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Circular motion of neutral test particles in Reissner-Nordstrom spacetime
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We investigate the motion of neutral test particles in the gravitational field of a mass M with charge Q
described by the Reissner-Nordstrom (RN) spacetime. We focus on the study of circular stable and
unstable orbits around configurations describing either black holes or naked singularities. We show that at
the classical radius, defined as Q%/M, there exist orbits with zero angular momentum due to the presence
of repulsive gravity. The analysis of the stability of circular orbits indicates that black holes are
characterized by a continuous region of stability. In the case of naked singularities, the region of stability
can split into two nonconnected regions inside which test particles move along stable circular orbits.
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L. INTRODUCTION

In general relativity, the gravitational field of a static,
spherically symmetric, charged body with mass M and
charge Q is described by the Reissner-Nordstrom (RN)
metric which in standard spherical coordinates can be
expressed as

A

2
ds? = — Sdi* + %d# + 12(d6? + sin20dp?), (1)
r

where A = r> — 2Mr + Q?, and the associated electro-
magnetic potential and field are

Q

r

Q

A = =dt, F=dA=—=dtAdr, 2)
r

respectively [1,2]. The horizons are situated at r. = M =
NI

The study of the motion of test particles in this gravita-
tional field is simplified by the fact that any plane through
the center of the spherically symmetric gravitational source
is a geodesic plane. Indeed, it can easily be seen that, if the
initial position and the tangent vector of a geodesic lie on a
plane that contains the center of the body, then the entire
geodesic must lie on this plane. Without loss of generality
we may therefore restrict ourselves to the study of equa-
torial geodesics with = 77/2.

The tangent vector u® to a curve x%(7) is u® =
dx®/dt = x*, where 7 is an affine parameter along the
curve. The momentum p% = pux* of a particle with
mass p can be normalized so that g, B)'c“)'cﬂ = —k, where
k=10,1,—1 for null, timelike, and spacelike curves,
respectively. For the RN metric we obtain
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on the equatorial plane. The last equation reduces to a first-
order differential equation

E2r2 r2 LZ
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where we have used the expressions for the energy,
E= —gaﬁf;"pﬁ = ,u%t', and angular momentum,
L =g.pt4pP = wr?¢ of the test particle which are con-

stants of motion associated with the Killing vector fields
& =9, and &, = 0, respectively. Equation (4) can be
rewritten as

2

E
P+ VEi=—,
§7

o (o (R

The investigation of the motion of test particles in the
gravitational field of the RN metric is thus reduced to
the study of motion in the effective potential V. In this
work, we will focus on the study of circular orbits
for which #+ =0 and V = E/u, with the condition
dV/dr = 0. A straightforward calculation shows that this
condition leads to [1-3]
L? rX(Mr — Q%)

=k , 6
w? r? —3Mr + 20? ©)

with
&)

an expression which we substitute in Eq. (5) to obtain (an
alternative analysis using an orthonormal frame is pre-
sented in the Appendix)

E> (P —2Mr+ Q%)?
w? r2(r2 — 3Mr + 20%)°

(7

Moreover, from the physical viewpoint it is important to
find the minimum radius for stable circular orbits which is
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determined by the inflection points of the effective poten-
tial function, i.e., by the condition 92V /3%r = 0. It is easy
to show that for the potential (5), the last condition is
equivalent to [4-7]

MP = 6M22 + 9MQ?r — 4Q* = 0. ®)

In this work, we present a detailed analysis of the
circular motion of test particles governed by the above
equations. We will see that the behavior of test particles
strongly depends on the ratio Q/M and, therefore, we
consider separately the case of black holes, extreme black
holes, and naked singularities.

II. BLACK HOLES

From the expressions for the energy and angular
momentum of a timelike particle (k= 1), we see that
motion is possible only for r > Q>/M = r, and for r> —

3Mr+202>0, ie., r< ry and r>r, , with r, =
[3M = {/(9M? — 80?)]/2. In fact, from Egs. (6) and (7)
it follows that the motion inside the regions r < r, and r €
(ry_,ry,) is possible only along spacelike geodesics. At
r = r,,,one finds instead that the velocity of test particles,
as defined in the Appendix, is v, =1, i.e., the circle
r=r,, represents a null hypersurface. On the other

hand, for a nonvanishing charge in the black hole region,
one can show that

ro<r, <r.<ry<r,, with ©)
ro=r-=r, =r.forQ=M
and r_=r, =r.forQ=0. (10)

The location of these radii for different values of the mass-
to-charge ratio is depicted in Fig. 1. In the black hole
region we limit ourselves to the study of circular timelike
orbits, i.e., orbits with r > Fy,-

The effective potential (5) for a test particle with a fixed
value of Q/M is plotted in Fig. 2, for different values of the
angular momentum L/(M ). At infinity, the effective
potential tends to a constant which is independent of
the value of the parameters of the test particle and of the
gravitational source. In our case, this constant is normal-
ized by choosing the value of the total energy of the
particle as E/u. Moreover, as the outer horizon is ap-
proached from outside, the effective potential reaches its
global minimum value which is zero. This behavior is
illustrated in Fig. 3 where the effective potential is depicted
for a specific value of Q/M and different values of
L/(M ). The radius of a circular orbit, rcq, is determined
by the real positive root of the equation

2 2 272
Mr — (Q2 + L—z)r2 + BMf r— 2Q2L =0. (11)
s 7 s
In general, in the region r > r,, circular orbits do not
always exist. For instance, for Q = 0 circular orbits
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FIG. 1. In this graphic the radii r, =[3M+
JOMZ =80%)]/2 and r. = M +JM?> — Q2, and r, = Q*/M
are plotted. Timelike circular orbits exist only for r>r, ,
whereas r = r,,, represents a null hypersurface. Circular motion
inside the regions r <r, and r € (r ) is possible only
along spacelike geodesics.

vy Ty,

exist only for values of |L/(uM)| > V12 = 3.45, whereas
for Q = M and Q = 0.5M the existence condition implies
that |L/(uM)| >+/8 =283 and |L/(uM)|>3.33,
respectively.

In this context, it is interesting to explore the stability
properties of the circular motion at r = r¢g. To find the
explicit value of the last stable radius, we solve the condi-
tion (8) in the black hole region and find

FIG. 2. The effective potential V for a neutral particle of mass
# in a RN black hole of charge-to-mass ratio Q/M = 0.5 is
plotted as a function of r/M in the range [1.87, 8], and the
angular momentum L/ in [0, 10]. In this case the outer horizon
ry = 1.87M, and r,, = 2.823M (see text). Circular orbits exist
for r > 2.823M. The solid line represents the location of circular
orbits (stable and unstable). The last circular orbit is represented
by a point. The number close to the plotted point represents the
radius r/M = 5.6, the angular momentum L/u = 3.34, and the
energy E/M = 0.939 of the last stable circular orbit.
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FIG. 3. The effective potential V for a neutral particle of mass
p in a RN black hole of charge Q and mass M is plotted in
terms of the radius r/M for different values of the angular
momentum L* = L/(Mu) and Q = 0.5M. The outer horizon
is located at r, = 1.87M. The effective potential has a mini-
mum, Vi, = 0.93, at ryi, = 5.60M, for L* = 3.34. The plotted
points represent local extrema.
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FIG. 4. The radius of the last stable orbit r..,/M is plotted as a
function of the ratio Q/M. Numbers close to the points represent
the value of the energy E/u and of the angular momentum
L/(uM) (underlined numbers) of the corresponding orbit.
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(12)

As expected, in the limiting case Q — 0, we obtain the
Schwarzschild value r{Z¥ = 6M. The value of ry, de-
creases as Q/M increases, until it reaches its minimum
value rlin = 4M at Q/M = 1. The general behavior of
Fiseo 10 terms of the ratio Q/M is illustrated in Fig. 4.

Orbits with r > ry,, are stable. Circular motion in the
region r,, <r <ry, i completely unstable. Since the
velocity of a test particle at r = r,, must equal the velocity
of light, one can expect that a particle in the unstable region
will reach very rapidly the orbit at r = ry,. For a static
observer inside the unstable region, the hypersurface
r = r, might appear as a source of “repulsive gravity.”
This intuitive result can be corroborated by analyzing the
behavior of energy and angular momentum of test particles.
Indeed, Fig. 5 shows E/u and L/(Mu) as functions of
r/M, for different values of the charge-to-mass ratio of the
black hole. Both quantities diverge as the limiting radius
r = r,, is approached, indicating that an infinite amount of
energy and angular momentum is necessary to reach r =
ry, . As the ratio Q/M increases, the values of the energy
and angular momentum at the last stable orbit decrease. For
large values of the radius, the energy of circular orbits
approaches the limit £ = u, and the angular momentum
L/(Mu) increases monotonically. A more detailed illus-
tration of this behavior in the case of the energy of the test
particle is represented in Fig. 6 which shows E/u in terms
of the ratio Q/M and the radial distance r/M.

The analytical expressions for the energy and angular
momentum at the last stable orbit can be obtained

FIG. 5. The pictures show (a) the energy E/u and (b) the angular momentum L /(M) = L* of a circular orbit as a function of

r/M. Notice that for Q = 0, the relevant radii are r, = 2M and ry. = 3M, and the minima are E;, /i

=~ (0.943 and L?

min

=~ 3.46,

with .y, = 6M. Furthermore, for Q = 0.5M, we obtain r, =~ 1.87M and r,, = 2.83M, so that the minima are E,;,/u = 0.939 and

L*

min

~ 3.34, with ry;, = 5.61M. The energy and angular momentum diverge as the limiting radius r

y+ is approached.
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FIG. 6. The energy E/u of a test particle on a circular orbit as
a function of r/M and charge-to-mass ratio Q/M € [0, 1]. The
radius of the last stable circular orbit is also plotted (thick line).
Numbers close to the points correspond to the energy and the
angular momentum (underlined numbers) of the last stable
circular orbit.

by introducing expression (12) into Eqs. (6) and (7).
A numerical analysis of the resulting expressions shows
the behavior depicted in Fig. 7.

As a general result, we obtain that the values for the
radius of the last stable orbit as well as of the correspond-
ing energy and angular momentum diminish due to the
presence of the electric charge. Physically, this means that
the additional gravitational field generated by the electric
charge acts on neutral particles as an additional attractive
force which reduces the radius of the last stable orbit [4—7].

Extreme black hole

In the case of an extreme black hole (Q = M), the outer
and inner horizons coincide at r. = M. The effective
potential vanishes at the horizon and tends to 1 as spatial
infinity is approached. In this open interval no divergencies
are observed. This behavior is illustrated in Fig. 8 where
the effective potential
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FIG. 8. The effective potential V for a neutral particle of mass
o in the field of an extreme RN black hole is plotted as a
function of the radius r/M for different values of the angular
momentum L* = L/(Mu). The outer horizon is located at
ry = M. For L* =~ 2.83 the effective potential has a minimum
Vinin = 0.91 at r;, = 4M. There is a maximum V= 1.35
at r=2.19M for L* =5, and for L* = 10 the maximum
Vinax = 2.55 is located at r = 2.04M.

L2 M
,LLI” r

v (13)

is plotted for different values of the angular momentum
L/(Mu). For Q = M the radius of circular orbits is

L= Ly—8u’M* + L?

reo _
2u>M?

M

(14)

The energy and angular momentum of test particles
moving along circular orbits are given by

E>  (r—Mm) L> Mr s
u? R2r—2Mm) > r—2M (15)
Consequently, timelike circular orbits are restricted by the
condition r > r,, = 2M. Figure 9 shows the behavior of
these quantities in terms of the radial distance. As r — 2M,
the energy and angular momentum diverge, indicating that
the circular motion at r,,, is possible only along null geo-
desics. As expected, the local minimum of these graphics
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FIG. 7. Plots of the energy Ej,.,/M (a), and the angular momentum L,.,/(uM) (b) of the last stable circular orbit in terms of the

ratio Q/M of the black hole.
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FIG. 9. Plots of (a) the energy E/u and (b) the angular momentum L. /(Mu) = L* of a neutral test particle in circular motion
around an extreme RN black hole. The outer horizon is ri = M and r, = 2M. At r = 4M the minimum values of the energy
Epin/ v = 0.91 and angular momentum L. = 2.83 are reached.

determines the radius of the last stable orbit. At r = ri, =
4M, the energy is E = 0.918 1 and the angular momentum
L =22uM.

III. NAKED SINGULARITY

In the naked singularity case Q > M and the energy and
angular momentum of the test particle can be written as

Mr—Q?
Fry——.
P — 3Mr-i-2Q2
(16)

In Fig. 10 a three-dimensional plot shows the energy as a
function of both the circular orbits radius and the charge-
to-mass ratio of the black hole.

From the expressions for energy and angular momen-
tum, we see that it is necessary to consider four different

E_ r-2Mr+Q? Ly _

L & r2—3Mr+2Q2’ M

1.00

[

/A

E/u

1.10

/M 0

(a)

cases: the value r = r, = Q*/M, the region inside the
interval 1 < Q?/M? < 9/8, the value Q*/M?* = 9/8, and
finally the region defined by Q>/M? > 9/8. In Figs. 11 and
12 the behavior of the effective potential is exemplified
for different values of the ratio Q/M.

Notice that for a RN naked singularity (Q/M > 1) the
following inequality holds:

7)

where r,, =[3M * /(OM* — 80%)]/2 are the radii at

which the value of the angular momentum and the energy
of the test particle diverge [8—13].

A. Static test particles

Consider the orbit at r = r,. In the naked singularity
case the timelike condition for the velocity v, is satisfied

(b)

FIG. 10. Plot of the energy E/u of a neutral particle in circular motion around a RN naked singularity as a function of r/M and Q/M
in the interval [1, 1.6] (a) and in the interval [1.1, 2] (b). The line r, = Q%/M is also plotted. Numbers close to the points represent the
energy and the angular momentum (underlined numbers) of the last stable circular orbits.
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FIG. 11. The effective potential V for a neutral particle of mass

w in a RN naked singularity with Q/M = 1.1 is plotted as a
function of the radius r/M for different values of the angular
momentum L* = L/(Mu). The classical radius r, = Q*/M =
1.21M is represented by a dashed line. For L* = 0 the effective
potential presents a minimum V,;, = 0.42 at ry;, = r.. For
L* = 3.37 the minimum V,;,/u = 0.95 is situated at rp;, =
8.97M.

only for r = r, [see Eq. (A4)]. In the limiting case r = r,,
a timelike orbit with

2

Ly =0, Eo -

M Q

is allowed [8]. It is interesting to note that r, = Q?/M
coincides with the value of the classical radius of an
electric charge which is usually obtained by using a com-
pletely different approach. This value appears here as the
radius at which a particle can remain “‘static” with respect
to an observer at infinity. This is an interesting situation
which can be explained intuitively only by assuming the
existence of a “repulsive” force. The above expression for
the energy of the particle indicates that only in the case of a

(18)

2.0
1.8 r
1.6
14
1.2
1.0f
0.8
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naked singularity a real value for the energy can be ob-
tained. In fact, in the case of a black hole, the radius r.. is
situated inside the outer horizon so that r, cannot be
reached by classical test particles. We conclude that the
repulsive force can be the dominant gravitational force
only in the case of a naked singularity.

B. The interval 1< Q%/M?<9/8

In the first region, for 1 < Q?/M? < 9/8 [see Fig. 12(b)],
timelike circular orbits can exist in the regions r, < r < Ty,
and r>r, . The boundaries r = r,  correspond to null
geodesics, as can be seen from the expression for the
velocity along circular orbits as defined in the Appendix
(vy, = 1). This implies that there are two regions defined
by r<r, and r € [r, ,r, ] where no timelike particles
can be found. This behavior is schematically illustrated in
Fig. 13. In the limiting case Q*>/M? — 1, the classical radius
coincides with r,,_ and therefore the only particle that can
remain static on the classical radius must be a photon.

C. The case Q>/M?* =9/8

For Q*/M? = 9/8, the exterior and interior photon or-
bits situated at r,,, and r,_ coincide. The effective poten-
tial behaves as illustrated in Fig. 14. Local minima can be
found in different regions, depending on the value of the
angular momentum of the test particle. Timelike circular
orbits exist for all r>r,, except at r =r,. =3M /2,
which corresponds to a photon orbit. The energy and
angular momentum of circular orbits are given by
E_r—2Mr+3M? L, \/M(r—%M)

- I

;. _3 _
n r(r EM) n r—s

19)

and are plotted in Fig. 15. As the photon orbits are ap-
proached, the particle velocity tends to v, = 1 and the
energy and angular momentum diverge.

0.6 -
0

FIG. 12. The effective potential V for a neutral particle of mass u in a RN naked singularity. Plot (a) is for Q/M = 1.5 so that
r. = Q*/M = 2.25M. For the lowest value L* = 0 at r = r,, there is global minimum with V,,;, = 0.74. The value of V,;, increases

as L* increases. Plot (b) corresponds to Q/M = 1.06, and shows the characteristic radii r, = 1.12M, ry, = [3M +
VOM? —80%)]/2 = 5.55M and r, =[3M —+/(9M? —80?)]/2 = 1.44M. For L* = 0 the global minimum is at r = r, with
Viin = 0.33. As L* increases, the value of V., increases, and at L* = 2.7 a second local minimum appears. The first one with
Viin = 0.81 is at ry;, = 1.29M and the second one with V,;, = 0.91 is located at r;, = 3.5M.
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3.0 . . : .

/M

FIG. 13. The pictures show (a) the energy E/u and (b) the angular momentum L. /(M u) = L* of a neutral particle moving on a
circular orbit around a RN naked singularity with Q/M = 1.06 < \/9% The shaded regions are forbidden, i.e., circular orbits can
exist only in the regions defined by r, <r<r, and r>r, , where r, = Q*/M = 1.12M, r,, =[3M —/(OM? — 80?)]/2 =
1.44M,and r, = [3M + /(9M? — 80Q?)]/2 = 1.55M (see text). A minimum for the energy and the angular momentum is located at
Fmin = 3.55M, where L} . = 2.69 and E;,/u = 0.91. Moreover, L*(r..) = 0 and (E;,/u)(r.) = 0.33.

orbits can exist in this case. The energy and the angular
momentum are plotted in Figs. 16 and 17. The angular
momentum increases as the radius of the orbit /M in-
creases. In the limit of large values of r, the energy tends to
E=p.

E. The last stable circular orbit

To analyze the stability of circular orbits around a RN
naked singularity, we solve Eq. (8) under the assumption
that Q > M. It turns out that real solutions exist only in the
interval 1 < Q/M < +/5/2. They can be represented as

o - Jor
Froo = 2M + 24/4M* — 3Q

FIG. 14. The effective potential V for a neutral particle of mass 1 SM* — 9M2Q? + 20*
w4 in a RN naked singularity with Q/M = /9/8 is plotted as a X cos 3 arccos MAME — 30272 ) (20)
function of the radius r/M for different values of the angular ( Q%)

momentum L* = L/(Muw). In this case, r, = Q?>/M = 1.12M

and r, = [3M = J(OM* — 80%)]/2 = 1.5M.

+ _ / 2 _ a2
D. The region Q*/M?*>9/8 Mo = 2M = 294M" = 30
4 _ op22 4
_ For Q2/M2 > 9/8, the effective. pot.entia} behaves as > Sinl:l arcsin(SM 92M 0 jsz )]’ @1)
illustrated in Figs. 11 and 12(a). Timelike circular orbits 3 M(4M? — 30?%)
can exist for all r > r,. The timelike velocity condition
(v, <1) is always satisfied so that no limiting photon  apd
14 14} !
12¢ 12F i
10f 10f i
8t L. E !
E/u | o E’ |
a4t 4t i
2t 2r , 1"71
obs /! ok /A ‘ ‘
0 1 0 1 2 3 4

/M

FIG. 15. Behavior of (a) the energy E/u and (b) the angular momentum L, /(Mu) = L* of a neutral particle moving along a
circular orbit around a RN naked singularity with Q/M = 4/9/8. Shaded regions are forbidden for timelike particles.
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FIG. 16. The pictures show (a) the energy E/u and (b) the angular momentum L, /(M) = L* of a neutral particle moving along a
circular orbit in a RN naked singularity with Q/M = 1.1 as a function of »/M. The shaded regions are forbidden. Circular orbits can
exist only for r > r, = 1.21M. A minimum of the energy and the angular momentum is located at r;, = 3.08M, where L, =~ 2.57
and E;,/pn = 0.90. Moreover, L*(r,,) = 0 and (E;,/p)(r.) = 0.33.

0951
Q=3
0.90 1

E/u 0.85f
0.80

0.75

10

/M

(@)

FIG. 17. The pictures show (a) the energy E/u and (b) the angular momentum L. /(M ) of a test particle of mass u in the field of a
RN naked singularity as a function of /M and for different values of the ratio Q/M, satisfying the condition (Q/M)?* > 9/8 (see text).
Circular orbits can exist only for r > r, = Q*/M.

5T : : : : : 5 4.0 2 aap
N //089 25l 0916 oo 27
4 28 |Q=1.061 M y 0 . 0911
5 . ]
\ 02971 r*/ - ‘ 0.37 3.0 3
I - L =1.061
/M 3r _ 7083 1 /M 2.5 Q
re - a | .
el 1% - 20~
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QM QM
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FIG. 18 (color online). The radius of the last stable circular orbit (solid line) of a neutral particle moving in the field of a RN naked
singularity. The ratio Q/M varies in the interval [1, 2.2] in plot (a), and in the interval [1, 1.15] in plot (b). The dashed curve represents

the classical radius r. = Q*/M. The dotted curve corresponds to photon orbits with radius r,, = [3M — +/(9M? — 80?%)]/2, whereas

the dot-dashed curve denotes the photon orbits with radius r, = [3M + +/(9M? — 80%)]/2. Shaded regions are forbidden. In the
interval 1 < Q/M < 1.061 circular orbits can exist only for r, <r<r, (all stable) and r > r, (unstable for r, <r<rj and
stable for r > rit ). For Q/M > 1.061 and r > r, the region of stability divides into two separated regions: r, < r < ri,and r > r .

The numbers close to the plotted points denote the energy E/u and the angular momentum L/(wM) (underlined numbers) of the last
stable circular orbits.
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re = 2M — 24/4M? — 30?

7 1
X sin E—F—arccos

! 8M* — OM?*Q? + 2Q4):|‘ 22)

M(4M? — 30%)3?

However, it can be shown that in this interval it holds
that r, < Q*/M = r,, i.e., this solution is located inside
the classical radius where no timelike circular geodesics
are allowed. Moreover, ry.., < ri., in the entire interval,
except at /M = /5/2, where Fiseo = Tihco- FOr O/M >
NG /2 no solutions of Eq. (8) exist in the region defined by
r>Q?/M so that for (Q/M)?>>9/8 the last stable
“circular” orbit is located precisely at r = r, = Q*/M.
This situation is sketched in Fig. 18, where it can be seen
that the energy of a particle located at » = r, increases
as the charge-to-mass ratio increases. In the interval

PHYSICAL REVIEW D 83, 024021 (2011)

1< Q/M<+/5/2, the energy and angular momentum of
circular orbits situated on r = rj,_ increase as the ratio
Q/M increases. On the contrary, in the interval 4/9/8 <
Q/M < +/5/2, the energy and angular momentum of cir-
cular orbits with radius r = r| increase as the ratio Q/M
decreases. This is due to the fact that at Q/M = \/9_/_8 the
radius ri ., coincides with the radii r,, and r,_ which
correspond to photonlike orbits. For Q/M > +/5/2, the last
stable circular orbit is situated at the classical radius r, =
Q?/M and the entire region r > r, is a region of stability.
For m <Q/M< NG /2, there are two regions of stable
orbits, namely, r, < r < r,, and r > rjf_, separated by a
zone of instability defined by ri,, <r<r/,. For 1<
o/M < \/9%, two regions of stable orbits appear at r, <
r<r, andatr>r; these regions are separated by the

Y-

FIG. 19. The effective potential V for a neutral particle of mass w in a RN naked singularity is plotted as a function of the radius r/M
and of the angular momentum L* = L/(M ). Solid lines represent the radii of circular orbits. The last stable circular orbit radius is
denoted by a point. Plot (a) is for Q = 1.1M so that r, = 1.04M, r,,_ = 1.95M. The classical radius is r. = 0%/M = 1.21M, where
L* = 0 and V,,;, = 0.42. Unstable circular orbits are in r < 3.94M and at r = 3.94M, the values are L* = 2.81 and V/u = 0.91. Plot
(b) is for Q = 1.08M so that r,,, do not exist and r, = 0%/M = 1.16M with V,;,(r.) = 0.37. Stable orbits are in the interval r, <
r < 1.68M and at the boundary, r = 1.68M, the values are L* = 3.55 and V/u = 1.10. The interval 1.68M < r < 3.35M corresponds
to unstable orbits with the boundary values L* = 2.64 and V/u = 0.90 at r = 3.35M. Stable orbits are located at r > 3.35M. Plot
(c) is for Q = 2M and r, = 4M. Stable circular orbits exist for » > 4M and at the boundary V(4M) = 0.86w.
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0.0

(b)

FIG. 20. The pictures show the energy E/u (a) and the angular momentum L, /(uM) (b) of a test particle moving along a circular
orbit around a RN source as a function of r/M and the charge-to-mass ratio Q/M in the range [0, 2]. The curve r = r, = Q*/M is also
plotted. The numbers close to the points denote the energy and the angular momentum (underlined numbers) of the last stable circular

orbits.

forbidden region, ry <r<r,,, in which no circular
timelike orbits exist, and by the instability region located
at r’Y+ <r< r?s_co’

The curves representing the radii of stable circular orbits
are also shown in Fig. 19, where the effective potential is
plotted for selected values of the Q/M as a function of the
angular momentum and the radius.

IV. BLACK HOLE VERSUS NAKED SINGULARITY

The main results obtained from the study of RN black
holes and naked singularities are here summarized and
compared in the plots of Figs. 20-22.

In the three-dimensional plots of Fig. 20 the energy and
the angular momentum (7) are shown as functions of the
circular orbits radius and the charge-to-mass ratio Q/M,
for both black hole and naked singularity cases.

Figure 21 shows the circular orbits radius as a function
of the angular momentum for different black holes and
naked singularities. The cases of a Schwarzschild space-
time and the Newtonian limit are also plotted for compari-
son. Clearly, for large values of r/M all the curves
converge to the Newtonian limit. Finally, the study of the
circular orbits stability for neutral test particles in the RN
spacetime is summarized in Fig. 22 where the radius of the
last stable circular orbits is plotted as a function of Q/M.

The location and structure of the stability regions
for neutral particles around a black hole differ in a very
strong way from the case of a naked singularity. Black
hole sources are characterized by the existence of only
one stability region which can extend from a minimum

radius ri, € [4M,6M] up to infinity. In the case of a
naked singularity there are two possible scenarios. If the
mass-to-charge ratio satisfies the condition Q/M = +/5/2,
there exists only one stability region which extends
from the classical radius r, = Q>/M up to infinity. The
second scenario appears in naked singularities with

Q=M

Q=1.061M A

P S EE S S R

6 8 10
L/(u M)

FIG. 21. The radius r/M of circular orbits for a neutral particle
of mass w in a RN geometry of charge Q and mass M is plotted
as a function of the angular momentum L/(uM) for different
values of the charge-to-mass ratio Q/M in the interval [0, 2]. The
radius of circular orbits for the Newtonian limit (dashed curve)
and for the Schwarzschild spacetime (dot-dashed curve) are also
plotted. The plotted points represent the last stable circular
orbits. Black curves correspond to stable circular orbits, and
gray curves denote unstable circular orbits. The dotted line
represents the classical radius » = r, = Q*/M.
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6;;13"0942"”4””H'“HH”H”Hj
sk ]
f 919 Q=1.061 M ]
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FIG. 22 (color online). The radius r/M of the last stable
circular orbit of a neutral particle of mass p in a RN geometry
of charge Q and mass M is plotted as a function of the ratio Q/M
in the interval [0, 1.5]. Here r . = [3M * {/(OM* — 80?)]/2
and r. = M + 4/M? — Q7 (see text). In the Schwarzschild case,
Q =0, we find r, = 6M, r, =2M, and r, = 3M. For an
extreme black hole, O = M, we find ri, = 4M with r, = M
and r,,, = 2M. The numbers close to the plotted points denote
the energy E/u and the angular momentum L/(uM) (under-
lined numbers) of the last stable circular orbit.

charge-to-mass ratio within the range 1 < Q/M < +/5/2.
In this case, we have two stability regions separated by
either a region of instability or a forbidden region, where
no timelike circular orbits are allowed, and a region of
instability.

V. CONCLUSIONS

In this work we discussed the motion of neutral test
particles along circular orbits in the RN spacetime. We
studied separately the case of black holes and naked sin-
gularities, emphasizing their differences. Our analysis is
based on the study of the behavior of an effective potential
that determines the position and stability properties of
circular orbits. We also investigated in detail the behavior
of the energy and angular momentum of the test particle in
all possible configurations of black holes and naked
singularities.

We found that at the classical radius r» = r, = Q*/M
circular orbits exist with “zero” angular momentum. This
means that a static observer situated at infinity would
interpret this situation as a test particle that remains mo-
tionless (r = Q?/M = const, ¢ = const) as time passes.
This phenomena can take place only in the case of a naked
singularity and is interpreted as a consequence of the
repulsive force generated by the charge distribution.

Black holes turn out to be characterized by a single zone
of stability which extends from a minimum radius ry, up
to infinity. The radius of the last stable circular orbit has its
maximum value of r,., = 6M in the Schwarzschild limit-
ing case, and reaches its minimum value of ri,., = 4M in

PHYSICAL REVIEW D 83, 024021 (2011)

the case of an extreme black hole. The situation is com-
pletely different in the case of naked singularities. If the
mass-to-charge ratio satisfies the condition Q/M = /5/2,
there exists only one stability region which extends from
the classical radius r, = Q?/M up to infinity. In this case,
the classical radius determines also the radius of the last
stable orbit that could be, in principle, as large as allowed
by the amount of charge Q that can be associated to a
given mass M. If the charge-to-mass ratio is within the
range 1 < Q/M < NG /2, we found two stability regions
that are separated either by a region of instability, in the
interval \/5/—2? <Q/M< NG /2, or a region of instability
and a region forbidden for timelike orbits, in the interval
1<0O/M< J§7§ This result implies that around a naked
singularity with 1 < Q/M < +/5/2 the region of stability
splits into two nonconnected regions in which test particles
can remain orbiting forever.
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APPENDIX

Let us introduce an orthonormal frame adapted to the
static observers:

Al/z
e;=rA"129, ep=——20,
r
1 1 (A1)
=0, ;=
€ P 4 rsing ¢
with dual
A2 .
P p— o’ = rA"124r,
R g . (A2)
w’ = rdé, w?® = rsinfd¢.

Consider the tangent to a (timelike) spatially circular orbit
u? as

u="T(,+{ay) = yle; + veyl

where I" and 7y are two normalization factors:
2= (_gtt - gzgdmb)ﬂ and 72 =(1- V2)71

which assures that u,u® = —1, where { is the angular
velocity with respect to infinity and v is the “local proper
linear velocity™ as measured in the frame (A1). The angu-
lar velocity ¢ is related to the local proper linear velocity

by
F= |- 81 v,
V oo
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so that I' = y/,/=g,,. Here { and therefore also v are
assumed to be constant along the u orbit. As usual, we
limit our analysis to the equatorial plane; as a convention,
the physical (orthonormal) component along —dg4, perpen-
dicular to the equatorial plane, will be referred to as along
the positive z axis and will be indicated by Z and so
e; = —e,. Here we focus attention to the timelike circular
geodetic u. such that V, u. = 0, corotating ({,) and
counterrotating ({_) with respect to the assumed positive
(counterclockwise) variation of the ¢ angle, respectively.
It results:

ViMr—0?)

{+ =% =2 2 , (A3)
so that
,Mr % A 1/2
Ve T A YT <r2 —3Mr+ 2Q2) (A4)
Ue =2 (3, = Lag) = yler = veegl  (AS)

VT 8

with timelike condition v, <1 satisfied.
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The particle’s four-momentum is given by p% = pu?,
where u“ is given by (A5). The conserved quantities asso-
ciated with temporal and azimuthal Killing vectors &, and
&4 are, respectively,

Paél = —UN8uY, = —E;

Yele”
pagg = iM — =Li’

N 8w

where E and L are the particle’s energy and angular
momentum, respectively. Substituting (A4), we infer

E A
M r\/r2—3Mr+2Q2,

,_QZ
L. A

s .
Mpu VMAP = 3Mr + 207

(A6)

These results are in agreement with the results obtained by
the study of the effective potential.
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