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The nucleon helicity-independent generalized parton distributions of quarks are calculated in the zero

skewness case, in the framework of the anti-de Sitter/QCD model. The present approach is based on a

matching procedure of sum rules relating the electromagnetic form factors to generalized parton

distributions and anti-de Sitter modes.
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I. INTRODUCTION

One of the main goals in strong interaction theory is to
understand how nucleons and other hadrons are build up
from quarks and gluons. Studied in various scattering
processes, the hadronic structure can be encoded in the
so-called generalized parton distributions (GPDs) [1–4]. In
particular, at leading twist 2, there exist two kinds of
helicity-independent GPDs of quarks in the nucleon, de-
noted as Hqðx; �; tÞ and Eqðx; �; tÞ. Both quantities depend
in general on three variables: the momentum transfer
squared t ¼ q2, the light-cone momentum fraction x, and
the skewness �.

Because of their nonperturbative nature the GPDs can-
not be directly calculated from Quantum Chromodynamics
(QCD). There are essentially three ways to access the
GPDs (for reviews see e.g. [5,6]): extraction from the
experimental measurement of hard processes, a direct cal-
culation in the context of lattice QCD, and different phe-
nomenological models and methods. The last procedure is
based on a parametrization of the quark wave functions/
GPDs using constraints imposed by sum rules [2,3], which
relate the parton distributions to nucleon electromagnetic
form factors (some examples of this procedure can be
found e.g. in [7–9]). On the other hand, such sum rules
can also be used in the other direction—GPDs are
extracted by calculating nucleon electromagnetic form
factors in some approach.

Following the last idea, here we show how to extract the
quark GPDs of the nucleon in the framework of a holo-
graphical soft-wall model [10,11]. In particular, we use the
results of Abidin and Carlson for the nucleon form factors
[11] in order to extract the GPDs using the light-front
mapping—the key ingredient of light-front holography
(LFH). This is an approach based on the correspondence
of string theory in anti-de Sitter (AdS) space and conformal
field theory (CFT) in physical space-time [12]. LFH is

further based on a mapping of string modes in the AdS
fifth dimension to hadron light-front wave functions
in physical space-time, as suggested and developed by
Brodsky and de Téramond [10,13–16] and extended in
[17–19]. In this paper, we show how LFH can be used to
get the nucleon GPDs in the context of the soft-wall model.
From the beginning the AdS/CFT [12] correspondence

has received considerable attention, which over time
was expanded into several directions, one of which is the
possibility to address issues related to QCD phenomena. A
particular and easy way to consider AdS/CFT ideas applied
to QCD is known as the bottom–up approach [20,21],
where one tries to build models that reproduce some fea-
tures of QCD in a dual 5-dimensional space which con-
tains gravity. These kind of models have been successful
in several QCD applications, among which are the follow-
ing examples: hadronic scattering processes [13,22–24],
hadronic spectra [10,19,25–28], hadronic couplings and
chiral symmetry breaking [20,21,29–31], quark potentials
[32–34], etc.
In this paper, we perform a matching of the nucleon

electromagnetic form factors considering two approaches
for them: we use sum rules derived in QCD [2,3], which
contain GPDs for valence quarks, and we consider an
expression obtained in the AdS/QCD soft-wall model
[11]. As a result of the matching, we obtain expressions
for the nonforward parton densities [4] Hq

vðx; tÞ ¼
Hqðx; 0; tÞ þHqð�x; 0; tÞ and Eq

vðx; tÞ ¼ Eqðx; 0; tÞþ
Eqð�x; 0; tÞ—flavor combinations of the GPDs (or valence
GPDs), using information from the AdS side. The proce-
dure proposed here is similar to the one used in LFH, which
allows to obtain a light-front wave function related to the
AdS modes associated with mesons [10,13–16]. Contrary
to the LFH approach, here the holographical coordinate is
not considered as a parton distance in hadrons, so we do
not need to propose a modification in the AdS/CFT dictio-
nary. Also, we look at several impact space properties of
the nucleons: impact parameter dependent GPDs, parton
charge densities in the transverse impact space, transverse
widths, and root mean square (rms) radii [7,35–40].
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The nucleon electromagnetic form factors FN
1 and FN

2

(N ¼ p, n correspond to proton and neutron) are conven-
tionally defined by the matrix element of the electromag-
netic current as

hp0jJ�ð0Þjpi ¼ �uðp0Þ
�
��FN

1 ðtÞ þ
i���

2mN

q�F
N
2 ðtÞ

�
uðpÞ;

(1)

where q ¼ p0 � p is the momentum transfer; mN is the
nucleon mass; and FN

1 and FN
2 are the Dirac and Pauli form

factors, which are normalized to the electric charge eN
and anomalous magnetic moment kN of the corresponding
nucleon: FN

1 ð0Þ ¼ eN and FN
2 ð0Þ ¼ kN.

The sum rules relating the electromagnetic form factors
and the GPDs read as [2–4]

Fp
1 ðtÞ ¼

Z 1

0
dx

�
2

3
Hu

vðx; tÞ � 1

3
Hd

vðx; tÞ
�
;

Fn
1 ðtÞ ¼

Z 1

0
dx

�
2

3
Hd

vðx; tÞ � 1

3
Hu

vðx; tÞ
�
;

Fp
2 ðtÞ ¼

Z 1

0
dx

�
2

3
Eu
vðx; tÞ � 1

3
Ed
vðx; tÞ

�
;

Fn
2 ðtÞ ¼

Z 1

0
dx

�
2

3
Ed
vðx; tÞ � 1

3
Eu
vðx; tÞ

�
:

(2)

Here we restrict our analysis to the contribution of the u
and d quarks and antiquarks, while the presence of the
heavier strange and charm quark constituents is not
considered.

II. GPDS IN ADS/QCD

A. Electromagnetic nucleon form factors

In order to derive the GPDs in AdS/QCD we outline the
relevant results obtained by Abidin and Carlson [11] for the
nucleon form factors using an AdS/QCD model. It is based
on soft-wall breaking of conformal invariance by introduc-
ing a quadratic dilaton field �ðzÞ ¼ �2z2 in the action (in
the overall exponential and in the mass term) [11]. Such a
procedure leads to Regge-like mass spectra in the baryonic
sector. Note that a similar AdS/QCD approach for baryons
was developed by Brodsky and de Téramond in [10]. One
should stress that introduction of the dilaton field in both
approaches is based on the idea of getting the simplest
analytical solution of the equations of motion of the string
mode. Further corrections like higher powers in the holo-
graphic coordinate can be included, although they do not
change the physics significantly. The AdS metric is speci-
fied as

ds2 ¼ gMNdx
MdxN ¼ 1

z2
ð���dx

�dx� � dz2Þ; (3)

where �, � ¼ 0, 1, 2, 3; ��� ¼ diagð1;�1;�1;�1Þ is the
Minkowski metric tensor and z is the holographical coor-
dinate running from zero to 1.

The relevant terms in the AdS/QCD action, which gen-
erate the nucleon form factors, are [11]

S ¼
Z

d4xdz
ffiffiffi
g

p
e��ðzÞ

�
��eMA �

AVM�

þ i

2
�S;V

��eMA e
N
B ½�A;�B�FðS;VÞ

MN �

�
; (4)

where the basic blocks of the AdS/QCD model are defined
as [11] g ¼ j detgMNj; � and VM are the five-dimensional
Dirac and vector fields dual to the nucleon and electro-
magnetic fields, respectively; FMN ¼ @MVN � @NVM;
�A ¼ ð��;�i�5Þ; eMA ¼ z�M

A is the inverse vielbein;
and �S;V are the couplings constrained by the anomalous

magnetic moment of the nucleon: �p ¼ ð�S þ �VÞ=2 ¼
�kp=ð2mN

ffiffiffi
2

p Þ and �n ¼ ð�S � �VÞ=2 ¼ �kn=ð2mN

ffiffiffi
2

p Þ.
Here the indices S, V denote isoscalar and isovector con-
tributions to the electromagnetic form factors.
Finally, the results for the nucleon form factors in AdS/

QCD are given by [11]

Fp
1 ðQ2Þ ¼ C1ðQ2Þ þ �pC2ðQ2Þ;

Fp
2 ðQ2Þ ¼ �pC3ðQ2Þ;

Fn
1 ðQ2Þ ¼ �nC2ðQ2Þ;

Fn
2 ðQ2Þ ¼ �nC3ðQ2Þ;

(5)

where Q2 ¼ �t and CiðQ2Þ are the structure integrals:

C1ðQ2Þ ¼
Z

dze�� VðQ; zÞ
2z3

ðc 2
LðzÞ þ c 2

RðzÞÞ;

C2ðQ2Þ ¼
Z

dze�� @zVðQ; zÞ
2z2

ðc 2
LðzÞ � c 2

RðzÞÞ;

C3ðQ2Þ ¼
Z

dze�� 2mNVðQ; zÞ
2z2

c LðzÞc RðzÞ:

(6)

c LðzÞ and c RðzÞ are the Kaluza-Klein modes (normal-
izable wave functions), which are dual to left- and right-
handed nucleon fields:

c LðzÞ ¼ �3z4; c RðzÞ ¼ �2z3
ffiffiffi
2

p
; (7)

and

VðQ; zÞ ¼ �

�
1þ Q2

4�2

�
U

�
Q2

4�2
; 0; �2z2

�
(8)

is the bulk-to-boundary propagator of the vector field in the
axial gauge. Note that expressions for the nucleon form
factors in AdS/QCD can be presented in an analytical form
after integration over the variable z. In particular, the Ci

functions, defining the Dirac and Pauli factors, are given by

VEGA et al. PHYSICAL REVIEW D 83, 036001 (2011)

036001-2



C1ðQ2Þ ¼ aþ 6

ðaþ 1Þðaþ 2Þðaþ 3Þ ;

C2ðQ2Þ ¼ 2að2a� 1Þ
ðaþ 1Þðaþ 2Þðaþ 3Þðaþ 4Þ ;

C3ðQ2Þ ¼ 12mN

ffiffiffi
2

p
�

1

ðaþ 1Þðaþ 2Þðaþ 3Þ ;

(9)

where a ¼ Q2=ð4�2Þ. Note that we obtain the correct
scaling behavior of the nucleon form factors at large Q2,
Fp;n
1 � 1=Q4 and Fp;n

2 � 1=Q6 [11]. Also we get reason-
able agreement for the slopes of the nucleon form factors
with data. In particular, in terms of the nucleon magnetic
moments �p ¼ 1þ kp and �n ¼ kn the charge ðrpE; rnEÞ
and magnetic ðrpM; rnMÞ radii are written as

hr2Eip ¼ 147

64�2

�
1þ 13

147
�p

�
; hr2Ein ¼ 13

64�2
�n;

hr2Mip ¼ 177

64�2

�
1� 17

177�p

�
; hr2Min ¼

177

64�2
:

(10)

Notice that in the context of AdS/QCD charge radii have
been discussed before in [11]. Our numerical results for the
slopes compared rather well with data:

hr2Eip ¼ 0:910 fm2ðourÞ; 0:766 fm2ðdataÞ;
hr2Ein ¼ �0:123 fm2ðourÞ; �0:116 fm2ðdataÞ;
hr2Mip ¼ 0:849 fm2ðourÞ; 0:731 fm2ðdataÞ;
hr2Min ¼ 0:879 fm2ðourÞ; 0:762 fm2ðdataÞ:

(11)

B. Nucleon GPDs in momentum space

Expressions for the GPDs in terms of the AdSmodes can
be obtained using the procedure of light-front mapping
suggested by Brodsky and de Téramond [15]. In the present
case, this procedure is based on the use of the integral
representation for the bulk-to-boundary propagator intro-
duced by Grigoryan and Radyushkin [29]:

VðQ; zÞ ¼ �2z2
Z 1

0

dx

ð1� xÞ2 x
Q2=4�2

e�ð�2z2x=ð1�xÞÞ; (12)

where the variable x is equivalent to the light-cone mo-
mentum fraction [15]. Matching the respective expressions
for the nucleon form factors results (after performing the
integration over the holographic coordinate z) in the non-
forward parton densities of the nucleon as

Hq
vðx; Q2Þ ¼ qðxÞxa; (13)

Eq
vðx; Q2Þ ¼ eqðxÞxa: (14)

Here qðxÞ and eqðxÞ are distribution functions given by

qðxÞ ¼ 	q�1ðxÞ þ 
q�2ðxÞ; eqðxÞ ¼ 
q�3ðxÞ; (15)

where the flavor couplings 	q, 
q and functions �iðxÞ are
written as

	u ¼ 2; 	d ¼ 1; 
u¼ 2�pþ�n; 
d ¼�pþ2�n

(16)

and

�1ðxÞ ¼ 1

2
ð5� 8xþ 3x2Þ;

�2ðxÞ ¼ 1� 10xþ 21x2 � 12x3;

�3ðxÞ ¼ 6mN

ffiffiffi
2

p
�

ð1� xÞ2:

(17)

Equations (13)–(17), which display the nonforward parton
densities of the nucleon, are the main result of this match-
ing procedure. Notice that these functions have an expo-
nential form, which is typical when choosing an ansatz for
these functions. The distribution functions are also consis-
tent with a linear Regge behavior at small x [5,8]. In Figs. 1
and 2, we show the nonforward parton distributionsHq

v and
Eq
v for nucleons, obtained from the expressions deduced on

the AdS side, according to the holographical model con-
sidered in [11].
The parameters involved are the same as used in [11],

i.e. � ¼ 350 MeV, �p ¼ 0:224, �n ¼ �0:239, which

were fixed in order to reproduce the mass mN ¼ 2�
ffiffiffi
2

p
and the anomalous magnetic moments of the nucleon
kp ¼ �p � 1 ¼ 1:791 and kn ¼ �n ¼ �1:913.

For completeness, we also analyze the moments of the
valence GPDs Hq

vðx; Q2Þ and Eq
vðx;Q2Þ [7]:

hqnðQ2Þ ¼
Z 1

0
dxxn�1Hq

vðx;Q2Þ; (18)

FIG. 1 (color online). Hq
vðx; Q2Þ in the holographical model.
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eqnðQ2Þ ¼
Z 1

0
dxxn�1Eq

vðx;Q2Þ: (19)

Integration over x results in

hqnðQ2Þ ¼ 	q nþ aþ 5

ðnþ aÞ . . . ðnþ aþ 2Þ
þ 4
q ðnþ a� 1Þðnþ a� 3=2Þ

ðnþ aÞ . . . ðnþ aþ 3Þ ;

eqnðQ2Þ ¼ 12
qmN

ffiffiffi
2

p
�

1

ðnþ aÞ . . . ðnþ aþ 2Þ : (20)

It can be useful to compare our predictions for the first
moments hq1ðQ2Þ and eq1ðQ2Þ with the available lattice
results of Ref. [41]. These lattice predictions have been
approximated by the dipole form formulas:

hq1ðQ2Þ ¼ hq1ð0Þ
ð1þQ2=M2

hÞ2
; eq1ðQ2Þ ¼ eq1ð0Þ

ð1þQ2=M2
eÞ2

;

(21)

where Mh ¼ 1:47� 0:03 GeV and Me ¼ 1:16�
0:02 GeV are the dipole mass parameters. Then the slopes
of the lattice form factors hq1ðQ2Þ and eq1ðQ2Þ are

hr2hi ¼ �6
d loghq1ðQ2Þ

dQ2

��������Q2¼0
’ 0:216 fm2;

hr2ei ¼ �6
d logeq1ðQ2Þ

dQ2

��������Q2¼0
’ 0:347 fm2:

(22)

In our approach the slopes hr2hi and hr2ei are given by

hr2hi ¼
5

2�2

�
1þ 
q

20	q

�
; hr2ei ¼ 11

4�2
: (23)

As for the radii of nucleon electromagnetic form factors,
these slopes are proportional to the 1=�2 and are therefore
well constrained. Since our predictions for the nucleon
electromagnetic radii are in agreement with data for a value
of � ¼ 350 MeV, fixed from the nucleon mass, our pre-
dictions for the slopes of the first moments of the nucleon
GPDs should also be consistent with data. In particular, we
get hr2hi ¼ 0:800 fm2 for the u quark and 0:785 fm2 for the

d quark; hr2ei ¼ 0:874 fm2 (independent on the quark fla-
vor). Our results for the slopes hr2hi and hr2ei are larger in

comparison to lattice predictions. Obviously, more accu-
rate lattice results at the physical value of the pion mass are
necessary.

C. Nucleon GPDs in impact space

Another interesting aspect to consider is the nucleon
GPDs in impact space. As shown by Burkardt [35], the
GPDs in momentum space are related to the impact pa-
rameter dependent parton distributions by a Fourier trans-
form. GPDs in impact space give access to the distribution
of partons in the transverse plane, which is quite important
for understanding the nucleon structure.
Following Refs. [7,35,40], we define the following set of

nucleon quantities in impact space: i) the nucleon GPDs in
impact space

qðx;b?Þ ¼
Z d2k?

ð2�Þ2 Hqðx;k2
?Þe�ib?k? ;

eqðx;b?Þ ¼
Z d2k?

ð2�Þ2 Eqðx;k2
?Þe�ib?k? ;

(24)

ii) parton charge �N
E ðb?Þ and magnetization �N

Mðb?Þ den-
sities in transverse impact space

�N
E ðb?Þ ¼

X
q

eNq
Z 1

0
dxqðx;b?Þ;

�N
Mðb?Þ ¼

X
q

eNq
Z 1

0
dxeqðx;b?Þ;

(25)

where epu ¼ end ¼ 2=3 and enu ¼ epd ¼ �1=3,
iii) transverse width of the impact parameter dependent

GPD qðx;b?Þ

hR2
?ðxÞiq ¼

R
d2b?b2

?qðx;b?ÞR
d2b?qðx;b?Þ

¼ �4
@ logHq

vðx;Q2Þ
@Q2

��������Q2¼0
; (26)

FIG. 2 (color online). Eq
vðx;Q2Þ in the holographical model.
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iv) transverse rms radius

hR2
?iq ¼

R
d2b?b2

?
R
1
0 dxqðx;b?ÞR

d2b?
R
1
0 dxqðx;b?Þ

: (27)

Notice that the GPDs in impact space can be derived
directly from the nucleon form factors using the pro-
cedure of light-front mapping and the bulk-to-boundary

propagator in impact space Vðb?; zÞ. The latter is related to
Vðk?; zÞ via the Fourier transform:

Vðb?; zÞ ¼
Z d2k?

ð2�Þ2 Vðk?; zÞe�ib?k?

¼ �4z2

�

Z 1

0
dx

e�ð�2z2x=ð1�xÞÞ�ðb2
?�

2= logð1=xÞÞ

ð1� xÞ2 logð1=xÞ :

(28)

FIG. 3 (color online). Plots for qðx;b?Þ. The upper panels correspond to uðx;b?Þ and the lower to dðx;b?Þ. Both cases are taken for
x ¼ 0:1.
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Soft-wall AdS/QCD gives the following predictions for the
impact space properties of nucleons:

qðx;b?Þ ¼ qðxÞ �2

� logð1=xÞ e
�ðb2

?�
2= logð1=xÞÞ;

eqðx;b?Þ ¼ eqðxÞ �2

� logð1=xÞ e
�ðb2

?�
2= logð1=xÞÞ;

�N
E ðb?Þ ¼ �2

�

X
q

eNq
Z 1

0

dx

logð1=xÞqðxÞe
�ðb2

?�
2= logð1=xÞÞ;

�N
Mðb?Þ ¼ �2

�

X
q

eNq
Z 1

0

dx

logð1=xÞ e
qðxÞe�ðb2

?�
2= logð1=xÞÞ;

hR2
?ðxÞiq ¼

logð1=xÞ
�2

; hR2
?iq ¼

1

�2

�
5

3
þ 
q

12	q

�
:

(29)

Figure 3 shows some examples of qðx;b?Þ, and in Fig. 4
we plot �N

E ðb?Þ and �N
Mðb?Þ for proton and neutron. For

the transverse rms radius of u- and d-quark GPDs, we get
similar values:

hR2
?iu ¼ 0:527 fm2; hR2

?id ¼ 0:524 fm2: (30)

One should stress that the obtained nucleon GPDs both in
momentum and impact spaces correspond to the so-called
‘‘Gaussian ansatz’’ and are consistent with general predic-
tions for their asymptotic behavior for x ! 0 or x ! 1 and
Q2 ! 0 or Q2 ! 1 [8,35].

III. CONCLUSIONS

We determined the nucleon GPDs both in momentum
and impact space using ideas of AdS/QCD, LFH, and sum
rules relating electromagnetic form factors to the GPD
functions Hq

vðx;Q2Þ and Eq
vðx;Q2Þ. The procedure used

is similar to the one considered in some applications of
LFH, where by comparing form factors it is possible to
obtain mesonic light-front wave functions. In the present
case, it is not necessary to reinterpretate the holographical

FIG. 4 (color online). Parton charge �EN � �N
E ðb?Þ and magnetization �MN � �N

Mðb?Þ densities in the transverse impact space for
proton ðN ¼ pÞ and neutron ðN ¼ nÞ.
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coordinate z as in standard LFH, where z is the distance
between constituent partons.

The nucleon GPDs obtained have an exponential form,
as in several phenomenological approaches, and their de-
tailed form is typical for the limit of x ! 0.

In the future, we plan to extend the formalism of AdS/
QCD to obtain other parton distribution functions of nu-
cleons and also of other baryons, which could then be used
in the evaluation of different hadronic processes. Note
there exist in literature (see Refs. [42,43]) preliminary
results for deep inelastic scattering and deeply virtual
Compton scattering in AdS/QCD in case of scalar field.
The authors have doubts on the applicability of the AdS/
QCD framework to deep inelastic scattering and deeply
virtual Compton scattering reactions and thus on the con-
sistency of the AdS/QCD approach to access to GPDs. In
particular, they stressed that one should try 1) to include
nonmininal coupling of string mode dual to observable
hadron and electromagnetic bulk-to-boundary propagator;
2) to go beyond canonical dimension of the hadron opera-
tor (it means one can take into account its anomalous

dimension). In addition, we would like to check other
possibilities: to include nonconformal warping of the
AdS metric which leads to modification of the effective
dilaton potential of the soft-wall model and to test different
dilaton profiles.
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