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After constructing all the tetraquark interpolating currents with J°C =1"%, 17", 17" and 1"~ in a
systematic way, we investigate the two-point correlation functions to extract the masses of the charmo-
niumlike states with QCD sum rule. For the 17~ gcg ¢ charmoniumlike state, my = 4.6 ~ 4.7 GeV,
which implies a possible tetraquark interpretation for the state Y(4660). The masses for both the

1++

qcg ¢ and scs ¢ charmoniumlike states are around 4.0 ~ 4.2 GeV, which are slightly above the

mass of X(3872). For the 1~ and 17~ gcg ¢ charmoniumlike states, the extracted masses are around
4.5~4.7 GeV and 4.0 ~4.2 GeV, respectively. As a by-product, the bottomoniumlike states are
also studied. We also discuss the possible decay modes and experimental search of the charmoniumlike

states.
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I. INTRODUCTION

In the past several years, many unexpected charmonium-
like states have been discovered at B factories, some of
which lie above the open charm threshold and decay into
final states that contain a c¢ pair. Some of them do not fit in
the conventional quark model easily and are considered as
the candidates of the exotic states beyond the quark model,
such as the molecular states, tetraquark states, the charmo-
nium hybrid mesons, baryonium states and so on. For
experimental reviews of these new states, one can consult
Refs. [1-5].

The underlying structure of these new states inspired the
extensive study of the hadron spectroscopy. X(3872) is the
best studied charmoniumlike state since its discovery by
the Belle Collaboration [6]. Although the analysis of an-
gular distributions favors the assignment J*¢ = 177 [7,8],
the 2~ possibility is not ruled out [9]. The mass and decay
mode of X(3872) are very different from that of the 23P, c¢
state. Up to now, the possible interpretations of X(3872)
include the molecular state [10-16], tetraquark state [17—
19], cusp [20] and hybrid charmonium [21]. In Ref. [17],
the authors studied the JP© = 1*7 state using a tetraquark
current in the framework of the QCD sum rule approach.

The initial state radiation (ISR) process played an impor-
tant role in the search of the 1™~ charmoniumlike states at B
factories. BABAR Collaboration first observed Y(4260) in
the e"e™ — yigrJ /7 7~ process [22], which was con-
firmed by Belle Collaboration [23]. Then, BABAR studied
the yigr#/(2S)m* 7~ channel and observed a broad en-
hancement around 4.32 GeV. Using the same technique,
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Belle observed two distinct resonances Y(4360) and
Y(4660) in the (2S)7w" 7~ mass distribution [24]. The
masses of these new charmoniumlike states are higher
than the open charm threshold. In the potential model, the
D™ D™ channels are predicted to be the dominant decay
modes of the charmonium above the open charm threshold.
However, they have not been observed yet [25] for the Y
mesons. In Refs. [26,27], the authors studied the 1™~ char-
moniumlike ¥ mesons using the QCD sum rule approach.
Maiani et al. tried to assign Y(4260) as the sc3 ¢ tetraquark
in a P-wave state [28]. Y(4260) was also interpreted as the
interesting charmonium hybrid state [29-31]. Y(4660) was
considered as a /(2S)f,(980) bound state [32].

The exotic state with J?© = 17" cannot be a g state in
the simple quark model. Neither can the 1~ state be
formed by two gluons due to the Landau-Yang selection
rule [33,34]. States with such a quantum number are good
candidates of the hybrid meson, which has been studied
with the MIT Bag model [35,36], the flux tube model
[37,38] and the QCD sum rule formalism [39,40].
Recently there have been some efforts on the 1~ charmo-
niumlike exotic states. For example, the structure of
X(4350) was studied using a D;D%, current with JP¢ =
1~ [41]. Moreover, the newly observed state Y(4140) was
argued as a 1~ * exotic charmonium hybrid state [42].

In Ref. [43], Nielsen et al. reviewed the charmoniumlike
states from the perspective of the QCD sum rule approach.
They studied new resonances such as X(3872), Z*(4430)
and Y(4660) etc. using one single molecular-type or
tetraquark-type interpolating current. In this paper, we first
construct all the local charmoniumlike tetraquark currents
with JP€ = 177,177, 17" and 17~ in a systematic way.
With these independent currents, we study the two-point
correlation functions and extract the masses of the possible
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17%, 177, 17", 17~ states. We study both the gQg Q and
sQ5 Q systems where Q = ¢, b.

The paper is organized as follows. In Sec. II, we con-
struct the tetraquark interpolating currents with JPC =
17", 177,1%" and 1"~ using the diquark and antidiquark
fields. In Sec. III, we calculate the correlation functions
and spectral densities of the interpolating currents and
collect them in the Appendix. We perform the numerical
analysis and extract the masses in Sec. IV and discuss the
possible decay modes and experimental search of the
charmoniumlike states in Sec. V. The last section is a brief
summary.

II. TETRAQUARK INTERPOLATING CURRENTS

In this section, we construct the diquark-antidiquark
type of currents using the technique developed in our
previous works [44—46]. Considering the Lorentz struc-
tures, there are five independent diquark fields (antidiquark
fields): g4 Cyscy, qaCeps qaC¥,uYsChs qaCyycp and
QZCO'MVC}; (Qa’)/SCEZ’ QuCEZY;’ C?u’)/,u’)/SCEZ’ C?u’ylu.CEly;
and g, o ,“,CEZ), where a, b are color indices and g denotes
an up or down quark. We will also take account of
gL Co,,ysc, although it is equivalent to ¢ZCo,,cp. In
fact, they have different parities. Using these diquarks and
antidiquarks as the basis, we can compose a six-order

(i) The interpolating currents with J?¢ = 17" and 17~

are
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matrix O. The elements of O are the tetraquark operators
without color structures. We show the spins and parities of
the matrix elements except for the tensor operators in
Table 1.

Under the charge-conjugation transformation

coc!' =07, (1)
where O is the transpose of O. With this relation, we can
define the symmetric matrix S and antisymmetric matrix A:

A=0-0". 2)

The elements of these two matrices are the tetraquark
operators that have definite C parity: they have even and
odd C parities for the elements of S and A, respectively.
A; = 0 indicates that the J’© = 0%~ tetraquark currents
without derivatives do not exist, which has been proven in
Ref. [45]. We do not use Ogq in the construction of the
currents since it is equal to Oss. One also notes that Osg is
equal to Ogs, which results in Asq = 0.

The diquark and antidiquark should have the same color
symmetries to compose a color singlet tetraquark current.
So the color structure of the tetraquark is either 6 ® 6 or
3 ® 3, which is denoted by 6 and 3, respectively. Finally,
we can obtain the tetraquark interpolating currents with
JPC =17",177,1"" and 17~ from the matrices S and A:

S=0+ 0T,

Ji = 85(A%) = gL Cyscp(Gay vsCel + Gy, vsCEh) + gL Cy vsep(GaysCel + @pysCel),

Tou = Sis(A3s) = 4aCy"€4(300 1, CE = G504, CE) * qaCoycp(@ay” €T — 4,7 CTY),

T3 = SH(A}3) = 4 Cysen(@aynysCey — @y, ysCeh) = a5 Cyuyser(daysCel, — apysCel),

Ty = S§5(Afs) = 45 Cy"¢4(400 1, CE) + G50,,CE) * quCa0(qy €T + 4yy7 CEY), )

su = 85,(A3)) = 4 Cey(q.y . CEL + 57, CEQ) * 45CY 0§ CTL + 3, CE),

Jou = S56(A%) = qLCy"v5¢p(G,0 4, v5CE), + G50, v5CEL) + gL Coyysey(G,y” vsCe), + Gpy”ysCEL),

J7u = S34(A3,) = qLCcy(G,y . CE} — Gy, CEL) = q5Cy,c(q.CEf — §,CEL),

Jsu = S36(A%) = gL Cy"v5¢4(G,0 4, v5CEl — G0, v5CEL) * g1 Co,v5¢(G,y" vsCEL — Gpy"ysCED),
where “S” and “+” correspond to J?¢ = 17", “A” and “—" correspond to J?¢ = 17",

TABLE I. The spins and parities of the elements of the matrix O.

Operators Qa Vs CEIY; Qa CE}Y; Qa Yu?s CEZT; Qa ’V/LCE}T; Qa U-/LVCEZ Qa UMV’)’SCEI];

Jr 0" 0 1~ 1" 1~ 1
gL Cyscy, ot ot 0~ 1- 1t - -
qrCe, 0~ 0~ 0* 1" 1- - -
qZC'yM'yScb 1 1 1" 0* 0 1" 1
ngy#cb 1t 1t 1~ 0~ ot 1~ 1t
q4Co y,h 1- - - 1t 1- 0* 0~
qiCo,yyse, 1F - - 1- 1t 0~ 0*
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(ii) The interpolating currents with J?¢ = 17% and 17~

Jip = 85(A%) = gL Ccy(G, v, vsCEl + Gy, ysCEL) +
Jo, = 833(A33) = gL Ccp(Gay,,vsCEl —

T3, = S8,(48,) =

Jap = S14(A 4) C]aCVSCb(QaY,LCCb

Jsu = S56(AS) = gL Cy" ¢ (G,0 4, vsCE] +

Jou = Sie(Ale) = gL Cy" ¢ (3,0 4, vsCE] —

J7, = 885(A%5) = ¢5 Cy"ys5¢4(3,0,,CEf +

Jgu = S35(Ads) = ¢l Cy"ys5¢,(G,0,,CE),

where “S” and “+” correspond to JF€ = 17", “A” and
“— correspond to JP¢ = 177,

In order to have definite isospin and G parity, all the
currents in Egs. (3) and (4) should contain (ucii ¢ +dcd ¢).
However, we do not differentiate the up and down quarks in
our analysis due to the isospin symmetry and denote them

by g.
III. SPECTRAL DENSITY

In the past several decades, QCD sum rule has been
widely used to study the hadron structures and proven to be
a very powerful nonperturbative method [47-49]. We con-
sider the two-point correlation function:

; ] dxe (O TLJ, ()75 (0)1]10)
CI,qu

m,,(q%

CI#C]V

—I01(g*) (8, — 57 + TLo(g?)

(&)

There are two independent parts of II,, with different
Lorentz structures because J,, is not a conserved current.
IT,(g?) is related to the vector meson while IT,(g?) is the
scalar current polarization function.
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are

qLCy,vscp(q,Cel + g, Ccl),

GpYuysCel) * gt Cy,ysep(q,Cch — G,CEL),
44 Cyscp(Gay, CE) + Gpy,,Cel) = g Cy uep(G,ysCey, + pysCel),
= 3pyuCel) * gl Cy (G, ysCel, — GpysCEL),

cel) = gic Guy'CT + gpyrce),
v urYsCa) = qaCoyysey(Gay”CTy + G,y"Ceq

4y 40 Y5CCh) * 45 Ca,,v5ep(qay”Cey = 4y y" CE),
qu'MVCCT) — aco-p.vch(qu YSCCb + qby ’)/SCCa)r

- qbo-uvcca) — qZCUﬂVCb(ZIaYV75C5Z - C?b’yv’)/SCEZ)’

[
At the hadron level, the correlation function is expressed
by the dispersion relation with a spectral function:

mwh=ﬁz

where the lower limit of integration is the square of the sum
of the mass of all current quarks (omitting the light quark
mass). The spectral function is defined as

p(s) = 8(s = mp){0lmln)nln*10)

p(s)
25 — g% — i€’

(6)

= f%8(s — m%) + continuum, @)
where the usual pole plus continuum parametrization of the
hadronic spectral density is adopted.

On the other hand, the correlation function can also be
calculated at the quark gluon level via the operator product
expansion (OPE) method. Using the same technique as in
Refs. [17,41,46,50], we evaluate the Wilson coefficient up
to dimension eight while the coordinate space expression
for the light quark propagator and the momentum space
expression for the charm quark propagator are adopted:

i8ab i A 5“” 2
iSZb(x) ~ 52 42 + 2 = 8sGhv 2 (O"MVX + ko) — (ngan>
27 327 2 (8)
zé‘”b i ! o (p+m.)+(p+m )o"“’ i5"b p>+m.p
isab 4 _ o Zabn ¢ ¢ + 2GGYym, ——5—,
(P) ) 4g‘\ 3 wy ([)2 — m%)z 2 (gs >mc (p2 — m%)4

where £=1y,x*, p=y,p*, (q8,0Gq)=(8;G0""G ,,q),
(82GG) = (g? WG’“’} a and b are color indices. The

dimensional regularization is used throughout our
calculation. The spectral density is then obtained with
p(s) = L ImIT(g?).

One of the important assumptions in the QCD sum
rule approach is the quark-hadron duality, which ensures
the equivalence of the correlation functions obtained at the
hadron level and the quark gluon level. To improve the
convergence of the OPE series, the Borel transformation is

[

performed to the correlation functions at both levels.
Considering the spectral function defined in Eq. (7), we
arrive at

fre "M = /4 dse™Mi p(s), )

where s is the threshold parameter. Then we can extract
the mass my:
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2‘:"3 dse *Misp(s)

Lz dse™Mip(s)

m (10)

The extracted spectral densities of all the tetraquark
currents in Eqs. (3) and (4) are listed in the Appendix.
For each quantum number, we just list the expressions of
four currents. Others could be obtained conveniently by the
simple replacement m, — —m,. We collect the terms that
are proportional to the light quark mass m, into the ex-
pressions of the spectral densities. These terms give small
contributions to the correlation functions involving the
gcq ¢ system and hence can be ignored. In the case of
the sc§ ¢ system, however, they give important corrections
because the strange quark mass m, is much larger than m,,
and my,. Both the quark condensate (gg) and quark gluon
mixed condensate (§g,0Gq) appear with both m, and m,,
which is very different from the case in the pseudoscalar
channel [46], where only the m,, related terms contribute.
We neglect the three gluon condensate g3{fGGG) because
they are strongly suppressed and negligible [46].

IV. QCD SUM RULE ANALYSIS

We perform the QCD sum rule analysis using the fol-
lowing parameter values of the quark masses and various
condensates [47,51-54]:

m,(2 GeV) = (2.9 * 0.6) MeV,
my4(2 GeV) = (5.2 £ 0.9) MeV,
m,(2 GeV) = (4.0 = 0.7) MeV,
my(2 GeV) = (10173]) MeV,
m.(m.) = (1.23 = 0.09) GeV,
my,(m;,) = (4.20 = 0.07) GeV, (11)
(3q) = —(0.23 = 0.03)* GeV?,
(Gg;0Gq) = —Mqq),
M?; = (0.8 £ 0.2) GeV?,
(55)/{Gq) = 0.8 = 0.2,
(g2GG) = 0.88 GeV*,

where the up, down and strange quark masses are the
current quark masses in a mass-independent subtraction
scheme such as MS at a scale u = 2 GeV. The charm and
bottom quark masses are the running masses in the MS
scheme.

A. The tetraquark systems with JP€ =1"" and 1~

The stability of the QCD sum rule requires a suitable
working region of the threshold value s, and the Borel
mass M. In our analysis, we choose the value of s, around
which the variation of the extracted mass my with M% is

PHYSICAL REVIEW D 83, 034010 (2011)

minimum. The working region of the Borel mass is deter-
mined by the convergence of the OPE series and the pole
contribution. The requirement of the convergence of the
OPE series leads to the lower bound M2, of the Borel
parameter while the constraint of the pole contribution
yields the upper bound of M3.

We first study the interpolating currents with J?¢ = 1~+
and 177 in the gcgc¢ systems. For these currents, the
contribution of the four quark condensate (7q)* is negative
and its absolute value is bigger than other condensates in
the region of M% < 3.1 GeV?>. It is the dominant power
contribution to the correlation function in this region. In
fact, the quark condensate (gg) in the spectral density of
the 177 currents is proportional to the light quark mass m,,
and vanishes if we take m, = 0. For the 1" currents, we
require that the perturbative term be larger than 5 times of
the four quark condensate to ensure the convergence of the
OPE series, which results in the lower bound of the Borel
parameter, M2, ~ 2.9 GeV?. The constraint for the 17~
currents is stricter due to the vanishing (Gg) condensate.
The pole contribution (PC) is defined as

pee _ S dse”Mop(s)
[Z"m% dse™Mip(s)’

12)

It is clear that the PC depends on the threshold value s,. As
mentioned above, s, is chosen to ensure the minimum
variation of my with M%. For example, we choose s, ~
26 GeV? for Jg, with JP© = 17" in Fig. 1(a). By requiring
that the pole contribution be larger than 40%, we obtain the
upper limit M2, of the Borel parameter.

After performing the QCD sum rule analysis in the
working range of the parameters obtained above, only the
currents Jg,,, J7,, and Jg,, with J*© = 17" have the stable
mass sum rules. In Fig. 1, we show the variation of my with
the threshold value s, and Borel parameter M% for the
current Jg,, in the gcg ¢ system. The plateau in the region
of 10 ~ 14 GeV? in Fig. 1(a) is just an unphysical artifact
because both the numerator and denominator in Eq. (10)
are negative within this region. The situation also occurs in
the pseudoscalar channel in Ref. [46]. The variation of my
with the Borel parameter M% is weak around the region
5o ~ 5.1 GeV?, as shown in Fig. 1(b). For Jy,, Jo,, J3,.
Jy,, and Js,, the stability is so bad that the extracted mass
my grows monotonically with the threshold value s, and
the Borel parameter M. These currents may couple to the
1~ states very weakly and the continuum contribution
may be quite large, leading to the above unstable mass sum
rules.

We show the Borel window, the threshold value, the
extracted mass and the pole contribution corresponding
to the tetraquark currents Jq,, ~ Jg,, with J/©=1"" in
the gcg ¢ system in Table II. The results of the 17~ system
are listed in Table III. We present the numerical results for
the currents which lead to the stable mass sum rules in the
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FIG. 1 (color online).

working range of the Borel parameter. Only the errors from
the uncertainty of the threshold values and variation of the
Borel parameter are taken into account. Other possible
error sources include the truncation of the OPE series
and the uncertainty of the quark masses, condensate values
and so on.

The analysis can easily be extended to the sc§ ¢ systems.
We keep the my, related terms in the spectral densities.
These terms give important corrections to the OPE series
and are propitious to enhance the stability of the sum rule.
Especially for the currents with J°¢ = 177, (5s) is now
proportional to the strange quark m, and larger than (5s)>
in the Borel window, which is very different from the gcg ¢

TABLE II.

The variation of my with sy (a) and M

PHYSICAL REVIEW D 83, 034010 (2011)
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2 (b) corresponding to the current Jeu for the 1=" gcg ¢ system.

system. Using the parameters in Eq. (11), we also collect
the numerical results for the 17" and 17~ sc5 ¢ systems in
Table II and III, respectively. Obviously, the sc§ ¢ systems
have better stabilities than the gcg ¢ systems. We show the
variation of mys with s, and M% for the current Jg, with
JP€ = 177 in Fig. 2, which is very similar to Fig. 1 except
the value of s, around which the variation of m3; with M% is
minimum. The extracted mass of the sc§ ¢ state is a little
higher than that of the gcg ¢ state. The mass difference
mys — my for the same interpolating current is about
0.2 GeV, which is about 2(m, — m,) within the errors.
The extracted mass of the gcg ¢ state with J°© = 17" in
Table III is about 4.6 ~ 4.7 GeV, which is consistent with

The threshold value, Borel window, mass and pole contribution corresponding to

the currents with J¢ = 1=F in the gcg ¢, sc5¢, gbg b and sb5 b systems.

Currents s, (GeV?) o M2 (GeV?) my (GeV) PC(%)
qcq ¢ system Jou 5.12 29~39 4.67 +0.10 50.2
J1u 5.2? 2.9~42 4.77 = 0.10 47.4
Jsu 4.92 2.9~34 4.53 +0.10 46.3
SC5 T system Jip 5.0% 2.9~34 4.67 +0.10 44.3
Jop 5.0 29~34 4.65 + 0.09 45.6
T3, 4.92 29~33 4.54 +0.10 44.4
Jup 5.12 2.9~37 4.72 + 0.09 44.8
Isu 5.0 29~3.6 4.62 + 0.10 42.8
Jou 5.3 2.9~43 4.84 +0.10 473
J1u 5.3? 2.9~43 4.87 +0.10 46.2
Jsu 5.22 2.9~ 4.1 4.77 + 0.10 44.1
qbq b system Jou 11.0? 7.2~ 8.6 10.53 = 0.11 442
J1 11.0% 7.2~8.6 10.53 + 0.10 44.1
Jsu 11.0 7.2~86 10.49 + 0.11 44.7
qbg b system Jup 11.0? 7.2~ 8.1 10.62 = 0.10 412
Isu 11.02 7.2~8.4 10.56 = 0.10 43.8
Jou 11.0 7.2~83 10.63 + 0.10 42.4
T 11.0 7.2~83 10.62 + 0.09 42,5
Jsu 11.02 7.2~83 10.59 = 0.10 43.1
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TABLE III.

PHYSICAL REVIEW D 83, 034010 (2011)

The threshold value, Borel window, mass and pole contribution corresponding to
the currents with J’C = 17~ in the gcg ¢, sc5¢, gbg b and sb3 b systems.

Currents 5o (GeV?)  [M2,, M2,] (GeV?) my (GeV) PC(%)
gcg ¢ system Jin 5.0% 29~3.6 4.64 = 0.09 44.1
Jay 5.02 2.9~3.6 4.61 +0.10 46.4
7 5.22 29~4.1 4.74 = 0.10 473
sC§ ¢ system Jip 5.42 2.8~45 4.92 £0.10 50.3
Jop 5.0% 2.8~35 4.64 = 0.09 48.6
J3, 4.9? 2.8~34 4.52 £0.10 45.6
Jap 5.42 2.8~45 4.88 = 0.10 51.7
7, 5.32 2.8~43 4.86 = 0.10 46.0
Jgy 4.82 2.8~3.1 4.48 = 0.10 432
qbg b system 7 11.0? 7.2 ~8.5 10.51 =0.10 45.8
sb3 b system Jiu 11.0° 7.2 ~83 10.60 = 0.10 47.0
Jop 11.0? 7.2~8.4 10.55 = 0.11 43.6
3, 11.0? 7.2~ 8.4 10.55 = 0.10 43.7
Jap 11.0? 7.2~8.4 10.53 £ 0.11 44.3
J7u 11.0? 7.2~8.2 10.62 = 0.10 42.0
Jg, 11.0? 7.2 ~8.4 10.53 £ 0.10 44.1

the mass of the meson Y(4660). One may wonder whether

Y(4660) could be a tetraquark state.

Properties of the bottomoniumlike analogues tend to be
very similar because of the heavy quark symmetry.
Replacing m, with m; in the correlation functions and
repeating the same analysis procedures done above, we
collect the relevant results of the ¢gbg b and sb5 b systems
in Table II and III. One notes that the bottomoniumlike
systems are less stable than the corresponding charmo-

niumlike systems.

B. The tetraquark systems with J°C = 17" and 17~

We study the currents with JP¢ = 17" and 17~ in this
subsection. The spectral densities of these currents are very
similar to that of the 1~ and 1™~ currents, as shown in the

becomes worse than that in the vector channel. In this

channel, the quark condensate (Gg) is larger than any other

i Jops Sz Jap-

Only the currents J3, and Jy, in the
system display stable mass sum rules. We obtain the work-
ing region of the Borel parameter in 3.0 = M3 =<
3.4 GeV? while taking sy = 4.6 GeV? for current J,,.

condensates for all the currents. The OPE convergence of
the currents Js,,, Jg,, J7,4, Jg, 1s a little better than that of

qecqc

The variations of my with the threshold value s, and
Borel parameter M% are shown in Fig. 3, from which the

M3 dependence is very weak around the chosen threshold
values. Taking into account only the errors from the varia-
tion of Mp and s, the extracted mass is my = 4.03 GeV,
which is slightly above the mass of X(3872) within the

1 1 1

Appendix. The analysis shows that the OPE convergence  errors.
6.0 L 5.2
vl
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331 W 50F
5.0p RS S o
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2 40+ 5 ]
= | Mp=3.4 = aal
3'51‘\ R -—— M;=38
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(b)

FIG. 2 (color online). The variation of m$ with s, (a) and M% (b) corresponding to the current Jo,, for the 177 s5¢5 ¢ system.
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FIG. 3 (color online). The variation of my with s, (a) and M% (b) corresponding to the current J4, for the

The sc5¢, ghg b and sb5s b systems can be studied con-
veniently by replacement of the parameters, including the
quark masses and the various condensates. The numerical
results are listed in Table IV for the 1** systems and
Table V for the 17~ systems. Now the bottomoniumlike
systems are more stable than the corresponding charmo-
niumlike systems.

V. DECAY PATTERNS OF THE
CHARMONIUMLIKE STATES

The decay properties of the charmoniumlike states are
important for the study of their structures and detections at
experiments. In this section, we study the decay patterns of
the charmoniumlike states with J?¢ = 1"%, 177, 17" and
17~. Only the two-body hadronic decay is considered.
Replacing the D meson and charmonium state by the B
meson and bottomonium state, respectively, one gets the
decay patterns of the bottomoniumlike states so long as the
kinematics allows.

The G parity of a charmoniumlike state is defined as
G = C - (—1)!, where I is the isospin. By considering the
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conservation of the angular momentum, P parity, C parity,
isospin and G parity, we collect the S-wave and P-wave
decay modes of these charmoniumlike states in Table VI
and VII. For the vector channel, one notes that the S-wave
decay modes are dominant and the final states always
contain a S-wave and P-wave meson pair. Such a decay
pattern is also speculated to be characteristic of the hybrid
meson. In fact, the tetraquark state mixes easily with the
hybrid state ¢G¢. In quantum field theory the charmonium-
like tetraquark operator and the ¢G¢ hybrid operator with
the same quantum numbers probably couple to the same
physical state. In Table VII, the S-wave decay modes
J/yw and J/ ¢ p are listed in the 17 channel, which is
consistent with the decay properties of X(3872) [6,55]. Up
to now, no experimental signals are observed for the char-
moniumlike 1~ and 17~ states. Y(4360) and Y(4660) are
only observed in the ¢(2S)7m" 7~ channel [24,51]. The
possible decay modes listed in Table VI and VII may be
useful to the future search of these interesting charmonium-
like and bottomoniumlike states at the experimental facili-
ties such as Super-B factories, PANDE, LHC and RHIC.

TABLE IV. The threshold value, Borel window, mass and pole contribution corresponding to

the currents with J°C = 1*7 in the gcg ¢, sc5¢, gbg b and sb3 b systems.
Currents 59 (GeV?)  [M2,, M%.,] (GeV?) my (GeV) PC(%)
gcq ¢ system I3, 4.6? 3.0~34 4.19 £0.10 473
Jau 4.52 3.0~33 4.03 £ 0.11 46.8
sC§ ¢ system 3, 4.62 3.0~34 4.22 £0.10 45.7
Jap 4.5% 3.0~33 4.07 = 0.10 44.4
qbd b system T3 10.92 8.5~095 1032 +0.09 470
Jau 10.82 85~9.2 10.22 £0.11 44.6
J7u 10.7? 7.8 ~8.4 10.14 = 0.10 44.8
J3u 10.7? 7.8 ~8.4 10.14 = 0.09 44.8
sb5 b system I3, 10.9? 8.5~9.5 10.34 = 0.09 46.1
Jap 10.8? 85~0.1 10.25 £ 0.10 433
J7, 10.8? 7.5~ 8.6 10.24 £ 0.11 47.1
3 10.82 7.5~ 8.6 10.24 £ 0.10 47.1
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TABLE V. The threshold value, Borel window, mass and pole contribution corresponding to
the currents with J’C = 17~ in the gcg ¢, sc5¢, gbg b and sb3 b systems.

Currents 5o (GeV?)  [M2,, M2,] (GeV?) my (GeV) PC(%)
qcq ¢ system T3 4.6 3.0 ~3.4 4.16 = 0.10 46.2
Jip 4.5? 3.0~3.3 4.02 = 0.09 44.6
Jsu 4.5? 3.0~3.4 4.00 = 0.11 46.0
Jou 4.6 3.0 ~3.4 4.14 = 0.09 47.0
SC5 T system T3, 4.7% 3.0~3.6 4.24 +0.10 49.6
Jay 4.6 3.0~3.5 4.12 = 0.11 473
Jsu 4.5? 3.0~3.3 4.03+0.11 442
Jop 4.6 3.0 ~3.4 416 = 0.11 46.0
qbg b system T3 10.6° 7.5~8.5 10.08 + 0.10 459
Jau 10.62 7.5~8.5 10.07 + 0.10 46.2
Jsu 10.6? 7.5~ 84 10.05 = 0.10 453
Jop 10.72 7.5~ 8.7 10.15 = 0.10 47.6
sb3 b system T3 10.62 7.5~83 10.11 = 0.10 43.8
Jau 10.6 7.5~ 8.4 10.10 £ 0.10 441
Jsu 10.62 7.5~83 10.08 = 0.10 43.7
Jou 10.72 7.5~8.5 10.18 = 0.10 46.5

TABLE VI. The possible decay modes of the 1™~

and 1~ charmoniumlike states.

16 JPC S wave P wave
017~ D* (2007)0133(2400)0 + c.c., J/ i f((600), D°(1865)D°(1865), D*(2007)°D*(2007)°,
D,(2420)°D°(1865) + c.c., J/ i f,(980), D*(2010)* D*(2010)~, J/ ¢,
D,(2420)°D*(2007)° + c.c., :(2S)f,(600), J/on', (28, n.(1S)w, 1.25)w
7.(18)h(1170), x.o(1P)w, x.1(1P)w Xco(LP)h(1170), xci(1P)R(1170)
171 D* (2007)0D_3(2400)0 + c.c., D°(1865)D°(1865), D*(2007)°D*(2007)°,
D,(2420)°D°(1865) + c.c., J/ ran(980), D*(2010)*D*(2010)~, J/ ¢, y(2S),
D,(2420)°D*(2007)° + c.c., x.o(1P)p, 17.(18)p, 1.2 p, x.0(1P)b(1235),
Xe1(1P)p, J/ra;(1260), n.(18)b(1235),
ot1-+ D*(2007)0D(’§(2400)0 + c.c., D°(1865)D°(1865), D*(2007)°D*(2007)°,
D;(2420)°D°(1865) + c.c., D*(2010)* D*(2010)~, x.o(1P)f,(600),
D;(2420)°D*(2007)° + c.c., x1(1P)n, Xco(1P)f4(980), n.(18)n, n.(18)n', J/ Yo,
1.(18)f1(1285), J/ ¢, (1170), x.1(1P)n’' P 2S)w, x.1(1P)f((600), xci(1P)fo(980),
1717 D*(2007)0[_)3(2400)0 + c.c., n.(18)a,(1260), D°(1865)D°(1865), D*(2007)°D*(2007)°,
D,(2420)°D°(1865) + c.c., J/ b, (1235), D*(2010)* D*(2010)", x.o(1P)ao(980),
D,(2420)°D*(2007)° + c.c., x. (1P) 7 1n.(18)7, n.28)m, J/Pp, y(2S)p
TABLE VII. The possible decay modes of the 17+ and 17~ charmoniumlike states.
16 JPC¢ S wave P wave
0r1** D°(1865)D*(2007)° + c.c., x1(1P)f((600), Xeo(1P)n, xe1(1P)7,
D(1870)* D*(2010)~ + c.c., J/ 7.(18)£(600), 7.(15)£,(980)
-1 D°(1865)D*(2007)° + c.c., Xeo(1P)r,
D(1870)*D*(2010)~ +c.c., J/yp xXe1(1P) 7, n.(15)ay(980)
0 1+~ DO(1865)D*(2007)° + c.c., T/, I/ b, 7/ £6(980), xuo(1P)w,
D(1870)* D*(2010)~ + c.c., 7.(1S)w 7. (18)h,(1170), J/ i f4(600)
171+~ D°(1865)D*(2007)° + c.c., J/par, (28,

D(1870)*D*(2010)~ + c.c., n.(1S)p

J/l/ja0(98o)’ XcO(lP)p
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VI. SUMMARY

‘We have constructed a matrix O which is composed of the
tetraquark operators with different Lorentz structures. The
charge-conjugation transformation of the matrix is equal to
its transpose. With this relation, we can define the symmetric
matrix S and antisymmetric matrix A. Considering the color
structure, the elements of S and A are the tetraquark opera-
tors with definite C parities. Then we can obtain all the
tetraquark interpolating currents with JP¢ =1"", 177,
17" and 177, as shown in Egs. (3) and (4).

At the hadronic level, there exists a big difference be-
tween the molecular states and tetraquark states. The mo-
lecular states are commonly assumed to be bound states of
two hadrons formed by the exchange of the color singlet
light mesons while the tetraquark states are generally
bound by the QCD force at the quark gluon level.
However, within the framework of the QCD sum rule
approach, the only difference lies in the interpolating
current used in the study of the molecular and tetraquark
states. Other procedures including the operator product
expansion, the calculation of the Wilsion coefficient and
numerical analysis are the same. In principle, if we exhaust
all the possible molecular-type currents and all the possible
tetraquark-type currents, we can rigorously show that these
two sets of interpolating currents are equivalent by using
the Fierz rearrangement.

However, there exists an important difference between
one single molecular-type current and one single
tetraquark-type current. For example, every single
tetraquark-type current is a linear combination of several
independent molecular-type currents. In this respect, one
well-known example is the light scalar-isoscalar sigma
meson. The tetraquark-type current (or their combina-
tion/mixing) leads to a better result than the simple pion-
pion molecular current. It is possible to distinguish the
tetraquark and molecular structures after exhaustive and
comprehensive hard work, which is one of the motivations
of our present systematical investigation.

By studying the two-point correlation functions, we
have calculated the spectral densities of these currents at
the quark gluon level. The four quark condensate (Gg)? is
dominant for all the currents with J?¢ = 1% and 17~ in
the gcg ¢ systems. For the currents with J°¢ = 1** and
177, however, the quark condensate (Gg) becomes the
most important corrections to the correlation functions.
These properties of the spectral densities lead to a better
OPE convergence for the currents in the vector channel
than that in the axial-vector channel. The m, related terms
are kept in the spectral densities in order to study the
contribution of the strange quark in the sc§c¢ system.
Actually, they give important corrections and enhance the
stabilities of the QCD sum rules.

The tetraquark assignments of X(3872) and Y(4660)
have been studied within the framework of the QCD sum
rule approach, as mentioned in the introduction. In

PHYSICAL REVIEW D 83, 034010 (2011)

Ref. [17], the current J,, was used to study the 1%

gcg ¢ system with the extracted mass around 3.92 GeV.
The current J3, was used to study the 17~ sc5 ¢ system
with the extracted mass around 4.65 GeV in Ref. [27]. One
difference of our present analysis and the previous ones lies
in the criteria of fixing the Borel window and the value of
the threshold parameter s,, which leads to the slightly
different extracted masses of the states. We have imposed
a strict requirement that (1) the pole contribution be larger
than 40% and (2) dual stability, i.e., the variation of the
extracted mass with both s, and the Borel parameter be
minimum. The other difference is that we have exhausted
the tetraquark interpolating currents.

In the working range of the Borel parameter, only the
currents Jy,, Jy,, and J7, with JP© = 17" display stable
QCD sum rules in the gcg ¢ system. The extracted mass is
around 4.6 ~ 4.7 GeV from these currents, which is con-
sistent with the mass of the meson Y(4660). This result
implies a possible tetraquark interpretation for ¥ (4660). In
the scs ¢ system, all currents except Js,, Jg, have stable
QCD sum rules. The mass difference mys — my =
0.2 GeV for the same type of the interpolating current,
which is roughly 2(m; — m,). For the 1~ bottomonium-
like states, the masses lie around 10.5 GeV and 10.6 GeV
for the gbg b and sb5 b systems, respectively. The Borel
window for the currents in the axial-vector channel is very
small because of the bad OPE convergence. For the cur-
rents with J’© = 1% in the gcg ¢ system, only J3, and
Js,, lead to stable QCD sum rules. The same situation
occurs in the sc§ ¢ system. Both the extracted masses are
about 4.0 ~ 4.2 GeV, which is 0.1 ~ 0.2 GeV higher than
the mass of X(3872). The masses of the 1" bottomonium-
like states are about 10.2 GeV for both the gbg b and sb5 b
systems.
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APPENDIX A: THE SPECTRAL DENSITIES

In this Appendix we show the spectral densities of the
tetraquark interpolating currents defined in Egs. (3) and (4)
. Various power corrections include the four quark conden-
sate (§g)*, quark gluon mixed condensate (Gg,0Gq) and
dimension eight condensate (Gg,0Gq)XGq):

p(s) = pPri(s) + pla9(s) + pl9)(s) + pl19°(s)

+ plas.0G9) () (A1)

The integration limits in the expressions are
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1. The spectral densities for the currents with J*¢ =1
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18,0GaX 78,0Gq)Xaq) (! 2mE omg | MEal e
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For the interpolating current J,,,:

Pert(s) pert( ), <"">(s) 1'7">(s), <qc/> (s) = <61c1>2 (s),

<GG>( ) _ GG> [ [Bmu
212 6 amn min

(1—a—pB)Pm2r(1 —a— B)13a + 72B8)[(a + B)mZ — apPs] _42(a + B)m2 — aPs]

X { 2 [ 2 2
a apf B
N 24[(1 + 5a + Sﬁ)mz — 12a3s]] 12[(a + B)ym% — aBs]
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_MA48:06q) da j d,B{ + }
2777-4 min Bz B
_ _ = = _ 4
T80T (p2) = — —<qg5‘;GZ><qq> f 1 da{Mg(l Ca)+ Ly 2 }e—<m%/a<1—a)M§>, (A3)
0 o

< M

[(5—a—Bm2—(1—a—B)s— 2aﬁs1},

QXmin
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For the interpolating current J3,:

Pert(s) pert(s) <qq>(s) <qq>(s) <qq>2( 5) = <qq>2( 5),
3GG) [ [P
P37 = 32<g;< 212> 6 Jo /
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a a ] a }
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(A4)

(A5)

From these results the expressions for the currents Js,, Jg,, J7, and Jg, can then be obtained conveniently by the

replacement m, — —m,:

m.——m; me.——m,

pi1(s) "= " ps(s), pa(s) “— " ps(s),
p3(s)" =" pa(s), pa(s)" =" pe(s).
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2. The spectral densities for the currents with J*¢ = 1"~

For the interpolating current J; ,:
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For the interpolating current J3,:
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From these results the expressions for the currents Js,,, Jg,, J7, and Jg, can then be obtained conveniently by the

replacement m, — —m,.:

P1 (S)mr:mcps (s),

m.——m,
p3(s) "= “ps(s),

pas)" =" py(s),

(Al1)

me=——nme
pals) "= "pe(s).
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3. The spectral densities for the currents with J°¢ =17+

For the interpolating current J; ,:

amax max - - 2 - 2
pert( ) = 28 . [ da '[,8‘ dﬁ(l o ,8)[(22";3,8)’7% apBs]
+ 12mem,(1 — a — B)(a + Bym?Z — 3a,8s]},
Pl (5) = <qq> o f ﬁfax B [(a + B);nﬂ% — apfs]
{m (1 —a— ,8)[3(01 + B)m2 — TaBs]
X

Qin

[t s Bllet Bt = api?

a

QX min

+md+a+ Bmd - 3a,85]},

<GG> (S) — <g s GG> amdx [ﬂqu

Pi X225 J,
% {(1 - aa_2 B)*m %[96[(a + ,B)Zic — 2afs] n 55+ a+ 73)[(§2+ B)mz — a,BS]]
_O[(a+ B)ym; — aBs][4(l — a — ,8)(5m2 —2apBs) 52 N
o ratp]l

8060 (g) — _mim <qgs0Gq> \/7/ N <;]§<st;Gci> L am e j‘ﬂ dp
y {mc(l —a - ,8)[3(a + B)m — aBs] 12m,m? ~ (29m + 5m)[3(e + B)m? — Sa,BS]}
B2 B ,8 )

oo _ mlaq)’ mgS |
p 1 (s) = 2 4mc+2mq—4 7 _ 1 —4m?2/s,

[1s0Gaao gy — _ $48:9GaNq9) da{lsaM2 _ 26— Uame 48m3}e—<m5/a<1—aw§>_
: B 32 x27  Jo B a(l — a) a’*M?

For the interpolating current J,,:

pert(s) pert(s) p<qq>(s) 1 <qq>(s) <qq> (s) = <qq> (s),
(g2GG) e ﬁmx
<GG>( ) = 32i 21226 |, [
» {(1 — _ B)*m %[48[(a + B)mZ — 2aBs] LGtat 7B)[(a2+ B)mZ — aBS]]
a a B
_O[(a+ B)m; — aBs][4(l —a— ,8)(m% +2aBs) 21+ o+ B)]},
ap

<qu0'Gq> m mq<ngO-Gq> <ngO-GQ> X max Bmax
P ) = ot VLT A/t N da | d

@min

y {mc(l —a — B)[15(a + B)ym% — 29a Bs] N 12m,m? ~ (13me 4 m,)[3(a + B)m2 — Sa(,Bs]}

B B B
18,0Gq)a G8:0GqXqq) (! 26 —Sa)my  24ml) o ni—amr
[148:76GaD (pp2) = — (ggso d {3 M2+ c c} (m2/a(1—a)M})
2 (M) 2x 72 J B a(l —a) a’M? ¢ '
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For the interpolating current Js,:

ort e Brnax (1 —a— B)(a+ B)m?— aBsP (90 + a + B)[(a + B)m2 — aBs]
p()_3><28 6/ [mm a2’ { a

+36m.m,(1 — a — B)(a + Bym?Z — 3aﬁs]},

Xmin

N 4m2(1 —a — B)5 + a + B)(a + B)m2 — aBs]

Pl (5) = <qq> oy /ﬁmax 48

X [(Cl + B)mL B aﬂs] {mc(l —a— :8)[3((1’ + ,B)m% - 7a:85:|

T+ m (14 + 1e + 11B)m2 — 23a,85]},

af B
Cmax max 2 — 2 —a — B)?
09(s) = 809 = g [ apfle* B)nzﬂ Bl 561 —a = B(5 a+ )
54(1 —a—-PB)B+a+pB)  51—a—pB)>2029+ 13a+ 13B)

+ - + p +90(1 + a + ,3)]
_[la+ pyme = apsls [288(1 —a—Ba+60(1—a—pB2+ 120043]

af
N 32(1 — a — B)Y[5(1 + 2a + 2B)m2 — 18aﬁs]m%}

a3 ’

i m{Gg,oGq)(s — 10mg)  (Gg,0Gq) [ B
Pt s) = = 487 Vi dme/ ?f] i VT et daf - dB

Qmin

% {(ngc — 9m,)[3(a + B)m; — SaBs] L ome(1 = a = B)3(a + B)m? — 5afs]

B ap
(1 —a— p63(a+ Bmi — 129aBs] 72mqm§}
B B I
e (Gq)? 3m m.(8m? — 3s)
péqq) (s) = 3 2|:20 2 R ]\[ — 4m?/s,
(a8,0GaXaay (n 2y — _ (78,0Gq)Xqq) 2 2(8a2 —a— 20)’"% - 16(3 — 5a)m§ —(m2/a(1-a)M2)
1700 o) = ETIID [0 da{(7a - 16M T A a)M%}e i),
(A14)
For the interpolating current Jg, :
peﬂ(s) Pert(s) pgm(s) <qq>(s) p<661¢1> (s) = <qq> (s),
P60 <gsGG> Bow . _[[(a + B)m2 — aﬁs]m 48(1—a—B)2G5+a+p)
=3 J o 4 f B e s R
181—a—-B)3+a+8) (1—a—pB)229+13a+138)
- + +18(1+a+ B)]
o af
12l —a— B>+ 2aB](a+ B)m%— a,Bs]s 16(1 —a— B)[5(1 + Za +2,8)m — 18aBs]m? }
aB ’
] LGg)(s —10m2 ,TGG) (e (o
plis.Ga) (g ™ m(dg 09 6q>(4s me) ‘/7 <;1§< ; Z) [ 4
« {(13mc +3m,)[3(a + B)m? — 5aBs] N (1—a—pB)6B— 9a)[3(a + B)m2 — 5aﬂs]mc}
B ap? ’
(a8,0GaXaa) (n g2\ — _<qgs0'GQ><‘?‘1> 1 2 _2(4&2 —9a —4)mg _ 8(3—5a)m; —(m2/a(1-a)M2)
[198:760%a0) (pr2) —] da{(Sa +11)M3 a(l—a) (1= a)M%}e . (A15)
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From these results the expressions for the currents J3,, J4,, J7, and Jg, can then be obtained conveniently by the
replacement m, — —m,:
m.——m, m.——m, me——m, me=—=mc
pi(s) = ps(s),  pals) "= Tpals),  ps(s) = pa(s), pels) T ps(s). (A16)
4. The spectral densities for the currents with JP¢ =17~

For the interpolating current J ,:

e e [P g L@ = Blla + BmE — apsF
p (5) = . 6[ [mm a—f azlgfm afs

T 12mem,(1 = a — B)(a + Bm? — 3a3s]},

X pmin

y {(1 +a+ B)(a + B)m: — aPs]?
o

g q Xmax Brnax
p<1qq>(s) = 7<861q4> [ da[ dp
™ @ min min

e+ Byme — aps] {mc(l —a— B)B3(a + B)mi — Taps]

+my[(4+ a+ B)mZ — 3aﬂs]},

ap B
(g2GG) s Bm
<1GG>(S) - 326; 22,6 ), j
y (1—a— B)Pm? 96[(a + B)mi —2aBs] 55+ a+1B)(a + B)mi — apPs]
{ a? [ @ B* ]
N 6[(a + ,86):;’;2 — apfs] [4(1 —a— ,8)(5m2 + 2aBs) w21+t B)]},

G0 m m <qg UGC]) <qg 0'Gq> @max Bumax
PO (s) = IS IOt a5~ T [ da [T

Qmin

y {mc(l —a— ,8)[27(a + B)ym2 — 49a,8s] 12m,m? (19m —5m,)[3(a + B)m? — Saﬁs]}

B’ ,3 B
P17 (s) = m”;‘m (4mc +am, — ot )\/1 — 4m?/s,
? m: —s

2(6 — a)m>  48m?
a(l — a) a’M3

) ) 78,0GaXdq) (!
H(]qutqu><qq>(M2)=<qg~‘a- 9Xa9) da{lsaMng

Mos7 VHATH] —(mz/a(1=a)M}) Al7
w2 o Je P (1)

For the interpolating current J,,,:

peﬂ(s) pert(s) (th)(s) qu>(s), <qq> (s) = léq>2 (s),
pl69 () = <g (2;1(? i :max f Poas. |
(1 —a— B)Pmz[48[(a + B)m; —2aBs]  (5+ a +7B)[(a + B)mZ — apBs]
e v ]
6[(a + Bym2 — aBs][4(1 — a — B)(m2 —2aBs) 2
+ o [ 21+ a + /3)]},

<‘ SO’G > m mq<qg‘0-Gq> <qg UGq) QX max ﬂmax
qug I (S) 167 T 14 V / t 3 X 27 4 da . d

@in

« {mc(l —a — B)9a + B)m% — 19aBs] N 12mgmz — (1lm. — m,)[3(a + B)m; — Sa,Bs]}

B? B B
ag 7 78,0GqXqq) (! 206 —Taym2  24mi) o, oo
[1$28:0Ga%aa) (g2 — (3850 d {3 M2 — ¢ c} (m2/a(1—a)M3) AlS
2 My) =552 J, P al—a)  oM3)° ’ (AI8)
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For the interpolating current Js,:

et ams Buwe . (1—a— B)(a+ B)m2—aBsP 91+ a+ B)[(a+ B)m?:— aBsT
O LT M o { .

dmi(1—a—p)S+a+ B)[(a + B)mi — aBs]

; (a9 P
P =~ 1% [ f

5% T~ 0 —a— @ ¢ Ta
o+ B)Zé Bs] {3mc(1 B)B(ﬂ + Bym = Taps] Sm,[2—a— B)m2+ aﬁs]}’

G0y — — (OO [\ /Bfax a5 {[(a + B)m2 — aBsm? [96(1 —a—pRG5+a+p)

32X 21275 ap o?

Xmin

— 108mom, (1 - a — B)(a + Bym? - 3a,Bs]},

@min

(S —a=pBratp) S1-a—pPEI+13a+136) o0 +a+3)]
a af
Lt ﬂ)’;’é_ “ﬁs]s[zssu —a—B)a+60(1—a—B)+ 120a,8]
32(1—a B)[(5—8a—8B)m2+ 18aBs]m?> }
a3
qgso m <C_]g5 GC]>(S+26m2) < s G > @max Bumax
A e s T [a daf WP
{(1 —a— B)[87(a+ B)m2:—161aBs]m, (14 —7la—148)[3(a + B)m2 —5aBs|m,
2
B afB
~9m,[(8 —3a - 3B)m2 + Sa,Bs]}
B ,
<qq> (s)= q(;_ [52mc +2s——14 i —s u ]\[1 —4m?2/s,

2(8a® —25a + 4)m? N 163 — a)m?
a(l—a) a*(1 — a)M3

_ _ 7 q 1
[1{38:709%a9 (pp2) — msé‘fﬂ da{(m +16)M3% —
T 0

For the interpolating current Jg,:

PR = 3B P = 0, Pl (s) = 3 pE )
<GG> _ {g5GG) Crax Bunax [(a + B)m2 — aBs]m?[48(1 — a — B)*(5 + a + B)
0= ~gsigeg [, e [ ] oB [ o?
_18(1—a—ﬁ)(3+a+ﬁ)+(1—a—ﬂ)2(29+13a+13ﬂ)+18(1+a+3)]
a ap
N 12[(1 — a — B)? + 2aB](a + B)m% — aﬂs]s 16(1 —a— B)?[(5 — 8a — 8B)m2 + 18aBs]m?> }
af ’
ig, 0 (Gg,0Gq)(s + 26m7) (3g,0Gq) s ﬁmdx
s B2 [
(1 —a— B)[3(a + B)ym2 — 13aBs]m, [(2 +3la —2B8)m, + 3amq][3(a + B)m2 — 5aBs]
{ B? apB }

2(4a*> —9a — 4)m2 83 — a)m?
a(l — a) a*(1 — a)M?

. - 18,0GaXq !
H(6qg50'Gq><451>(M123) = ms;ﬂ da{(Sa +11)M% —
T
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From these results the expressions for the currents J3,, J4,, J7, and Jg, can then be obtained conveniently by the
replacement m, — —m,:

(1]
(2]
(3]
[4]
(5]
(6]

(71

me——nm,

pi(s) =" pss),  pa(9)" = pals),

ps(s)

me——m,

— py(s),

m.——n,

=" pg(s). (A21)
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