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We study QCD evolution equations of the first transverse-momentum moment of the naive-time-

reversal-odd fragmentation functions—the Collins function and the polarizing fragmentation function. We

find for the Collins function case that the evolution kernel has a diagonal piece the same as that for the

transversity fragmentation function, while for the polarizing fragmentation function case this piece is the

same as that for the unpolarized fragmentation function. Our results might have important implications in

the current global analysis of spin asymmetries.

DOI: 10.1103/PhysRevD.83.036006 PACS numbers: 11.10.Hi, 12.38.Bx, 12.39.St, 13.88.+e

I. INTRODUCTION

The phenomenon of single transverse-spin asymmetry,
AN � ð�ðS?Þ � �ð�S?ÞÞ=ð�ðS?Þ þ �ð�S?ÞÞ, defined as
the ratio of the difference and the sum of the cross sections
when the transverse-spin vector S? is flipped, was first
observed in the hadronic � production at Fermilab in 1976
as a surprise [1]. Since then large single transverse-spin
asymmetries (or other related spin effects) have been con-
sistently observed in various experiments at different col-
lision energies [2], such as Sivers and Collins asymmetries
in the semi-inclusive hadron production in deep inelastic
scattering and in hadronic collisions [3,4], as well as the
large cosð2�Þ anomalous azimuthal asymmetry in back-to-
back dihadron production in eþe� annihilation [5].

To understand all these nontrivial and interesting spin
effects and to explore the physics behind these asymme-
tries, two QCD-based approaches have been proposed and
widely applied in the phenomenological studies [6–12]: the
collinear twist-three factorization approach [13] and the
transverse-momentum-dependent (TMD) factorization ap-
proach [14–18]. These two approaches apply in different
kinematic domains and have been shown to be equivalent
in the overlap region where they both apply; thus, they
provide a unified QCD description for these spin effects
[19]. In the collinear twist-three factorization approach, the
spin effect depends on certain twist-three multiparton cor-
relation functions. On the other hand, in the TMD factori-
zation approach, the spin effect could be described in terms
of TMD distributions and fragmentation functions. These
twist-three multiparton correlation functions are closely
related to the TMD functions. For example, the so-called
Efremov-Teryaev-Qiu-Sterman quark-gluon correlation
function is the first transverse-momentum moment of the
Sivers function [18].

The spin effect could be generated from either the spin
correlation in the parton distribution functions, among
which the Sivers [14] and Boer-Mulders [17] functions
are the important examples, or the spin correlation in the
fragmentation functions, among which the Collins function

[15] and polarizing fragmentation function [16] are the
important ones. Although all four of these functions are
naive-time-reversal-odd (T-odd), they have very different
universality properties. For both Sivers and Boer-Mulders
functions, it has been shown that they differ by a sign for
the semi-inclusive hadron production in deep inelastic
scattering and Drell-Yan processes [20]. On the other
hand, both the Collins function and the polarizing frag-
mentation function have been argued to be universal
between different processes [21–26]. The different univer-
sality properties are connected with the nontrivial initial-
and final-state interactions between the active parton and
the target remnant [27], whose interesting consequences
remain to be tested in the future experiments [7,26].
On the fragmentation side, both the Collins function and

the polarizing fragmentation function have been widely
used in describing the spin asymmetries observed in the
experiments. The Collins function describes the trans-
versely polarized quark jet fragmenting into an unpolarized
hadron, whose transverse momentum relative to the jet axis
correlates with the transverse polarization of the fragmen-
tation quarks. It has been believed to be responsible for

the azimuthal asymmetry Asinð�hþ�sÞ
N observed in semi-

inclusive hadron production in deep inelastic scattering
[3] and the cosð2�Þ asymmetry observed in back-to-back
dihadron production in eþe� annihilations [5]. On the
other hand, the polarizing fragmentation function describes
the distribution of a transversely polarized hadron in an
unpolarized quark, through a correlation between their
relative transverse momentum and the hadron transverse-
spin vector, which have been believed to be responsible for
the hyperon polarization observed in the experiments [28].
The first transverse-momentum moment of the Sivers

and Boer-Mulders functions corresponds to twist-three

quark-gluon correlation functions Tq;Fðx; xÞ and Tð�Þ
q;Fðx; xÞ

[18], for which the QCD evolution equations have been
studied by various authors [29–32]. On the other hand, the
corresponding fragmentation correlation functions con-
nected to the first transverse-momentum moment of the
Collins function and the polarizing fragmentation function
have been identified only recently [25,26]. The purpose of*zkang@bnl.gov
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our paper is to derive the QCD evolution equations for
these relevant fragmentation correlation functions. QCD
evolution equations are important in the sense that they
control the energy dependence of the associated spin ob-
servables, and also they enable us to evaluate the higher-
order corrections to the spin-dependent cross sections
systematically.

II. EVOLUTION EQUATIONS

To start, we recall that the eight leading-twist TMD
fragmentation functions could be defined from the follow-
ing correlator:

�ðzh; p?Þ ¼ 1

zh

Z d��d2�?
ð2�Þ3 eik

þ���i ~k?� ~�?h0jL�c ð�ÞjPSXi

� hPSXj �c ð0ÞLy
0 j0i; (1)

where a factor 1=2Nc from the average over the spin
and the color of the fragmenting quark is suppressed. P
is the momentum of the final-state hadron with spin S,
which has a transverse component p? relative to the mo-
mentum k of the fragmenting quark. We choose the hadron
to move along the þz direction and define two lightlike
vectors:

�n � ¼ ½1þ; 0�; 0?�; n� ¼ ½0þ; 1�; 0?�: (2)

The momentum fraction zh ¼ Pþ=kþ, and ~k? ¼ � ~p?=zh.
To ensure gauge invariance, we have explicitly written out
the gauge link L� ¼ P expð�ig

R1
0 d�n � Að�þ �nÞÞ.

The correlator �ðzh; p?Þ could be expanded as follows
[16,17]:

�ðzh; p?Þ ¼ 1

2

�
D1ðzh; p2

?Þ �nþ �hG1Lðzh; p2
?Þ�5 �nþH1ðzh; p2

?Þi��	�
5 �n�S	? þD?

1Tðzh; p2
?Þ


�	���
� �n	p�

?S
�
?

Mh

þH?
1 ðzh; p2

?Þ
��	p

�
? �n	

Mh

þG1Tðzh; p2
?Þ

~p? � ~S?
Mh

�5 �nþ �hH
?
1Lðzh; p2

?Þ
i��	�

5 �n�p	
?

Mh

þH?
1Tðzh; p2

?Þ
~p? � ~S?p

	
? � 1

2
~p2
?S

	
?

M2
h

i��	�
5 �n�

�
; (3)

where �h is the hadron helicity andMh is the hadron mass.
Out of the above eight TMD fragmentation functions,
D1ðzh; p2

?Þ, G1Lðzh; p2
?Þ, and H1ðzh; p2

?Þ are p?-even
functions and correspond to the unpolarized and longitudi-
nally and transversely polarized distributions in the
fragmentation, respectively. They are related to the
leading-twist collinear fragmentation functions after
integrating over p?, for which the QCD evolution equa-
tions have been well known [33,34]. All other five TMD
fragmentation functions are p?-odd functions in the
sense that they vanish if integrated over p? directly.
However, for D?

1Tðzh; p2
?Þ, H?

1 ðzh; p2
?Þ, G1Tðzh; p2

?Þ, and
H?

1Lðzh; p2
?Þ, their integral over p? after first weighted by

p2
? (called the ‘‘first p? moment’’) leads to the twist-three

collinear fragmentation correlations; for H?
1Tðzh; p2

?Þ, the
nonvanishing integral needs to be weighted by even higher
power p? and actually corresponds to twist-four fragmen-
tation correlation.

In this paper, we are particularly interested in deriving
the QCD evolution equations for the first transverse-
momentum moment of H?

1 ðzh; p2
?Þ and D?

1Tðzh; p2
?Þ:

H?
1 ðzh; p2

?Þ is the Collins function, and D?
1Tðzh; p2

?Þ is

the polarizing fragmentation function, which have been
the main focus in the phenomenological studies. Their first
transverse-momentum moments have been identified re-
cently and given by the following fragmentation correla-
tion functions [25,26]:

ĤðzÞ ¼ z2

2

Z d��

2�
eik

þ�� 1

2

�
Tr��	n	

� h0j
�
iD?� þ g

Z 1

��
d��Fþ

� ð��Þ
�
c ð��ÞjPSXi

� hPSXj �c ð0Þj0i þ H:c:

�
; (4)

T̂ðzÞ¼ z2
Z d��

2�
eik

þ�� 1

2

�
Trn

�h0j
n �nS?�
�
iD?�þg

Z 1

��
d��Fþ

� ð��Þ
�

�c ð��ÞjPSXihPSXj �c ð0Þj0iþH:c:

�
; (5)

where D�
? ¼ @�? � igA�

? is the covariant derivative and

F�	 is the gluon field strength tensor. ĤðzÞ and T̂ðzÞ are
related to the Collins function H?

1 ðzh; p2
?Þ and the polar-

izing fragmentation function D?
1Tðzh; p2

?Þ as follows:

ĤðzÞ ¼
Z

d2p?
j ~p?j2
Mh

H?
1 ðz; p2

?Þ; (6)

T̂ðzÞ ¼
Z

d2p?
j ~p?j2
Mh

D?
1Tðz; p2

?Þ: (7)

According to Refs. [25,26,35], the above defined one-
variable fragmentation correlations belong to the more

ZHONG-BO KANG PHYSICAL REVIEW D 83, 036006 (2011)

036006-2



general twist-three two-variable fragmentation correla-
tions, which are defined as

ĤDðz1; z2Þ ¼ z1z2
2

Z d��

2�

d��

2�
eik

þ
2
��
eik

þ
g �

�

� 1

2
fTr��	n	h0jiD?�ð��Þc ð��ÞjPSXi

� hPSXj �c ð0Þj0i þ H:c:g; (8)

T̂Dðz1; z2Þ ¼ z1z2
Z d��

2�

d��

2�
eik

þ
2 �

�
eik

þ
g �

�

� 1

2
fTrnh0j
n �nS?�iD?�ð��Þc ð��ÞjPSXi

� hPSXj �c ð0Þj0i þ H:c:g; (9)

where kþg ¼ kþ1 � kþ2 with kþ1 ¼ Pþ=z1 and kþ2 ¼ Pþ=z2.
Similarly, one can define the corresponding F-type frag-

mentation correlations ĤFðz1; z2Þ and T̂Fðz1; z2Þ by replac-
ing D�

? by gFþ� in Eqs. (8) and (9). By using the equation

of motion, D-type and F-type functions are related to each
other [18,25,36]:

Ĥ Dðz1;z2Þ¼PV

�
1

1
z1
� 1

z2

�
ĤFðz1;z2Þþ


�
1

z1
� 1

z2

�
z1
z2
Ĥðz2Þ;

(10)

T̂ Dðz1; z2Þ ¼ PV

�
1

1
z1
� 1

z2

�
T̂Fðz1; z2Þ þ


�
1

z1
� 1

z2

�
z1
z2
T̂ðz2Þ;

(11)

where PV stands for principle value. The above equations

show that ĤD and T̂D are more singular than their corre-

sponding F-type functions ĤF and T̂F at z1 ¼ z2.

Moreover, a recent study has shown that ĤFðz1; z2Þ and
T̂Fðz1; z2Þ vanish when z1 ¼ z2 [22,23]. Therefore, it is

more convenient to use the set of fĤðzÞ; ĤFðz1; z2Þg and
fT̂ðzÞ; T̂Fðz1; z2Þg when we derive the evolution equations,
as we will follow below.

The fragmentation correlations ĤðzÞ and T̂ðzÞ could be
represented by the same cut forward scattering diagrams as
sketched in Fig. 1(a) but with different cut vertices which
are used to connect the operator definition of the fragmen-
tation correlations to the cut forward scattering Feynman
diagrams. The standard way to derive the cut vertex is to
express the operator definition of the correlation functions
in terms of hadronic matrix elements of quark and gluon
operators in momentum space; for details, see [29]. The cut

vertices for ĤðzÞ and T̂ðzÞ as represented in Fig. 1(a) are
given by

ĤðzÞ: z2

4



�
kþ � Pþ

z

�
i� � k?� � n; (12)

T̂ðzÞ: z2

2



�
kþ � Pþ

z

�
� � n
n �nS?k? ; (13)

where k? is the transverse momentum of the fragmenting
quark with respect to the final hadron momentum.
Let us now explain how to derive the evolution equa-

tions. We will work in the light-cone gauge n � A ¼ 0.
In order to derive the evolution equations and evolution
kernels from the operator definitions of the fragmentation
correlations, one needs to compute the perturbative modi-
fication to these functions caused by the quark-gluon in-

teractions in QCD. For both ĤðzÞ and T̂ðzÞ, the perturbative
modification could come from either these correlation
functions themselves, as shown in Fig. 1(b), or the corre-
sponding F-type fragmentation correlations, as shown in

Fig. 1(c). Since both ĤðzÞ and T̂ðzÞ correspond to the
operator �h0j@?c jPSXihPSXj �c j0i, i.e., the partial de-
rivative in the quark field, in order to calculate the contri-
bution from themselves as shown in Fig. 1(b), one has to
perform collinear expansion. In other words, one should
assume ‘q � P=zþ ‘q? , and the linear in ‘q? expansion

term when combined with the quark field from the top blob

will lead to the fragmentation correlations ĤðzÞ and T̂ðzÞ.
On the other hand, to calculate the contribution from the
F-type fragmentation correlations as shown in Fig. 1(c),
one has to insert a A? gluon in the Feynman diagram and
then convert A�

? to field strength Fþ� through a partial

integration, which leads to the F-type fragmentation cor-
relations. In the calculation of A? contributions, since no
collinear expansion is involved, one could set all the parton
momenta as collinear to the hadron: ‘q ¼ P=z, ‘q1 ¼
P=z1, and ‘g ¼ ‘q � ‘q1 . To sum up, the perturbative

modifications could be written as

dĤðzh;�2Þ ¼
Z

dz
1

2z4
@

@‘�q?

�Tr½i��� �PKðk;‘q �P=zþ ‘q?Þ�‘q?!0

� Ĥðz;�2Þþ
Z

dzdz1PV

�
1

1
z� 1

z1

�
1

2z3z31

�Tr½i��� �PK�ðk;‘q ¼P=z;‘q1 ¼P=z1Þ�
� ĤFðz;z1;�2Þ; (14)

P

k

(a)

P

lq

k

(b)

P

1q
q

(c)

l l

k

g l

FIG. 1. Feynman diagram representation: (a) the first
transverse-momentum moment of TMD fragmentation func-
tions, (b) evolution contribution from itself: ‘q � P=zþ ‘q? ,

(c) evolution contribution from the two-variable F-type
fragmentation correlations: ‘q ¼ P=z, ‘q1 ¼ P=z1, and ‘g ¼
‘q � ‘q1 .
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dT̂ðzh;�2Þ¼
Z dz

2z4
@

@‘�q?

�Tr½��P
 �nnS?�Kðk;‘q�P=zþ‘q?Þ�‘q?!0

� T̂ðz;�2Þþ
Z
dzdz1PV

�
1

1
z� 1

z1

�
1

2z3z31

�Tr½��P
 �nnS?�K�ðk;‘q¼P=z;‘q1 ¼P=z1Þ�
� T̂Fðz;z1;�2Þ; (15)

where � is the factorization scale and Kðk; ‘q � P=zþ
‘q?Þ and K�ðk; ‘q ¼ P=z; ‘q1 ¼ P=z1Þ are the hard par-

tonic part calculated from Figs. 1(b) and 1(c) without the
top blob, respectively. Note we use the same symbols
Kðk; ‘q � P=zþ ‘q?Þ and K�ðk; ‘q ¼ P=z; ‘q1 ¼ P=z1Þ
for both Ĥðzh; �2Þ and T̂ðzh;�2Þ for simplicity, they are
different in the calculations as shown below.

To the leading order in strong coupling constant �s, the
contribution from the fragmentation correlation functions
themselves as in Fig. 1(b) are given by the Feynman
diagrams in Fig. 2: Figure 2(a) is the real contribution,
while Figs. 2(b) and 2(c) are the virtual contributions.
These diagrams are the same as those when one calculates
the evolution kernel for the leading-twist unpolarized col-
linear fragmentation function [33,37], but the actual cal-
culations are very different. As we have explained above,
in our current calculations, a collinear expansion is needed

to pick up the linear in ‘q? terms which lead to ĤðzÞ and
T̂ðzÞ; on the other hand, there is no collinear expansion
involved in the calculations for the leading-twist collinear
functions. Following the collinear expansion as specified in
the first terms of Eqs. (14) and (15), we obtain the con-
tributions from the real diagram in Fig. 2(a):

dĤðzh;�2ÞjFig: 2ðaÞ ¼
Z �2 dk2?

k2?

�s

2�
CF

Z dz

z

2ẑ

1� ẑ
Ĥðz;�2Þ;

(16)

dT̂ðzh;�2ÞjFig: 2ðaÞ ¼
Z �2 dk2?

k2?

�s

2�
CF

Z dz

z

1þ ẑ2

1� ẑ
T̂ðz;�2Þ;

(17)

where ẑ ¼ zh=z. For the virtual diagrams in Figs. 2(b) and
2(c), since now ‘q ¼ k, thus the ‘q? expansion is in fact an

expansion of k?. On the other hand, the cut vertices for

both ĤðzÞ and T̂ðzÞ in Eqs. (12) and (13) depend linearly on
k?, and thus after a direct expansion over k? in the cut
vertices, one could set all k? ¼ ‘q? ¼ 0 afterwards. The

final results are

dĤðzh;�2ÞjFigs: 2ðbÞþðcÞ ¼
Z �2 dk2?

k2?

�s

2�
CF

�
Z 1

0

dz0

z0
1þ z02

1� z0
Ĥðzh; �2Þ; (18)

dT̂ðzh; �2ÞjFigs: 2ðbÞþðcÞ ¼
Z �2 dk2?

k2?

�s

2�
CF

�
Z 1

0

dz0

z0
1þ z02

1� z0
T̂ðzh;�2Þ: (19)

Combining above real and virtual contributions, we obtain

dĤðzh;�2ÞjFig: 2 ¼
Z �2 dk2?

k2?

�s

2�
CF

Z dz

z

�
�

2ẑ

ð1� ẑÞþ þ 3

2

ð1� ẑÞ

�
Ĥðz;�2Þ;

(20)

dT̂ðzh; �2ÞjFig: 2 ¼
Z �2 dk2?

k2?

�s

2�
CF

Z dz

z

�
�

1þ ẑ2

ð1� ẑÞþ þ 3

2

ð1� ẑÞ

�
T̂ðz; �2Þ:

(21)

Let us now consider the contribution from the F-type
fragmentation correlation functions. To the leading order
in �s, the relevant Feynman diagrams are shown in
Figs. 3 and 4: the real contributions in Fig. 3 and the virtual
contributions in Fig. 4. As we have mentioned above,
calculating the A? contribution (finally related to F-type
fragmentation correlation functions) does not involve col-
linear expansion in the light-cone gauge, we could set all
the parton momenta collinear to the final hadron:

‘q ¼ P=z; ‘q1 ¼ P=z1; ‘g ¼ ‘q � ‘q1 : (22)

The calculations following the formalism in the second
terms of Eqs. (14) and (15) are also straightforward. For the
real diagram contributions, we collect the terms through
the color factors: Figures 3(a)–3(c) have color factors CF,
CF � CA=2, and CA=2, respectively. The final results are

dĤðzh;�2ÞjFig: 3 ¼
Z �2 dk2?

k2?

�s

2�

Z dz

z

Z dz1
z21

PV

�
1

1
z � 1

z1

�

� Bðzh; z; z1ÞĤFðz; z1; �2Þ; (23)

(a)

q

k

l

k

ql

(b)

k

ql

(c)

FIG. 2 (color online). Contribution from the first transverse-
momentum moment of the TMD fragmentation functions them-
selves: (a) real contribution; (b),(c) virtual contributions.

ZHONG-BO KANG PHYSICAL REVIEW D 83, 036006 (2011)

036006-4



dT̂ðzh; �2ÞjFig: 3 ¼
Z �2 dk2?

k2?

�s

2�

Z dz

z

Z dz1
z21

PV

�
1

1
z � 1

z1

�

� B0ðzh; z; z1ÞT̂Fðz; z1; �2Þ; (24)

where the kernel Bðzh; z; z1Þ and B0ðzh; z; z1Þ are given by

Bðzh; z; z1Þ ¼ CF

�
2zh
z

�
1þ zh

z1
� zh

z

��

þ CA

2

�
2zh
z

z2hðz2 þ z21Þ � zz1ðzþ z1Þ
ðz1 � zÞðz1 � zhÞz

�
; (25)

B0ðzh; z; z1Þ ¼ CF

�
zh
z1

� z

z1
� zh

z
þ z2h

zz1
þ 2

�

þCA

2

�ðzzh þ z1zh � 2zz1Þðzz1 þ z2hÞ
ðz1 � zÞðz1 � zhÞz2

�
: (26)

Finally let us consider the virtual contributions from the
F-type fragmentation correlation functions as shown in
Fig. 4. It is important to realize that for all the diagrams
(a)–(e) in Fig. 4, we have [follow Eq. (22)]

k ¼ ‘q ¼ P=z; (27)

which has no transverse component, i.e., k? ¼ 0. Note that

the cut vertices used to define both ĤðzÞ and T̂ðzÞ depend
linearly on k?; see Eqs. (12) and (13). Thus when k? ¼ 0,
they vanish. In other words, all these virtual diagrams do
not contribute. Thus the perturbative modifications for

Ĥðzh; �2Þ and T̂ðzh; �2Þ receive contributions from only
Figs. 2 and 3. Adding them up, we obtain

dĤðzh;�2Þ ¼
Z �2 dk2?

k2?

�s

2�

Z dz

z

�
AðẑÞĤðz;�2Þ

þ
Z dz1

z21
PV

�
1

1
z� 1

z1

�
Bðzh; z; z1ÞĤFðz;z1;�2Þ

�
;

(28)

dT̂ðzh;�2Þ ¼
Z �2 dk2?

k2?

�s

2�

Z dz

z

�
A0ðẑÞT̂ðz;�2Þ

þ
Z dz1

z21
PV

�
1

1
z� 1

z1

�
B0ðzh;z; z1ÞT̂Fðz;z1;�2Þ

�
:

(29)

Differentiate both sides of above equations with respect to

ln�2, we obtain the scale evolution equations for Ĥðzh; �2Þ
and T̂ðzh; �2Þ as
@Ĥðzh;�2Þ
@ ln�2

¼ �s

2�

Z dz

z

�
AðẑÞĤðz;�2Þ

þ
Z dz1

z21
PV

�
1

1
z� 1

z1

�
Bðzh; z; z1ÞĤFðz;z1;�2Þ

�
;

(30)

@T̂ðzh;�2Þ
@ ln�2

¼ �s

2�

Z dz

z

�
A0ðẑÞT̂ðz;�2Þ

þ
Z dz1

z21
PV

�
1

1
z� 1

z1

�
B0ðzh;z; z1ÞT̂Fðz;z1;�2Þ

�
;

(31)

where Bðzh; z; z1Þ and B0ðzh; z; z1Þ are given in
Eqs. (25) and (26) and AðẑÞ and A0ðẑÞ have the following
forms

AðẑÞ ¼ CF

�
2ẑ

ð1� ẑÞþ þ 3

2

ð1� ẑÞ

�
; (32)

A0ðẑÞ ¼ CF

�
1þ ẑ2

ð1� ẑÞþ þ 3

2

ð1� ẑÞ

�
: (33)

Equations (30) and (31) are the main results of our paper.
A few comments about these results are provided:

(a)

k

l
l

q
g

q1l

(b)

g
q

k

ql 1l
l

1ql

k
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FIG. 3 (color online). Contribution from the F-type fragmen-
tation correlation functions: real diagrams. The ‘‘mirror’’ dia-
grams for which the additional gluon attaches on the left of the
cut are not shown but are included in the calculations.
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FIG. 4 (color online). Contribution from the F-type fragmentation correlation functions: virtual diagrams. The mirror diagrams for
which the additional gluon attaches on the left of the cut are not shown but are included in the calculations.
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(i) The evolution equations derived here for both

Ĥðzh;�2Þ and T̂ðzh; �2Þ are not a close set of equa-
tions, as stand in Eqs. (30) and (31): The evolutions

depend on the diagonal pieces Ĥðz;�2Þ and

T̂ðz; �2Þ, as well as the off-diagonal pieces

ĤFðz; z1; �2Þ and T̂Fðz; z1; �2Þ.
(ii) It is interesting to notice that the evolution kernel

AðẑÞ is the same as that for the transversity frag-
mentation function [34], while the kernel A0ðẑÞ is
the same as that for the unpolarized fragmentation
function [33].

(iii) As shown in Refs. [22,23], both ĤFðz; z1; �2Þ and
T̂Fðz; z1; �2Þ vanish at z ¼ z1. This might imply
that the off-diagonal pieces could be small, and

thus the evolution of Ĥðzh; �2Þ might be close to

that of transversity, while the evolution of T̂ðzh; �2Þ
might be close to that of unpolarized fragmentation
function. If this were true, it will have important
consequences on the current global analysis of the
spin asymmetries [6,8]. Of course, whether the off-
diagonal terms play a less important role in deter-
mining the evolution of the diagonal terms needs to
be tested from experimental data through global
analysis, such as those done in [9,10].

(iv) It is also important to realize that there is no gluon

Collins function, and thus Ĥðzh;�2Þ does not re-
ceive contribution from gluon part. On the other
hand, there could be gluon polarizing fragmenta-
tion functions [38], from which the corresponding
gluon fragmentation correlation functions could be
defined. Thus there could be contributions from the

gluon part to the evolution of T̂ðzh;�2Þ, and these
contributions are not studied here.

III. CONCLUSIONS

We have derived the QCD evolution equations for the
first transverse-momentum moment of the naive-time-re-
versal-odd transverse-momentum-dependent fragmenta-
tion functions: the Collins function H?

1 ðzh; p2
?Þ and the

polarizing fragmentation function D?
1Tðzh; p2

?Þ. These first
transverse-momentum moments correspond to twist-three

fragmentation correlation functions denoted as Ĥðzh; �2Þ
and T̂ðzh; �2Þ. We calculate in the light-cone gauge the
order of �s evolution kernel for the scale dependence of

both Ĥðzh;�2Þ and T̂ðzh;�2Þ. We find that the evolution of
both fragmentation correlation functions receives contri-
butions from themselves, as well as from the F-type two-

variable fragmentation correlation functions ĤFðz; z1; �2Þ
and T̂Fðz; z1; �2Þ. We find for Ĥðzh; �2Þ that the diagonal
piece in the evolution kernel is the same as that for the

transversity fragmentation function, while for T̂ðzh; �2Þ
that the diagonal piece is the same as that for the unpolar-
ized fragmentation function. Since the off-diagonal pieces
involve the F-type fragmentation correlation functions
which vanish at z ¼ z1, and thus they might play a less
important role. If this were true, it will provide important
consequences in the current global analysis of spin
asymmetries.
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