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AdS,/CFTj; construction from collective fields
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We pursue the construction of higher-spin theory in AdS, from CFTj; of the O(N) vector model in terms
of canonical collective fields. In null-plane quantization an exact map is established between the two

spaces. The coordinates of the AdS, space-time are generated from the collective coordinates of the

bi-local field. This, in the light-cone gauge, provides an exact one-to-one reconstruction of bulk AdS,

space-time and higher-spin fields.
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L. INTRODUCTION

The AdS/CFT correspondence [1-3] represents a very
important tool in gauge and string theories. It gives a
concrete, analytical procedure for the more general
gauge/string(gravity) duality. The correspondence is char-
acterized by conjectured emerging dimensions of space-
time (in 2N = 4 Super Yang-Mills theory the D = 10 of
the string in AdSs X §° background emerges). While the
main understanding of the duality itself is provided by
't Hooft’s large N expansion (which establishes 1/N as
the string coupling constant), the origin of the extra spatial
dimension is less clearly understood; one speaks of them as
being holographic and as having a relationship (in the case
of radial AdS dimension) with renormalization group scal-
ing parameters.

One framework for analytical understanding of the large
N limit in general introduced several decades ago [4] is
based on the notion of collective fields. They capture the
relevant degrees of freedom, and a general method for
describing their effective dynamics both at the
Hamiltonian and Lagrangian level was given. This ap-
proach has been successful in analytical treatment as
well as in exhibiting the relevant physics in various model
theories. In the ¢ = 1 matrix model collective dynamics
naturally led to (one) extra dimension relevant in establish-
ing the model as a two-dimensional noncritical string
theory [5]. It has reemerged in the subdynamics of the
N =4 Yang-Mills problem in the 1/2 BPS subsector.
Through certain matrix model truncations (of N =4
Yang-Mills theory), the construction [6] of dual string
theory Hamiltonian was attempted.

For further understanding of this mechanism, it is useful
to concentrate on exactly solvable theories. The simplest
field theory model for which one can build the AdS/CFT
correspondence is that of N-component vector theory. It
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was originally pointed out by Klebanov and Polyakov [7]
that the conformal fixed points of the theory are naturally
described in four-dimensional AdS space-time. More spe-
cifically, it was established that it is a particular higher-spin
theory of Vasiliev [8] that emerges in the large N limit. [In
a series of works dating back to the 1980s, Vasiliev and
collaborators succeeded in constructing a remarkable the-
ory providing interactions of a sequence of higher spins in
AdS. This (gauge) theory successfully extends a free the-
ory [9] obtained by Fronsdal [10].] An impressive com-
parison of three-point boundary correlators was performed
recently by Giombi and Yin [11]. For other relevant work,
see [12-15].

The relevance of collective fields for higher-spin holog-
raphy was discussed by Das and one of the present authors
[16]. The framework of covariant bi-local collective fields
was employed, and it was shown that they decompose
into an infinite sequence of integer spin fields in one extra
dimension. The present paper sharpens this picture con-
centrating on the canonical formulation with the goal
of establishing the correspondence directly at the
Hamiltonian level. It will be advantageous to work in
null-plane quantization, since it gives a physical descrip-
tion of higher-spin gauge theory. In this framework, we
will produce an exact one-to-one map between (collective)
coordinates of the large N field and the AdS, coordinates
of the higher-spin theory. It is shown how collective fields
provide a construction of bulk (rather than boundary) fields
of the AdS theory. In particular, it is demonstrated that all
the bulk AdS space-time transformation symmetries are
recovered from transformations of the bi-local collective
field. An outline of an exact map of the full interacting
theory is given.

This paper is organized as follows. In Sec. II, we discuss
the difference between collective fields and conformal
currents which have been the main tool of earlier AdS/
CFT comparisons. In Sec. III, we summarize the form of
the exact collective field Hamiltonian and discuss its ex-
pansion in 1/N as a coupling constant. Realization of the
conformal symmetries and the quadratic approximation is
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studied in Sec. I'V. We establish a one-to-one map with the
transformations of higher-spin theory in AdS, background
in Sec. V. Discussion of results and of further topics is done
in the Conclusion.

II. COLLECTIVE VS CONFORMAL FIELDS

The basis of the holographic map is in a (complete) set
of primary operators of the SO(2,d) group. They are built
as composite operators from the basic fields of the theory
and obey current conservation once the field equations are
used. They are used as sources at the boundary and their
correlators are then shown to be in agreement with the AdS
amplitudes projected to the boundary of AdS space. The
N-component vector model field theory with the
Lagrangian

L= [ A5 0,870 6%) + (@ §),
a=1...,N (D

possesses two critical points: the UV fixed point at zero
value of the coupling and an IR fixed point at nonzero
coupling. For definiteness, we concentrate on the UV case
corresponding to the free theory where the potential v = 0,
a full set of conformal currents is explicitly given by [11]

OG &) = ¢(x — e)g (2111 T (2€29, -3, — 4(e- 9,)
X (€ d,)"¢(x + e), )

where € is a null polarization vector €2 = (. These currents
are conserved, and in the holographic scheme [2,3], their
correlators are compared with the AdS boundary
amplitudes.

Collective fields for large N theories are introduced in a
very different manner. They are to represent a (complete)
set of invariants under the O(N) or U(N) (gauge) symmetry
group. The meaning of completeness is established in two
not unrelated ways. First, one has completeness in group
theoretic terms, namely, that any other invariant can be
expressed in terms of them. Second is the requirement of
closure under (quantum) equations of motion. This leads to
the most important fact, namely, that they provide a com-
plete dynamical description [4] of the large N theory where
1/N is seen to emerge as the natural expansion parameter.

In the O(N) vector model one simply has the bi-local
collective field

N
Wk, yh) = ¢(x) - p(y) 3)
a=1

in the covariant formalism [16]. It is the case for the O(N)
model, and also more generally that the set of collective
fields is actually over-complete. This property has signifi-
cant implications on the emerging space-time: when
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implemented, it naturally leads to space-time cutoffs and
ultimately noncommutativity.

As far as the relationship between the conformal and
collective fields, we have the following. Clearly any con-
formal field is contained in the collective (bi-local) field,
and one has a prescription with derivatives given above.
But the converse is not true; collective fields represent a
more general set. This property will have important impli-
cations on the bulk vs boundary description of the theory. It
has already seen in an approximate manner [16] that the
relative coordinate in the bi-local field into angles generat-
ing a sequence of spins and the radial part which plays the
role of an extra dimension. What prevented a precise
identification, however, was the fact that higher spin is a
gauge theory, whose dynamical form depends on the gauge
chosen. Consequently for establishing a precise one-to-one
map, one has to bring both theories to the same gauge. This
will be accomplished in the present work in a canonical
description.

The canonical formalism for collective fields is based (in
equal-time quantization) on the observables

V(55 =D ¢ (i) =V, @

which are local in time but bi-local in d — 1 dimensional
space. These observables (collective fields) are character-
ized by the fact that they represent a complete set of O(N)
invariant canonical variables (obtained through scalar
product). To deduce the dynamics obeyed by these fields,
one performs an operator change of variables [4] from
@4 (1, X) to the bi-local field W(z; X, ¥) using the chain rule

5 _sWGEI 8
Sp(¥)  8¢(X) OV(,2)

Starting from the canonical Hamiltonian
1 6 o 1
H=||-2——=—— + =V, ¢V, .¢"
J 350w sam 27050
(- )

(&)

one deduces an equivalent representation in terms collec-
tive variables

P
H = 2 Te(I1WIT) + % Trw! + f AT (W )ss)
1 . -

where we have the conjugate momentum denoted by

)

IT(%, )’) = _lm,

)

and AV summarizes ordering terms which are lower order
inl1/N
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N L 2
Av=-2 fdwm)TN' +§([¢wm)fnw .

The product of two bi-local fields is defined by
AB = [ 55862 ®)
and the trace of a bi-local field means
nmzjﬁw@. ©)

For more details on this representation, including the fact
that it generates correctly the large N Schwinger-Dyson
equations, the reader should consult Refs. [4,17].

III. EXPANSION

The main feature of the collective representation in
terms of the Hamiltonian (6) is that it can be expanded in
series of 1/N with an infinite number of polynomial ver-
tices to generate systematically the 1/N expansion. This is
seen by a simple rescaling of field variables: ¥ — NV,
IT — I1/N whereby N factorizes in front of the action.
The terms in AV are seen to be of lower order, conse-
quently they provide counter-terms in the systematic 1/N
expansion.

To generate the expansion, one first evaluates the static
large N background (X, ¥) obtained from the time-
independent equations of motion

aV

Gy o

where we have set v = 0 and the effective potential reads
1 1
V=§BW”+§fﬁEWW@ﬁ@ﬂ (an
One performs a shift

1
«y=¢0+7ﬁn, Il =+N= (12)

generating an infinite sequence of vertices

I s
Tr‘I’l—Tr¢O'+ZW

n=1

Tr(po(nipe)").  (13)

The quadratic and cubic terms in the Hamiltonian are seen
to be given by

1
H? = 2Tr(mipom) + 3 Tr(gomibonibo) (14)
H® = 2 Tr(mnm) — L Tr(gononponi).
JN 8N
(15)

The higher order vertices are obtained directly from the
expansion (13).
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We now discuss the evaluation of the spectrum which
follows from diagonalization of H®. In doing this, we
follow closely [17]. Using a Fourier transform

o, = f dkei®E=5) 30, (16)
with
9= —= a7
and for the fields

Ny = /d/g1d122€7”21'}e+i1€2'§77k,k2, (18)

Ty = /d];ld]zzeJrikl'fce*ikz'iﬂ-klkz’ (19)
the quadratic Hamiltonian now becomes

H? = 2[dl€, dlgz l,//2I Tkik, Thyky

1 > - 2 0
e [ AdEomi g B0+ 900

Redefining
o Wy oy 012 20)
kil = 5 ¥, ki Miyk, Vi Mgk

one has the quadratic Hamiltonian

1 N
H(z) = 5 /dkldkzﬂ'k]kzﬂ-k]kz

1 > s - -
+§ [dkldkznklkz(‘l’(/g, L+ ‘//22 D, 2D

from which one reads off the frequencies

1 _ 1 _ > =
wk1k2=5¢21‘+5¢221=\/g+\/g- (22)

To summarize, the quadratic Hamiltonian and momentum
can be written in use of bi-local fields as

HO — f didy W (%, y)(,/—v}; + ‘/ —Vﬁ)‘lf()‘c’, )

(23)
PO = f 75U (E )V, + V)W ).

In the light-cone quantization, we have the quadratic
Hamiltonian

P @ =g + p®

VY

= [ dx;dx;dx’ldfzqﬁ< 7 3t

)‘If. (24)

Here W(x™*;x;, x5 ;% X;) is a bi-local field where 1, 2
refer to the two space points.
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IV. CONFORMAL TRANSFORMATIONS OF THE
COLLECTIVE FIELDS

Our goal is to demonstrate that the collective field con-
tains all the necessary information and is in a one-to-one
map with the physical fields of the higher-spin theory in
AdS,;. For this comparison to be done, it is advantageous to
work in the light-cone gauge, where the physical degrees of
freedom of a gauge theory are most transparent [18,19].
Our strategy is to compare directly the action of the con-
formal group of the d = 3 field theory with that of the anti-
de Sitter higher-spin field. This comparison is similar to the
study in D-brane case and N = 4 super Yang-Mills the-
ory performed in [20]. In this direct comparison we will see
that as expected we have very different set of space-time
variables and a different realization of SO(2,3). The num-
ber of canonical variables, however, will be shown to be
identical and one can search for a (canonical) transforma-
tion to establish a one-to-one relation between the two
representations.

One can work out the conformal transformations in
light-cone notation (x* = f) for any dimension d. As for
the linear momenta, we have

P =H= fdz(— %(w)z),
Pt = [ax(m), (25)

pi = ] dx(70,),

where 7 = 9% ¢ is the conjugate momentum and i is the
transverse index (for the specific case when d = 3, the
index i runs over a single value). Similarly, for Lorentz
transformations, the conserved charges are

M*™™ =tH — [d)_c’(x_ﬂ'z),
Mt = '/'d)'c’(twaid) — xla?),

‘ . (26)
M= fd)?(x_ﬂ'a,»qﬁ —x'H),

M = f di(xima, b — K79,
The Dilatation operator takes the form
D= tH+ [ dX(m(d, + xi9)p +x- ), (@T)

where dy = % is the scaling dimension of the ¢ field.
The special conformal generators are
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[d)?(x*fD - %(21}( + xix;) H — %dd,gbz),

1 .
Kt =1tD — jdf(i (2ex™ + x/xj)'nz),

Ki

jdi(xi@ - %(th* + xij)waid)), (28)

where D and JH are the densities of these two operators.
The dynamical variables in the light-cone formulation
are (x~, x'). The momentum conjugate to x~ is p™. In the
massless case, the energy can be expressed as
__pp
p T

(29)

To define the mode expansion, we perform a Fourier trans-
form of the fields ¢(x, x) and 7(x~,x’) along the
x~ direction. The creation and annihilation operators are
defined in terms of

~ o [*dpt 1
(. x) ﬁ)\/ﬁﬂ

+at(p*, x)e "), (30)

o  [*dp” [p* b i iyt
m(x, x') = —i —(a ,x)e'? x
o) = =i [T )

_ a‘l‘(p+’xi)e*ip+x7)‘ 31

(a(p™, x")er™

The actions of linear momenta now take the form
, 0? :
P~: da(p*,x') = 2pl+ a(p™, x'),
Pt Sa(pt, x) = pta(p™, x), (32)
Pi: Sa(p™, x') = id;a(p™, x').

For the Lorentz generators, one has

. 97 0 4
Mt~ da(p™, x') = (r = iypt— \/p+>a(p+,x’),

2p ap
M*: Sa(p™, x') = (itd; — x'pF)a(p™, x'),
i i a0, .
M~ Sa(p™, x') = (-81-817— 2 )a(p+,x),
MU: sa(p*, x) = (ix'd; — ix/3,)a(p™, x'), (33)

and the Dilatation operator

D: Sa(p™, x') = <t2pJr + zI:d¢ + x'9;

4 \/p_+82+ \/p_+:|>a(p+, XY (34

Finally, for the special conformal generators
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Jd 9
K~ da(p* x)__{ _;ffL___ /
X[pt —xid,;
P X lap+

Xa(p*,x'),

8p 8p

el

. 0? .
K+:8a(p+,)c’)={t22p’+ +x'9;)

| ‘
__x1x1p+}a(p+,xz)’

2
Q;x'0; o i
Ki:8a(p™ x)—{ 3 +J+t8,-apﬁ—§x-’x’8,-
) . d
+ix’|:d¢+x]8j+‘,p+ap+ p+]}
Xa(p™,xh). (35)

We next deduce the transformation for the collective
fields. In creation-annihilation form A(x;, x;, Xy, X;) =
a(xy, X)a(xy,X,), we have 6JA(1,2) = da(l)a(2) +
a(1)8a(2) and any conformal generator

G= ] dx; dxy dx,dx,At gA
= ] dxy dxy d%,d%,AY (g, + §,)A. (36)

Denoting the conjugate momenta as (p;, p5, pi, p), we
can write down the following generators:

pm=rr +pz=—<%l?+%ié)’ (7
pT=pi+p, 38)
pi=pi+ph (39)

Mt =1pT — xypi — x5 pi, (40)
mt=1tp' — xipl — xhp3, (41)
mTh=x; pl+ox, ph+oxd Zj;[? xh I;;l;z (42)

d=1p~ +x;pi +x; py +xipl+xiph +2d,,  (43)

i
k™ = xixi P xb szp +xy (xy py +xipl + dy)
4pf 4p
+ x5 (x3 p; +xhph +dy), (44)
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kKt =2p~ + txipl + xhph + 2d,)

1 .. |
— St = 5 xbdps, (45)

=
I

J o
i P1P1 Pzpz
—t(x’1 + x + x; p1 + x; pz)
2py 22p

Y B RS
2x1x1p1

+xipl +dy) + Xy pr + xdpl +dy).  (46)

- gxaxgpa 207 pp

V. MAPPING TO AdS,

The correspondence introduced in [7] is specific for
CFT; < AdS,. We will from now on consider the case
of d = 3 for the vector model. In the light-cone notation,
there is only one transverse dimension x' = x and x* =
(xt, x7, x).

The AdS, space-time coordinates in the light-cone no-
tation (x* = ¢) are denoted with the Poincaré metric

2dtdx~ + dx? + dz?

Z2

ds? =

(47)

The lowercase transverse index i = 1 denotes x only, while
the uppercase transverse index I = (1, 2) denotes (x, z). In
AdS, higher-spin theory, the generators were worked out
by Metsaev in [18] which we now summarize.

A. Conformal Generators from Higher-spin Theory

The four-dimensional case has the unique property that,
after fixing light-cone gauge [21], the only physical states
are the *s helicity states [22]. Let us now explain how
to fix the light-cone gauge. Starting from the covariant
notation

|(D> = Z @/“'l'””’xa};] ..

s=1

where u = (0, 1, z, 3) in the case of AdS,, one fixes the
light-cone gauge in two steps. First, we drop the oscillators
a® = a° = a® and keep only the transverse oscillators a’,

t/ including the z component. The oscillators satisfy the

commutators

[al, at’] = &V,

-al, 10), (48)

[a!,a’]=[all,atV]=0. (49)
The spin matrix of the Lorentz algebra now takes the form

MY = atlag) — atlal. (50)
The next step is to impose a further constraint

T|®) =0, T=add (51)

so that only two components will survive. With the com-
plex oscillators
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1 1
a=—=(a +iay), an=—aJr+iaJr, 52
\/i( | 2) \/i( 1 ), (52)
_ 1 ) _ Loy oy
a=—=(a; — iay), alt = —(a{ —iay), (53)

7 7

we find the simple expansion for |®):

[o o)

D) = D (D (ah)r + Dy (ahHMIo). (54

A=1
This expansion obviously satisfies the constraint
T|®P) =0, T=aa. (55)
The spin matrix

M=cata - ata (56)

also reduces to (50).

In four dimensions, the only nonvanishing spin matrix is
M**. One can represent a = e!’, & = ¢~!%. In a coherent
basis, the operator M** becomes %. Then we have
®(x#,z,0) or in light-cone notation ®(x*, x~, x, z; 0).
The generators can be written as

G= f dx~dxdzd6® § . (57)

Denoting the conjugate momenta as (p*, p*, p%, p?), one
has [18]

_ __ D'pTtppt
p =

BT (58)
pr=r" (59)
pr=rp" (60)
mtT =1p” —x pt, 61)
mtY=tp*—xp™, (62)
m Y =x"p*—xp + p(’fz, (63)
d=1tp~ +x pt +xp*+zp*+d, (64)
k= —%()c2 +22)p +x (xpt +xp +zpi+d,)
+ p1+(()6pZ —zp)p’ + (p?)), (65)

~ 1
kt=2£p +tlxp*+zp+d,) —E(x2 +2%)p*,  (66)
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N 0 pz 1
k* = t(xﬁ_ _x—px _ P f ) +—()C2 _ Z2)px
p 2
+x(x"pT +zp* +d,) + zp’, (67)

where the scaling dimension d, = 1 in the case of AdS,.

B. The Map: Canonical Transformation

We will now show how the two pictures are related by a
canonical transformation. At this point, we will give the
classical transformation (it can be specified in its full
quantum version also). So in what follows, we do not
compare terms with d, which will receive quantum cor-
rections (due to ordering).

By relating (38)—(41) to (59)-(62), one can easily solve
for

Pt xps 68)
pi +ps
pt=pf +0p3, (69)
_xipl txp; (70)
pi +ps
p*=pi+po (71)
From (58), (63), (64), and (66), we get
2 (xl - XZ)ZPILp; (72)
(pT + p3)?
+ _ +)2
pipt = (p1p; . 112]91 ) ’ (73)
P P2
2wt = (1 = x)(p1py — psz), (74)
(i +p3)
p’p* = (x; —x3)(pip; — p2py)
+ 2 + 2
P> (p1)°  pi(p2) )
+ — — . 75
(xl x2)< 2]7? 2]7;— ( )

The solution to (72)—(75) can be written as

_ , + +
L= (x; — x2) P P2 , (76)

pi+p;

T ¥
P2 P
P*=4|=5P1 — 4P (77)
fo“ \ps
P T +(o— - xp—x [Py Pl
p’ =4pip> (xpy —x;) + > Fpl + sz .
| 2

(78)
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A nontrivial check of the consistency is given by compar-
ing (65)—(67) with (44)—(46).

We now turn to the construction of §. The condition that
6 Poisson commutes with p* implies 6 is a function of
Xy — xp, and the condition that # Poisson commutes
with p* implies that 6 is a function of x| — x;.
Requiring that @ Poisson commutes with x™, x, z, and p*
as well as 6 and p? Poisson commute to give 1, we obtain

p+
6 = 2 arctan —i (79)
Py

An important consistency check on the correctness of
the map that we have constructed is that all the Poission
brackets of the derived variables (like z and p? etc.) take
the canonical form with distinct canonical sets commuting
with each other. One can confirm the Poisson brackets

o pt = pt={zp}=1 (80)

and others vanish.

Finally, as a consequence of the above map, it follows that
the wave equation in the collective picture has a map [23] to
the wave equation of higher-spin gravity in four-
dimensional AdS background. This follows from the little
generators (37) and (58) coinciding after the canonical
transformation. The canonical transformation can be under-
stood as a point transformation in the momentum space [if
we interpret # as momentum (79), the other momenta are
given by (69), (71), and (77)]. Consequently, the transfor-
mation between the higher-spin field and bi-local field is
simple in momentum space

Cb(x*,x, Z 0) = fdp+dpxdpzei(x*p++xpx+zpz)

X/dpfdpz*dpldpzé(pf +p;—p")

X8(p+py— 1!7")5(101\/102/pl+ — i /D3 — pz)
X 6<Zarctan py/pi — 0)\1’(PT’P;,P1,P2), (81)

where W(pi, pS, py, o) is the Fourier transform of the
bi-local field W(x;, x5, x1, xp).

VI. CONCLUSION/ORIGIN OF THE EXTRA
DIMENSION

The main contribution of this paper is an explicit one-to-
one map between the collective field [in the case of the
O(N) vector model] and the field of higher-spin gravity in
four-dimensional AdS space-time. This map is defined by
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the canonical transformation which establishes the rela-
tionship between the coordinates of the bi-local collective
field and the coordinates of the AdS, space-time plus spin
variables. The map is one to one, in particular, the most
telling formula is the one for the extra radial coordinate of
AdS space-time

(x; — x,) PTP;

pi+p;

7=

Here we have an explicit expression, in terms of
the collective coordinates contained in the bi-local field.
The physical picture for this extra dimension is much like
the (collective) coordinates of solitons, which are con-
tained in the field itself but are nontrivial to exhibit.
Their origin is again through a canonical map from the
existing field degrees of freedom. Naturally, if the bound-
ary conditions are too restrictive, then these degrees will be
absent. In more recent phenomenological studies of scat-
tering processes in QCD, a dipole picture [24] was used
which can have a relation to the construction presented. It
is interesting to confront this collective mechanism for the
emerging dimension with other viewpoints such as holo-
graphic [25], Feynman diagrams [26], and stochastic quan-
tization [27].

Returning to future issues, we have the following. The
collective field theory gives a bulk Hamiltonian represen-
tation for the higher-spin gravity. It specifies an infinite set
of bulk interacting vertices, which can be explicitly eval-
uated. These can be compared with the higher-spin ap-
proaches, in particular, Vasiliev’s, and we expect to find
agreement. This comparison is presently being performed.
It is also interesting to consider various canonical gauge
fixings of Vasiliev’s theory.
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