field which is absent in the standard NS
equation, making the two equations structurally dif-
ferent. (This term vanishes in the local inertial frame
since w4 vanishes in that frame, making the struc-
ture of the DNS equation identical to the NS equa-
tion.) More formally, the convective derivative term
D,Q, = ¢q""V,Q,, defined with correct projec-
tions, is related to the Lie derivative term by

DlQa = qgemvmﬂn = qgl-ﬁt’ﬂn - ®Zlﬂm' (31)

Using this we can rewrite Eq. (29) as
0
DQ,+ 010, +6Q,— DH(K + 5) + D, o
= 87T, {"q’, (32)

which clearly brings in an extra term, which is the
second term in the left-hand side.

Our Egs. (29) and (30) agree with the original results
obtained by Damour [see, e.g., Eq. (I.55) of Ref. [6] or
Eq. (15b) of Ref [7]]. In Ref. [6], Damour also quotes the
standard NS equation (see Eq. (1.47) of Ref. [7]) which, of
course, differs by the term involving the derivative of the
velocity from the Eq. (I.55) of the same work. A similar
difference exists in Ref. [10] between the DNS equation
[Eq. (2.67)] and the NS equation [Eq. (2.68)]. This result
has also been obtained in the membrane paradigm ap-
proach in Ref. [11], and our Eq. (32) matches Eq. (2.14)
of Ref. [11]; the second term in the left-hand side of their
Eq. (2.14) is the extra term ®7 (), of our Eq. (32), making
it different from the NS equation. (Price and Thorne,
however, do not call this equation ‘“Navier-Stokes equa-
tion,” probably because of the extra term, and refer to it as
the Hajicek equation.) Since our derivation in the
Appendix is modeled exactly as in Ref. [12], it of course
matches the equations in their Sec. 6.3. This review, as well
as many other papers in the literature (like, for example,
[13]), call our Eq. (29) or Eq. (30) the DNS equation even
though there is an extra term. It is true that the Lie transport
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arises more naturally than convective transport in curved
spacetime, and one may think of it as a natural general-
ization; but the extra term in a partial differential equation
makes its structure (and solutions) very different and hence
a careful distinction needs to be made.

‘We have, however, shown that one can indeed think of
the DNS equation as identical to the NS equation provided
that we view it in the (boosted) local inertial frame. Since
w, 1s proportional to the Christoffel symbols, the extra
term vanishes in the local inertial frame, making this
interpretation easy. This procedure actually has a broader
domain of relevance, which I will now describe.

IV. FLUID DYNAMICS OF NULL SURFACE AND
THE ISSUE OF VISCOUS DISSIPATION

In any generally covariant theory, one tries to express the
equations in a form valid in arbitrary coordinate systems in
order to exhibit the symmetries explicitly. While this is
certainly important to check the diffeomorphism invari-
ance of the theory, it has two shortcomings in certain
contexts:

(a) The metric coefficients will depend on the spacetime
coordinates both in curvilinear coordinates as well
as in a curved spacetime. Principle of equivalence
implies that one cannot meaningfully ask ‘“how
much” of this dependence arises due to the choice
of the coordinates and ““how much’ arises due to the
curvature of spacetime. When we are interested in
the structural aspects of the theory, the spacetime
dependence of the metric due to the choice of coor-
dinates acts as extra baggage which one would like
to avoid. Working in the local inertial frame allows
us to do this.

The emergent paradigm of gravity suggests that one
needs to accept an intrinsic observer dependence in
all thermodynamical variables. In particular, one
can attribute an entropy, temperature, and related
dynamics to the local Rindler horizon as perceived
by the corresponding Rindler observer in the space-
time even though a freely falling observer will not
attribute any thermodynamical features to the same
null surface ([14,15]; see also Sec. 4.4 of Ref. [1]).
But, while we use the observer-dependent thermo-
dynamics to obtain the field equations of gravity in
this approach, the final result should be (and is)
independent of the Rindler observers and must be
generally covariant. Therefore, while projecting the
field equations to a null surface and interpreting
them as the NS equation of a fluid living on that
null surface, it is crucial to ask which part of the
field equation survives in the freely falling frame.
Our analysis shows that the terms involving (i) the
derivatives of the stress tensor, (ii) the derivative of
the pressure, and (iii) the external momentum flux
term remain nonzero in the freely falling frame

(b)
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because they involve derivatives of the Christoffel
symbols. This is in spite of the fact that the viscous
stress tensor and the pressure themselves vanish in
the freely falling frame. What is relevant for the
equation to be interpreted as the NS equation is
the existence of a viscous force on the fluid, arising
from the gradient of the viscous tensor (and pres-
sure), rather than the viscous tensor (or pressure)
itself. Of course, this is very counterintuitive com-
pared to normal fluid mechanics. If flow of water
exhibits viscosity, it will also have nonzero viscous
tensor in the same frame of reference. But here, we
are merely calling some combination of Christoffel
symbols “‘viscosity tensor” [see Eq. (12)] and their
derivatives involving certain combinations of Ricci
tensor ‘“‘viscous force.” Obviously, the former can
vanish without the latter vanishing in a local inertial
frame.

This feature has important implications for the charac-
terization of viscous dissipation in the current context. In
the conventional fluid dynamics based on the NS equation,
the viscous dissipation will be proportional to terms in-
volving o ,504% and 6> and—in usual fluid mechanics—
o508, 6, and 0508 will all be nonzero. In our case,
o 4p and 0 vanish in the freely falling frame and the inertial
observers in spacetime will not see any dissipation. (The
Raychaudhuri equation in arbitrary coordinates—
Eq. (A18)—has these quadratic terms in the viscous tensor,
which disappear in Eq. (28), valid in the locally inertial
frame.) This is reassuring since we do not probably expect
a continuous, observer-independent, dissipation to take
place in spacetime. But the force on the viscous fluid,
which depends on the gradient dgof and 9,6, does not
vanish even in the freely falling frame, showing that this
force has an observer-independent existence. It might ap-
pear, at first, paradoxical that a viscous force term exists for
the fluid but no viscous dissipation. But, as we said above,
algebraically this is no more paradoxical than the fact that
effects due to curvature involving derivatives of Christoffel
symbols can be present locally even when the Christoffel
symbols vanish at a point. The result obtained above is just
a translation of this well-known fact in the language of null
surface dynamics. In fact, the real paradox would be if
there were an observer-independent viscous dissipation in
spacetime.

There have been attempts in the literature to interpret the
equations for the fluid on the null surface, especially the
Raychaudhuri equation, as describing entropy production
[6,7,11]. (For more recent work based on the emergent
approach to gravity, see, e.g., [16].) The early work (i.e.,
[6,7,11]) leads to an entropy production that is acausal (or
teleological, as it is often called) involving the entire future
history of the null surface. In this context, we need to
distinguish between two different physical situations.
This teleological feature is probably acceptable in the
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context in which the DNS equation was originally derived
and applied, viz., to black hole event horizons. Event
horizons are in any case teleological even in their definition
and hence this is not a surprise.

But the DNS equation is applicable to any null surface in
the spacetime, including patches of the local Rindler hori-
zons. In the emergent paradigm of gravity, one relies
heavily on local Rindler horizons which are ordinary null
surfaces in spacetime and not event horizons correspond-
ing to some specific solutions of field equations. In fact, 7o
obtain the field equations from a suitably defined entropy
density of spacetime, one uses the local Rindler horizons as
off-shell constructs in the theory and hence they cannot be
linked to horizons arising in on-shell solutions. But since,
in our derivation of DNS, we never assigned any special
property to the null surface in question, the resulting
equations are as applicable to a local Rindler horizon in a
given spacetime as to an event horizon of a black hole
obtained as a specific solution. This is why we need to
carefully distinguish generic features of interpretation
which are valid for any null surface from some of the
features which might have limited validity in the specific
context of a black hole horizon. The dissipation and gen-
eration of entropy with accompanying irreversible thermo-
dynamics may be acceptable in the case of physical
processes involving, say, black hole horizons, but such
dissipation is difficult to interpret in terms of local
Rindler horizons. So, again, it is probably welcome that
045048 and 67 vanish in the freely falling frame but the
NS equation for the fluid remains valid. From this point of
view, it seems better to interpret the equations in the freely
falling frame.

Incidentally, it does not seem to have been emphasized
in the literature that Einstein’s equations have a very
simple form in the freely falling frame. Using the exact
expression for Ricci scalar,

1
Rab = ﬁam(\/ _grmgb) - aaab(ln\/ _g) - rmnarnbm’
(33)

we find that, in the locally inertial frame, Einstein’s equa-
tions take the form

1
Ruy =0,y = a0/ "8 =8( Ty 5T ) (34

In fact, projecting Eq. (34) to a null surface (when the 1, T
term will not contribute), we can rederive our NS equation.
Since all the terms in the left-hand side of Eq. (34) corre-
spond to specific combinations of curvature tensor compo-
nents, we see that the DNS equation in the boosted inertial
frame essentially provides mapping between curvature
components and the relevant fluid variables. This aspect
will be explored in a separate publication [17].
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A. Spacetime dependent boosts and rescaling of the
null normal

In obtaining Eq. (25) we have purposely used a boosted
local inertial frame in which all the metric coefficients take
the standard Cartesian form except gop4 = —v,4. One could,
of course, have repeated the derivation with v, [and its
derivative which, being proportional to Christoffel sym-
bols, are anyway zero] set to zero but with the second
derivatives of v, (which contribute to the viscous force
term in dgof) remaining nonzero. We kept the v, nonzero
in the original derivation just to exhibit the nature of
convective derivative and to contrast it with the Lie deriva-
tive. Physically, one can think of nonzero v, as arising
because of a transverse velocity for the observers (e.g.,
local Rindler observers with a constant velocity drift par-
allel to the Rindler horizon).

The derivation of the DNS equation does not presuppose
any special form of the metric. In certain contexts, one can
choose the metric as well as the normalization of € in such
a way that the extra term in the Lie derivative is canceled
out. This arises because the different terms in the DNS
equation scale differently when we rescale the null vector €
by a spacetime-dependent factor y(x). (Being a null vector,
€ has no natural normalization without our making some
additional assumptions.) This transformation changes the
components of ¢’ to the form (y, 0, yv?), suggesting the
interpretation of a spacetime-dependent Lorentz boost with
a 7y factor. One can easily show that, when € — €' = v,
the ®,;,, 0,5, and 0 scale by a factor y and the vector k
goes to ¥~ 'k. But k and 4 change inhomogeneously as

k' = y(k + V¢Iny); Q) =Q4 +Dylny. (35)
Because of Eq. (35), the DNS equation does not retain its
form under such a rescaling. One can, by hand, choose the
value of vy to cancel out the extra term in the Lie derivative,
thereby reducing the equations to the standard NS form.
(This has been done, for example, in Ref. [13] with a
different motivation.)

A similar mathematical situation arises in a more gen-
eral context of a set of transformations which are usually
used in the literature. Consider a metric written in a coor-
dinate system with gy, = 0 so that the line element is

ds? = —F2df* + f,pdx*dxP. (36)

We will now substitute in this metric dt = u,dx“, where u,,
has the components u® = y(1, v*). If we take v® to be
constant with y = (1 — v?)71/2, then such a transforma-
tion is equivalent to a Lorentz boost and, of course, leaves
the physics invariant. But when v“ and vy are functions of
spacetime coordinates, the transformation changes the
character of the geometry. (Without additional constraints,
dt = u,(x)dx® will not even be integrable and dr will not
be an exact differential; however, one can certainly use this
“rule” to modify the metric.) Straightforward algebra now

044048-8



ENTROPY DENSITY OF SPACETIME AND THE NAVIER- ...

shows that the resulting metric can be expressed in the
standard (1 + 3) form as

ds?> = —N?dr* + hop(dx® + Nedt)(dx? + NPdt), (37)

where
N2=F2’)/2(1_F2’)’2U2)_1; haﬁzfaB_Fz’yzvav,B
Nt =Fy?urt(1 = F?y*v?)~ Y N,=F*%%v,. (38)

Obviously, such a modification of the metric is not a
symmetry of the theory when u“(x) are spacetime-
dependent functions; for example, if the original metric in
Eq. (36) satisfied Einstein’s equations with some source,
the modified metric in Eq. (37) will not be a solution unless
very special conditions are satisfied. I will provide a gen-
eral discussion of these transformations in a future publi-
cation [17] but will point out one simple feature here which
is relevant to our discussion.

Notice that, if we consider the lowest order change,
linear in the boost velocity, it is essentially the generation
of the cross term with N, = F 2y - This has the effect of
generating an extra term to the extrinsic curvature of the
¢t = constant surface given by

5Kup =yl DulFug) + Da(F,)), (39)
where D is the covariant derivative based on the spatial
3-metric. When the original coordinate system was syn-
chronous with F = 1, this extra term has the form

1

0K o5 = E[Davﬂ + Dgv,]. (40)
Further, if we treat one of the spatial coordinates, say, x!,
differently from the two transverse coordinates x* =
(x%, x?), then the @, of the null surfaces orthogonal to
null vectors in x° — x! plane will pick up a term of the form
80,5 = (1/2)[Dyvy + Dgv,] (see Eq. (Al4)). This, in
turn, corresponds to the addition of an extra term
00 = %[(DAUB + Dgvy) = qap(Dcv©)] (41)
to the trace-free part of ®,5 which has the form of the
shear viscosity tensor. This analysis shows how a drift
velocity in the transverse direction to a null surface can
lead to the viscous stress tensor of the correct form. Several
discussions of this topic in the literature are essentially
special cases of the transformation in Eq. (38) with very
specific choices for F, fa[,», and u,. One is led to an NS
equation in all these contexts essentially because of the

result in Eq. (41).

As a simple illustration of the same effect, consider a
metric of the form

d 2
ds? = —N2di* + % + 8 ,5(dx? — vAdr)(dxB — vBdi)

(42)
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which could represent the local Rindler frame when
vA =0 and N(x) = x with the surface x = 0 being null
and acting as the local Rindler horizon. Since such a metric
represents flat spacetime, it obviously satisfies source-free
Einstein’s equations. If v* # 0 but constant, the metric
represents a boosted frame in which the Rindler observer
has a constant drift velocity v* in the transverse direction.
When v4 = vA(x, x4), the metric is still static but will not,
in general, satisfy source-free Einstein’s equations. This
introduces a spacetime-dependent boost velocity with non-
zero shear. For a general N(x), the null surfaces with
translational symmetry in the y, z directions are given by
f(t, x) = constant, where
dx

—t+ m
The normal to this null surface can be taken to be €, =
N?(—1,N2,0,0). (The overall normalization, as we have
discussed, is not unique, but this form is based on Eq. (A5),
which has some level of naturalness.) A direct calculation
shows that, for these null surfaces, we have

flt,x) = (43)

Oup = %[3/41’3 — dpval (44)
with Q4 = (1/2)d,v4 and k = 9, N>. It is obvious that
O, has the form of a shear tensor for a fluid with velocity
vA. So the null surface fluid equations will pick up a
viscous tensor arising from this shear. This is essentially
what happens even in more general contexts.

Finally, it may be noted that the validity of the DNS
equation on a null surface forms the basis for the structural
similarity noticed between gravity and fluid mechanics in
the context of string-theory-motivated approaches in AdS,
etc. (see, e.g., [18]). Once the field equation is reduced to
the DNS form (or its generalization in a higher-
dimensional AdS context), one can attempt to solve the
equation—which is an issue we have not addressed—and
obtain the metric systematically using a long wavelength
approximation of the fluid mechanics. This would involve
expanding the metric in a series g,, = g,,° + €g,,'+
€’g,,> ... indexed by a bookkeeping parameter € and
simultaneously introducing a derivative expansion by re-
scaling the coordinates by x' — ex’ in the argument. This
will allow one to solve for the metric order by order in the
long wavelength approximation exactly as in the case of
fluid mechanics.

V. CONCLUSIONS

The similarity between gravitational field equations and
the Navier-Stokes equation in the context of null surfaces
has been known (at least to the relativity community) for
several decades now. However, it had not found any spe-
cific utility except possibly as a conceptual tool in mem-
brane paradigm until recently, when similar results,
inspired by string theory, attracted attention to this subject.
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In this backdrop, the results of this paper have the follow-
ing significance and implications.

A. Structure of spacetime entropy density functional

In all the previous approaches to the DNS equation, one
starts from the gravitational field equations (which would
have been obtained by some standard field theoretic pro-
cedure), projects them onto a null surface, and reinterprets
the resulting equation as the DNS equation. This is some-
what unsatisfactory conceptually since one would have
expected a fluid dynamical equation to arise from an en-
tropy maximization principle or something similar. Given
the fact that Einstein’s field equation itself has a clear
thermodynamical interpretation, it is obvious that the
DNS equation must be derivable in a direct manner from
entropic considerations. We have achieved this goal in this
paper by reinterpreting the previous result [1,5] of obtain-
ing the field equations from extremizing the entropy den-
sity of spacetime.

It is conceptually satisfying that the extremum condition
for the entropy density of spacetime (directly related to
null surfaces because they can act as local Rindler hori-
zons) given by Eq. (4) has a natural interpretation when
projected to a null surface. As Eq. (9) shows, such a
projection—involving contractions with either € or gf—
makes the Lagrange multiplier term in Eq. (4) disappear
and gives a direct relation between Ricci tensor and the
energy momentum tensor.

It may also be noted that the gravitational entropy
density—which is the integrand sy, % (—P5V £V ")
in Eq. (2)—obeys the relation

IS (pedy ) o (V06 — SEV,E),  (45)

9 (vc €a) abVd a aViv)h
where the second relation is for Einstein’s theory. This
term is analogous to the more familiar object t; = K§ —
65K (where K, is the extrinsic curvature) that arises in the
(1 + 3) separation of Einstein’s equations. (More precisely,
the appropriate projection to 3-space leads to 75.) This
combination can be interpreted as a surface energy mo-
mentum tensor in the context of the membrane paradigm
because ,, couples to §4*” on the boundary surface when
we vary the gravitational action (see, e.g., Eq. (12.109) of
[8]). In fact, one obtains the results for null surfaces as a
limiting process from the timelike surfaces (usually called
stretched horizon) in the membrane paradigm [11].
Equation (45) shows that the entropy density of spacetime
is directly related to #§ and its counterpart in the case of a
null surface.

This term also has the interpretation as the canonical
momentum conjugate to the spatial metric in (1 + 3) con-
text, and Eq. (45) shows that the entropy density leads to a
similar structure. This will form the basis for generalizing
the DNS equation to Lanczos-Lovelock models in a future
publication [17].
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Further, the functional derivative of the gravitational
entropy in Eq. (2) has the following form, in any
Lanczos-Lovelock model:

% o R 60 o T, 46)
Previous work [1,3,14] has shown that the current
J, =2R,,€" plays a crucial role in interpreting
gravitational-field equations as entropy-balanced equa-
tions. In the context of local Rindler frames, when €¢ arises
as a limit of the timelike Killing vector in the local Rindler
frame, J, can be interpreted as the Noether (entropy)
current associated with the null surface. In that case, the
generalization of the two projected equations in Eq. (9) to
the Lanczos-Lovelock model will read as
Totqh,  (47)

1
‘]aea = 5 abgaeb; Jaq;ln =

N =

which relate the gravitational entropy density and flux to
matter energy density and momentum flux. The second
equation in the above set becomes the DNS equation in the
context of Einstein’s theory. All these results, including the
DNS equation, will have direct generalization to Lanczos-
Lovelock models which can be structured using the above
concepts [17]. We again see that all these ideas find a
natural home in the emergent paradigm.

B. Comparison of DNS and NS equations

We have used this occasion to clarify some issues related
to the interpretation of the DNS equation as describing a
viscous fluid. As noted in Sec. III D there are, in general,
two crucial differences between the DNS equation and the
standard NS equation. The first is the appearance of time
derivatives of the transverse metric ¢, in the definition of
the shear viscosity tensor because of which it cannot be
interpreted properly in general. In fact, this term has no
hydrodynamical interpretation except in very specific con-
texts or in a perturbative series. One can avoid this diffi-
culty, however, by choosing a specific class of metrics and
coordinate systems.

The second difference has to do with the appearance of
the Lie derivative rather than the convective derivative in
the momentum transport equation. As I argued above, this
requires one to work in the boosted local inertial frame for
proper interpretation. Somewhat surprisingly, these two
differences have not been explicitly discussed in published
literature, as far as I know.

C. Dissipation: A new level of observer dependence

The existence of viscosity in the fluid equation raises
questions related to possible dissipational effects. I am not
comfortable with the notion of continuous, observer-
independent, dissipation in the spacetime and have stressed
the fact that the dissipational terms involving o ,,c*’ and
6? vanish in the boosted inertial frame which I consider to
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be appropriate for the interpretation of the DNS equation,
in view of the comments in Secs. I[II D and V B. As pointed
out earlier, in such a frame, the derivatives of the viscous
tensor (related to spacetime curvature) are nonzero while
the viscous tensor (proportional to Christoffel symbols)
vanishes. Of course, an observer who is not freely falling
will perceive nonzero dissipational terms while a freely
falling observer will not observe them. This may sound
paradoxical, but observer dependence in the thermody-
namic description of horizons is very well known and
need not cause any (new) surprise.

A general framework incorporating the observer depen-
dence of thermodynamic variables and providing a trans-
lation table for physical phenomena perceived by observers
in different states of motion is currently lacking. This
aspect deserves further investigation.
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APPENDIX A: NULL SURFACES

Consider a four-dimensional spacetime manifold M
with a metric g,,. A null surface in this spacetime is a
three-dimensional submanifold S such that the restriction
¥ v of the spacetime metric g,;, to S is degenerate, i.e.,
there exist vectors v# in § such that y,,v* = 0. (Recall
that we use the mostly positive signature; the Latin indices,
a,b... go over 0 —3 in M while the Greek indices
a, B, ... go over the coordinates in a three-dimensional
null surface S with signature (—, +, +). When we restrict
ourselves to the two-dimensional, spatial submanifold of
this null surface, we will use uppercase Latin indices
A, B,.... Our results are easily generalizable to a
D-dimensional manifold, but we will stick with four di-
mensions for notational simplicity.)

The normal to S is a null vector field €4 in the spacetime
which can be written in the form €, = fd,¢, where f and
¢ are scalars in the spacetime and ¢ is constant on S.
Straightforward algebra using the fact that V,;V;¢ =
V;V,¢ shows that

€V €, = (€9, Inf)C,, = K€, (A1)

Therefore the rescaled vector L™ = f~1¢” is null and
satisfies the geodesic equation with affine parametrization;
i.e., L'V;L/ = 0. Hence a null surface can be thought of as
“filled by” (a congruence of) null geodesics. Equation
(A1) shows that €“ also satisfies the geodesic equation
but with a nonaffine parametrization if « is nonzero.
When the null surface corresponds to a black hole horizon
in an asymptotically flat spacetime, there is a natural
choice for €“ such that « can be identified with the surface
gravity of the black hole horizon. We shall continue to use
this terminology and call « in Eq. (A1) the surface gravity
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of § even when it depends on the choice of normalization
for the null vector field. In the case of S being a local
Rindler horizon, one can relate « to the acceleration of the
congruence of Rindler observers which one is considering;
the arbitrariness in the normalization translates into the
arbitrariness in the choice of the acceleration for the
Rindler observers.

The fact that the null surface is spanned by the null
geodesics allows us to introduce a natural coordinate sys-
tem adapted to a family of null surfaces in the spacetime
as follows: We choose one of the coordinates such that
x> = constant corresponds to a set of null surfaces with,
say, x> = 0 on S. Let the intersection of S with an x°
constant surface (X,) of the spacetime be a two-
dimensional surface S, with coordinates x4 = (x!, x?)
and coordinate basis vectors e, = d4. At any point P in
3., there will be one future-pointing null direction orthogo-
nal to the 2-surface S,. We choose € at P to be in this
direction with €-e, =0 on S,. We can now erect a
coordinate system in the neighborhood of %, by the follow-
ing choice: (a) The coordinates x', x>, x> are taken to be
constant along the geodesics starting from each point
P(x', x?,x*) in 3, in dthe direction of €¢(x); (b) x° is
chosen to be the affine parameter distance along these
geodesics with A = ¢ on 3,.

In such a coordinate system, € = 9/ 9x0 so that €4 = o,
and the condition €? = 0 translates to gy, = 0. Further, the
geodesic condition with affine parametrization gives

1
0=V, te =Vt =T¢, = Egab(zaogoz; — 95800)

= 8 9080p (A2)
requiring dygo, = 0 along each geodesic. But initially, on
3, we have yg, = €-e, =0 and yy, = 0 because € is
orthogonal to the basis vectors e, as well as to itself. This
requires (oo, Yoa) to vanish all along the geodesic. The
line element will now take the form

M 2
ds? = —N2%dr* + (Ndx3 + eth)

+ gap(dx® + m2dx®)(dx? + mBdx3),  (A3)
with € = *1. The x* = constant surfaces are null with the
line element ds*> = q,pdx*dx® because, in the (degener-
ate) metric y,, (with u, v =0, 1, 2), the coefficients
You Vvanish: ie., yg0 = yoa = 0. For example, when
N=M=1, qu = 8,5 and m* = 0, we recover the
usual null coordinates x* = z + ¢ or x> = z — ¢ for the
two choices of e.

In this construction of coordinates, we have embedded S
in a one-parameter congruence of null hypersurfaces cor-
responding to x* = constant and the other coordinates x°,
x', and x? are constructed in such a way that € = 9/9x%isa
null geodesic field in the neighborhood of S. While this is
always possible, it is often advantageous to use a slightly
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less restrictive coordinate system in which the geodesic
condition is relaxed but the coordinate x* is constant on the
null hypersurfaces of interest. This can be achieved by
allowing for nonzero 7y, and yg4. In such a case, the
coordinates can be chosen such that the line interval be-
comes

M 2
ds? = —N2dr* + (ﬁdﬁ + eth)

+ qAB(dxA - UAdt + mAdx3)

X (dxB — vBdt + mBdx3). (A4)

The metric on S, corresponding to t = constant, x* =
constant is g4 with a well-defined inverse g*Z. The raising
and lowering of the uppercase indices A, B, etc. in this
transverse two-dimensional surface are done using these
metrics. We also have ./=g = M(detg,p)"/?. The null
vector field will now be € = 9, + v4d, = 9, + vie,
with components €¢ = (1, v4,0) with € - € =0 =€ - ¢,.
Clearly, € has the structure of a convective derivative if we
think of v* as a transverse velocity field.

From the form of the metric in Eq. (A4) it can be
explicitly verified that y,,,£” = 0 where the Greek letters
run over 0, 1, 2 on the null surface S with x> = constant.
Therefore the 3-metric on S is indeed degenerate. This fact
requires us to be careful in characterizing the extrinsic
geometry of S, since raising and lowering of indices will
not be possible with a degenerate metric. As outlined in the
main text, this can be done by expanding V€ using the
coordinate basis e, = 9, on S. For many purposes, it is
convenient to have a more formal approach in terms of
tensorial objects defined in the four-dimensional spacetime
and their projections onto S,. We shall now indicate how
this can be done along the lines described in the excellent
review, Ref. [12].

We will begin by introducing the standard (1 + 3) folia-
tion of the spacetime with the normals n = —Ndt to X,
where N is the lapse function. Let s be a unit normal to a set
of timelike surfaces such that n - s = 0. We can now define
two null vector fields by

€ =N(n+s); k= (1/2N)(n —s). (A5)

The primary vector field we are interested in is €, while k is
an auxiliary null vector field with € - k = —1 which is
useful for the study of extrinsic geometry. (Of course, €
and k can be introduced without n and s, but this allows a
natural normalization.) We can now define a metric ¢,;, on
the two-dimensional surface S, orthogonal to the n and s
through standard relations:

9ab = 8ab + gy = SqSp = 8ab + €akh + fhku;

Qabeb =0= Qabkb' (A6)

The mixed tensor g, allows us to project quantities onto S,.
We can also define another projector orthogonal to k” by
the definition 119, = 8¢ + k9¢,, which has the properties
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Habfb — €‘1;
m+,¢, =0;

14, kb = 0;
Habka = kb'

(A7)

We can now introduce the Weingarten coefficients as the
projection of the covariant derivative V ;€4 by the defini-
tion

Xab = Hdbvd€” = Vb€” + €b(kdvd‘€a), (Ag)
which has the properties
a pb — a. b — - a — ()-
X460 = k€% Xapk” = 0; Xant 0; (A9)

Xark® = —w, = =V k),

where the surface gravity « is defined through the relation
€/V;€; = k{; and w, through the last equality. The only
nontrivial resultis y,,k¢ = —¢/V ki, which can be proved
(see, e.g., Eq. (5.40) of Ref. [12]) by working out the
components in the adapted coordinate system. Note that
w, satisfies the relations w,€* = k and w k* = 0. We
next define ®,, by projecting x,,, to S,. We get, on using
" xmp = 0 and k" x,,, = —w,, this result:

®ab = qzl/\/mb = Xab + kaem/\/mb + €akm/\/mb

= Xab — €awb’ (AIO)

which is essentially Eq. (18) expressed in the four-
dimensional notation with suitable projection tensors.
Using Eq. (11) we see that

®ab = ®ba = vb€a + eakivigb - €bwa = qzlqzvmgn
(A11)

This result shows that ®,, is a natural projection of the
covariant derivative V,, €, onto the surface S, and, obvi-
ously, @, €% = 0 = @ ,,k. The trace of ®,,, denoted by
0, is given by

4=0=V,"— K (A12)

which corresponds to Eq. (21). It is also convenient to
define a similar projection of w, by ), = gfw,. We have

Q) = qho, = —qilk,x" ) = 0, — ky(k, £")

= Wy + Kkb. (A13)

For computational purposes it is often convenient to relate
0, Q;, etc. to more familiar quantities defined using the
standard (1 + 3) decomposition of the metric. It can be
shown (see Sec. 10.2 of Ref. [12]) that the following results
hold, which are often useful for explicit computation:

0. = N(D,s, — K,)qhqhs (Al4)
0 = N(D,s* + K,ps“sP — K);
k ="V, InN + 5*D,N — NK,p5sP; (ALS)

Q,=D,InN — K,,,s"q".
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These results again allow us to express the projection of
Einstein’s equations onto S,. To do this, one begins with
the standard relation V,V (" -V, V, ¢" = R,, €™ and
substitutes for V€™ using Eq. (A11) and for V,, €™ using
Eq. (A12) repeatedly. This leads, after some straightfor-
ward algebra, to the relation

R, " =V,0"+{"V, 0w, + (k + 0w, — V,(k + 0)
- 0,,k'V A" — (0,k'V " + ¥V, k"V, "
+ k"V,, V"¢, (A16)

The projection of R, €™ using I1", separates into two
terms given by

R, ¢("II" = —R,, €"¢"k, + R,,,("q". (A17)

As mentioned in the main text, we now see that there is a
projection along ¢ itself and a projection to the 2-surface
S;. Of these, the R,,€"¢" will give the familiar
Raychaudhuri equation while R,,,€"q% will lead to an
equation which looks similar to the Navier-Stokes equa-
tion. The Raychaudhuri equation can be obtained very
easily by contracting Eq. (A16) with € and simplifying
the result. We get

Ry, 070" = —@,, O™ + k0 — ("V, 0.  (AlS)

It is again conventional to separate out the trace of ©,,, and
define o, =9,,, — (1/2)g,,,0 so that we can write
0,,0™ = o,,0™ + (1/2)6>.

The derivation of the Navier-Stokes—like equation is
more complicated. Contracting Eq. (A16) with g} leads
to the expression
Riunt"qz = @iV n Oy + ¢ "V, 0, + (k + 0)Q,

—Dy(k + 6) — 0,,,k"V, ", (A19)

with ¢V, (k + 0) = D,(k + 6), where D,, is the covariant
derivative defined using the metric on S,. The first and the
last terms on the right-hand side can also be combined in
terms of D, using the relation

D0} = qiqiV,0; = (8} + tik; + {;k)q}V,0;
= gkV,0i — O, V,(tik; + £;k')
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In obtaining this result we have repeatedly used the or-
thogonality condition @/ ¢¢ = 0 = @’k and the defini-
tions €"V,k, = ®,, ¢}, =Q; Therefore, we can
combine the first and last terms in Eq. (A19) as

¢"V,,0m — @"k"V, €, =D, 0" +0mQ, (A2])

In the second term in Eq. (A19), we introduce the Lie
derivative of (), through the expansion

qggmvmwn = qgemvm(ﬂn - Kkn)
= qZ({mvan - Kemvmkn)
= qZ(EEQn - vangm - Kwn)

=g L, —0"Q), — k), (A22)

Combining all these together, we get
R, {"q" = q" L, Q,, +0Q,— D,k +6)+D,0O"
=g"L,Q, +0Q,— Da<K + g) + D,, o,
(A23)

where we have again set O = ¢ + (1/2)8™"6.
This result can be reexpressed in several different ways.
For example, the convective derivative of (), has the form

DtQa = qggmvmﬂn = q:zn-EeQn - ®21‘Q'm’ (A24)

using which we can express Eq. (A23) in terms of the

convective derivative. Alternatively, we can express it in

the coordinate system adapted to S, in which the projection
of the Lie derivative has the form

a0y B B

qrg‘£69m = T + v DBQA + QBDAU , (A25)

where we have used € = 9, + vie,. Then Eq. (A23)

becomes, on using ), = w, for transverse components,
because k, = 0,

Rmngnq?{l == (80 + UBDB)C()A + QBDAUB + e(l)A

1
+ Dgof — DA(K + 50) (A26)

This is the form which was used in the main text.
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