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In this paper we study half-BPS type IIB supergravity solutions with multiple AdS; X S3 X M,
asymptotic regions, where M, is either 7% or K;. These solutions were first constructed in [M.
Chiodaroli, M. Gutperle, and D. Krym, J. High Energy Phys. 02 (2010) 066.] and have geometries given
by the warped product of AdS, X S? X M, over 3, where 3 is a Riemann surface. We show that the
holographic boundary has the structure of a star graph, i.e. n half-lines joined at a point. The attractor
mechanism and the relation of the solutions to junctions of self-dual strings in six-dimensional
supergravity are discussed. The solutions of [M. Chiodaroli, M. Gutperle, and D. Krym, J. High
Energy Phys. 02 (2010) 066.] are constructed introducing two meromorphic and two harmonic functions
defined on 3. We focus our analysis on solutions corresponding to junctions of three different conformal
field theories and show that the conditions for having a solution charged only under Ramond-Ramond
three-form fields reduce to relations involving the positions of the poles and the residues of the relevant
harmonic and meromorphic functions. The degeneration limit in which some of the poles collide is
analyzed in detail. Finally, we calculate the holographic boundary entropy for a junction of three CFTs
and obtain a simple expression in terms of poles and residues.
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L. INTRODUCTION

The introduction of conformal boundaries plays an im-
portant role in many developments and applications of
conformal field theory (CFT). In particular, the work
of Cardy [1] initiated the project of classifying all confor-
mal boundary conditions for two-dimensional CFTs.
Conformal boundaries are also intensely studied in string
theory, where they provide world-sheet descriptions of
D-branes.

Conformal interfaces and defects can be regarded as a
generalization of boundary conformal field theories. In an
interface theory, two different conformal theories, CFT;
and CFT,, are separated by a hypersurface of codimension
one. The theory preserves a subgroup of the two-
dimensional conformal group which leaves the hypersur-
face invariant. If additional symmetries, such as current
algebras or superconformal symmetries, are present, one
can also demand that the interface preserves some sub-
group of these symmetries.

The folding trick [2,3] relates a two-dimensional con-
formal interface between CFT| and CFT, to a boundary
CFT in the tensor product CFT; ® CFT,. Using this
framework, many interesting questions can be addressed.
The Cardy conditions can be used to classify all possible
conformal interfaces in rational CFTs. The entanglement
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entropy between CFT; and CFT, can be used to calcu-
late the g-function or boundary entropy [4], which
counts the ground-state degeneracy of the interface. It
is also possible to compute reflection and transmission
matrices of the excitations in the bulk CFT, as well as
the Casimir energy of two interfaces separated by a finite
distance [3].

In condensed matter physics, two-dimensional con-
formal field theories can be employed to study two-
dimensional quantum liquids, while conformal interfaces
can be used to describe impurities at critical points, quan-
tum wires or to study the Kondo effect. Furthermore, a
special class of defects which are totally transmissive, the
so-called topological interfaces, have been recently inves-
tigated in string theory [5].

The AdS/CFT correspondence [6-8] offers a powerful
tool to study conformal field theories at strong coupling. A
particularly well studied incarnation of the correspondence
relates type IIB string theory on AdS; X $3 X M, (where
M, is either K5 or T*) with a two-dimensional conformal
field theory. This type IIB background can be obtained
by taking the near-horizon limit of a bound state of N,
D1-branes and N5 D5-branes wrapped on M,. The D1/D5
bound state can also be described by the Higgs-branch of
the two-dimensional U(Q;) X U(Qs) gauge theory living
on the intersection of the branes. In the infrared limit, the
theory flows to a N = (4, 4) two-dimensional supercon-
formal theory [9]. This CFT can also be understood as a
hyperkihler sigma model whose target space is (M,)"/S,,,
where §,, is the n-dimensional symmetric group [10-12].

© 2011 The American Physical Society
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Another interesting example is given by the holographic
realizations of two-dimensional quantum liquids which
have been discussed in [13].

An interface or a defect can be realized in the context
of the AdS/CFT correspondence by introducing in the
AdS, . bulk spacetime a probe brane with an AdS,; world
volume, which is stretched all the way to the boundary
[3,14-16].

An alternative approach is to consider regular supergrav-
ity solutions which realize holographically the reduced
conformal symmetry of the defect. In general, these solu-
tions are not globally asymptotic to a single anti-de Sitter
space. Instead, they have two or more AdS asymptotic
regions where the dilaton or some other scalar assume
different values. The first example of such solutions was
the Janus solution constructed in [17] which is a fat dila-
tonic domain wall with AdS, world volume. In recent
years, examples of Janus solutions which preserve super-
conformal symmetries have been found in gauged super-
gravity [18], type IIB supergravity [19-22] and M-theory
[23-26] (see also [27-35] for related work by other authors
on this topic).

Probe branes associated with superconformal defects in
AdS; X S have been discussed in [16,36—40]. Type I1IB
supergravity solutions that describe defects and are locally
asymptotic to AdS; X S* X M, were recently found in [41],
and in the present paper we continue the analysis of
these solutions. In particular, we focus our analysis on the
so-called multi-Janus solutions, which have more than two
asymptotic AdS; regions and are interpreted as duals of
defect theories where more than two CFTs are glued
together at a defect. Simple examples of such junctions of
multiple CFTs were considered in the context of quantum
field theories on star graphs [42]. In these theories, different
CFTs propagate freely on each branch of the graph while the
vertex is treated as a defect interacting with the fields and
is characterized by transmission and reflection matrices.
CFTs on star graphs have potential applications in the
theory of quantum wires.

The organization of the paper is as follows: in Sec. II we
review the regular solutions obtained in [41]. In Sec. III we
evaluate the Page charges for five-branes and one-branes.
In Sec. IV we discuss the construction of junctions of self-
dual strings in six flat dimensions which preserve a quarter
of the supersymmetry. The behavior of the scalars in these
configurations is analyzed using the attractor equations and
it is argued, by taking a near-horizon limit, that they are
related to the half-BPS solutions of Sec. II. In Sec. V, we
focus on the case n = 3, i.e. a junction of three CFTs. We
present the conditions on the moduli which set the NS
charges to zero in the asymptotic regions and consider
various degeneration limits of the solution. In particular,
we analyze a probe limit where all NS charges vanish and
the R-R charges in one region are much smaller than
the charges in the two other regions. Another interesting
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class of tractable solutions can be obtained by taking a
doubly-degenerate limit. In this case, all charges can be
taken to be of order one.

As an application, we calculate the holographic bound-
ary entropy for a junction of three CFTs in Sec. VI and
compare the result to a toy model CFT calculation to
illustrate some features of the holographic result. A similar
computation for a junction with two conformal field theo-
ries was carried out in [43]. We close with a discussion of
our results and directions for future research in Sec. VII.

II. REVIEW OF THE HALF-BPS
INTERFACE SOLUTIONS

In this section we review the half-BPS solutions found in
[41]. These solutions preserve eight of the 16 supersym-
metries of the anti-de Sitter vacuum and are locally
asymptotic to AdS; X S* X M,. The metric is given
by the warped product of AdS, X S? X M, over a
two-dimensional Riemann surface with boundary, 3. M,
is either K5 or T, and we do not consider fluxes that wrap
internal cycles of M, except its volume. The solution
contains two scalar fields, i.e. the dilaton, ¢, and the axion,
X, the complex three-form, G, and the real self-dual five-
form, Fs). The complex three-form is a composite of the
NS-NS field strength, H;, and the R-R field strength, F75.

G = e 2Hy + ie2(Fy; — yH;). 2.1

A four-form potential can be defined for Fs. By self-
duality, its two components, one along M, and the other
along AdS, X S?, are equal up to a contraction with the
Levi-Civita tensor.

In [41], it was shown that the BPS equations and Bianchi
identity reduce to the requirement that four combinations
of fields and metric factors are meromorphic or harmonic
functions. Hence, the entire solution can be parametrized
by two meromorphic functions A(z), B(z) and two har-
monic functions H(z, z), K(z, z), together with the dual
harmonic function K(z,Z). All functions depend only
on the coordinates z, 7 of the two-dimensional Riemann
surface 3.

A. Expression for the fields

The ten-dimensional metric is given by a fibration of
AdS, X 8% X M, over 3. M, can be T* or K3,

ds* = fldsigs, + f3dsg, + f3dsy, + p*dzdZ. (2.2)

The metric factors associated with AdS,, S?, M, and 3 are
given by

¢ i i

=i A K== B7) 0
3

= 2"’; |—IIL(‘”((A +AK - (B+B?) (24
3
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148 = 25
5= a (2-3)
. _¢K|azH|4A+A 2.6)
=e —_— .
p H2 |B|4
The dilaton and axion are given by’
1 _ _ _
e 2= m((A +A)K — (B+ B))((A+ AK
—(B—B)?) 2.7)
i - _
=—((A—AK — B>+ B?). 2.8
Y =544 )

The component along M, of the R-R four form potential,
Cg, 1s given by
i B>—B> 1

Cxk=—5———=K 29
o2 a+4 2 9
The expressions for the NS-NS and R-R two-form poten-

tials are given in Appendix A 4.

B. Regular solutions

The formulas presented in the previous section give the
local solutions of the BPS equations and equations of
motion for arbitrary choices of the harmonic functions H
and K, and meromorphic functions A and B. However,
further conditions must be imposed in order to obtain
physically sensible solutions, i.e. solutions which are regu-
lar and have real-valued physical fields. In this paper we
assume the Riemann surface 2 with no handles and a
single boundary component, so that it can be mapped to
the upper half plane (see Fig. 1). The case in which X, has
multiple boundary components has been studied in [44].
Furthermore, the solutions only have AdS; X §3 X M,
asymptotics and the meromorphic and harmonic functions
have only simple poles.

It was shown in [41] that in order to have the proper
boundary structure, the real harmonic functions H, K,
A+ A and B + B all go to zero on the boundary with the
same rate. Furthermore, finiteness of the metric factors
requires that the harmonic functions A + A, B + B and K
have common poles and there is a condition relating the
residues of these functions. Singular points in the bulk of 3,
are forbidden, as are zeroes in the bulk of 3, for A + A, K,
and H. Finite curvature requires that B and 0,H have
common zeroes. These conditions restrict the form of the
harmonic and meromorphic functions as follows.

The harmonic function H has n distinct simple poles
which lie on the real axis. The nth pole is taken to be at
infinity.

"In our previous paper [41] we used ® which is related to the
standard dilaton used in this paper by ¢ = —2®.
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n—1

. CH,i
H=1i i
Z— xH,i

—icy,z T cc. (2.10)

The harmonic function A has 2n — 2 poles which lie on the
real axis

2n—2

. Cai
a=iS
- xA,i

(2.11)

i=1

The meromorphic function B(z) is determined in terms of
A and H by

zr‘l:_]l (Z - xH,i)z

B = B, L d,H. (2.12)
Mz = xap)
The function K is given by
2n—2 2n—2
. CK,i . CK,i
K=i — = —,
,-:Zl 27 Xp ,:Zl 27 Xp
2
c% -
cxi= 2L, (2.13)
Ca,i

Where the residues cp; are given by

1
cB,i = - lim (Z - xAyl‘)B(Z). (214)

1 27Xy,

Note that the dual harmonic function K which appears in
(2.9) contains another parameter

-2 2n—2
~ Cr ; Cr :
K=Y —FHL+ K
i=1 2 7 XA, i=1 2 7 XA

+ 2k.

(2.15)

The number of poles of the harmonic function H, n,
also counts the number of asymptotic AdS; regions.
Approaching a pole of H in 2 corresponds to approaching
the boundary of an asymptotic AdS; region, while staying
away from the defect. A regular solution with n asymptotic
regions depends on the following global parameters:

(1) n — 3 locations of poles of H, xy ;. The 3 is sub-

tracted since SL(2, R) reparameterizations of %, can
be used to fix three locations at x5 ; = 0, xp, = 1
and xy , = 0.

(2) n positive values of the residues of H, cy ;.

(3) 2n — 2 locations of poles of A, x4 ;.

(4) 2n — 2 positive values of the residues of A, ¢y ;.

(5) two real additive constants in A and K, a and k.

(6) a real multiplicative constant in B, By,.

The total number of parameters, or moduli, for the
n-pole solution is 6n — 4. These parameters determine
all physical quantities of the solution, the full metric, the
charges of the antisymmetric three-form, and the scalars,
the axion and the dilaton.
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III. CHARGES AND FIELDS IN THE
ASYMPTOTIC REGIONS

Since type IIB supergravity is a theory with Chern-
Simons terms, the Bianchi identities for the antisymmetric
tensor fields are modified and there are three different
definitions of charge associated with the branes [45].
These three charges, namely, Maxwell, brane source and
Page charges, are reviewed in Appendix A.

In this section, we compute the Page charges [45,46]
which are the conserved charges associated with the (quan-
tized) number of branes. The dual conformal field theory is
characterized by the number of underlying five- and one-
branes, so the Page charges are the most useful in the
identification of the dual CFT. More details of the compu-
tation can be found in Appendix A.

A. Five- and one-brane charges

In type IIB, the Page charges for NS5- and D5-branes
are given by

Page __
NS5 = f H;,
S}

The Page charges are localized and conserved and are
evaluated in Eq. (A4). The expressions for the five-brane
charges in terms of the gauge potentials are given by3

e = 477( fc dzo.b? + c.c)

e — 477(/0 dzd,c? + c.c)

where C is a contour in the Riemann surface 3. The
fibration of S over C produces the S* in the asymptotic
region and this S? is the integration domain in (3.1). For the
solutions in this paper, the Riemann surface 2, is the half-
plane and the contours which produce homology three-
spheres are the ones which enclose a pole of the harmonic
function H.
The Page charge for the D1-branes is given by

Page [ (Fy + xHy). (D)

(3.2)

Page _ r
Dl (e¢ & F3
M;

—4C, AHy)  (33)

and the Page charge associated with the fundamental string
is given by

Page __ —
Fl — (e ¢ *H3
M,

— xe# Fy+4C, AdCy)) (3.4)

where M is a product of M, and the aforementioned S°.

The expressions for the one-brane charges given in (3.3)
are more complicated due to the Hodge dual and the
presence of Chern-Simons terms. The seven manifold is

The fields F5, Cy, C % are defined in Eq. (A2) in Appendix A
3The potentials @, @ are defined in Egs. (A10) and (A12) in
Appendix A.
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a product of M, and a homology three-sphere obtained

from a contour C in the Riemann surface 3 together with

the fibered S2, just as in the case of the five-brane charges.

The D1-brane charge is given by

Paze _ U 4K (A +f§)1<—

bl cA+A(A+AK —
X i(0,cV — ya,bW)dz

B>—-B*
- 2/(:'7_ - K)azb(z)dz} +c.c.
c\ A+A

The fundamental string charge is given by

(B + B)?
(B — B)?

(3.5)

(B + B))?

(A+ AK —
Page =4 {f ( I)<(A n A) lazb(l)dz
2 2
+2(M+K>a c(z)d _f 4K_
A+a cA+A
(A+AK — (B+ B)?.
T TR E Xazb(l))dz}

+ c.c. 3.6)

The charges associated with each asymptotic AdS;
region can be evaluated by choosing the contour C infini-
tesimally close to the associated pole of H. In the remain-
ing of the paper we will use only the Page charges, but drop
the Page label for notational simplicity.

B. Local expansion near a pole

In this section we expand the solution near a pole
z = xg; of the harmonic function H (2.10). For notational
simplicity we perform the expansion for a pole located at
z = 0. Note any pole z = x; can be mapped to 0 by a
translation or inversion. The harmonic and meromorphic
functions have the following expansion around z = 0,
where we only keep the leading terms on which the
asymptotic fields and charges depend,

C—1 . -1 .o
H=i—+iciz—i——iciZ+ -
2z z

A=iay+iayz+--+ B=iby+ibz+---
K:2k0+klz+klz+'
3.7)

=1klz—lk12+

These local parameters, c_;, c;, ag, a1, by, by, ky and k;
are real. Note that for each pole at z = xj; one obtains a
set of constants. These constants can be expressed in terms
of the moduli of the regular solutions of Sec. 11 B.

1. The fields and metric

The asymptotic values of the various scalar fields can be
expressed in terms of the local parameters. One obtains for
dilaton and axion
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o(alkl b} )

2 —
e
kl

+ o(r),
(3.8)
X—_ao+b T o(r)

where z = re’?, 7 = re % and we are expanding r around

r = 0. The metric factor and the R-R four form potential
on M, are given by

4boylak, — b3
T L Y
1

bob
Ckg = (% - k0> + o(r).

(3.9

The other metric factors have the following expansion
around r = 0,

a,c ylajk, — b3
o 1\/ 1K1 1 +o(1/r3)
A

4 —
p bg
1 abyc
4= 17071 +o(l/r
= Gty — g o 10
ajct yJark; — b}
74 = sin*(9) —— b; L o
0
Defining a new coordinate x for the AdS, slicing,
2b
r=-—-2__exp(—x) (3.11)

ﬂalkl - b?

the ten-dimensional metric takes the following asymptotic
form as x — oo,

1
dst, = lz(dx2 + 1 exp(2x)ds2AdSZ) + 1(d6* + sin*0ds3,)

2b}
+ Pds%, + o(e™) (3.12)
a;c—
where [ is given by
a,c* ‘[a ky — b\1/4
=<1 ! b;1 1) . (3.13)
0

In the following sections, we will also use the six-
dimensional AdS; radius, defined as

4-C2_1((11k1 - b%))l/“'

3.14
52 (3.14)

RAds3 =lf;= <

2. The charges

One can read off the central charge ¢ of the dual
CFT from the curvature radius of the asymptotic three-
dimensional AdS; metric [47] in the limit x — oo,
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1 _
dsfmS3 = ZZ(a’x2 + Zezxdsﬁdsz) + o(e %),

3l

where [ is given by (3.13). The three-dimensional Newton’s
constant Gﬁ) can also be determined from the ten-

dimensional metric (3.12)
1 _ Vol(M,)Vol(S?)
167G 213,

(3.16)

Hence, the central charge of the CFT associated with the
asymptotic AdS; region is given by

9673 ¢*,(ak; — b?)

lVol(M4)Vol(S3) =— 3
klO bO

T8,
(3.17)

The D5- and NS5-brane charges given in Sec. A 4 a can be
expressed as

ayby—agb,

3.18
B2 (3.18)

Onss =477'2€—1—

— A2 1
Ops=4mc_; el
0

Using the formulas for the Page charges given in Sec. A4 b
and A 4 c one obtains

(blkO B b()kl)
b
b(z)bl + Clob]ko - a1b0k0 -
b2
0

Op1 = —167c_,

bok
QFI - _167726'_1 a() 0 1.

(3.19)

Using the expressions for the charges (3.18) and (3.19), the
central charge (3.17) can be expressed as follows in terms
of the Page charges,

6
c= m(QmQDs + Or1Onss)- (3.20)

C. Duality transformations

Here we look at the transformation of the charges and
fields under T-duality of the four internal directions and
S-duality. T-duality exchanges A(z) with the holomorphic

part of K,
T: A(z) < Hol(K)(z). (3.21)

Under this transformation the R-R scalar fields and charges
transform as

f3 = de?, Op1 < 40ps.

The S-duality transformations act as follows on the mer-
omorphic functions

T: y & Cy, (3.22)
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SiA— B—i K—k+i5 B
: A’ ZA, lA, lA.
(3.23)

Under S-duality the fields transform in the following way:

S: CK_>CK’ fgl—»fg‘, T— —— (3.24)
where the complexified scalar is
T=x+ie ?. (3.25)
The Page charges transform as
S‘(Qm)_)<0 1)<Q01)
Or -1 0)\Qr )
0 1
( Ops )_} ( )( Ops ) (3.26)
Onss —1 0/\ Oxss

D. Holographic junctions

The special case in which the solutions presented
in Sec. II B have n = 2 asymptotic regions corresponds
to the BPS Janus solution which was discussed in detail
in [41].

In this section we generalize the argument given in [41]
to show that the holographic interpretation of the solution
with n > 2 regions is a junction of n 1 + 1-dimensional
CFTs, all of which live on a spatial half-line and are joined
ata 0 + 1-dimensional point. As shown in Sec. III B 1, the
expansion near the pole of H produces the metric (3.12).
To express the holographic boundary it is useful to change
coordinates to u = e,

2

[
ds%o =

1
?(duz + stidsz + u?(df> + sin*0dsz,)

2b3

apc—y

uzds%h) + o(u?). (3.27)
A boundary component of the bulk space away from the
defect is reached by taking x — oo which translates into
u — 0. In this limit, the overall conformal factor diverges.
The boundary geometry is then obtained by removing the
divergent conformal factor. Note that the AdS, part of the
metric is the only term which does not vanish in this limit.
The standard Poincaré patch AdS, metric is given by
—d2 + d&2

dsies, p = dtfizdf. (3.28)
After removing the divergent conformal factor 1/u?, the
boundary geometry is R X R* spanned by the time coor-
dinate r € R and ¢ € R*. For each pole of H we obtain a
half-plane as the associated boundary component. Since
the poles of H are all separated along the boundary of 2, it
may seem that the n boundary components are discon-
nected. This is however not true since there is an additional
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boundary component, namely, the boundary of AdS,.
In the limit £ — O the ten-dimensional metric behaves as
follows:

1
ds3y ~ ?(fzf%dsi2 + ‘fzf%ds,zm

+ Ep%dzd Z +f3(d& — di?)).  (3.29)
Stripping away the divergent conformal factor shows that
the holographic boundary is simply given by a point £ = 0
times 7. Since the metric factor of 3 vanishes in this limit
the distance between different poles goes to zero. This
implies that the n half spaces are glued together at a point
& = 0. Consequently the spatial part of the holographic
boundary is a junction, where n half lines are joined at a
point. If one uses global coordinates for AdS, instead of
the Poincaré coordinates (3.28),

1
dsidSZ,G = sinza(_dtz + do?)

(3.30)

the conformal boundary has the structure of » finite inter-
vals o = [0, 77] which are joined at two end points o = 0,
7r. For the case of n = 2, i.e. the Janus solution, the
boundary structure can be made more precise by intro-
ducing Fefferman-Graham like coordinates [48]. The
construction of Fefferman-Graham coordinates for case
n >3 is mathematically more involved and will not be
pursued here.

IV. SUPERSYMMETRY AND
ATTRACTOR MECHANISM

In this section we analyze the conditions for junctions of
strings to preserve a fraction of the original supersymme-
tries. First we review the case of (p, ¢) string junctions in
flat space for ten-dimensional type IIB string theory. This
analysis is then generalized for string junctions in six-
dimensional N = (2, 0) supergravity. We find supersym-
metric junctions with an arbitrary number of stings and
conjecture that our solutions describe their near-horizon
limit. Furthermore we discuss the attractor mechanism in
six dimensions.

A. String junction of (p, g)-strings

In this section we review the conditions which need to be
satisfied so that a junction of (p, ¢) strings in type IIB
preserves a quarter of the original supersymmetry [49].
The type IIB supersymmetric algebra is given by

{01, Q4= (P.CT#)4(8P, + 0YZ, + 0{Z,). (4.1)

Here Qi,, i = 1, 2 are two Majorana-Weyl supercharges.
We have only kept the central charges Z,,, Z . associated
with fundamental strings and D1-branes, respectively.
For static configurations, P, gives the tension of the string.
A single static (p, g) string has tension

026003-6
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Po=T=VZ2+ 22 =(p+ xq)* + e 2%g%. (4.2)

It was shown in [49] that in order for a junction to be 1/4
supersymmetric, all the strings lie in a plane—say the 1-2
plane—and the orientation of the i-th string must be
determined by the central charges

Zy +iZy = |p; + q;xle,

4.3)
Z, + iZy = |g;e”?|e'?
where the angle 6; is determined by
pi+ @i = Ip; + gq;7le’”. (4.4)

Three (p, g) strings which meet at a point are oriented
in the plane such that the tensions of the strings in the
three-string junction balance. In particular we have charge

conservation
Z%‘ =0, ZP;' =0

i

4.5)

and tension balance

Z emi Ti'

(4.6)

B. String junctions in six dimensions

Type IIB supergravity compactified on K5 gives the
six-dimensional N° = (2, 0) supergravity [50] which has
16 real supersymmetry generators. The scalars live in the
coset

SO(5,21)
M=— 4.7
SO(5) X SO(21) .7)
which can be parametrized by a coset vielbein
(Vi, Vh) (4.8)

withi=1,2,---5and r = 1,2, - - - 21. The field strengths

H' and H" are self-dual and anti-self-dual respectively

H =3V ,G4,
A

H ==H, =125

H =YV ,G"\ H'=-%H, r=12---2l
A

4.9)

The third rank antisymmetric tensor fields G* with
A =12, ---,26 satisfy simple Bianchi identities and the
charges

QA=/3GA, A=12---,26 (4.10)

s

are quantized and lie in a lattice I'>?!. The supergravity
theory has a multitude of BPS dyonic string solutions
which carry charges in the charge lattice I'>?!. The ten-

dimensional interpretation of these strings is that they
come from DIl-branes and fundamental strings in six

PHYSICAL REVIEW D 83, 026003 (2011)

dimensions, D5- and NSS5-branes wrapping the M,
and D3-branes wrapping two-cycles on M,. The six-
dimensional supersymmetry algebra is given by

{Q(clw Q%} = (P+C(6)7€g))aﬁ(cf4gpp, + (C(4)Fi)ahzix,):
@.11)

where C) and Cyy) denote the six-dimensional and
four-dimensional charge conjugation matrices. The super-
charges Q% are six-dimensional simplectic Majorana spin-
ors, where a =1,---4 is an SO(5) spinor index. Z;,
i=1,2,---5 are central charges which transform as a
vector of SO(5). The central charge which appears in the
supersymmetry algebra is related to the charges (4.10) via
the vielbein (4.8). A static string has a world volume which
is spanned by the time direction and a unit-norm vector 7 in
R’ which indicates the spatial orientation of the world
volume. For this static string the time component of the
central charges Z}) vanishes and the spatial components Z,,
m=1,2,---,5 are given by

Zh, = (). fs ViGH,
A i

where S3 is the three-sphere at infinity in the four direc-
tions transverse to 7. A single string preserves half the
supersymmetry if the following condition

(4.12)

(Po + voy"T'iZ,)e =0 (4.13)

has eight linearly independent solutions. The condition
above translates into the following condition for the ten-

sion Py,
T =P = /Z 2 (Z).
i m

For each string we can choose an unit-norm vector 7,
in R3. In order for the string junction to preserve a quarter
of the supersymmetry, we need the central charge of the
k-th string to have only spatial components given by

(Z0)i, = (Ag)m(R - Ag) 1T 4.15)

R is a SO(5) rotation matrix, which is the same for all
strings. It is possible to perform a global R-symmetry
rotation which sets R = 1. The condition for two strings
with directions 7i(,) and 7i,) to possess compatible super-
symmetries is given by

(4.14)

Cymiigy,y Yulif ) + TG, T/Aj De = 0. (4.16)

If we choose without loss of generality that the unit vectors
i, and Ay, lie in the 1-2 plane then (4.16) is equivalent to

sin(6;,)(1 + y,I'"?)e = 0, 4.17)

where 6, is the angle between 7 and 7i,. The condition
(4.17) is the same for all strings in the 1-2 plane whose
spatial and central charge orientations are both given by 7i;.
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Hence, an arbitrary number of such strings meeting at a
junction preserve the same four supersymmetries. Charge
conservation then implies that the tension balance condi-
tion holds

ZT(k)ﬁ(k) = 0. (418)
k

A single half-BPS dyonic string solution in six-
dimensional supergravity which carries the D1-, F1-,
NS5- and D5-charges the near-horizon limit produces an
AdS; X §* maximally supersymmetric vacuum. The fact
that we can obtain supersymmetric junctions with an arbi-
trary number of strings leads to the conjecture that our
half-BPS supergravity solution gives the near-horizon limit
of a junction of self-dual BPS strings in six flat dimensions
(see Fig. 2). Note that the decoupling limit is expected to
enhance the supersymmetries from four to eight, which is
the number of preserved supersymmetries of the half-BPS
interface solutions.

C. The SO(2, 2) truncation and the
attractor mechanism
The supergravity solution presented in Sec. II has four
nontrivial scalars and four nonvanishing antisymmetric
|
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tensor fields. In particular all internal moduli of the M,
surface and all antisymmetric tensor fields associated with
the two-cycles of M, are trivial.

Consequently the solution can be expressed as a con-
sistent truncation of the full N = (2, 0) supergravity. The
full scalar coset (4.7) can be truncated to scalars living in
the coset SO(2,2)/S0(2) X SO(2). The I'>?!' charge lat-
tice is truncated to a I'>? charge lattice. More details on the
reduction can be found in Appendix B.

We know that the string tension must be invariant with
respect to the global SO(2, 2) transformations. The reduced
central charge Z; is given by

Z'=Vioh,

i=12 (4.19)

Z' transforms only under the SO(2) subgroup of the SO(5)
R-symmetry and can be identified with the central charge
appearing in the supersymmetry algebra (4.11). The SO(2)
invariant

T =1zl = (V0?2 + (V30" (420)
reproduces the correct tension formulas for the D1/D5 and
(p, q¢) systems. Plugging in our expressions for vielbein
and charges we obtain,

1Z| = ?\/(6’ ?0p1 + f10ps — 4e™?CxOnss)* + (Qp1 + xQOp1 + €™ ?f310xss + 4CxOps)?
3

with Ops = Ops — xOnss. All the charges in the expres-
sion above are Page charges. Note that this expression is 7'
and S-duality invariant and reproduces the expressions in
the literature for the particular cases of the D1/D5 and
(p, q) systems.

The six-dimensional perspective can also help under-
stand which scalars have their asymptotic values fixed by
the Page charges. In particular, the six-dimensional equa-
tion of motion for the scalars is

2
D*Pi; _ 2

3 Lo H™YP

(4.22)
where PZ is the coset one-form field strength and i, r are
indices corresponding to the two different SO(2) groups.
If we consider a six-dimensional dyonic string solution,
the scalars must be constant in the near-horizon region.
This leads to the condition,

DHPIr = 0— Hi,, H*" =0— Vi V' ,0°0F =,

i=12 r=12 (423
There are two possible solutions:
Viior=0 i=12 or Vz08=0 r=1,2.
(4.24)

(4.21)

The first solution corresponds to a non-BPS extremal
attractor and is not interesting to us. The second solution
can be rewritten in terms of the asymptotic fields and
charges as

e 202 Or1 4/ 8 2
Cx——7—+ xe??f3 = — e?2f2 + (f8 + 16C%)
/3 Opi

e ) Oyss
i Onm

e¢/2f§

e~ (/2 _ Ops
VK Opi

( e (0/2)
+(4Ck
f3
Onss
Opi
We see that in general the particular combination of

scalars fixed by the attractor mechanism depends on the
charges.

— xe?/ 2f§)

X (4.25)

D. Expressing the moduli in terms
of physical parameters

In Sec. II B it was shown that the solution with n poles of
H depends on 6n — 4 moduli. The analysis of Sec. III B

026003-8



STRING JUNCTIONS AND HOLOGRAPHIC INTERFACES
u

3-sphere
poles of A

pole of H

o—o— X

FIG. 1 (color online).
A lie on the real axis.

Multipole solution. The poles of H and

showed that in general each asymptotic region associated
with a pole of H carries four charges, namely DI,
Fl-branes as well as wrapped D5- and NSS5-branes.
Taking charge conservation into account, this means that
the solution carries 4n — 4 independent charges. From the
attractor mechanism discussed in the previous section, it
follows that at each pole there are two combinations of the
four scalars which are attracted and fixed by the charges
and two combinations which are not attracted and can take
any value. Consequently for each pole there are two
asymptotic values for the unattracted scalars, which are
dual to sources for marginal deformations of the associated
CFT. In summary there are 2n physical parameters in
addition to the 4n — 4 charges, in agreement with the
number of moduli of the solution, 61 — 4.

The requirement that the junction only has Ramond-
Ramond charges leads to simple conditions involving poles
and residues of the relevant harmonic and meromorphic
functions. However, it is a mathematical challenge to
express all the global moduli of the solution in terms of
the physical parameters. This problem can be solved only
numerically or perturbatively in special cases.

V. THE THREE-STRING JUNCTION

In this section we present the special case in which the
regular solutions given in Sec. II B have three asymptotic
regions. The Riemann surface %, is then given by the upper
half-plane with three poles of H located at z = 0, 1, c0. The
other relevant functions A, B and K have four poles on the
real axis, in positions p;, p», P3, P4. These solutions are
dual to junctions of three two-dimensional CFTs defined
on half-spaces joined at a 0 + 1-dimensional interface, as
illustrated in Fig. 3.

We have the following expressions for the harmonic
function H,

_ 2ycno ,
2+ (x =12 +y?

where z = x + iy. Similarly, Eq. (2.11) reduces to

PHYSICAL REVIEW D 83, 026003 (2011)

(p2,42) (P2, 42)

(P> gn)

(2) (b)

FIG. 2. (a) Three-string junction (b) multistring junction.

4
- Ca,i
A+A=2y ) ———,
izzl(x—p,-)”y2

4 Yo (5.2)

i:](x_pi) ty

The other functions have similar expressions. As explained
in Sec. II B, the residues of B and K are not independent.
Given the definition of B in (2.12), we can express the
residues cp; in terms of the residues of H and the positions
of the poles of A,

CuoPi(pi — 1)? + ey p? + cyolp; — 1)
[1(p: — p;) '

JFi

cpi = —By

i=1...4 (5.3)

The harmonic and meromorphic functions depend on a
total of 14 parameters, namely, the positions of the poles of
A, py...py, theresidues of H, cy g, cy 1> Cp oo, the residues
of A, cp 1 ...cCaq4, two additive constants in the definition of
Aand K, a, k, and a multiplicative constant in the definition
of B 5 Bo.

The main advantage of parametrizing our solutions with
poles and residues of the various functions is that global
regularity is guaranteed provided that all the residues are
positive and that the poles are on the real axis. On the other
hand, it is difficult to obtain examples with particular
asymptotic values of physical fields and charges and, con-
sequently, to study the dual CFT. It would be desirable to
express the solutions using the physical fields and charges
as independent parameters. However, the relation between
global and physical parameters is nonlinear and the change
of parameters can be performed analytically only in par-
ticular cases, such as the degeneration limits studied in
Sec. VB.

A. Pure Ramond-Ramond junctions

In order to have junctions with simple dual conformal
field theories, it is helpful to set to zero the Neveu-Schwarz
charges in all asymptotic regions.

In this case, each of the three asymptotic regions will be
dual to a conformal field theory given by the IR fixed point
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of a two-dimensional N = (4, 4) theory defined on the
world volume of a D1-D5 system.

The requirement that the NS5-charge is zero is equiva-
lent to demanding that the expansion coefficient b,
vanishes in all asymptotic regions. Using (5.3) we can
explicitly evaluate the coefficient b, for the region at z = 0,

552

byl,—o = CH,OW- (5.4)
The vanishing of the NS5 charge then leads to
1
Y—=2 (5.5)

i Di
Similarly, the same condition for the pole at z = o0 is

Zpi =2 (5.6)

The vanishing of the NS5-charge in the third region is
automatic due to charge conservation. Furthermore, we
need to set the fundamental string charge to zero as well.

This leads to the conditions
(llko + Clokl =0 (57)

in two asymptotic regions. More explicitly, the above con-
ditions can be rewritten as follows:

(EU) S+ (S ) (5% - a) -0

i P% T CAiDi
(5.8)

2

(ch,i)k + <Z CB”)a = 0. (5.9)
i T CA

These equations are linear in @ and k and admit a simple

solution. Finally, we note that the resulting six-dimensional

dilaton r, has a simple expression in terms of the local

parameter by,

rh=e ., = 4b3|.—,, a =0, .

(5.10)

AdS,
SZ

(2)

FIG. 3 (color online).
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B. Degeneration limits

A punctured Riemann surface admits interesting degen-
eration limits in which some of the punctures become very
close to each other. In string perturbation theory, this
degeneration limit corresponds to an amplitude factorizing
into lower order amplitudes. Another recent example
arises in the context of Gaiotto dualities [51], where in
the degeneration limit a quiver gauge theory becomes
weakly coupled.

More specifically, we can consider the limit of our
solutions in which two poles of A collide with a pole of
H, i.e., approach one of the asymptotic AdS; X S X M,
regions. If the corresponding residues of A and H go to
zero in the appropriate way, we obtain a solution where the
charges in one of the regions is very small compared to the
ones in the other regions. In this limit, the three-pole
solution reduces to a probe brane in a background given
by the two-pole Janus solution studied in [41,43]. This
limit will be studied in the next subsection and is depicted
in Fig. 4(b).

Another example is the (doubly-degenerate) limit in
which two poles of A become very close to the asymptotic
region at z = 0 and the other two poles of A become very
close to z = oo. This limit is illustrated graphically in
Fig. 4(c). Part of the reason why the limit is interesting is
that the Neveu-Schwarz charges of the solution can be set
to zero giving a solution with a clear CFT interpretation;
a solution where only one pole of A collides with an
asymptotic region would have nonvanishing NS5-charge.
Moreover, we will see that, in contrast to the probe limit,
this degeneration limit allows for finite charges and van-
ishing jump in the unattracted axion.

In Sec. VI, the entanglement entropy is calculated in
these two degeneration limits and expressed in terms of the
physical data.

1. The probe limit

Without any loss of generality, we will assume the probe
to be located at z = 1. In the following analysis we will
denote the charges in the asymptotic region at z = 0 by

x3
CFT;
3 = 20
CFT
— —
0 T = 2o T
T2 = 20
T2
CFT, (b)

(a) The static minimal surface for entanglement entropy covers two-sphere S? and Riemann surface 3 and

located at z = z; in AdS,. The UV cutoff is taken around the three poles of H. (b) On the CFT side the area A is the star-shaped region

with interval x; € [0, zy] in the three leads i = 1, 2, 3.
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(a) (b)

FIG. 4 (color online).
(c) is the degeneration limit studied in Sec. VB 2.

Opi» Ops and the probe charges by €qp;, €qps with
€ < 1. The charges in the third region at z = oo are
determined by charge conservation. We will take the mer-
omorphic function A in the form

A€
A(z)=i< €al . Ca2 JY/
z=p1 z—py z—l-ae

e )
z— 1+ Be
(5.11)

and the harmonic function H in the form

2

CHO a)2€
’ 1~ ZCh e | T C.C

H( %) = i(T +

(5.12)
-

With these definitions, the probe parameters «, 3, v, A and
w are all of order one. Note that the residues of the
functions A, B and K which correspond to the poles collid-
ing with the z = 1 asymptotic regions all vanish as

CB,is cki = O(e), i=34 (5.13)

so that we can recover the two-pole solution for € = 0.

We start by studying the solution to order €°, i.e.
expressing the moduli in terms of the background physical
parameters. For simplicity, we can set to zero the additive
constants in the definition of A and K,

a=k=0. (5.14)

Note that with this choice the fundamental string charge of
the background geometry is automatically zero. As seen
before, it is particularly convenient to study a pure
Ramond-Ramond solution, and the condition for the van-
ishing of the NS5-brane charge reduces to a simple relation
between the positions of the first two poles of A,

p1 = —p2=p. (5.15)

The other global parameters of the solution can be
expressed in terms of the physical fields of the background
geometry. The residues of A are given by

_ OpsBy
4a7* "’

The residues of H are

a1 tean= ca1 —Cap=pAxo. (5.16)

PHYSICAL REVIEW D 83, 026003 (2011)

Degeneration limit of a three-junction. The junction is nondegenerate in (a). (b) depicts the probe limit while

L3 2
CHo = P Z_BO’ CHoo = _Z—BO (5.17)

and the constant B, has the expression

(r3 +r%)? N Ax3
Op10ps Qs

In the above expressions, rq and r,, are defined as in (5.10).

Similarly, Axo = Xo — X« = Xo denotes the jump in
the axion in the background geometry. We can assume
without any loss of generality that Qp;, Qps > 0. This
leads to a negative value for the constant B,. We will
also assume that the probe charges have the same sign,
since we know that a brane with charges of opposite sign
breaks all supersymmetries.

The position of the first two poles of A, denoted by p,
has not been fixed yet. Note that the scaling p — constp
rescales all the residues, but leaves the physical fields
unchanged. This symmetry corresponds to a rescaling of
the complex coordinate z and could be used to set p = 1 if
the probe brane was not present.

So far the probe brane has not been included in the
analysis. Next, we consider the order € terms in our solu-
tion. As in the analysis of the background geometry, we
will consider a probe brane with vanishing Neveu-Schwarz
charges. The vanishing of the NS5-brane charge leads to

a =B (5.19)

In other words, to have vanishing NS5-charge we need the
extra two poles of A to approach the z = 1 region sym-
metrically. Moreover, the vanishing of the fundamental
string charge can be used to find an expression for the
parameter vy,

_carcanp® ((epo t+ cpw)a’ + 0?2

re a?(p? — 1)2( cro + PP Cho )
(p+ Deay —(p— Dean
(p—Dear —(p+ Dean’

By, = —4m’p (5.18)

(5.20)

Global regularity demands that all the residues of A are real
and positive. To avoid producing two imaginary residues,
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we need y to be positive. It is immediate to see that this
requirement can be satisfied only if

+1
Cp1 = Ca2s p>1 or
» p_l >
+1
Caz = P — A p>1L (5.21)

These conditions are quite interesting: in order to have a
regular solution, the residues of A cannot be equal to each
other. In other words, a symmetric pure Ramond-Ramond
junction must be singular in the probe limit. In particular,
we cannot have a regular solution for a backreacted
Ramond-Ramond brane in the AdS; Ramond-Ramond
vacuum. Moreover, because of (5.16), a regular solution
needs to have a jump in the unattracted axionic fields at
least in the probe limit.

The next step is to set the value of the six-dimensional
dilaton in the probe region, which will be denoted with ;.
This can be done by fixing the parameter w to

2
0 =-a?l—n, (5.22)
0

Moreover, one can find an expression for the ratio of
charges of the probe brane,

a1t Qpy PAX0 =0 + 12752 + Ax}
05 O0s pAxo + 43 + %) G+ Axd

(5.23)

Since the parameters o and A do not appear explicitly, this
formula provides an expression for p in terms of the
physical fields only,

4p1Qps + Op1qps |Ops(r§ + rk)?
Op149p5 — 4p19ps Opi1Ax3

p = sign(Ay,) + 1.

(5.24)
|

= 901 (4p1Qps + Qp19ps)(P> — DAx1 — 2p*Qp1apsAxo

PHYSICAL REVIEW D 83, 026003 (2011)

From the expression (5.24), we see once more that we
need a nonvanishing jump in the axion. Since p needs to
stay finite, we need % F g—zl This requirement is also
expected from the analysis in Sec. IV B, where we need
different charge vectors 7, to avoid a vanishing angle
between two strings. Moreover, we know that p needs to
be positive to have a regular solution. This leads to the
simple regularity requirement

2 2 2 2
O519p5 — 90195 >0

(5.25)
Axo

which only involves the physical fields. We are left with
two parameters to fix, a and A. It is convenient to write an
expression for the ratio of the central charges

’Zo_’%)z

2( 1)(p(r3 +r) + 75

4Dp149D5 _a 1
4 A (r%+r§o)2+g—g;AX(2)

Op109ps

(5.26)

It is immediate to solve this expression for «. Finally,
we can write the jump in the axion of the probe region,
AX1I = X1 — Xoo» as follows,

Ay, = qu5 {(r% +r)p? +rk =1 ()\ B l)
p-—1 2./4p14ps A
2p*0piAxo }
4p19ps + Opi149ps

(5.27)

This is a simple quadratic equation and can be solved
exactly,

A=Q+VQ2+1,

dps (4p1Qps + Op1qps)((r§ + r)p* + rk — 1

If we use Eq. (5.24), the parameter A can be expressed only
in terms of physical fields. Similarly, the expression (5.28)
can be used with (5.26), (5.19), (5.20), and (5.22) to express
all the probe parameters in terms of the physical fields
alone.

The expression for A (5.28) is manifestly real and posi-
tive for all values of the physical parameters. Moreover,
according to (5.26), if A is positive, then a will be real and
A will have its singularities on the real axis. It follows that
the relation (5.25) is the only constraint on the physical
fields coming from regularity.

The final step is to consider the order € corrections to the
background global parameters. After some algebra, one

: (5.28)

[

can see that the residues of H get order € corrections
only through the constant By,

, 7 2
CH,O = _p TBO, CH,oo = _T&) (529)
The residues of A become
B,0 1
Cat T Cap = __szDs - Pzﬁ()\ + X)f,
| (5.30)
Ca1 — Cap = pAxo — Pﬁ(A + X)G'

The multiplicative constant B, has simple corrections as
well
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2 4,22 2
BO _ _477_2p (ro roo) + A/2\/0
Op1Qps  Ops
e dp1 . 49ps
X(1+= B O 0ns))
( 5 sign(Qp1gps ‘IDIQD5)(QD1 QD5>)
(5.31)

With these expressions for the parameters the Neveu-
Schwarz charges in all regions vanish up to order €.

2. The doubly-degenerate limit

The probe limit studied in the previous subsection
allowed us to compute the global parameters of our solu-
tion in terms of the physical data in the asymptotic regions
order by order in €. However, in that limit, the charges in
one of the asymptotic regions need to be small and the
jump in the unattracted axion cannot be set to zero. It is
desirable to find a tractable class of solutions which have
charges of order one in all asymptotic regions and display
jumps only in the six-dimensional dilaton. In this subsec-
tion, we examine another limit in which four poles of A
pairwise become very close to two asymptotic regions.
We show that it leads to solutions with the above proper-
ties. However, there is a price to pay since the expansion
parameter e cannot be taken all the way to zero without
getting a solution with some singularity.

If we want to keep the asymptotic regions at z = 0, 1, oo,
the harmonic function H can be taken in the form

H= i(eﬂ + € ‘a1l _ zCH—’oc) + c.c. (5.32)
Z z—1 €
and A is equal to
A= i(e Al 4 A2 Lo A3
7— e 7+ ae z—1— Be
Ca4
+e————+a) 5.33
EZ — 1+ Be a) ( )

Here € is taken to be small but finite. The reasons why
some of the residues have a factor of € will be clear in the
following analysis. Also note that this is not the most
general ansatz since the poles of A approach the poles of
H at the same rate. The function B is taken to be equal to

_ (epolz—1)* + ey )€+ cywzi(z—1)2
(22— a?e?)((z—1)* — B2€?)

To obtain the above expression, the constant B in the
definition (2.12) of B has been set to —e. We can focus
our analysis to the region of % close to the pole of H at
z = 0 and introduce the coordinates

B (5.34)

(5.35)

™ €EU.

The functions H and A can be written in the new coordi-
nates as
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l.<CH,0 Ch,1

- cH,mu) +c.c
u u—

1
€

c c c c
A=i< Al y A2 4 A3 4 44 ~|—a>.
u+ao M_;_B M_;+B

(5.36)

This change of coordinates has moved one of the asymp-
totic regions fromz = 1 tou = 1/e > 1.

In the limit € — 0, A, B and H become equal to the
functions corresponding to a strip solution with only two
asymptotic regions at u = 0, u = oo. In analogy with the
analysis of the strip solution carried out in [41], it is
possible to set the axion to zero in the two asymptotic
regions. Interestingly, the dependence from the asymptotic
region at z = 1 has completely dropped. In other words,
the regions at z = 0 and z = 1 lost communication and, as
far as the region close to z = 0 is concerned, there is only
another asymptotic region for z = oo. Note that we cannot
take the limit # — oo in the above expressions if € is small
but finite: at some point, order € terms would become
relevant and we would start getting to the other two
asymptotic regions.

The analysis for the region close to z = 1 is completely
analogous. On the other side, the portion of X where z is of
order one can become singular, with the metric factor f;
blowing up like é This makes intuitive sense since, if
we get the degeneration limit all the way, the two regions
at z =0, 1 are stretched infinitely far from the region at
z = oo, Since all the poles of A are located in those two
regions, the pole of H at z = o is left alone and the
solution is expected to become singular. However, the
singular region is stretched infinitely apart from the regions
at z = 0, 1 in the degenerate limit.

In the following analysis, we will keep e small but finite
so that the solution is everywhere regular. It is possible to
express the global parameters in terms of the physical
fields order by order in €. We can focus on solutions with
no jump in the unattracted axions and with vanishing
Neveu-Schwarz charges. With some algebra, one can
express the residues of the harmonic function H as

Op109ps S 2
- +0
CH0 327 (r(% + r2)? (€)
o
ey = 12005 T+ 0(e?) (5.37)

327 (13 +13)?

r%
CHo — 7 + 0(62).

Note that there are no order € corrections. The positions of
the poles of A are now given by
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1 VOpiQOps

42 rg+rk

1
4p149D5 + 0(e2).

4> 2+ 1,

+ 0(€?),

(5.38)
B =

The shift constants in the definition of A and K are of order
€, while the expressions for the residues of A to the leading
order are

0
Cal = Cap = 8D§ + O(e),

(5.39)
Ca3 —CA4—8—+0( €).

To have regular solutions with positive residues, all charges
need to have the same sign. It is also interesting to note that
the solution is singular if the ratios of the charges in the two
regions are equal to each other, ¢p;/Opi = qps/Ops-
Solutions of this sort are expected to be singular from the
analysis in Sec. IV B since two branches of a string junc-
tion collapse when the corresponding unit-norm vectors 7,
become parallel.

VI. BOUNDARY ENTROPY

A proposal to calculate the entanglement entropy of a
CFT, with a dual description as a gravitational theory in
AdS,,; was discussed in [52,53].

In Poincaré coordinates, the CFT is defined on
the Minkowski space R"¢~!. This space can be thought
of as the boundary of AdS,.;. A subsystem A is a
d-dimensional spatial region in a constant-time slice.
One can find a static minimal surface y 4, which extends
into the AdS,,; bulk and ends on the boundary of A as
one approaches the boundary of AdS,, ;. The holographic
entanglement entropy is then given by the following for-
mula [52,53],

_ Area(ya)

where Area(y 4) denotes the area of the minimal surface

v .4 and GE\‘,H]) is the Newton constant for AdS,; gravity.
In the case of AdSs, the area ‘A is an interval and the
boundary d A is a collection of points. The minimal
surface is a spacelike geodesic connecting these points in
the AdS; bulk.

It was argued in [54,55] that the boundary entropy of an
interface conformal field theory can be related to the
entanglement entropy in case A is a symmetric interval
enclosing the interface. The holographic prescription was
used in [55] to calculate boundary entropy for the non-
supersymmetric Janus solution with AdS; asymptotics,
finding agreement to leading order in the deformation
parameter with a boundary conformal field theory
calculation.
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In [43] the holographic calculation of the boundary
entropy was generalized for the BPS Janus solution with
AdS; X S§3 asymptotics found in [41]. The prescription
for the minimal area surface has to be generalized.
The minimal area surface is integrated over all of 3 as
well as S? X M,.

1
=— dQ dQ) 2f2
Sa 4Gy jsz 2/M4 4/2P faf3

Using this prescription it was shown in [43] that the holo-
graphic boundary entropy exactly agrees with the BCFT
calculation in the case where the six-dimensional dilaton
jumps across the interface. It must be noted that the inte-
gration over the fibered three-sphere and the M, can be
interpreted as tracing over all KK-states.

(6.2)

A. Holographic boundary entropy for three-junctions

We now calculate the entanglement entropy for the star-
shaped region depicted in Fig. 3. Our starting point is a
relatively simple expression for the integrand in (6.2),

(A+ AK — (B + B)?
f%fgpz = 2 loH|?
|B|
(Z >y2 e, Iz — pil?
B\~ - |z =pil*) Mz —1]*
(6.3)
where the matrix L;; is defined as
2
Ca,iCB,j
Ll] = S — CB,iCB,j' (64)
Cij

The entanglement entropy is then given by the integral of a
rational function. It is convenient to expand this integral
using a basis of suitable integrals,

Vs
SA 4GB (l 11+1212+1313+l414+l515+I6I6) (6 5)
N

The integrals are

;o [(x — D(Izl* — x)y*dxdy
‘ |zl — 1]*

L— [x(lle — x)y>dxdy I jx(x — 1)y*dxdy
’ |2z — 11 ’ |2l — 11

(x — 1)y*dxdy xy*dxdy
L=-|——m—75 L= |oaq—0a

lz|*lz — 1] |lz|*|z — 1]
(IzI* — x)y*dxdy

Ig= | ———7— 6.6
‘ lzI%lz — 1]* (00

The six integrals above have been chosen so that they are
not independent. First of all, the first three integrals, I, I,
and /5, can be related by a change of coordinates and have
the same value which can be computed exactly,
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6.7)

Moreover, the last three integrals, /4, I5 and ¢, are diver-
gent, and each of them can be regularized introducing a
single cutoff. In particular, the divergent contribution to
I¢ comes only from the pole at z = oo while I, and I5
diverge due to the poles at z = 0 and z = 1 respectively.
These integrals are related by a change of coordinates as
well, and are equal to each other as functions of the
respective cutoffs,
m, 1

LX) = I5(X) = Ig(A) = 5 1ogX + 0(A?). (6.8)
The entanglement entropy depends on the parameters of
the solution only through the expansion coefficients, which
are given as follows,

lh=-4 Z Lijp% Ly=-4 Z Lij(l_Pk)2+l6

i# 7kl i# k]
=2 Y Lj4ppi—2pc—2p +1)
i#j7k#l
I,=2 Z Liipip} 1s=2 Z Lij(1— p)*(1—py)?
i# 7k i# 7kl
ls=2 > Ly (6.9)
i# 7k

It is useful to note that three of these coefficients are related
to the AdS; radii in the three asymptotic regions given by

— p2pd — p2pd — p2p4
ly = BiR zgs, 00 Is = BiR \gs, 1 lg = BiR Ags, o

(6.10)

In conclusion, we can express the entanglement entropy as

; 1 1 1
Sa=—"— <11 — + I5logf — + lslog—
A 4GB 40gA1 sogf)\2 60g)\3
I +1,+1
+1f23>. 6.11)

Following the analysis of [43], we consider separately each
asymptotic region, introduce a Fefferman-Graham coordi-
nate system
d&* — dr* + dn?

2 +...
and set the cutoff at ¢ = €. Using the notation in Eq. (6.12),
the cutoff becomes

ds* = Ry, (6.12)

€ 2|b,|
A=lz—pul=— 2

20 ﬁalkl - b%

The entanglement entropy can then be written as [54]

(6.13)

S, = %F logz:o + Spay (6.14)

where cp is the central charge of the BCFT obtained by
folding the conformal field theories on the three branches
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of the junction. The boundary entropy is the finite part of
the entanglement entropy,

S =&< z R4 o Ridsm
by 4Gy \, %= AdS3,a g4CH,a
1
+? Z Lij(pk_pl)2>- (6.15)
0 i#j#k#1

As explained in [54], the boundary entropy is identified up
to a nonuniversal constant which does not depend on the
presence of the boundary. The contribution to the boundary
entropy from the divergent integrals I, I5 and I4 has a
simple expression in terms of the AdS; radii in the various
regions. These terms are analogous to the ones arising in
the solution with two asymptotic regions discussed in
[43]. The last term in Eq. (6.16) is the result of the finite
integrals I, I, and I3, and has a less immediate physical
interpretation.

Given the complexity to express the parameters in terms
of physical ones, it is perhaps more illuminating to con-
sider the degeneration limits as discussed in the previous
section. To study the boundary entropy in the probe limit, it
is useful to introduce the quantities

_ 901905

_ (Qp19ps +4p1Qps) .

Np , AN (6.16)
With this notation, the central charges of the regions at
z=0 and z =0 are equal to 2N, and 3(Ng + ANp)
respectively, while the numbers of bosons in the corre-
sponding conformal field theories are Nz and Nz + ANj.
In the case of the probe limit, the total boundary entropy
can be written as

24,2240 2
(rg + %) + 52 AXxG

2.2
4rirs

A , A
AN log %—X;’ +C.
4 Ops 2r;

¢ is a constant which does not depend on the unattracted
scalars,

N ANB<1O
6=
2 \log

Np + AN
dey L 4 B 10g

6.17)

Op19ps + 4p19ps

Op19p5 — 90195
1 + signgps

=)

+ sign(Qp1¢ps

= qp1Qps) + (6.18)
The order one terms in the above expressions give exactly
the result for the two-pole solutions studied in [43]. It is
interesting to note that the scalars related to the probe
asymptotic region, 7 and A y;, do not appear in any order
€ correction. This occurs because the radius of the probe
region is of order €2. Instead, the leading correction to the
boundary entropy comes from the change of central charge
between the two asymptotic regions at z = 0, o which
is produced by the probe. Moreover, the combination
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1/§—ﬁiA Xo 1s exactly the unattracted axion in the region

at z = 0. Hence, the above expression depends on the
D1- and D5-charges only through Nz and ANy while the
ratios of charges contribute only to an additive constant
that, in principle, can be set to zero with a redefinition of
the cutoff. As expected, the boundary entropy depends on
the unattracted scalars logarithmically. The order € correc-
tion involving the unattracted axion has the same form as
the one involving r.

On the other hand, the boundary entropy in the doubly-
degenerate limit evaluates to

Sy = 20 gl L0 | Ny (e 71
bdy 4 4122, 4 4r3rs,
4 VB Z,O B, log2r + & (6.19)

where we denote here the number of compact bosons in
each asymptotic region, respectively, by Ng,, Np; and
Np . Again ¢ depends only on the charges and is equal to

. Npw (gp1 + Op1)(gps + Ops) )
— S ) +1
“T7g (Og 167
NB()( Op109ps ) NB]( 4p19D5 )
~ By +1) =281 +1).
g8 \ & 167" 8 \ & 167
(6.20)

The logarithmic term in the boundary entropy (6.19)
allows for a simple interpretation as the first two terms
are the same as the boundary entropy of two decoupled
Janus interfaces with N, and Np; bosons, respectively.
The third term in (6.19) can be interpreted as coming
from Ny o — Npo — Ny bosons which satisfy Neumann
boundary conditions.

Lastly, the nonlogarithmic terms ¢ in both degeneration
limits (6.18) and (6.20) only depend on the charges but not
the unattracted scalars. If one considers the difference of
the boundary entropy of two configurations with the same
charges but different jumps in the unattracted scalars, then
¢ will drop out of the expression. This may suggest that the
term could be identified with the nonuniversal constant in
[54]. We have however been unable to prove this statement
away from the degeneration limit.

B. Perspectives from a CFT toy model

The CFT theory dual to the AdS; X S° type IIB super-
gravity solutions is a 2N = (4, 4) CFT. For generic values
of the D1-,F1-,D5- and NS5-charges, this CFT is a U-dual
of the D1/D5 CFT. In this section we will focus on a much
simpler toy model CFT, where the conformal boundary
conditions for junctions and the boundary entropy can be
calculated. The aim is to compare general features of the
CFT and holographic boundary entropy.

Under the folding trick, one could fold the branches to
the same side of the interface, and treat the theory as a
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boundary CFT whose central charge is the sum of the
central charges of all the branches. Different interface
CFTs then correspond to different conformal boundary
conditions in the folded theory. The toy model theory we
consider is the action of n free scalar fields defined on the
half-line which is given by

5 — j oS g (0,10,4; — 0,10, ) (621
o> l‘,j

and we take g;; = 0;;. In the context of quantum wires
which are usually systems of fermions, the bosonic
description of interest here is obtained via bosonization.
The currents 9+ ¢;, where o = o = 7, are related to the
chiral fermion numbers which are usually taken as discrete
[4]. Tt is therefore most natural for us to consider compact
scalars, each having radius R;

¢; ~ ¢; + 27R,, i=12--n (6.22)
Note that the metric we have taken is not the most general.
If one imposes that all the scalars have the same periodic-
ity, one rescales the scalars so that the metric would
become g,; = diag(R}, - - - R%). The stress energy tensor

of the theory is given by
Tor =D 0:0i0,6 (6.23)
i=1

The variation of the action picks up a boundary term

8Sbound = /dTZ I Pi8bilo=0- (6.24)
i=1
Energy momentum conservation enforces that
T0'7'|0'=0 = Z ar¢iau¢i|0=0 =0. (625)
i=1

The variational principle demands that the boundary term
in (6.24) vanishes at o = 0.

A simple solution of this problem preserving time re-
versal and parity is given by imposing Neumann or
Dirichlet boundary conditions on the ¢;. More generally
we can have

b (o, 7) = Oip;(0, 7) (6.26)
with O € SO(n). We impose
ao’djilozo =0, i=1,2- P (627)
87¢,-|0:0=0, l=p+1,7l

Since the conditions (6.24) and (6.25) are invariant under
SO(n) rotations they are indeed solved by the above con-
ditions. In terms of the original fields, (6.27) translates to
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> 0la,b; =0, i=1,2-"p
i=1
0o (6.28)
0{87¢]=0, i=p+1,"'l’l.
J=1
It is also convenient to define the matrix
I
S = OT( P 0 )0 (6.29)
n—p

such that the boundary conditions can be rewritten as

Vs biloo =D Sl0_¢jl,—o (6.30)
i=1

as in [42,56], which have discussed them in detail.
We notice that these boundary conditions are well-known
in the context of open-string theory. They describe pre-
cisely Dp-branes wrapping p-cycles in an n-torus. It is
interesting to note that in [42,56], the scalars considered
are generally noncompact. However, for compact scalars of
given radii, these boundary conditions only preserve non-
trivial zero-modes at discrete sets of {O!}, corresponding to
Dp-branes wrapping the torus only a finite number of
times.

In the case of n = 2, i.e. 2 branches joined at the inter-
face, each with a free boson, the most general boundary
conditions preserving nontrivial zero-modes correspond to
a D1-brane with winding numbers ¢; and ¢,, which are
relatively prime integers, around the respective sides of the
torus. An example is shown in Fig. 5.

The boundary condition is given by

cosa  sina

0= ( — sina cosa) 6.31)
with
R

cosa = 41t ,

V(qiR)? + (q2R,)?
R (6.32)

sina =

VigiR)? + (612R2)2‘

The corresponding boundary entropy is Spqy = loggp,
where

Ry
L
Rz/q1 @
G =3, @2=2 Ry

FIG. 5 (color online).
q, = 2.

Wrapping of a D1-brane with g; = 3,
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oy qiR + @3R3
B 2R\R,

The holographic calculation of the boundary entropy
matches exactly the above free field BCFT calculation
[43], with winding ¢; = ¢, = 1. It is remarkable that the
supergravity solution picks out the precise boundary con-
dition corresponding to a D1-brane wrapping the diagonal
of the torus exactly once.

In the case of n = 3, nontrivial boundary conditions
could be obtained by considering either DI1- or
D2-branes. It is not clear if there are simple expressions
for the most general windings that allow nontrivial zero-
modes. However, guided by the geometric picture it is not
difficult to find explicit examples. The most immediate
generalization of the n = 2 case would be for a D1-brane
to wrap ¢g; and ¢, times around two of the three-cycles,
with the third cycle satisfying the simple Dirichlet bound-
ary condition. The gp factor is then given by

o) = qiR + @3R3
B 2R,R,R;

One could also consider a D1-brane wrapping the diagonal
of the 3-torus. i.e. wrapping once around each cycle. The
boundary condition is given by the S-matrix

(6.33)

(6.34)

1
TR+RA+R
R —R3—-R; 2R\R, 2R\R;
X 2R\R, ~R}+R—R3 2R,R;
2R\R; 2R,R; -RI-R3+R3
(6.35)
and the corresponding gp factor is given by
2 2 2

R EC

In all of these examples with nontrivial boundary
entropy corresponding to the brane wrapping a finite num-
ber of times in the n-torus, the value of the boundary
entropy is always given by

-V (6.37)
SN2 v '
where V), is the volume of the Dp-brane and Vi« is the
volume of the n-torus.

Comparing the result of the toy model three CFT junc-
tion (6.35) with the supergravity calculation (6.15), it is
interesting to note that for the supergravity result there is a
constant term appearing in addition to the logarithm.

However, the log terms in the supergravity result do
share many features with the toy model. To begin with,
let us revisit the probe limit. We can read off the gp factor
there
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o (13 + rZ)? + GoL Ay )Nt ANa/4 63%)
‘/ZNBrSIBr{.Y)B+ANB(2 %AXO)ANBﬂ

If we consider only the dependence of (6.38) from the
six-dimensional dilaton, we see that the numerator of the
gp factor can be interpreted again as the volume of a
Np + ANg-dimensional brane, while the denominator
gives the square root of the volume of a 2Nz + ANy
dimensional torus.* In fact, to zeroth order in AN 5, the
contribution including the axion matches with the CFT toy
model in the presence of world-volume B-fields, as already
noted in [43], where the axion plays the role of B-fields.

We have also noted that for each given set of physical
charges and moduli, the supergravity solution can be real-
ized by more than a set of parameters, due to the nonlinear
relation between them. It suggests that the supergravity
solution might be realizing different boundary conditions
across the jumps, i.e. different winding numbers.

Note however that due to the complexity of the CFTs at
this point it seems impossible to construct a precise map
between the supergravity solutions and the exact confor-
mal boundary conditions on the junction. The interpreta-
tion of the nonlogarithmic terms in (6.15) is not clear. It is
interesting to note however, that the term, at least in the
degenerate limits, depends purely on the central charges. It
is reminiscent of the nonuniversal terms as briefly dis-
cussed in [54], which does not vary with boundary con-
ditions for a given theory.

VII. DISCUSSION

In this paper we have continued the analysis of the half-
BPS solutions found in [41] which are locally asymptotic
to AdS; X S* X M,. In particular, we have derived formu-
las for all Page charges associated with the solution, dis-
cussed the relevance of supersymmetry and the attractor
mechanism and clarified the relation of the moduli of the
solution and the physical parameters, i.e. the Page charges
and asymptotic values of unattracted scalars.

The discussion of the attractor mechanism also leads to a
conjectured relation between the half-BPS supergravity
solution and a junction of self-dual BPS strings in six flat
dimensions. A single half-BPS dyonic string solution in
six-dimensional supergravity with D1, F1, NS5 and
D5 charges produces an AdS; X S* supersymmetric
vacuum in the near-horizon limit. The decoupling limit
of the world-volume theory produces an N = (4, 4) two-
dimensional superconformal field theory and the two theo-
ries are dual via the AdS/CFT correspondence. One would
expect that away from the string junction the decoupling
limit is still at work. As argued in Sec. IV B the string
junction in flat space preserves four of the 16 supersym-

“There is a small mismatch in factors of 2 but that is only of
order ANp.
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metries of N = (2, 0) supergravity. The decoupling limit
is expected to enhance the supersymmetries from four to
eight, which is the number of preserved supersymmetries
of the half-BPS interface solutions. Moreover, the solu-
tions we have found become singular when the charge
vectors in two asymptotic regions are taken to be parallel.
Correspondingly, in case of parallel charges, the angle
between two strings in a six-dimensional junction goes to
zero and the two branches collapse. In this paper, we have
discussed the half-BPS interface solution with three
asymptotic regions in detail. It is straightforward to gen-
eralize the construction to solutions with n asymptotic
regions and to relate them to junctions of n dyonic strings
in six dimensions.

We have explored the holographic dual of the supergrav-
ity solutions which is given by a junction of n CFTs. The
CFT is determined both by the four-brane charges and
the two unattracted scalars of a given asymptotic region.
The charges determine which particular U-duality trans-
formation of the well-known D1/D5 CFT one considers in
each boundary component. The values of the unattracted
scalars determine at which point of the moduli space, with
respect to the two marginal deformations, the CFT lies.
Additional evidence for the identification between super-
gravity solutions and interface CFTs is provided by the
exact agreement of some calculations in the two theories.
In [43] it was shown that the holographic interface entropy
of the half-BPS Janus solution constructed in [41] exactly
agrees with the boundary entropy of the corresponding
interface CFT. In the present paper we have generalized
the calculation of the holographic boundary entropy to the
case of a junction of three CFTs. While the result (6.15)
shares some features of the boundary entropy of a toy
model CFT introduced in Sec. VIB, there are important
differences. In particular the appearance of a nonlogarith-
mic term in the holographic boundary entropy has no
counterpart in the toy model calculation. The CFTs of
the BPS junction are however much more complicated
than the single compact bosons considered in the toy
model. First, for generic values of the parameters the
CFTs are not D1/D5 CFTs, which are relatively well
understood. Second, since the central charges are
expressed in terms of conserved charges, the toy model
for the junction where all three central charges are equal
seems impossible to realize. It would be very interesting to
find an interpretation for these terms on the CFT side. One
suggestion is that they are related to the tripartite entangle-
ment (see e.g. [57]) of the CFT junctions. One should note
however, that the degenerate limits suggest that these non-
log terms depend only on the charges, and not on the
unattracted scalars, which, in this respect, bears some
resemblance to nonuniversal terms in the boundary entropy
as in [54].

Because of the highly nonlinear nature of the expres-
sions for the charges and nonattracted scalars, it is most
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likely impossible to invert these relations in closed form,
i.e. express the moduli of the solution in terms of the
charges and the values of nonattracted scalars in the
asymptotic region. In order to simplify the discussion we
considered several degeneration limits where poles of the
meromorphic functions approach each other and residues
scale in a prescribed fashion.

These limits have provided us with tractable classes of
solutions where the global moduli have simple expressions
in terms of the physical parameters. It would be very
interesting to use these solutions to calculate quantities—
such as reflection and transmission coefficients and bulk-
boundary correlation functions—in the dual interface
theories.

The junctions we have constructed have the form of a so-
called star-graph, i.e. n semi-infinite lines joined at a single
point. For 1 + 1-dimensional CFTs, more general configu-
rations are possible. For example instead of a triple junc-
tion one could consider two neighboring interfaces on the
real line, where the CFT in the middle only lives in a finite
interval. Such configurations are important for considering
the fusion of interfaces on the CFT side (see e.g [5,36]).
Further investigation is required to determine whether such
configurations can be realized holographically, possibly by
considering more general metrics than AdS,.

A promising possible application of the duality between
our supergravity solutions and CFTs on star graphs is
given by the study of quantum wires. Electrons in one-
dimensional conductors are not described by a Fermi liquid
but instead by a Tomonaga-Luttinger (TL) liquid. The
spinless TL liquid has a bosonized formulation which
corresponds to free compactified bosons. The junction of
two quantum wires has been analyzed utilizing conformal
field theory techniques (see for example [58]). While the
field theories associated with dyonic strings are more
complicated than the TL liquids, which are also nonsuper-
symmetric, one might hope that the qualitative features of
the theories are similar. For example the discussion of
multiple (p, ¢) string junctions given in [59] is very similar
to the analysis of the junctions of quantum wires in
[42,56,60]. It is reasonable to expect that some of the
properties of the strongly-coupled wires are modeled by
the dual holographic interface solution in supergravity,
which has been the case in other applications of the
AdS/CFT correspondence to the quark-gluon plasma and
to higher-dimensional condensed matter systems.
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APPENDIX A: DETAILS ON THE CHARGES

In this appendix we define the three kind of charges
which can be associated with branes, namely, the brane
source charge, the Maxwell charge and the Page charge.
For a detailed discussion of these charges see [45]. The
Bianchi identities for the AST are given by®

dFy+dyANHy=0  dHy;=0. (A1)

- - 1
F3 =dC2_XH3, FS =dC4_ZC2/\H3. (AZ)

The equations of motion for the AST fields are

d(€¢*F3)_4F5/\H3 =0

. . (A3)
d(€7¢ *H3) - e¢dX/\ *F3 + 4F5 /\F3 = 0.

In the following analysis we will only be interested in the
five-brane and one-brane charge and do not display the
expressions for the three-brane charge.

1. Brane source charges

The brane source charge is defined by writing the
Bianchi identity and equations of motion for the AST
with all the terms on the left-hand side. In the absence of
brane sources the right-hand side is zero, whereas if brane
sources are present there are delta function sources on the
right-hand side. These sources arise from the variation of
the world volume action of the branes with respect to the
antisymmetric tensor potential. Hence integrating the left-
hand side defines the brane source charge. The brane
charge is localized and gauge invariant but neither quan-
tized nor conserved. The brane source charges for the five-
branes and one-branes are given by

®Note that we use “supergravity” normalization of the C,
instead of “‘string”” normalization, which differ by a factor of 4.
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bs = [ (dF5 + dy A H3) 0% = f dH,
Vy v,

= V(d*F3+H3/\F5)
8

by — — ) (de=? % Hy — e®dy A %F3 + 4F5 A E5).
8

(A4)

2. Maxwell charges

The Maxwell charges are given by the integrals of the
gauge invariant field strengths for the five-brane charge or
their duals for the one-brane charge

max — » max —

“_Lh W—L&

Ileix = — *Fs’ r;‘lilx = — e x H;.
s7 s7

The Maxwell charges are gauge invariant and conserved
but neither localized nor quantized.

(AS5)

3. Page charges

The page charges can be obtained by writing the Bianchi
identities as well as the equations of motion as dj = 0
and integrating j over the appropriate surface. The Page
charges are localized, quantized and conserved but are not
gauge invariant. The Page charges for the five-branes and
one-branes are given by

P ~ P
Dasge=[53(F3 + xH3) NS _[ H;

b= [ (et Fy—acinty) (A6)

= fs7(e‘¢ % Hy — yeb % Fy +4C, AdCy).

The formula for QP‘lge follows from the fact that the
equation of motion for H; (A3) can be rewritten in the
following way:

dle=® x Hy — ye? « F + 4C, A dC,) = 0. (A7)

4. Evaluation of the page charges

The ansatz for the complex rank three antisymmetric
tensor field is given by

G = g(l)fze A Wpgs, T 8a )f ANwg. (A8)

It can be expressed in terms of potentials
fipe??Re(gW), = a,,b1 (A9)
fipe??Re(g?). = a,,b"? (A10)
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fipe P Im(gW). + xfipe??Re(gV), = a,,cV (All)

f3pe ?Im(g?), + xfipe?/*Re(g?), = a,,c?. (A12)

The potentials ¢(? and 52 are expressed in terms of the
meromorphic and harmonic functions as follows:

H(B + B)
(A+ AK — (B + B)?
1 (o0,H

h1 = E B + c.c.

p) = —

— hy,

(A13)

H(B — B) 3
- (B—B)

1>

(A14)

S H(AB — AB) L
A+AK—-B+B? *

~ 1 A
hy, = f d,,H + c.c.

5 (A15)

H(AB + AB)
(A+ A)K — (B — B)?

1 A
h2 :E /anH+C.C.

Using the expressions for the AST fields and the metric
fields the expressions for the charges can be reduced to line
integrals over a curve C which together with the S forms a
homology three-sphere.

(@ —

+ hy,

(Al6)

a. Five-brane charges

In terms of the fields in the paper we have

H; = ¢?/2Re(G), Fy = ¢ ¢?Im(G) (A17)

and for the relevant charges one has for the NS5-brane
Ilzlasgse = f3H3 = [ze‘[’/zRe(G)
5 53
- f f3pe??(Re(g?).dz + Re(g?):d2)
s

= Vol(Sz)( f dzd.b® + [ dZ&Zb(z))

and the Page charge for the D5-brane is

(A18)
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05 = [ (#y+ xmy
. ] (e *PIm(G) + xe?*Re(G))
S,

- _/:93 f3p(e”*/2(Im(g?),dz + Im(g?).dz)

+ Xe‘/’/z(Re(gz)de + Re(gz)de))

= Vol(Sz)([dzach) + [dZazc(z)).

f e¢*F3=[ e?/2 % Im(G)
57 M xS

(A19)
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b. D1-brane charge

In this section we evaluate the D1-brane charge as well
as the fundamental string charge. For the D1-brane Page
charge one has

PDalge,(h) = - /;7(e¢ * F3 - 4C4 A H3) (A20)

Where the first term in (A20) can be expressed as

:f e‘/’/2(—iIm(g(1))zeZZ34567 +iIm(g(1))Zezz34567)
MyXS?

= fM s e¢/2f§f§p(_l1m(g(l))zdz + iIm(g(l))ZdZ)é234567
4

— Vol(s?) f /2412 p(— iTm(gV).dz + iIm(g").d2)

400
= Vol(5?) [e‘ﬁ%(—i(azc(” — x9.6W)dz + i(0;cV — xa:bM)dZ)
1

4K (A + A)K — (B + B)?
=VlS2/ = = _(—i(3.cV — xa.6M)dz + i(9:cV — xa.b1)dz). A21
oS | o7 e K =g =g~ xab Nz oz = xah )z (A2D)
In the fifth line we used
012 0b/2
Im (g(l))Z = - awc(l) - T/\/awb(l) (A22)
fip 1
The second term in (A20) can be expressed as
f 4Cy ANHy = f 4C, A e?*Re(G)
My XS3 M,y XS3
— f €¢/24CKé4567 A (Re(gz)zem + Re(g2)26223)
MyXS3 ) i
= j 4e¢/2f§pCK(Re(g2)zdz + Re(gZ)de)é234567
M,y XS?
— Vol(s?) f 4?22 pCy(Re(g?).dz + Re(g?).d?)
= Vol(5?) f 4Cx(9,6Pdz + 9:Pd7)
2 B> - B’ o 2 2
= Vol(5?) [ (—zl i ZK)(azb( Vdz + 9:b2dz). (A23)
¢. Fundamental string charge
The relevant terms in the F1-brane charge are given by
IIJ:alge == '/;‘7(67(15 *H3 - X€¢ * F3 + 4C4 A dCz)
= —f 3(e*¢ s« Hy — ye?  Fy + 4Cy A (F5 + xH5)). (A24)
My XS
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The three parts making up this charge are given by

PHYSICAL REVIEW D 83, 026003 (2011)

fs e Hy = Vol($?) f e 92 ff3p(—iRe(g"),dz + iRe(g"),d?)

4 2
= Vol(5?) [ e“ﬁ%(—iazb(”dz + i0:bVdz)
1

— vois [(4T A~ 5 B

The second part is given by

(—i9,bWVdz + i9:bVd7). (A25)

— [ xet s By = —voi(s) [ expifip(—itm(g)).dz + ilim(g")d2)
S7

442
= Vol($?) [e"s/\/]%(i(azc(” — x9.6W)dz — i(9;:cV — xa:bV)dz)
1

4K (A+ A)K — (B + B)?

— Vol($2) [

The third term is given by
[4C4 /\dC2 = f4C4 A (F3 + XH3)
= [4C4 A (e=?2Im(G) + ye?/?Re(G))

= Vol(5?) f 4Ck(0.cPdz + 9:¢Vdz)

= —Vol(S?) / <2iB

2

2-B
A+A
X (9,cPdz + 9:c?dz).

+ 212)

(A27)

APPENDIX B: SIX-DIMENSIONAL PERSPECTIVE

Type IIB supergravity on a M, manifold gives a six-
dimensional N = (2, 0) chiral theory with 105 scalar and
26 tensor fields. For M, = Kj, the scalar fields live in a
S0(5,21)/S0(5) X SO(21) coset, while the three-form
antisymmetric tensor fields transform as a vector under
the action of the SO(5, 21) global symmetry. The theory
has a SO(5) R-symmetry. The coset can be parametrized
using a vielbein [50] V4. The vielbein is a SO(5, 21) matrix
and satisfies

n=Vigv BD
where n = diag(1s, —1,;) is the SO(5, 21) invariant met-
ric. The field strength H' and H" are self-dual and anti-self-
dual respectively

i _V_g iAot .
H’u,,p——3| GWPMTH’\ , 1=12---,5

' (B2)
r,= -t HAOT p=12---21

nrp 31 G,uvp/\a"r

where g is the determinant of g,, and € is the six-
dimensional completely antisymmetric tensor which sat-

A+A(A+AK - (B—B)?

x(i(9.cW = xa.bM)dz — i(9:¢V — xa:bM)dz). (A26)

isfies €p12345 = +1. The field strength H does not satisfy a
simple Bianchi identity. They can be expressed using the
vielbein as

Hi

— Vi A
wvp = V'aG

r — yr A
nvp HMVP v AG

uvp:

(B3)

Where G4 satisfies a simple Bianchi identity, i.e. dG* = 0,
forallA=1,2---,26.

In the solutions constructed in [41], the internal moduli
of the M, have constant profiles. From a six-dimensional
perspective, four scalars (¢, y, the four-form potential in
the compact directions Cg and the metric factor f3) and
two tensor fields (H; and F3) have nontrivial profiles.
These nontrivial fields give a SO(2,2)/SO(2) X SO(2)
coset with the self-dual and anti-self-dual parts of H3 and
F5 transforming as a 4 with respect to the global SO(2, 2)
symmetry. We can reduce the equations of motion (A3) to
six-dimensions obtaining,

d# (e”?f3F;) = 4dCk A H, (B4)

dx (e ?fiH; — e®fixF3) = —4dCk A Fs. (B5)

The Bianchi identities for the three-form fields are
unchanged,

dH; =0, dFy = —dy A Hs. (B6)

In order to obtain an explicit expression for the SO(2, 2)
vielbein, we note that the following combinations of three-
form tensor fields obey to standard Bianchi identities,

Ga = e *fixHg — e?fix* Fg +4CxFs (BT)
Eg = e?fx F3 — 4CxHy (B8)
Fia = F + xHg (B9)
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H ). (B10)
We can then show that
*6G3) Gp)
*oE@) | _ Eg)
=M B11
*GH(3) N1 H(3) ( )
*6F(3) Fg)
e¢/2f3—2 e¢/2f3—2X
e 0 g2
A 0 0
0 0
V is an SO(2, 2) vielbein as expected,
ViqV=m,  VngVli=n,. (B14)

We can use an orthogonal transformation to bring the
SO(2, 2) invariant matrix in the standard form. If we define

- 1 /1, —I
V =R7VR, R=—< 2 2). B15
A\L b (B15)
With this definition, the vielbein obeys to
Vigv ==, vVl =g (B16)

where the SO(2,2) invariant metric is n = diag(+1,
+1, —1, —1). Global SO(2, 2) transformations act on the
right of V as V — HVG. Local SO(2) X SO(2) transfor-
mation act on the left as

PHYSICAL REVIEW D 83, 026003 (2011)

The matrix M is an element of SO(2,2): MT'n,M =
Mn,MT = x,. The choice for 5, is nonstandard,

_(0 L
™ 12 0/
It is possible to show that the matrix M can be written as
VIV with

(B12)

4e¢(;2/];?_2)(2CK —d4e?2f72Ck
de~ @220, 0
e~/ p2 0 (B13)
N S
[
_(S ©
V—HV, H—(O Sz) (B17)

where S; and S, are 2 X 2 orthogonal matrices correspond-
ing to the two SO(2). The vielbein V can be used to
construct self-dual and anti-self-dual tensor combinations
starting from three-form tensor fields obeying to standard
Bianchi identities,

H{; = ViG:

A
3 3y dG

3 =0

(B18)

The charges associated to the tensor fields Gé) are exactly
the Page charges:

— P
0" =R (=05 -

*H{y) = n' H,

Page
D1 >

Page

Page)T
NS5 .

D3 (B19)
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