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We discuss new physics in top-quark interactions, using an effective-field-theory approach. We consider

top-quark decay, single top production, and top-quark pair production. We identify 15 dimension-six

operators that contribute to these processes, and we compute the deviation from the standard model

induced by these operators. The results provide a systematic way of searching for (or obtaining bounds on)

physics beyond the standard model.
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I. INTRODUCTION

The standard model (SM) of the strong and electroweak
interactions has been very successful phenomenologically.
However, there are reasons to believe that the SM is not a
complete description of nature. It contains many arbitrary
parameters with no connections and provides no explana-
tion for the symmetry-breaking mechanism that gives rise
to the masses of gauge bosons and fermions. In addition,
the existence of dark matter and dark energy are not
accommodated by the SM. It also provides no explanation
of the strong CP problem. Consequently, there could be
further particles and interactions as one probes higher
energy scales. These energy scales could be the Planck
scale or an intermediate scale �.

A complete description of any new physics beyond the
SM requires a fundamental theory. There are many models
proposed for new physics. For example, the new particles
could be those of supersymmetric theories or fermions that
transform under different representations of the SM gauge
group. The new interactions may also originate from quark
substructure or preon exchange. Because of the diversity of
these models, it is useful to introduce a model-independent
approach.

If the physics beyond the SM lies at an energy scale �
less than 1 TeV, then we should be able to observe it
directly at high-energy colliders. If it lies at a scale much
greater than 1 TeV, then we can parametrize its effects via
higher-dimension operators, suppressed by inverse powers
of the scale �. If the new physics is too heavy to appear
directly in low energy processes, then we can integrate it
out from the Lagrangian. In this way, the effective
Lagrangian is

Leff ¼ L0 þ 1

�
L1 þ 1

�2
L2 þ � � � ; (1)

where L0 is the SM Lagrangian of dimension four, L1 is the
new interaction of dimension five, L2 is of dimension six,
etc. The procedure is quite general and independent of the
new interactions at scale �. The only constraint is that all
Li are SUð3ÞC � SUð2ÞL � Uð1ÞY invariant.

At dimension five, the only operator allowed by gauge
invariance is [1]

Leff ¼ cij

�
ðLiT��ÞCð�T�LjÞ þ H:c:; (2)

where Li is the lepton doublet field of the ith generation
and � is the Higgs doublet field. When the Higgs doublet
acquires a vacuum expectation value, this term gives rise to
a Majorana mass for neutrinos. Because of the tiny neu-
trino masses, the scale � is probably around 1015 GeV. In
contrast to this unique dimension-five operator, there are
many independent dimension-six operators [2,3].
Because the top-quark is heavy relative to all the other

observed SM fermions, we expect that the new physics at
higher energy scales may reveal itself at lower energies
through the effective interactions of the top-quark, and
deviations with respect to the SM predictions might be
detectable. In this paper we will study the effect of these
dimension-six operators on top-quark interactions at
hadron colliders. We focus on three different processes:
top-quark decay, single top production, and top pair pro-
duction. If no deviation is observed experimentally, then
one can place bounds on the coefficients of the dimension-
six operators. The effects of nonstandard interactions on
top-quark physics at linear colliders and photon colliders
can be found in Refs. [4–7].
We choose the effective Lagrangian to realize the weak

symmetry linearly, as the precision electroweak data favors
a light Higgs boson. The situation where the weak sym-
metry is realized nonlinearly is studied in Refs. [8–12]. We
will use the operator set introduced by Buchmuller and
Wyler [3]. In their paper they categorize all possible gauge-
invariant dimension-six operators, and use the equations of
motion (EOM) to simplify them into 80 independent op-
erators (for one generation). Subsequently, it was found
that several of these operators are actually not independent
[13–15]. We focus on the operators that have an influence
on the top-quark.
We expect the leading modification to SM processes at

order 1
�2 . In this paper we do not consider higher order

contributions. We expect the scale � to be large (at
least larger than the scale we can probe directly), so 1

�4
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contributions would be small compared to the uncertainty
on top-quark measurements. Thus, we ignore all
dimension-eight (and higher) operators, as well as effects
involving two dimension-six operators.

For any physical observable, the 1
�2 contribution comes

from the interference between dimension-six operators and
the SM Lagrangian. This contribution might be suppressed
for a variety reasons. For example, since all quark and
lepton masses are negligible compared to the top-quark
mass, a new interaction that involves a right-handed quark
or lepton (except for the top-quark) has a very small
interference with the SM charged-current weak interac-
tions, which only involve left-handed fermions. It turns
out that although there are a large number of dimension-six
operators, only a few of them have significant effects at
order 1

�2 . We list these operators in Tables I and II.

In Table I, only one of the four-quark operators,Oð1;3Þ
qq ¼

ð �qi���
IqjÞð �q���IqÞ, is listed explicitly. Here the super-

scripts i, j denote the first two quark generations, while q
without superscript denotes the third generation. In single
top production, this is the only (independent) four-quark
operator that contributes. However, there are many other
four-quark operators with different isospin and color struc-
tures [2,3]. In the top pair production process q �q ! t�t,

seven such operators contribute. The details are discussed
in Sec. IV.
In Table II, the CP-odd operators are listed. These inter-

actions interfere with the SM only if the spin of the top-
quark is taken into account. The reason is that the SM
conserves CP to a good approximation (the only CP viola-
tion is in the CKM matrix), and the inteference between a
CP-odd operator and a CP-even operator is a CP violation
effect. It was shown in Ref. [16] that, in the absence of final-
state interactions, any CP violation observable can assume
nonzero value only if it is TN-odd, where TN is the ‘‘naive’’
time reversal, which means to apply time reversal without
interchanging the initial and final states. Thus an observable
is TN-odd if it is proportional to a term of the form
�����v

�v�v�v�. If we do not consider the top-quark

spin, v must be the momentum of the particles, and such a
term will not be present because the reactions we consider
here involve at most three independent momenta.
Therefore, top polarimetry is essential for the study of CP
violation. Since the top-quark rapidly undergoes two-body
weak decay t ! Wbwith a timemuch shorter than the time
scale necessary to depolarize the spin, information on the
top spin can be obtained from its decay products. CP
violation will be discussed in Sec. V.

TABLE II. CP-odd operators that have effects on top-quark processes at order 1=�2.
Notations are the same as in Table I, and ~G�� ¼ �����G

��.

Operator Process

OtW ¼ ð �q����ItÞ ~�WI
�� (with imaginary coefficient) Top decay, single top

OtG ¼ ð �q���	AtÞ ~�GA
�� (with imaginary coefficient) Single top, q �q, gg ! t�t

O ~G ¼ fABC ~GA�
� G

B�
� G

C�
� gg ! t�t

O� ~G ¼ 1
2 ð�þ�Þ ~GA

��G
A�� gg ! t�t

TABLE I. CP-even operators that have effects on top-quark processes at order 1=�2. Here q is
the left-handed quark doublet, while t is the right-handed top-quark. The field � ( ~� ¼ ���) is
the Higgs boson doublet. D� ¼ @� � igs

1
2	

AGA
� � ig 1

2 �
IWI

� � ig0YB� is the covariant de-

rivative. WI
�� ¼ @�W

I
� � @�W

I
� þ g�IJKW

J
�W

K
� is the W boson field strength, and GA

�� ¼
@�G

A
� � @�G

A
� þ gsf

ABCGB
�G

C
� is the gluon field strength. Because of the Hermiticity of the

Lagrangian, the coefficients of these operators are real, except for OtW and OtG. The operator

Oð3Þ
�q with an imaginary coefficient can be removed using the EOM.

Operator Process

Oð3Þ
�q ¼ ið�þ�ID��Þð �q���IqÞ Top decay, single top

OtW ¼ ð �q����ItÞ ~�WI
�� (with real coefficient) Top decay, single top

Oð1;3Þ
qq ¼ ð �qi���

IqjÞð �q���IqÞ Single top

OtG ¼ ð �q���	AtÞ ~�GA
�� (with real coefficient) Single top, q �q, gg ! t�t

OG ¼ fABCG
A�
� G

B�
� G

C�
� gg ! t�t

O�G ¼ 1
2 ð�þ�ÞGA

��G
A�� gg ! t�t

7 four-quark operators q �q ! t�t
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There is an argument that can be used to neglect some of
the new operators [17]. Some new operators can be gen-
erated at tree level from an underlying gauge theory, while
others must be generated at loop order. In general the loop
generated operators are suppressed by a factor of 1=16
2.
However, the underlying theory may not be a weakly
coupled gauge theory, or the loop diagrams could be
enhanced due to the index of a fermion in a large repre-
sentation. Furthermore, the underlying theory may not be a
gauge theory at all. Fortunately, the effective-field-theory
approach does not depend on the underlying theory. We
will consider all dimension-six operators, without making
any assumptions about the nature of the underlying theory.

We do not make any assumptions about the flavor struc-
ture of the dimension-six operators, although we do not
consider any flavor-changing neutral currents in this paper.
The charged-current weak interaction of the top-quark is
proportional to Vtb, so the SM rate for top decay and single
top production is proportional to V2

tb. We write all

dimension-six operators in terms of mass-eigenstate fields,
so no diagonalization of the new interactions is necessary.
Hence, in charged-current weak interactions, the interfer-
ence between the SM amplitude and the new interaction is
proportional to VtbCi, where Ci is the (real) coefficient of
the dimension-six Hermitian operator Oi (also recall that
Vtb itself is purely real in the standard parametrization
[18]). If the operator is not Hermitian, the coefficient Ci

is complex; CP-conserving processes are proportional to
Vtb ReCi, while CP-violating processes are instead propor-
tional to Vtb ImCi.

Deviations of top-quark processes from SM predictions
have often been discussed using a vertex-function ap-
proach, where the Wtb vertex is parametrized in terms of
four unknown form factors [19]. Given our precision
knowledge of the electroweak interaction, this approach
is too crude. The effective-field-theory approach is well
motivated: it takes into consideration the unbroken
SUð3ÞC � SUð2ÞL � Uð1ÞY gauge symmetry, it includes
contact interactions as well as vertex corrections, it is valid
for both on-shell and off-shell quarks, and it can be used for
loop processes [20]. None of these virtues are shared by the
vertex-function approach [21].

II. TOP-QUARK DECAY

When the fermion masses (except for the top-quark) are
ignored, there are only two independent dimension-six
operators in [3] that contribute to top-quark decay at lead-
ing order1:

Oð3Þ
�q ¼ ið�þ�ID��Þð �q���IqÞ; (3)

OtW ¼ ð �q����ItÞ ~�WI
��: (4)

The operators Oð3Þ
�q and OtW modify the SM Wtb interac-

tion. Upon symmetry breaking, they generate the following
terms in the Lagrangian:

Leff ¼
Cð3Þ
�q

�2

gv2ffiffiffi
2

p �b��PLtW
�
� þ H:c:; (5)

Leff ¼ �2
CtW

�2
v �b���PRt@�W

�
� þ H:c:; (6)

where v ¼ 246 GeV is the vacuum expectation value of�.

The operator Oð3Þ
�q simply leads to a rescaling of the SM

Wtb vertex by a factor of ð1þ Cð3Þ
�q

v2

�2Vtb
Þ, so it does not affect

any distributions, and is therefore impossible to detect in
angular distributions of top-quark decays. The vertex-
function approach to top-quark decay is pursued in
Refs. [22,23].
These operators interfere with the SM amplitude, as is

shown in Fig. 1. We can compute their correction to the SM
amplitude. The t ! beþ� squared amplitude is

1

2
�jMj2 ¼ V2

tbg
4uðm2

t � uÞ
2ðs�m2

WÞ2
þ Cð3Þ

�qVtbv
2

�2

g4uðm2
t � uÞ

ðs�m2
WÞ2

þ 4
ffiffiffi
2

p
ReCtWVtbmtmW

�2

g2su

ðs�m2
WÞ2

; (7)

where Ci is the coefficient of operator Oi, and s, t, u are
generalizations of the usual Mandelstam variables [s ¼
ðpt � pbÞ2, t ¼ ðpt � p�Þ2, u ¼ ðpt � peþÞ2]. Cð3Þ

�q is real.

Using the narrow width approximation for theW boson,
the differential decay rate is

d�

dcos�
¼
�
V2
tbþ

2Cð3Þ
�qVtbv

2

�2

�
g4

4096
2m3
t mW�W

ðm2
t �m2

WÞ2

�½m2
t þm2

Wþðm2
t �m2

WÞcos��ð1�cos�Þ

þ ReCtWVtbg
2

128
ffiffiffi
2

p

2�2m2

t�W

m2
Wðm2

t �m2
WÞ2ð1�cos�Þ:

(8)

FIG. 1. The Feynman diagrams for t ! beþ�. (a) is the SM
amplitude; (b) represents the vertex correction induced by the

operator Oð3Þ
�q and OtW .

1The operator ODt ¼ ð �qD�tÞD� ~� listed in Ref. [3] can be
removed using the EOM [14].
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Here � is the angle between the momenta of top-quark and
the neutrino in theW rest frame, and �W is the width of the
W boson. In the SM, at tree level �W is given by

�W ¼ 3�W

4
mW: (9)

The angular dependence is shown in Fig. 2. The curves
are normalized to have equal areas. The contribution from

Oð3Þ
�q is the same as the SM contribution, because Oð3Þ

�q

simply rescales the SM Wtb vertex. It therefore does not
affect angular distributions. The angular dependence of the
contribution from OtW is not dramatically different from
the SM.

The partial width is given by

� ¼
�
V2
tb þ

2Cð3Þ
�qVtbv

2

�2

�
g4ðm6

t � 3m4
Wm

2
t þ 2m6

WÞ
3072
2�Wm

3
t mW

þ ReCtWVtb

g2m2
Wðm2

t �m2
WÞ2

64
ffiffiffi
2

p

2�2�Wm

2
t

: (10)

Both dimension-six operators affect the partial width. The
total width is given by the above expression times a factor
of 9. Unfortunately, it is not known how to measure the
partial or total widths in a hadron collider environment.

We also consider the energy dependence of the leptons
in the top-quark rest frame. The SM computation can be
found in [24,25]. The correction from dimension-six
operators at leading order is

d�

dEeþ
¼
�
V2
tbþ

2Cð3Þ
�qVtbv

2

�2

�
g4Eeþðmt�2EeþÞ
128
2mW�W

þReCtWVtbg
2m2

Wðmt�2EeþÞ
16

ffiffiffi
2

p

2�2�W

d�

dE�

¼
�
V2
tbþ

2Cð3Þ
�qVtbv

2

�2

�

�g4ð�4E2
�m

2
t þ2E�ðm3

t þ2m2
WmtÞ�m2

Wðm2
t þm2

WÞÞ
256
2m2

t mW�W

þReCtWVtbg
2m2

Wð2E�mt�m2
WÞ

16
ffiffiffi
2

p

2�2mt�W

; (11)

where m2
W=2mt < Eeþ , E� < mt=2 are the energies of the

electron and neutrino, respectively. We do not list the
energy dependence of the bottom quark, because the nar-
row width approximation for the W boson is used and the
energy of the bottom quark is given by Eb ¼ ðm2

t �
m2

WÞ=2mt. These results are shown in Figs. 3 and 4.
Again the curves are normalized so that the areas are the
same. Compared to Fig. 2, the two curves are more distinct,
which implies the effect ofOtW would be more apparent in
the energy distribution of the leptons.

The angular distribution and the energy distribution are
not independent. The energy of the leptons are fixed in
the W rest frame. Therefore, their energy in the top-quark

rest frame is given by a boost, which only depends on the
angle �:

E� ¼ 1
2ðEþ jqj cos�Þ; (12)

Eeþ ¼ 1
2ðE� jqj cos�Þ; (13)

where E ¼ ðm2
t þm2

WÞ=2mt and jqj ¼ ðm2
t �m2

WÞ=2mt

are the energy and momentum of the W boson in the top-
quark rest frame. Furthermore, both the angular distribu-
tion and energy distribution can be expressed using the W
helicity fractions [22]:

1

�

d�

d cos�
¼ 3

8
ð1þ cos�Þ2FR

þ 3

8
ð1� cos�Þ2FL þ 3

4
sin2�F0; (14)

and

1

�

d�

dEeþ
¼ 1

ðEmax � EminÞ3
ð3ðEeþ � EminÞ2FR

þ 3ðEmax � EeþÞ2FL

þ 6ðEmax � EeþÞðEeþ � EminÞF0Þ; (15)

where Emax ¼ mt=2 and Emin ¼ m2
W=2mt, Fi ¼ �i=� are

the W boson helicity fractions, corresponding to positive

0
θ

dΓ
/d

co
sθ

SM and Oφq
(3)

O
tW

π/2 π

FIG. 2. The differential decay rate induced by different opera-
tors. The curves are normalized so that the area is the same.

20 40 60 80

E
e
(GeV)

dΓ
/d

E
e

SM and Oφq
(3)

O
tW

FIG. 3. The energy dependence of the electron.
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(R), negative (L), or zero (0) helicity. The helicity fraction
is affected by the operator OtW :

F0 ¼ m2
t

m2
t þ 2m2

W

� 4
ffiffiffi
2

p
ReCtWv

2

�2Vtb

mtmWðm2
t �m2

WÞ
ðm2

t þ 2m2
WÞ2

;

FL ¼ 2m2
W

m2
t þ 2m2

W

þ 4
ffiffiffi
2

p
ReCtWv

2

�2Vtb

mtmWðm2
t �m2

WÞ
ðm2

t þ 2m2
WÞ2

;

FR ¼ 0: (16)

These equations make manifest the earlier observation that

the operator Oð3Þ
�q, which simply rescales the SM vertex,

cannot affect any distributions. Thus top-quark decay is
sensitive only to the operator OtW , and can be used to
measure (or bound) its coefficient.
Finally, we investigate the polarized differential decay

rate. In the rest frame of the top-quark, the angular distri-
bution of any top-quark decay product is given by [24,25]

1

�

d�

d cos�i
¼ 1þ �i cos�i

2
; (17)

where �i ¼ �b, �v, �eþ is the angle between the spin axis
of the top-quark and the momentum of the bottom quark,
neutrino or positron. The ‘‘analyzing power’’ �i measures
the degree to which the direction of the decay product i is
correlated with the top spin. If dimension-six operators are
added, the relation still holds, but the coefficient �i will be

affected by the new operators. SinceOð3Þ
�q is just a rescaling

of the SM interaction, the only correction is fromOtW . This
could be an independent way to determine the coefficient
ReCtW . At leading order, the correction is given by

�b ¼ �m2
t � 2m2

W

m2
t þ 2m2

W

þ ReCtWv
2

�2Vtb

8
ffiffiffi
2

p
mtmWðm2

t �m2
WÞ

ðm2
t þ 2m2

WÞ2
;

�v ¼ m6
t � 12m4

t m
2
W þ 3m2

t m
4
Wð3þ 8 lnðmt=mWÞÞ þ 2m6

W

m6
t � 3m2

t m
4
W þ 2m6

W

� ReCtWv
2

�2Vtb

12
ffiffiffi
2

p
mtmWðm6

t � 6m4
t m

2
W þ 3m2

t m
4
Wð1þ 4 lnðmt=mWÞÞ þ 2m6

WÞ
ðm2

t þ 2m2
WÞ2ðm2

t �m2
WÞ2

;

�eþ ¼ 1: (18)

The same equations hold for hadronic top decay, with
�u ¼ ��, � �d ¼ �eþ . The coefficient �eþ is not affected
by dimension-six operators. This is consistent with the
results in Ref. [26].

The measurement of these coefficients requires a source
of polarized top quarks. This is addressed in the next
section.

III. SINGLE TOP PRODUCTION

Single top quarks are produced through the electroweak
interaction. There are three separate processes: s-channel
[27], t-channel [28–30], and Wt production [31]. An
effective-field-theory approach to the s- and t-channel
processes was advocated in Ref. [32]. We update that
analysis by including an additional operator, which was
neglected in that study because it is loop-suppressed if the
underlying theory is a gauge theory. We also perform an
effective-field-theory analysis of the Wt process. The
vertex-function approach to single-top production is
pursued in Refs. [33–35].

Single top production contains four distinct channels:
the s-channel process u �d ! t �b, the t-channel processes
ub ! dt and �db ! �ut, and the Wt associated production
channel gb ! Wt. We first consider the s and t channels.
The following operators contribute [32]:

Oð3Þ
�q ¼ ið�þ�ID��Þð �q���IqÞ; (19)

OtW ¼ ð �q����ItÞ ~�WI
��; (20)

Oð1;3Þ
qq ¼ ð �qi���

IqjÞð �q���IqÞ: (21)

For the four-quark operator Oð1;3Þ
qq , the superscripts i, j

denote the first two quark generations. Another four-quark
operator that could contribute is ð �qi��qÞð �q��qjÞ.
However, using the Fierz identity, this can be turned into

a linear combination of Oð1;3Þ
qq and some other four-quark

operators with different isospin and color structures which
do not contribute to this process. Four-quark operators are

20 40 60 80

Eν(GeV)

dΓ
/d

E
ν

SM and Oφq
(3)

O
tW

FIG. 4. The energy dependence of the neutrino.
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neglected in the vertex-function approach to the Wtb
vertex.

The Feynman diagrams are shown in Fig. 5. Since the
operator OtW will be measured (or bounded) from studies
of top-quark decay, the s- and t-channel production of
single top quarks can be used to measure (or bound) the

operators Oð3Þ
�q and Oð1;3Þ

qq .

Now we turn to consider the gb ! Wt process. The
contributing operators are

Oð3Þ
�q ¼ ið�þ�ID��Þð �q���IqÞ; (22)

OtW ¼ ð �q����ItÞ ~�WI
��; (23)

OtG ¼ ð �q���	AtÞ ~�GA
��: (24)

Again, the first two operators Oð3Þ
�q and OtW will affect the

Wtb coupling. The ‘‘chromomagnetic moment’’ operator
OtG modifies the gtt coupling:

Leff ¼ ReCtGffiffiffi
2

p
�2

vð�t���	AtÞGA
��: (25)

This interaction is neglected in the vertex-function ap-
proach to the Wtb vertex.
The Feynman diagrams are shown in Fig. 6. Since the

operators Oð3Þ
�q and OtW will be measured (or bounded)

from single top production and top-quark decay, respec-
tively, theWt associated production process can be used to
measure (or bound) the operatorOtG, which is also present
in t�t production (see Sec. IV).
Here we list all the corrections to the SM amplitudes and

cross sections. The squared amplitude of the three channels
are s-channel:

FIG. 5. Feynman diagrams for the s- and t-channel single top production. (a–c) are the s-channel diagrams, while (d–f) are the

t-channel diagrams. (a,d) are the SM amplitude, (b,e) are the correction from Oð3Þ
�q and OtW , and (c,f) are the four-fermion interaction

from Oð1;3Þ
qq . The diagrams for the t-channel process �db ! �ut can be obtained by interchanging u and d quarks in (d–f).

FIG. 6. The Feynman diagrams for Wt associated production process. (a,b) are the SM amplitude. (c,d) are corrections due to the

operator Oð3Þ
�q and OtW . (e) is a modification on the gtt vertex.
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1

4
�jMu �d!t �bj2 ¼

�
V2
tb þ

2Cð3Þ
�qVtbv

2

�2

�
g4uðu�m2

t Þ
4ðs�m2

WÞ2

� 2
ffiffiffi
2

p
ReCtWVtbmtmW

�2

g2su

ðs�m2
WÞ2

þ 2Cð1;3Þ
qq Vtb

�2

g2uðu�m2
t Þ

s�m2
W

; (26)

t-channel:

1

4
�jMub!dtj2 ¼

�
V2
tb þ

2Cð3Þ
�qVtbv

2

�2

�
g4sðs�m2

t Þ
4ðt�m2

WÞ2

� 2
ffiffiffi
2

p
ReCtWVtbmtmW

�2

g2st

ðt�m2
WÞ2

þ 2Cð1;3Þ
qq Vtb

�2

g2sðs�m2
t Þ

t�m2
W

; (27)

1

4
�jM �db! �utj2 ¼

�
V2
tb þ

2Cð3Þ
�qVtbv

2

�2

�
g4uðu�m2

t Þ
4ðt�m2

WÞ2

� 2
ffiffiffi
2

p
ReCtWVtbmtmW

�2

g2ut

ðt�m2
WÞ2

þ 2Cð1;3Þ
qq Vtb

�2

g2uðu�m2
t Þ

t�m2
W

; (28)

Wt associated production:

1

96
�jMgb!Wtj2 ¼

�
V2
tb þ

2Cð3Þ
�qVtbv

2

�2

�
g2g2s

24m2
Wsðt�m2

t Þ2
ðm8

t � ð2sþ tÞm6
t þ ððsþ tÞ2 � 2tm2

W � 2m4
WÞm4

t � ðtðsþ tÞ2

� 2ðs2 � stþ 2t2Þm2
W þ 2tm4

W � 4m6
WÞm2

t � 2tm2
Wðs2 þ t2 � 2ðsþ tÞm2

W þ 2m4
WÞÞ

þ 2ReCtWVtbg
2
smtmW

3
ffiffiffi
2

p
�2sðt�m2

t Þ2
ð3m6

t � ð2sþ 3tþ 6m2
WÞm4

t � ðs2 þ 2st� 3t2 � 6m4
WÞm2

t

þ tðs2 � 2st� 3t2 þ 6ðsþ tÞm2
W � 6m4

WÞÞ þ
ReCtGV

2
tbg

2gsmtv

3
ffiffiffi
2

p
�2ðm2

t � tÞ ðm2
t þ 2s� tÞ: (29)

As before, Ci is the coefficient of operatorOi and s, t, u are
the usual Mandelstam variables. We have set Vud ¼ 1 for
simplicity. The differential cross sections are as follows:

d�u �d!t �b

d cos�
¼

�
V2
tb þ

2Cð3Þ
�qVtbv

2

�2

�
g4ðs�m2

t Þ2
512
s2ðs�m2

WÞ2
� ð1þ cos�Þðsþm2

t þ ðs�m2
t Þ cos�Þ

þ ReCtWVtb

g2mtmWðs�m2
t Þ2

16
ffiffiffi
2

p

�2sðs�m2

WÞ2
ð1þ cos�Þ

þ Cð1;3Þ
qq Vtb

g2ðs�m2
t Þ2

64
�2s2ðs�m2
WÞ

� ð1þ cos�Þðsþm2
t þ ðs�m2

t Þ cos�Þ (30)

with � the angle between up quark and top-quark momenta
in the center of mass frame:

d�ub!dt

d cos�
¼

�
V2
tb þ

2Cð3Þ
�qVtbv

2

�2

�

� g4ðs�m2
t Þ2

32
sð2m2
W þ ðs�m2

t Þð1� cos�ÞÞ2

þ ReCtWVtb

g2mtmWðs�m2
t Þ2ð1� cos�Þ

4
ffiffiffi
2

p

�2sð2m2

W þ ðs�m2
t Þð1� cos�ÞÞ2

� Cð1;3Þ
qq Vtb

g2ðs�m2
t Þ2

8
�2sð2m2
W þ ðs�m2

t Þð1� cos�ÞÞ ; (31)

d� �db! �ut

d cos�
¼

�
V2
tb þ

2Cð3Þ
�qVtbv

2

�2

�
g4ðs�m2

t Þ2ð1þ cos�Þðsþm2
t þ ðs�m2

t Þ cos�Þ
128
�2s2ð2m2

W þ ðs�m2
t Þð1� cos�ÞÞ2

� ReCtWVtb

g2mtmWðs�m2
t Þ3sin2�

8
ffiffiffi
2

p

�2s2ð2m2

W þ ðs�m2
t Þð1� cos�ÞÞ2

� Cð1;3Þ
qq Vtb

g2ðs�m2
t Þ2ð1þ cos�Þðsþm2

t þ ðs�m2
t Þ cos�Þ

32
�2s2ð2m2
W þ ðs�m2

t Þð1� cos�ÞÞ (32)
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with � the angle between bottom quark and top-quark
momenta in the center of mass frame:

d�gb!Wt

dcos�
¼
�
V2
tbþ

2Cð3Þ
�qVtbv

2

�2

�
g2g2s	

1=2

1536
s3m2
Wðsþm2

t �m2
W�	1=2cos�Þ2 ððm

2
t þ10m2

WÞs3þð3m4
t þ19m2

t m
2
W�22m4

WÞs2

�ð9m6
t þ8m4

t m
2
Wþ5m2

t m
4
W�22m6

WÞsþ5ðm2
t �m2

WÞ3ðm2
t þ2m2

WÞ�ðm2
t þ2m2

WÞ	3=2cos3�

þðð6m2
W�m2

t Þs�m4
t �m2

t m
2
Wþ2m4

WÞ	cos2��ðð14m2
W�m2

t Þs2�2ðm4
t �7m2

t m
2
Wþ6m4

WÞs

þ3ðm6
t �3m2

t m
4
Wþ2m6

WÞÞ	1=2cos�Þ�ReCtWVtb

g2smtmW	
1=2

96
ffiffiffi
2

p

�2s3ðsþm2

t �m2
W�	1=2cos�Þ2 ð5s

3�9ðm2
t �m2

WÞs2

þð19m4
t þ10m2

t m
2
W�29m4

WÞs�15ðm2
t �m2

WÞ3þ3	3=2cos3��ð5s�3m2
t þ3m2

WÞ	cos2�

�ð3s2�10ðm2
t �m2

WÞs�9ðm2
t �m2

WÞ2Þ	1=2cos�ÞþReCtGV
2
tb

g2gsvmt	
1=2ðm2

t �m2
Wþ5s�	1=2cos�Þ

96
ffiffiffi
2

p

�2s2ðm2

t �m2
Wþs�	1=2cos�Þ (33)

with � the angle between gluon and top-quark momenta in
the center of mass frame, and 	 ¼ s2 þm4

t þm4
W �

2sm2
t � 2sm2

W � 2m2
t m

2
W . The angular dependence atffiffiffi

s
p ¼ 2mt (recall that the kinematic threshold is

ffiffiffi
s

p ¼
mt) is shown in Figs. 7–10 (areas are normalized).

The total cross sections are

�u �d!t �b ¼
�
V2
tb þ

2Cð3Þ
�qVtbv

2

�2

�
g4ðs�m2

t Þ2ð2sþm2
t Þ

384
�2s2ðs�m2
WÞ2

þ ReCtWVtb

g2mtmWðs�m2
t Þ2

8
ffiffiffi
2

p

�2sðs�m2

WÞ2

þ Cð1;3Þ
qq Vtb

g2ðs�m2
t Þ2ð2sþm2

t Þ
48
�2s2ðs�m2

WÞ
; (34)

�ub!dt¼
�
V2
tbþ

2Cð3Þ
�qVtbv

2

�2

�
g4ðs�m2

t Þ2
64
�2sm2

Wðs�m2
t þm2

WÞ

�ReCtWVtb

g2mtmWðs�m2
t �ðs�m2

t þm2
WÞlns�m2

tþm2
W

m2
W

Þ
4

ffiffiffi
2

p

�2sðs�m2

t þm2
WÞ

�Cð1;3Þ
qq Vtb

g2ðs�m2
t Þ lns�m2

tþm2
W

m2
W

8
�2s
; (35)

� �db! �ut ¼
�
V2
tb þ

2Cð3Þ
�qVtbv

2

�2

� g4ððsþ 2m2
WÞðs�m2

t Þ �m2
Wð2sþ 2m2

W �m2
t Þ lnsþm2

W�m2
t

m2
W

Þ
64
s2m2

W

� ReCtWVtb

g2mtmWððsþ 2m2
W �m2

t Þ lnsþm2
W�m2

t

m2
W

� 2ðs�m2
t ÞÞ

4
ffiffiffi
2

p

�2s2

� Cð1;3Þ
qq Vtb

g2ð2ðsþm2
W �m2

t Þðsþm2
WÞ lnsþm2

W�m2
t

m2
W

� ðs�m2
t Þð3sþ 2m2

W �m2
t ÞÞ

16
�2s2
; (36)

�gb!Wt ¼
�
V2
tb þ

2Cð3Þ
�qVtbv

2

�2

�
g2g2s

384s3m2
W

�
�ðð3m2

t � 2m2
WÞsþ 7ðm2

t �m2
WÞðm2

t þ 2m2
WÞÞ	1=2

þ 2ðm2
t þ 2m2

WÞðs2 þ 2ðm2
t �m2

WÞsþ 2ðm2
t �m2

WÞ2Þ ln
�
sþm2

t �m2
W þ 	1=2

sþm2
t �m2

W � 	1=2

��

� ReCtWVtb

g2smtmW

24
ffiffiffi
2

p
�2s3

�
ðsþ 21ðm2

t �m2
WÞÞ	1=2 þ 2ðs2 � 6ðm2

t �m2
WÞs� 6ðm2

t �m2
WÞ2Þ

� ln

�
sþm2

t �m2
W þ 	1=2

sþm2
t �m2

W � 	1=2

��
þ ReCtGV

2
tb

g2gsvmt

24
ffiffiffi
2

p
�2s2

�
2s ln

�
sþm2

t �m2
W þ 	1=2

sþm2
t �m2

W � 	1=2

�
þ 	1=2

�
: (37)
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The operators Oð3Þ
�q and Oð1;3Þ

qq will be measured (or

bounded) by single top production. Because they enter
with the opposite relative sign in s- and t- channel produc-
tion [see Eqs. (30) and (31)], it will be valuable to measure
these two processes separately.

The operatorOtW also has an effect on the produced top-
quark spin. In the SM s- and t-channel single top produc-
tion, the top-quark is always polarized in the direction of d
or �d three-momentum in the top rest frame [36]. WhenOtW

is present, the top-quark spin devitates from its original

direction, but is still in the production plane. For example,
in the s-channel process, the top spin deviates away from
the three-momentum of the �b, with an angle (in the top rest
frame)

� ¼ ReCtW

2
ffiffiffi
2

p
v2

�2

ffiffiffi
s

p
mW

ðs�m2
t Þ sin�

sþm2
t þ ðs�m2

t Þ cos�
; (38)

where � is the scattering angle in the W rest frame.
Similarly, in the t-channel process b �d ! t �u, the top spin
deviates toward the three-momentum of �u, with the same
angle. In the t-channel process bu ! td, the top spin
deviates toward the three-momentum of the incoming b
quark, with an angle

� ¼ ReCtW

ffiffiffi
2

p
v2

�2

ffiffiffi
s

p
mW

sin�: (39)

In Eq. (18) we reported the effect of the operatorOtW on
the analyzing power of top decay. Let ŝ be the unit vector in
the top-quark spin direction and p̂i be the unit vector in the
direction of the three-momentum of the decay product i in
the top rest frame, so we have

�i ¼ 3hŝ � p̂ii: (40)

In practice, we can use the s- and t-channel single top
production as a source of polarized top-quark. To measure
the analyzing power, we can replace ŝ with p̂d; �d, the unit

vector in the direction of three-momentum of d or �d,
depending on the production channel:

�i ¼ 3hp̂d; �d � p̂ii: (41)

In single top production the top-quark spin is affected by
OtW , so ŝ and p̂d; �d are not exactly aligned. However, the

direction in which the top-quark spin deviates from the
three-momentum of d or �d is independent of the p̂i, i.e.

hðp̂d; �d � ŝÞ � p̂ii ¼ 0: (42)

Therefore Eq. (41) still holds. In other words, the effect of
OtW on the production vertex does not affect the measure-
ment of the analyzing power.

0

θ

dσ
/d

co
sθ

SM and O(3)
φq

O
tW

O
qq
(1,3)

π/2 π

FIG. 8. The t-channel (ub ! dt) differential cross section atffiffiffi
s

p ¼ 2mt.

0
θ

dσ
/d

co
sθ

SM and O(3)
φq

O
tW

O(1,3)
qq

π/2 π

FIG. 9. The t-channel ( �db ! �ut) differential cross section atffiffiffi
s

p ¼ 2mt.

0
θ

dσ
/d

co
sθ

SM and O(3)
φq

O
tW

O
tG

π/2 π

FIG. 10. The gb ! Wt channel differential cross section atffiffiffi
s

p ¼ 2mt.

0

θ

dσ
/d

co
sθ

SM, O(3)
φq

 and O(1,3)
qq

O
tW

π/2 π

FIG. 7. The s-channel differential cross section at
ffiffiffi
s

p ¼ 2mt.
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IV. TOP PAIR PRODUCTION

The effect of higher-dimension operators on top-quark
pair production is studied in [37–39]. In Ref. [37], two
dimension-six operators, the chromomagnetic moment op-
erator,OtG, and the triple gluon field strength operator,OG,
are considered:

OtG ¼ ð �q���	AtÞ ~�GA
��; (43)

OG ¼ fABCG
A�
� GB�

� GC�
� : (44)

It is shown that OG will generate observable cross section
deviations from QCD at the LHC even for relatively small
values of its coefficient.

Here we redo the leading order calculation, and also take
into account the operator O�G:

O�G ¼ 1
2ð�þ�ÞGA

��G
A��; (45)

which is a Higgs-gluon interaction. Its effect on the Higgs
production rate and branching ratios has been discussed in
[40]. We include this operator because it contributes to top
pair production through gg ! h ! t�t,

Leff ¼ 1

2

C�G

�2
vhGA

��G
A��; (46)

which could be significant because the top-quark has a
large Yukawa coupling.
Top-quark pair production proceeds at the tree level

through the parton reactions gg ! t�t and q �q ! t�t. We first
consider the gluon channel. The Feynman diagrams are
shown in Fig. 11. The operator OtG changes the SM gtt
coupling, and also generates a new ggtt interaction. OG

affects the three-point gluon vertex in QCD.O�G generates

a new diagram with an s-channel Higgs boson.
The squared amplitude is

FIG. 11. The Feynman diagrams for gg ! t�t process. Diagram (a–c) are the SM amplitude. (d–h) are the gtt vertex correction
induced by OtG. (i) is the g3 vertex correction induced by OG. ( j) is a ggtt interaction from OtG, and (k) is a gg ! h ! tt process,
induced by O�G.
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1

256
jMj2 ¼ 3g4s

4

ðm2 � tÞðm2 � uÞ
s2

� g4s
24

m2ðs� 4m2Þ
ðm2 � tÞðm2 � uÞ þ

g4s
6

tu�m2ð3tþ uÞ �m4

ðm2 � tÞ2 þ g4s
6

tu�m2ðtþ 3uÞ �m4

ðm2 � uÞ2

� 3g4s
8

tu� 2m2tþm4

sðm2 � tÞ � 3g4s
8

tu� 2m2uþm4

sðm2 � uÞ þ
ffiffiffi
2

p
ReCtGg

3
svm

3�2

4s2 � 9tu� 9m2sþ 9m4

ðm2 � tÞðm2 � uÞ
þ 9CGg

3
s

8�2

m2ðt� uÞ2
ðm2 � tÞðm2 � uÞ �

C�Gg
2
sm

2

8�2

s2ðs� 4m2Þ
ðs�m2

hÞðt�m2Þðu�m2Þ ; (47)

where m is the mass of the top-quark and mh is the mass of the Higgs boson.
The differential and total cross sections are

d�

d cos�
¼ g4s�

1536
sð1� �2cos2�Þ2 ð7ð1þ 2�2 � 2�4Þ � �2ð5� 32�2 þ 18�4Þcos2�

� ð25�4 � 18�6Þcos4�� 9�6cos6�Þ þ ReCtG

g3sv�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� �2

p ð7þ 9�2cos2�Þ
96

ffiffiffi
2

p

�2

ffiffiffi
s

p ð1� �2cos2�Þ
þ CG

9g3s�
3ð1� �2Þcos2�

256
�2ð1� �2cos2�Þ � C�G

g2ss�
3ð1� �2Þ

256
�2ðs�m2
hÞð1� �2cos2�Þ ; (48)

� ¼ g4s
768
s

�
31�3 � 59�þ ð33� 18�2 þ �4Þ ln1þ �

1� �

�
þ ReCtG

g3sv
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� �2

p
48

ffiffiffi
2

p

�2

ffiffiffi
s

p
�
8 ln

1þ �

1� �
� 9�

�

þ CG

9g3sð1� �2Þ
256
�2

�
ln
1þ �

1� �
� 2�

�
� C�G

g2ss�
2ð1� �2Þ

256
�2ðs�m2
hÞ

ln
1þ �

1� �
: (49)

Here � is the angle between the gluon and top-quark

momenta in the center of mass frame; � �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4m2

s

q
is

the velocity of the top-quark. Top-quark pair production
can be used to measure (or bound) the coefficients of the
operators OtG, OG, and O�G. The operator OtG is also

probed by Wt associated production, as discussed above,
and the operator O�G is probed by Higgs production [40].

Now we turn to consider the quark process q �q ! t�t.
There are a large number of four-quark operators with
different chiral and flavor structures [2,3,37]. Here we
consider all possible chirality and color structures. In
Ref. [3], only one generation is considered. When there
are three generations, the quark field in these operators can
be of any generation. For example, ð �qi��q

jÞð �q��qÞ and
ð �qi��qÞð �q��qjÞ (superscripts i, j are used to denote the

first two generations) should be considered as different
operators. The effect of some of these operators are sup-
pressed by the color structure or by the small quark mass.
For example, ð �qi��q

jÞð �q��qÞ does not interfere with the

SM, because the t and �t form a color singlet; an operator
like ð �qtÞ�ð �qidjÞ does not interfere either, because it in-
volves a left-handed and a right-handed down quark while
the SM gd �d coupling does not change chirality.

Using the Fierz transformation and the following SU(2)
and SU(3) identities

�Iab�
I
cd ¼ �abcd þ 2adbc;

tAijt
A
kl ¼ �1

6ijkl þ 1
2iljk; (50)

we find that only the following four-quark operators con-
tribute to the u �u, d �d ! t�t reaction:

Oð8;1Þ
qq ¼ 1

4ð �qi��	
AqjÞð �q��	AqÞ;

Oð8;3Þ
qq ¼ 1

4ð �qi���
I	AqjÞð �q���I	AqÞ;

Oð8Þ
ut ¼ 1

4ð �ui��	
AujÞð�t��	AtÞ;

Oð8Þ
dt ¼ 1

4ð �di��	
AdjÞð�t��	AtÞ; Oð1Þ

qu ¼ ð �quiÞð �ujqÞ;
Oð1Þ

qd ¼ ð �qdiÞð �djqÞ; Oð1Þ
qt ¼ ð �qitÞð�tqjÞ: (51)

We do not include the operators that have the form
ð �q	AuiÞð �uj	AqÞ. This operator can be turned into a linear

combination of Oð1Þ
qu , which is already considered, and

another operator ð �qcuibÞð �ujaqdÞabcd (a, b, c, d denote

color indices), which does not contribute because the t
and �t form a color singlet. In addition, we also need to
consider the operatorOtG, whose effect is to change the gtt
coupling. The diagrams are shown in Fig. 12.
The result is

1

36
jM �uu!�ttj2 ¼ g2sðM2

1 þM2
2Þ þ

32
ffiffiffi
2

p
ReCtGg

3
svm

9�2

þ C1
u

s

�2
M2

1 þ C2
u

s

�2
M2

2;

1

36
jM �dd!�ttj2 ¼ g2sðM2

1 þM2
2Þ þ

32
ffiffiffi
2

p
ReCtGg

3
svm

9�2

þ C1
d

s

�2
M2

1 þ C2
d

s

�2
M2

2;

(52)
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where

C1
u ¼ Cð8;1Þ

qq þ Cð8;3Þ
qq þ Cð8Þ

ut ; (53)

C2
u ¼ Cð1Þ

qu þ Cð1Þ
qt ; (54)

C1
d ¼ Cð8;1Þ

qq � Cð8;3Þ
qq þ Cð8Þ

dt ; (55)

C2
d ¼ Cð1Þ

qd þ Cð1Þ
qt ; (56)

M2
1 ¼

4g2s
9s2

ð3m4 �m2ðtþ 3uÞ þ u2Þ; (57)

M2
2 ¼

4g2s
9s2

ð3m4 �m2ð3tþ uÞ þ t2Þ: (58)

The cross section is

d� �uu; �dd!�tt

dcos�
¼ g4s
144
s

�ð2��2sin2�ÞþReCtG

g3sv�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1��2

p
9

ffiffiffi
2

p

�2

ffiffiffi
s

p

þC1
u;d

g2s
288
�2

�ð2þ2�cos���2sin2�Þ

þC2
u;d

g2s
288
�2

�ð2�2�cos���2sin2�Þ;
(59)

where � is the angle between up or down quark and the top-
quark momenta, in the center of mass frame. The total
cross section is

� �uu; �dd!�tt¼
g4s

108
s
�ð3��2ÞþReCtG

ffiffiffi
2

p
g3sv

9
�2
ffiffiffi
s

p �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1��2

q

þðC1
u;dþC2

u;dÞ
g2s

216
�2
�ð3��2Þ: (60)

Although there are seven four-fermion operators, their
effects on top-quark pair production are summarized by

only four coefficients C1;2
u;d. Thus top-quark pair production

can be used to bound four linear combinations of the four-
quark operators as well as the operator OtG.

If C1
u;d and C2

u;d are distinct, they will generate a

forward-backward asymmetry:

At
FB ¼ Nðcos� > 0Þ � Nðcos� < 0Þ

Nðcos� > 0Þ þ Nðcos� < 0Þ
¼ ðC1

u;d � C2
u;dÞ

3s�

4g2s�
2ð3� �2Þ : (61)

The recent measurements of the top-quark forward-
backward asymmetry from the CDF and the D0 experi-
ments can be found in [41–45]. The SM prediction is
dominated by Oð�3

SÞ QCD interference effects and is 5%

in the lab frame [46–49]. There is a discrepancy of about
2� between theory and experiment. It is interesting to ask
whether this discrepancy can be accommodated within the
effective field theory framework. The challenge is to avoid
too large a modification of the t�t production cross section,
since the current measurement is in good agreement with
the SM prediction [50]. In the effective field theory ap-
proach, this can be done if C1

u;d and C2
u;d have similar

nonzero values but with opposite sign, i.e. C1
u;d � �C2

u;d.

V. CP VIOLATION

Violations of the CP symmetry are of great interest in
particle physics especially since its origin is still unclear.
Better understanding of this rare phenomenon can lead to
new physics which may explain both the origin of mass and
the preponderance of matter over antimatter in the present
Universe.
The SM predicts that CP-violating effects in top physics

are very small. This is primarily due to the fact that its large
mass renders the Glashow-Iliopoulos-Maiani [51] cancel-
lation particularly effective [52,53]. Therefore, the study of
CP-violation effects in top physics is important because
any observation of such effects would be a clear evidence
of physics beyond the SM.
Effective field theory is a complete and model-

independent approach to physics beyond the SM. Its
CP-odd operators can be used to describe the
CP-violation effects in top-quark physics. We find that
there are four CP-odd operators that can have significant
contribution to top-quark production and decay processes,
as listed in Table II. In this section we will consider the
effects of these four operators.

FIG. 12. The Feynman diagrams for u �u ! t�t process. (a) is the SM amplitude, (b) is the correction on gtt coupling induced by OtG,
and (c) is the four-fermion interactions. The d �d ! t�t process has the same diagrams.
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A. Polarized top-quark decay

In top-quark decay, the momenta of the four particles, t,
b, eþ and � are not independent because of the energy-
momentum conservation. However, if we define the
top-quark spin vector (in the top rest frame):

s ¼ ð0; ŝÞ; (62)

where the unit vector ŝ is the direction of the top-quark
spin, then a term proportional to �����p

�
t p

�
bp

�

eþs
� is

TN-odd. Thus it becomes possible to observe CP violation
effects.

In the top-quark decay process, there is only one opera-
tor that contributes at leading order:

OtW ¼ ð �q����ItÞ ~�WI
��: (63)

This operator is CP-odd if its coefficient is imaginary.
To investigate the effect of OtW , we choose the coordi-

nate axes in the top rest frame such that the positron
momentum is in the z direction, and the bottommomentum
is in the xz plane, with a positive x component. The top-
quark spin is ŝ ¼ ðsin� cos�; sin� sin�; cos�Þ. The decay
rate is given by

d�

d cos�d�
¼ V2

tbg
4ðm6

t � 3m4
Wm

2
t þ 2m6

WÞ
12288
3m3

t mW�W

ð1þ cos�Þ

� ImCtWVtbg
2mWðm2

t �m2
WÞ3

2048
ffiffiffi
2

p

2�2�Wm

3
t

sin� sin�:

(64)

The CP-odd contribution is proportional to sin�, so it does
not affect the total decay rate and the analyzing power �i

defined in Eq. (17).
We now define the following triple product and evaluate

it in the top rest frame:

T ¼ � 1

mt

�����p
�
t p

�
bp

�

eþs
� ¼ ðpb � peþÞ � ŝ; (65)

which corresponds to the projection of the top spin onto the
direction perpendicular to the plane formed by the bottom
quark and the positron. This leads to an asymmetry:

At!Wb ¼ NðT > 0Þ � NðT < 0Þ
NðT > 0Þ þ NðT < 0Þ

¼ ImCtW

3
v2ðm2
t �m2

WÞ
4

ffiffiffi
2

p
�2Vtbðm2

t þ 2m2
WÞ

: (66)

Such an asymmetry is a sign of CP violation. To observe
such an asymmetry requires a source of polarized top
quarks. This is addressed in the next section.

B. Spin asymmetry in single top production

In single top production, we can construct CP-odd ob-
servables in a similar way. In the s- and t-channel pro-
cesses, OtW (with imaginary coefficient) is the only
CP-odd operator that contributes. Consider the s-channel
process u �d ! t �b. We can define the following triple
product in the top rest frame

T ¼ � 1

mt

�����p
�
t p

�
up

�
�d
s� ¼ ðpu � p �dÞ � ŝ: (67)

In the SM, the top spin in its rest frame is in the direction
of the �d three-momentum [36], therefore T ¼ 0. When the
CP-odd operator is added, the direction of the top-quark
spin can be computed. It deviates from the production
plane, with an angle (in the top rest frame)

� ¼ ImCtW

2
ffiffiffi
2

p
v2

ffiffiffi
s

p ðs�m2
t Þ sin�W

�2VtbmWðsþm2
t þ ðs�m2

t Þ cos�WÞ
; (68)

where �W is the angle between the momenta of the up
quark and the top-quark in theW rest frame. The value of T
is then given by

T ¼ �
ffiffiffi
2

p
ImCtWv

2sðs�m2
t Þ2sin2�W

2�2VtbmWmt½sþm2
t þ ðs�m2

t Þ cos�W�
: (69)

In practice, assume the top spin ŝ is measured in the
direction perpendicular to the production plane, i.e. s?
takes either 1 or �1, then this will lead to an asymmetry:

Au �d!t �b ¼
Nðs? ¼ 1Þ � Nðs? ¼ �1Þ
Nðs? ¼ 1Þ þ Nðs? ¼ �1Þ

¼ ImCtW

3
v2
ffiffiffi
s

p ðs�m2
t Þ

2
ffiffiffi
2

p
�2VtbmWð2sþm2

t Þ
: (70)

Similarly, for the t-channel process bu ! td, we find

T ¼ ðpb � puÞ � ŝ ¼ ImCtWv
2sðs�m2

t Þsin2�W
2

ffiffiffi
2

p
�2VtbmWmt

; (71)

and for the process b �d ! t �u,

T ¼ ðpb � p �dÞ � ŝ

¼
ffiffiffi
2

p
ImCtWv

2sðs�m2
t Þ2sin2�W

2�2VtbmWmtðsþm2
t þ ðs�m2

t Þ cos�WÞ
: (72)

If the top spin ŝ is measured in the direction perpendicular
to the production plane, the corresponding asymmetries are

Abu!td ¼ Nðs? ¼ 1Þ � Nðs? ¼ �1Þ
Nðs? ¼ 1Þ þ Nðs? ¼ �1Þ ¼ �ImCtW

ffiffiffi
2

p

v2

ffiffiffi
s

p ððs�m2
t þ 2m2

WÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s�m2

t þm2
W

q
� 2mWðs�m2

t þm2
WÞÞ

�2Vtbðs�m2
t Þ2

;

(73)
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Ab �d!t �u ¼
Nðs? ¼ 1Þ � Nðs? ¼ �1Þ
Nðs? ¼ 1Þ þ Nðs? ¼ �1Þ

¼ �ImCtW

ffiffiffi
2

p

v2

ffiffiffi
s

p ððs�m2
t þ 4m2

WÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s�m2

t þmW2
p � ð3s� 3m2

t þ 4m2
WÞmWÞ

�2Vtbððs�m2
t Þðsþ 2m2

WÞ �m2
Wð2sþ 2m2

W �m2
t Þ lns�m2

tþm2
W

m2
W

Þ
: (74)

In Wt associated production channel gb ! Wt, the chromoelectric dipole moment operator

OtG ¼ ð �q���	AtÞ ~�GA
�� (75)

will also contribute. We find

Agb!Wt¼Nðs?¼1Þ�Nðs?¼�1Þ
Nðs?¼1ÞþNðs?¼�1Þ

¼ ImCtW

v2
ffiffiffiffiffi
2s

p
mW	

2�2Vtbð
ffiffiffiffi
	

p ðð2m2
W�3m2

t Þs�7ðm2
t þ2m2

WÞðm2
t �m2

WÞÞ�2ðm2
t þ2m2

WÞð	þ4sm2
t þðm2

t �m2
WÞ2ÞlogyÞ

� ImCtG

2
ffiffiffi
2

p
vm2

t s
3=2

gs�
2ðsþm2

t �m2
Wþ ffiffiffiffi

	
p Þ3y2 f½ð7m

2
t �8m2

WÞ	þ4sm2
t ð11m2

t �15m2
WÞ�4m2

t ðm2
t �m2

WÞ2�

�ð ffiffiffiffi
	

p þsþm2
t �m2

WÞ�8y½2ðm2
t �2m2

WÞðm2
t �m2

WÞþsð3m2
t �4m2

WÞ�½	þðsþm2
t �m2

WÞ
ffiffiffiffi
	

p þ2sm2
t �g

�ð ffiffiffiffi
	

p ðsð2m2
W�3m2

t Þ�7ðm2
t þ2m2

WÞðm2
t �m2

WÞÞ�2ðm2
t þ2m2

WÞð	þ4sm2
t þðm2

t �m2
WÞ2Þ logyÞ�1; (76)

where

	 ¼ s2 þm4
t þm4

W � 2sm2
t � 2sm2

W � 2m2
t m

2
W; (77)

and

y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sþm2

t �m2
W � ffiffiffiffi

	
p

sþm2
t �m2

W þ ffiffiffiffi
	

p
vuut : (78)

In practice there is no way to measure the top spin
directly, so we need to use the momentum of the decay
products as the spin analyzer. The positron has a spin
analyzing power �eþ ¼ 1. It can be shown that, if the top
production process is followed by a semileptonic decay,
one can replace the top spin in the triple product T by the
positron three-momentum, and the corresponding asym-
metry will be decreased by a factor of 1=2. For example, in
the s-channel process, consider

T ¼ ðpu � p �dÞ � peþ : (79)

We find

Au �d!t �b ¼
NðT > 0Þ � NðT < 0Þ
NðT > 0Þ þ NðT < 0Þ

¼ �ImCtW

3
v2
ffiffiffi
s

p ðs�m2
t Þ

4
ffiffiffi
2

p
�2VtbmWð2sþm2

t Þ
; (80)

which is exactly half of Eq. (70), as expected. Similarly, for
t-channel and gb ! tW channel, the results in Eqs. (73),
(74), and (76), should also be reduced by a factor of 1=2.
Note that although the CP-odd operator has effects on both
production and decay processes, this asymmetry only re-
flects its effect on the production, because the decay

process is only used as the spin analyzer, and the analyzing
power �eþ ¼ 1 is not affected by the CP-odd effect.
We can also reverse the procedure and construct a

CP-odd observable that only reflects the CP-odd effect
in the decay process. In single top production, the top spin
in its rest frame is always in the direction of the d or �d
quark [36]. Although this gets modified by the operator
OtW in the production vertex as is shown in Eqs. (38) and
(39), the direction in which the top spin deviates is inde-
pendent of the decay process, and thus the leading order
effect gets averaged out as one considers the asymmetries.
Therefore the d or �d three-momentum can be used to
replace the top spin in Eq. (65):

T ¼ ðpb � peþÞ � pd; �d; (81)

and the asymmetry becomes

At!Wb ¼ NðT > 0Þ � NðT < 0Þ
NðT > 0Þ þ NðT < 0Þ

¼ ImCtW

3
v2ðm2
t �m2

WÞ
4

ffiffiffi
2

p
�2Vtbðm2

t þ 2m2
WÞ

; (82)

which agrees with Eq. (66).

C. CP-violation in top pair production

The CP-violation effects in top pair production and
decay have been considered in the literature before.
References [54,55] have considered the CP-violation ef-
fect in the multi-Higgs doublet extensions of the SM. The
effect of the top-quark ‘‘chromoelectric’’ dipole moment,
which corresponds the operator OtG with an imaginary
coefficient, can be found in Refs. [56–58], where [58]
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has also considered the other two operators, O ~G and OtW .
An analysis of the lepton transverse energy asymmetry at
the Tevatron can be found in Ref. [59]. A recent numerical
study of the ATLAS sensitivity to the complex phase of the
Wtb anomalous couplings can be found in Ref. [23]. The
CP-violation effects of the top-quark at linear colliders and
photon colliders are discussed in Refs. [4,13,60].

In the top pair production processes, there are three
operators that will contribute to CP violating observables:

OtG ¼ ð �q���	AtÞ ~�GA
��; O ~G ¼ fABC ~GA�

� GB�
� GC�

� ;

O� ~G ¼ 1

2
ð�þ�Þ ~GA

��G
A��; (83)

where ~G�� ¼ �����G
��. The first one contributes to both

gg ! t�t and q �q ! t�t channels, while the last two contri-
bute only to the gg ! t�t channel.

A natural choice of the CP-odd observable is the triple
product considered in single top production. One could
define similar quantities such as

T ¼ ðpg � pgÞ � st: (84)

However, this quantity does not result in any asymmetry,
because the three CP-odd operators are P-odd but C-even.
For both gg ! t�t and q �q ! t�t channels, under PTN sym-
metry the initial and final state do not change, except that
the spins of t and �t are flipped. This means that T defined in
Eq. (84) is PTN-odd and therefore the C-even operators
cannot result in nonzero expectation values for T. We will
need the spin information of both t and �t to observe
CP-violation effect.

Here we define our CP-odd observables in a different
way than the usual CP-odd triple product in most of the
literature. In the top-quark semileptonic decay, the ampli-
tude contains a factor which is the inner product of the top
spin and the lepton spin [56], and therefore we can use the
spin projection operator to project the top spin on to
the direction of the lepton three-momentum and ignore
the other two decay products, in order to reduce the prob-
lem to a 2 to 2 scattering problem.

Consider the quark channel process q �q ! t�t followed by
the semileptonic decays of both t and �t quarks. We choose
the coordinate axes such that in theCMframe, the top-quark
momentum is in the z-direction, the q and �qmomenta are in
xz plane, and the angle between the q and t momenta is �.
Let p̂eþ ¼ ðsin�1 cos�1; sin�1 sin�1; cos�1Þ be the unit
vector of the positron three-momentum in the top rest
frame, p̂e ¼ ðsin�2 cos�2; sin�2 sin�2; cos�2Þ be the unit
vector of the electron three-momentum in the antitop rest

frame, and v ¼ ðcos�; 0; ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� �2

p
sin�Þ. Define the follow-

ing triple product:

T ¼ ðp̂eþ � p̂eÞ � v; (85)

and we find that the the contribution from OtG can be
written as:

d�

d cos�d cos�1d�1d cos�2d�2

¼ �ImCtG

g3sv�
2 sin�

23328
ffiffiffi
2

p

3�2

ffiffiffi
s

p T: (86)

Clearly, T leads to an asymmetry:

Aq �q!t�t ¼ NðT > 0Þ � NðT < 0Þ
NðT > 0Þ þ NðT < 0Þ

¼ �ImCtG



ffiffiffi
s

p
v

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� �2

p
2

ffiffiffi
2

p
gs�

2�ð3� �2Þ
�

�
K

�
�2

�2 � 1

�
� ð1� 2�2ÞE

�
�2

�2 � 1

��
; (87)

where

Kðk2Þ ¼
Z 
=2

0

d�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2sin2�

p ; (88)

and

Eðk2Þ ¼
Z 
=2

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2sin2�

p
d� (89)

are the complete elliptic integral of the first and the second
kind. The SM has no contribution to this asymmetry
because T is parity-odd while the strong interaction is
parity-even.
Now consider the gluon channel gg ! t�t. We use the

same coordinate system, i.e. top-quark momentum is in the
z-direction and gluon momenta are in the xz plane. p̂eþ (p̂e)
is the unit vector in the direction of the momentum of the
positron (electron) in the top (antitop) rest frame. Define
two triple products Tz and Tx:

Tz ¼ ðp̂eþ � p̂eÞ � ẑ; (90)

Tx ¼ ðp̂eþ � p̂eÞ � x̂: (91)

The cross section due to the CP-odd operators is

d�

d cos�d cos�1d�1d cos�2d�2

¼ ImCtGðfztGTz þ fxtGTxÞ þ C ~Gðfz~GTz þ fx~GTxÞ
þ C� ~Gf

z
� ~G

Tz; (92)

where

fztG ¼ � g3sv�
2

248832
ffiffiffi
2

p

3�2

ffiffiffi
s

p ð1� �2cos2�Þ2

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� �2

q
ð9�4cos6�þ ð7�2 � 18�4Þcos4�

þ ð18�4 � 25�2 þ 16Þcos2�þ 7ð2�2 � 3ÞÞ;
(93)
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fxtG ¼ g3sv�
2

248832
ffiffiffi
2

p

3�2

ffiffiffi
s

p ð1� �2cos2�Þ2 ð9�
4cos4�

þ ð7�2 � 9�4Þcos2�� ð23�2 � 16ÞÞ sin� cos�;
(94)

fz~G ¼ 3g3s�
2ð1� �2Þcos2�

165888
3�2ð1� �2cos2�Þ ; (95)

fx~G ¼ � 3g3s�
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� �2

p
sin� cos�

165888
3�2ð1� �2cos2�Þ ; (96)

fz
� ~G

¼ � g2ss�
2ð1� �2Þ

165888
3�2ðs�m2
hÞð1� �2cos2�Þ : (97)

In general, any quantity that has the form TðâÞ ¼
ðp̂eþ � p̂eÞ � â may lead to an asymmetry. Using the
following property of TðâÞ:

Z
d�eþd�eTðâÞsignðTðb̂ÞÞ ¼ 2
3ðâ � b̂Þ; (98)

we find the asymmetry of TðâÞ is
d�ðTðâÞ> 0Þ

d cos�
� d�ðTðâÞ< 0Þ

d cos�

¼ 2
3½ImCtGðfztGaz þ fxtGaxÞ
þ C ~Gðfz~Gaz þ fx~GaxÞ þ C� ~Gf

z
� ~G

az�: (99)

VI. SUMMARY

We have considered the effects of dimension-six opera-
tors in top-quark physics. The analysis is linear in the
coefficients of these operators, therefore the deviation
from the SM is the interference terms between the SM
and the new operators. In general, integrating out heavy
particles leads not to just one but to several operators
whose coefficients are related. Therefore, it is necessary
to consider all dimension-six operators simultaneously.
Fortunately, although the total number of these operators

is large, we found that there are only 15 operators that can
have significant interference terms. In addition, for each
decay or production process, only a few of them will
contribute. This is one of the advantages of the effective-
field-theory approach: although we do not have any knowl-
edge of the new physics beyond the SM, by making use of
power counting and symmetries, the number of parameters
required to describe the new physics can be largely
reduced.
We have obtained the deviation from the SM caused by

these operators. This allows us to constrain the new physics
in a systematic way. For example, we can measure (or put
bounds on) the operator OtW by measuring the W boson
helicity fraction FL;R;0 and the analyzing power �b;�, and

then use the s- and t-channel single top production to put

bounds on Oð3Þ
�q and Oð1;3Þ

qq . The operator OtG can be con-

strained from the Wt associated production and the gluon
channel t�t production, while the latter process also con-
strains OG and O�G. Finally, the quark channel t�t produc-

tion can be used to put bounds on the four linear
combinations of the four-quark operators.
The CP-violation effects in top-quark physics are of

particular interest. We have calculated the spin asymme-
tries caused by the 4 CP-odd operators. The observation of
these asymmetries can be evidence of physics beyond the
SM. In the single top production, these are the spin asym-
metries in the direction perpendicular to the production
plane. One could use the top decay process as a spin
analyzer to study the asymmetry in the top production
process, or vice versa. In t�t production, we showed that
both the top-quark spin and anti-top-quark spin are re-
quired to construct CP-odd observables.
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