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Kinetic analysis of thermally relativistic flow with dissipation
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Nonequilibrium flow of thermally relativistic matter with dissipation is considered in the framework of
the relativistic kinetic theory. As an object of the analysis, the supersonic rarefied flow of thermally
relativistic matter around the triangle prism is analyzed using the Anderson-Witting model. Obtained
numerical results indicate that the flow field changes in accordance with the flow velocity and temperature
of the uniform flow owing to both effects derived from the Lorentz contraction and thermally relativistic
effects, even when the Mach number of the uniform flow is fixed. The profiles of the heat flux along the
stagnation streamline can be approximated on the basis of the relativistic Navier-Stokes-Fourier (NSF)
law except for a strong nonequilibrium regime such as the middle of the shock wave and the vicinity of the
wall, whereas the profile of the heat flux behind the triangle prism cannot be approximated on the basis of
the relativistic NSF law owing to rarefied effects via the expansion behind the triangle prism. Additionally,
the heat flux via the gradient of the static pressure is non-negligible owing to thermally relativistic effects.
The profile of the dynamic pressure is different from that approximated on the basis of the NSF law, which
is obtained by the Eckart decomposition. Finally, variations of convections of the mass and momentum
owing to the effects derived from the Lorentz contraction and thermally relativistic effects are numerically

confirmed.
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I. INTRODUCTION

Relativistic fluid dynamics have become a very signifi-
cant issue in astrophysics [1] or high-energy physics [2]
related to quark-gluon plasma. However, the conventional
analysis of relativistic fluids is mostly limited to the analy-
sis using the relativistic Euler equation [3], because the
construction of the relativistic hydrodynamic equation with
dissipation includes two serious problems. One is the prob-
lem of acausality [4]. The other is the problem of instability
[4]. The acausality emerges in the diffusion term in the
relativistic Navier-Stokes-Fourier (NSF) equation owing to
its parabolic form. The improvements to the most classic
theory of the relativistic NSF equation proposed by Eckart
[5], which involves the above two problems, were carried
out by many researchers. For example, another frame,
which is different from that proposed by Eckart, was
proposed by Landau-Lifshitz [6], or Tsumura-Kunihiro
[7]. Another approach to avoid the problem of acausality
was proposed by introducing the second-order hydrody-
namics [8] and the hydrodynamics above the second order
[9,10] or the telegraphist’s equation [11]. In the recent
studies [12,13], the acausality can be dismissed from the
viewpoint of physical scaling regardless of the parabolic
form. Meanwhile, the numerical solver of the relativistic
hydrodynamics equation with dissipation is developed. For
example, the numerical code to solve the Israel-Stewart
equation was developed by Bouras et al. [14], and the
reduced dissipative general relativistic hydrodynamics
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equation was solved for the black hole formation by
Duez et al. [15].

The relativistic Boltzmann equation is known to be free
from the above mentioned problems [16], namely, acausal-
ity and instability. However, direct simulation of the
relativistic Boltzmann equation has not been reported ow-
ing to a more complex collision term than that of the non-
relativistic Boltzmann equation, whereas the analysis using
stochastic method has been reported [17,18]. Fortunately,
we have the Bhatnagar-Gross-Krook (BGK) [19] type ki-
netic equations as a reduced model of the relativistic
Boltzmann equation. The most classic relativistic BGK-
type model is the Marle model [20]. Afterwards, the
Anderson-Witting (AW) model [21] was proposed as an
extended model of the Marle model. In this paper, we
discuss the relativistic flow with dissipation by solving
the AW model instead of solving the relativistic hydro-
dynamic equation or the relativistic Boltzmann equation,
whereas Mendoza et al. [22] discussed the relativistic flow
with dissipation by applying the Marle model to the
Lattice-Boltzmann method. The equilibrium function is
the Maxwell-Jittner function by following a recent study
[23], although there exists a proposal of another form [24]
of the equilibrium function. As a decomposition method,
the Eckart decomposition is used, because significant quan-
tities in the calculation of the AW model, namely, con-
served quantities (i.e., the density, momentum, and energy),
can be correctly decomposed by the Eckart decomposition.

As an object of analysis, the supersonic rarefied flow of
thermally relativistic matter around the triangle prism,
which has an infinite length in the direction perpendicular
to the uniform flow, is considered in flat spacetime,
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whereas the extension to the curved spacetime is studied
by Yano et al. [25]. Thermally relativistic matter is char-
acterized under the condition ¢ = mc?/(kf) = 100
(m: mass, c: speed of light, k: Boltzmann constant, 6:
temperature). In particular, transport coefficients markedly
change at { = 10 [26]. Such relativistic changes in ther-
modynamics from the nonrelativistic thermodynamics
(i.e., change in definition of the specific heat, transport
coefficients as the functions of the temperature (or ¢),
which are different from those in the nonrelativistic case)
are called thermally relativistic effects.

The flow field around the triangle prism includes some
interesting phenomena, such as the shock wave, expansion
wave and vortex. The nonrelativistic flow field is deter-
mined from the Mach number (M,, where the subscript oo
indicates the state in the uniform flow) and the rarefaction
parameter such as Knudsen number [27] of the uniform
flow, whereas the relativistic flow field is determined from
{» and the Lorentz factor (y.) of the uniform flow to-
gether with M, and the rarefaction parameter. Such effects
owing to the Lorentz contraction and thermally relativistic
effects are explicitly expressed in the relativistic NSF
equation in Sec. III to help later discussions on relativistic
effects on the convection of fluids in Sec. IV. In this paper,
{ is changed for the parametric study using the fixed M,
and the rarefaction parameter 47ronL (o collision cross
section, n,: number density of the uniform flow, L: repre-
sentative length), where vy, is readily determined using
and M. On the basis of the fact that the BGK model is the
nonrelativistic limit ({ — co A y = 1) of the AW model,
we discuss relativistic effects via { and 7y for the fixed
M, = 3.247 through comparisons among flow fields ob-
tained with the AW model using three types of {,, namely,
{w = 45, 60 and 75, and the BGK model. In our calcula-
tion, the uniform flow is sufficiently rarefied to observe the
shock wave structure. Consequently, rarefied effects,
which are described using terms over the Burnett order
[28], are significant in the nonequilibrium regime of the
flow field. The AW model presumably yields a solution
similar to that obtained using the relativistic Boltzmann
equation in such a rarefied regime, as the BGK equation
yields a solution similar to that obtained using the non-
relativistic Boltzmann equation in the rarefied regime [27].
Profiles of the heat flux along the stagnation streamline
(SSL) can be approximated using the relativistic NSF law
but for the strong nonequilibrium regime such as the
middle of the shock wave and the vicinity of the wall. On
the other hand, profiles of the heat flux along the wake
streamline (WSL) cannot be approximated using the rela-
tivistic NSF law owing to the rarefied effects via the
expansion behind the triangle prism. Additionally, the
heat flux via the gradient of the static pressure is non-
negligible owing to thermally relativistic effects. Profiles
of the dynamic pressure indicate that the magnitude of the
obtained dynamic pressure is one digit smaller than that
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approximated by the relativistic NSF law, and the sign of
the obtained dynamic pressure is opposite to that approxi-
mated by the relativistic NSF law.

This paper is organized as follows. In Sec. II, we review
the numerical method by Yano et al. [29] to solve the AW
model. In Sec. III, the effects derived from the Lorentz
contraction and thermally relativistic effects are explicitly
expressed in the relativistic NSF equation. In Sec. IV, the
supersonic rarefied flow of thermally relativistic matter
around the triangle prism is numerically analyzed. In
Sec. V, we provide concluding remarks.

II. NUMERICAL METHOD OF SOLVING
THE ANDERSON-WITTING MODEL

The Anderson-Witting model is given by [21]
o« 9
p —_—

U¢p
pyv el G O (1)
X ctr
where x® = (ct, x', X2, x%), p* = my(v)(c, v}, v?, v?), in

which m is the particle mass and y(v) is the Lorentz
factor given by y(v) = 1/4/1 — v*/c?), c is the speed of
light and v’ is the ith component of the particle velocity
for i(=1,2,3), and f = f(x% p’) (i=1, 2, 3) is the
distribution function. f© in Eq. (1) is an equilibrium
function called the Maxwell-Jiittner function, and can be
defined as
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where ( is given by { = ’Z—gz, in which £ is the Boltzmann
constant, and 6 is the temperature. K, is the nth order
modified Bessel function of the second kind and U{ is the
four velocity of flow defined by Landau-Lifshitz [6] and

written as

o
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where U® = y(u)(c, u'), in which u’ (i =1, 2, 3) is the
i-th component of the flow velocity, is the four velocity of
the flow, and ¢* is the four heat flux, which is defined in
Eq. (13). 7 in Eq. (1) is defined for the hard sphere
molecule as [26]
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where v, is the relativistic speed of sound and G =
K5()/K,({). In this paper, we exclude massless particles.
Then the Anderson-Witting model defined in Eq. (1) can
be rewritten as

023517-2



KINETIC ANALYSIS OF THERMALLY RELATIVISTIC ...
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In the nonrelativistic limit, namely, y(u) = 1 A { = oo,
Eq. (6) approximates to the BGK model. In general,
the distribution function is f = f(t, x', x%, x3, v, v%, v?),
which has a one-to-one correspondence to f = f(z, x!, x?,
3, p,p%p’). In this work, we use f=
£t x, %% 23, v 02 v3) instead of f = f(r, x', X%, X3,
p', p%, p?). To calculate the projected moments, we trans-
form d*p/p° into velocity space d’v as

3 2 4
P _ [y = YO sy )
c
From Eq. (7), the particle four-flow N can be written as

p
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The momentum-energy tensor 7¢# can also be written as
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In Egs. (8) and (9), V? is velocity space stretched by
{V3 vl =¢}, where |v]| =+@")?+ (?)?+ (v3)%
Projected moments, the number density n, pressure de-
viator p‘®P, static pressure p, dynamic pressure @, heat
flux g% and energy per particle e are obtained as [5]

1

n=—NeU,, (10)
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p+w=—1A,,T, (12)
g% = AsURTF, (13)
— 1 af
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where the projector A%# is
1
Aw=nw—?wwﬂ (15)

where 7%# is the Minkowski metric. In our numerical
code, the second-order total variable diminishing scheme
[30] is used for the left-hand side of Eq. (6), and second-
order Runge-Kutta time integration is used for the time
integration of Eq. (6).

For convenience,
out as

nondimensionalization is carried

)(c, Ly
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where L is the representative length in the observer’s
frame.

With these nondimensionalized quantities defined in
Eq. (16), the Maxwell-Jiittner function in Eq. (2) can be
nondimensionalized as

~ (mce)? 174 V(N (] i
0 =X £0) —=__ "5  ,~{y@y@01A-i'd")
T T a0 -4

The left-hand side of Eq. (6) represents the propagation of
molecules with velocity vector (v', v% v3) in physical
space (x', x%, x*). This formulation for molecular propaga-
tion in physical space does not involve relativistic effects.
As a result, in body-fitted curvilinear coordinates
(&Y, €2, &%), molecules with a velocity vector (v!, v?, v?)
in (x',x% x%) propagate with velocity (v}, v3, v}).
Equation (6) can therefore be written in a body-fitted
curvilinear coordinate (¢!, £2, £3) as
af N vy f _
ar  9¢&'
F=1/7. (18)

where J is the Jacobian between x’ and &'

The wall condition must also be considered. In this
paper, complete diffusion at the wall [26] is assumed.
From conservation of the mass flux to the wall and by
setting the &2 axis as the normal vector to the plane element
of the wall, we obtain

20) _ 7
)(C, _U,')T % (f 2Tf)’

c
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fw/n, = 01,0, 0)(1% =0), (20)
ol v§f75d3v
n, = £ , 21
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where f|, is the distribution function on the wall. n,, is the
number density reflected from the wall and 6, is the
temperature of the wall.

III. RELATIVISTIC NSF LAW AND NSF EQUATION

In this section, we review the relativistic NSF law to
discuss the obtained numerical results in the framework of
the relativistic NSF law obtained by the first-order approxi-
mation of the Chapman-Enskog expansion on the basis of
the Eckart decomposition. Next, we explicitly express the
forgoing two types of relativistic effects in the relativistic
NSF equation.
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A. Relativistic NSF law by the first-order
approximation of the Chapman-Enskog expansion

The relativistic NSF law obtained by the first-order
approximation of the Chapman-Enskog expansion is
written in a flat spacetime as [26,31]

wnse = — NVl U, (22)

B = 2u[l(AXAB + AYAB) — IABA_SIVYUP, (23)

0
qusp = A(V“ﬂ - nhEV“p), (24)

where 7 is the bulk viscosity, w is the viscosity coefficient,
A is the thermal conductivity, Ay = ne + p and V¢ is
defined as

1
Ve — (naﬁ‘ — ?U“Uﬁ)aﬁ = A*Bg . (25)

Figure 1 shows transport coefficients (7, A, w) [26] versus
{ for a hard sphere particle obtained using the AW model
and the relativistic Boltzmann equation in the range of 7 =
{ =75, which corresponds to the calculated dynamic
range of ¢ discussed in Sec. IV. All the transport coeffi-
cients are calculated using the first-order approximation of
the Chapman-Enskog expansion [26]. In this regime of {,
Naw < Mg, Aaw < Ap and pp < paw. In the thermally
relativistic limit  — 0, the viscosity coefficient approxi-
mates to infinity, the thermal conductivity approximates to

Bulk viscosity versus
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FIG. 1 (color online).
Anderson-Witting model).
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the constant value, and the bulk viscosity approximates to
zero [26].

qnse 1n Eq. (24) indicates that the heat flux depends on
not only the gradient of the temperature but also the
gradient of the static pressure. Then, we define the heat
flux via the gradient of the pressure as (¢&)ysp and the heat
flux via the gradient of the pressure (g )nsr as

(gi)nsk = AV, (26)

o 0 o
(g5)nsF = _/\%V D (27)

where ﬁ approximates to zero by ¢ — oo, As a result,
(¢%)nsp vanishes in the thermally nonrelativistic limit
({ — 00). In Sec. IV, (g§)nsF is numerically compared
with (¢f)nsE-

B. Explicit expression of relativistic effects in
the relativistic NSF equation

The normal form of the relativistic NSF equation is
written in flat spacetime (¢, x') (i = 1, 2, 3) as [32]

P 1 2 (y(u)pu) = 0, 8)
ot 3’

2 i
W6OWFP 4 2 (G yw)2puty + 20+ T =0,
ot ax/ ox'

(29)

Thermal conductivity versus ¢
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Transport coefficients versus ¢ in calculated range 7 = { = 75, (subscripts B, relativistic Boltzmann equation,
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where p(= nm) is the density, u' is the velocity of the flow,
p is the static pressure, E = ne is the internal energy,
y(u) = 1/4/1 — u*/c? is the Lorentz factor, IT’ is the
momentum dissipation term and A is the energy dissipa-
tion term. Dissipative terms I’ and A using @, p‘*# and
q“ are defined in [32].

At first, Egs. (28)—(30) can be rewritten for nonzero
mass particles as

ap ad .
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+—(06E)+—(O6Eu)+( E +p) & =0, (33
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L

Rarefied supersonic flow of thermally relativistic matter
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M=3.247

Shock wave
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d .0
where S, = <& +u' F) Iny(u),
x

_(9 i 9 2
Si = (5 + w5 (GO,
SE — ) 1 3 )

E = nmc (G - —) - (Enkﬁ + nmc ) (34)
7N
Exr
In Egs. (31)-(33), the terms with subscript L have
effects derived from the Lorentz contraction, the terms
with subscript 7 have thermally relativistic effects and
the terms with L + T have both effects derived from
the Lorentz contraction and thermally relativistic
effects.
Dissipation terms I1’ and A change in accordance with
{ as shown in Fig. 1 in addition to y(«) as shown in
Egs. (22)—(24). From Egs. (31)—(34), we find some mod-
ifications to the nonrelativistic NSF (NRNSF) equation.
For 1 < Iny(u), the convections via pS,, pu'S, and
(E + p)Sy can be more dominant than the convections
indicated by the NRNSF equation in Eqs. (31)—(33). For
v(u) = 1, thermally relativistic effects become significant,
in terms with S| and S E. In particular, for 1 < G ({ <K 1),
namely, the thermally relativistic limit, the convection of
momentum attributable to the term pu'S; can be dominant
in Eq. (32), 0E approximates to %nkﬂ in Eq. (33), and
dissipative terms approximate to limg_,oﬁ~ 0({°
and lim;_,A ~ O({ ) [33]. Actually, effects by terms S
and S; in Eq. (34) are discussed through numerical analy-
sis in Sec. I'V.

Number den/s,i«t'),/, contour ({z45)

e
&
K

Expansion wave

A

_ ) ©) _BA) B 6 (
Stagnation streamline (SSL) / -L

X=-LAY=0  Surface streamline (SL) 0=XAY=0
h=% dh; (dh;; Length of line element on SL)

)

FIG. 2 (color online). Schematic of flow field.
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IV. NUMERICAL ANALYSIS OF RAREFIED
SUPERSONIC FLOW OF THERMALLY
RELATIVISTIC MATTER AROUND
TRIANGLE PRISM

The rarefied supersonic flow of thermally relativistic
matter around the triangle prism is numerically analyzed
using the AW and BGK models. Particles are assumed to be
hard sphere particles with common mass m and diameter d.
For easier comprehension of physical conditions, for the
observer’s frame the absolute standard of rest is used as the
hypothetical inertial frame. We use (X, Y, Z) instead of
(x!, x2, x3) and (v*, v”, v?) instead of (v!, v%, v3) and con-
sider only XY plane, because the triangle prism has an
infinite length in the Z direction. The Mach number of the
uniform flow, M, is fixed to 3.247. Here, three types of {,
namely, {,, = 45, 60 and 75 are used. As a result of M,, =
3.247, the velocity of the uniform flow is u,/c = 0.6 for
loo =45, ul,/c = 0.526 for £, = 60 and ul,/c = 0.472
for {s = 75 from the definition of the speed of sound in
Eq. (5). The rarefaction parameter of the uniform flow
4arongL, which defines 1/(v,7) in Eq. (4), is set to 10,
where L is the representative length in the flow field. In the

Number density profiles along SSL

NORMALIZED NUMBER DENSITY

NORMALIZED TEMPERATURE

FIG. 3 (color online).
stagnation streamline.
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AW model, the relaxation rate 7 depends on the four
velocity of flow, four velocity of particles, temperature,
number density, and heat flux ¢“ in Eq. (18), whereas the
relaxation rate in the BGK model depends on the number
density and the temperature. For the numerical grid,
(W* v, v, X, Y) = (64, 64, 64, 125, 60) is used. Numeri-
cal tests indicate that this numerical grid provides accurate
simulations.

Figure 2 shows the schematic view of the flow field. The
flow field in the regime of Y < 0 is omitted, which is the
same as in the flow field in the regime of 0 = Y, owing to
the symmetry of the flow field. The vertex angle of the
triangle prism is 120 degrees and the length of the side on
the X axis is set to L as shown in Fig. 2. The SSL is defined
by the line on the X axis with therange of X = —L A Y =
0, the WSL is defined by the line on the X axis with the
range of 0 = X A Y = 0, and the surface streamline (SL) is
defined by the line on the surface of the triangle prism on
the XY plane, where & in Fig. 2 is the distance measured
from (X, Y) = (=L, 0) along the SL. Figure 2 shows that
the flow field includes the shock wave, expansion wave,
and vortex, and that the flow field behind the triangle prism
becomes more rarefied than the uniform flow owing to the

Mach number profiles along SSL

3 //‘f/ oOO
i ©
C_, :45 /Ke}
------- (=60 |/
00 I o
/
S| T Cw=75 ’jl
o BGK i
(o]
S M
Iy
Ij
1 i ©
I
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‘o)
0
1 2 3 4 5
-X/L

Number density (top-left), Mach number (top-right), and temperature (bottom-left) profiles along the
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strong expansion at (X, Y) = (0, \3L/2), as shown in the
contour of the number density in the case of {, = 45. The
complete diffusion model on the wall is used as described
in Sec. I11. The temperature 6,, (£,,) of the wall is 3/2 (2/3)
times of 6, ({,) in the uniform flow. Consequently, ¢,, =
30 for {,, = 45, ¢, = 40 for {, = 60 and ¢, = 50 for
o = 75.

Figure 3 shows the profiles of the number density, Mach
number and temperature along the SSL. Profiles of the
number density, Mach number and temperature obtained
using the AW model are different from those obtained
using the BGK model in each case of £, =45, 60 and
75 owing to the relativistic Rankine-Hugoniot relation
[34]. By increasing the temperature (flow velocity) of the
uniform flow, the ratio of the number density (or tempera-
ture) behind the shock wave to that ahead of the shock
wave becomes larger. Such a tendency is caused by the fact
that the relativistic Rankine-Hugoniot relation depends on
the Lorentz factor and temperature, whereas the nonrela-
tivistic Rankine-Hugoniot relation depends on only the
Mach number. The location of the shock wave obtained
using the AW model with {, =75 is similar to that
obtained using the AW model with £, = 60, whereas the
location of the shock wave obtained using the AW model
with {, = 45 is different from that obtained using the AW

Number density profiles along WSL

0.45

NORMALIZED NUMBER DENSITY

NORMALIZED TEMPERATURE

FIG. 4 (color online).
profiles along the wake streamline.

2 0.15

®
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model with {,, = 60 and 75. Consequently, the increase
(decrease) of /., (0,) moves the location of the shock
toward the wall. As shown in Fig. 3, the profile of the
Mach number obtained using the BGK model is similar to
that obtained using the AW model with {,, = 45, 60 and 75
behind the shock.

Figure 4 shows profiles of the number density, velocity,
temperature and Mach number along the WSL. The in-
crease in 0, (u) under a fixed Mach number (M, =
3.247) yields the increase in the number density and tem-
perature along the WSL. As shown in Fig. 4 (top-right),
profiles of the flow velocity have the reverse flow regime
due to the vortex. The bifurcation point, which determines
the scale of the vortex, indicates that the vortex becomes
larger with the increase in 6, (13,). The profile of the Mach
number obtained using the BGK model is similar to those
obtained using the AW model.

Figure 5 shows profiles of the number density, slipped
velocity [35], temperature and dynamic pressure along the
SL. The increase in 6., (u3,) yields the increase in the
number density, slipped velocity and temperature along
the SL. Profiles of the number density obtained using the
AW and BGK models have their peaks around /L ~ 0.2,
whereas all of number density profiles once drop behind
the vertex (4 = 0) and increase by h/L ~ 0.2. Profiles of

Velocity profiles along WSL
0.3
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0.25 {0,005

0

0.2

0.1

0.05

0.8

0.6

0.4

0.2

Number density (top-left), velocity (top-right), temperature (bottom-left) and Mach number (bottom-right)
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Number density profiles along SL
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FIG. 5 (color online).
profiles along the surface streamline.

the number density, slipped velocity, temperature and dy-
namic pressure change markedly at the vertex, (X, Y) =
(0,+/3/2L), namely, h/L = 2 owing to the strong expan-
sion. The slipped velocity is accelerated around h/L ~ 2.4
owing to the vortex generated at the back surface of the
triangle prism, in which the profiles of the dynamic pres-
sure approximate to O(107°) because of rarefied effects
owing to the expansion.

Figure 6 shows profiles of ¢* and (¢*)nsr along the SSL
or WSL (top), profiles of (g},)nse and |(gp)xsr/ (g7} )nsl
along the SSL or WSL (middle), and profiles of @ and
wysk along the SSL or WSL (bottom). Profiles of ¢* can
be approximated by gy\gr along the SSL except for the
inside part of the shock wave and the vicinity of the wall
owing to the strong nonequilibrium, as shown in the top-
left of Fig. 6. On the other hand, profiles of ¢* cannot be
approximated by gygp along the WSL as shown in the
top-right of Fig. 6, because of rarefied effects behind
the triangle prism. (¢})nsr along the SSL increases with
the increase in A, (1Y), as shown in the middle-left of
Fig. 6. (¢))nsF obtained with £, = 45, 60 and 75 has a
finite value inside the shock structure and thermal bound-
ary layer 1 = —X/L = 1.3 on the SSL. Additionally, the
sign of (g})nsk obtained with {, = 45, 60 and 75 is an
opposite to that of g* along the SSL. (g})xsp obtained
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Slipped velocity profiles along SL
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with ¢, = 45, 60 and 75 has a negative peak at the wall
(X,Y) = (0,0) and a positive peak around X/L ~ 2.4 on
the WSL, as shown in the middle-right of Fig. 6.
[(¢))nsk/(q7)nsel obtained with y, = 45, 60 and 75 on
the SSL are on the order of ~1072-10""! inside the shock
wave and in the order of ~1073-1072 in the thermal
boundary layer, as shown in the middle-left of Fig. 6.
The order of |(¢},)nse/ (g7 )nsr| obtained with £, = 45, 60
and 75 on the WSL changes from 1073 to 10, as shown in
the middle-right of Fig. 6. Consequently, (¢},)nsr becomes
non-negligible in the thermally relativistic regime, in
which 6/(nhg) in Eq. (24) is finite. The order of the
dynamic pressure (@) obtained with ¢, =45, 60 and
75 is one digit smaller than that approximated by the
relativistic NSF law (wngs) on the SSL, as shown in the
bottom-left of Fig. 6. Additionally, the sign of @ is an
opposite to that of wygg in both the shock structure and
thermal boundary layer on the SSL. Such remarkable
differences between @ and wygr are obtained on the
WSL, as shown in the bottom-right of Fig. 6. Such dis-
criminating behavior of the dynamic pressure cannot be
described without considering the Burnett order approxi-
mation [28]. In particular, the negative @ at the vicinity of
the wall, (X,Y)~ (—L,0), is generated using terms
above the Burnett order approximation, because wnsr
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q* and (q' )nsg Profiles along SSL
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FIG. 6 (color online).

q* and (¢*)nsp profiles along the stagnation streamline (top-left), ¢* and (¢*)nsp profiles along the wake

streamline (top-right), (¢}, )xsr and |gNsr/gNsg| profiles along the stagnation streamline (middle-left), (¢})xsr and |gyge/gNsg| profiles
along the wake streamline (middle-right), @ and wygp profiles along the stagnation streamline (bottom-left), and @ and wysp profiles

along the wake streamline (bottom-right).

approximates to zero at (X, Y) ~ (=L, 0), as shown in the
bottom-left of Fig. 6.

We explicitly expressed the relativistic effects on the
relativistic NSF equation in Sec. III. Here, effects derived
from S, and S| defined in Eq. (34) are considered to
estimate the relativistic effects on the convection of fluids.
In the relativistic NSF equation, the time-derivative terms
are set to zero, because the flow field is under the steady
state. At first, we compare pS; = pu*dlny/dx with
dpu*/dx in Eq. (31) on the SSL. The top-left of Fig. 7
shows pu*dlny/dx and dpu*/dx along the SSL.
pu*dlIny/dx obtained with /, = 45, 60, and 75 has a
negative peak around the middle of the shock wave and
approximates to zero in other regions. Consequently, rela-
tivistic effects derived from the Lorentz contraction are not

negligible inside the shock wave. Next, we compare
p(W)*S, = p(u*)*dInGy?*/ox with  dp(u*)?/ox in
Eq. (32). The top-right of Fig. 7 shows profiles of
p(u*)?0InGy?/dx and dp(u*)*/dx along the SSL.
p(u*)?*dInGy?/dx obtained with £, = 45, 65 and 75 has
a peak around the middle of the shock wave. However,

p(u*)?9InGy?/ax | ; putdlny/dx
| SR Py | is smaller than | o |. To comprehend

the thermally relativistic effects via G in p(u*)?d InGy?/dx
and effects via the Lorentz factor y separately, two limits
are considered. One is lim,_;p(u*)?0InGy?/dx =
p(u*)?0InG/dx, which reveals only thermally relativistic
effects. The other is the thermally nonrelativistic limit
(¢ = ), limg_, p(u*)?0InGy*/dx = p(u*)?d Iny?/dx.
The bottom-left of Fig. 7 shows profiles of
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dpu’/dx and pu'dlnyox profiles along SSL
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ap (ux)z/ax and p(u)%InG yzlax profiles along SSL
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p(u*)?*91InG/dx and p(u*)?d Iny?/dx for £, = 45, 60 and
75 along the SSL. As shown in the bottom-left of Fig. 7, the
sign of p(u*)’dInG/dx is opposite to that of
p(u*)*d1Iny?/dx whereas p(u*)*dInG/dx is of the same
order as p(u*)?d Iny?/dx. Consequently, thermally relativ-
istic effects via p(u*)?d InG/dx and effects by the Lorentz

factor y via p(u*)*d1lny?/dx cancel each other out.
x)2 2 -

Therefore, I%’WI becomes smaller than
pw*)*/ox

p‘g;;%/x pudlny/ox|  However, relativistic effects via the

p(u)*9 InGy?/dx are non-negligible in comparison with
dp(u*)?/dx on the SSL, as shown in the top-left of Fig. 7.

Figure 8 shows obtained distribution functions f and
equilibrium distribution functions f© at (X, ¥) = (—L, 0)
(A), (X,Y) = (—1.53L,0) (B), (X,Y) = (—2.59L,0) (O),
(X,Y) = (—3.28L,0) (D) along the SSL and at (X,Y) =
(0,0) (B), (X, Y) = (0.47L, 0) (F), (X, Y) = (1.21L, 0) (G),
(X,Y) = (3.56L, 0) (H) along the WSL obtained using the
AW model with £, = 45, 60 and 75, where the location of
points (A)—(H) is shown in Fig. 1. As shown in Fig. 8(a),
distribution functions obtained using the AW model with
o =45, 60 and 75 indicate strong nonequilibrium state
on the stagnation point (A), in which distributions are
discontinuous at v*/c¢ = 0 owing to the diffusive reflection
from the wall for v*/c <0. At point (B), distribution
functions obtained by the AW model with /, = 45, 60
and 75 approximate to the equilibrium state as shown in
Fig. 8(b). At point (C), which corresponds to interior of the
shock wave, distribution functions obtained by the AW

model with £, = 45, 60 indicate a strong nonequilibrium
state, whereas the distribution function obtained using the
AW model with ¢, = 75 is weakly nonequilibrium state,
as shown in Fig. 8(c). At point (D), which corresponds to
the emergence regime of the shock wave, distribution
functions f obtained using the AW model with {,, = 45
60 and 75 have overpopulations at the negative velocity tail
in comparison with equilibrium distribution functions f(©.
At point (E), distribution functions obtained using the AW
model with {,, = 45, 60 and 75 indicate a strong nonequi-
librium state, in which distribution functions are discon-
tinuous at v*/c = 0 owing to diffusive reflections from the
wall for 0 < v*/c, as shown in Fig. 8(e). At points (F) and
(G), distribution functions f obtained with z,, = 45 and 60
are still nonequilibrium, whereas the distribution function
f obtained with ¢, = 75 is similar to equilibrium distri-
bution function f© as shown in Figs. 8(f) and 8(g). At
point (H), distribution functions f obtained with z,, = 45
and 60 approximate to £, as shown in Fig. 8(h).

V. CONCLUDING REMARKS

Supersonic flow of thermally relativistic matter around
the triangle prism is numerically analyzed using the AW
model. The uniform flow is sufficiently rarefied to ob-
serve the shock wave structure, whose profile is not
approximated using the relativistic NSF equation. From
obtained numerical results, the number density and tem-
perature behind shock increase following the relativistic
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FIG. 8 (color online).
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relation, when the temperature and

velocity of the uniform flow increase under the condition

of the same Mach

number. Such relativistic effects are

considered from two aspects. One is effect derived
from the Lorentz contraction. The other is the thermally

relativistic effect. The change in convections of the mass
and momentum owing to such two types of relativistic
effects is numerically confirmed. In particular, the
change in convections owing to relativistic effects is
remarkable inside the shock wave. The x-component
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heat flux along the SSL can be roughly approximated by
the relativistic NSF law except for the vicinity of the
wall and middle of the shock wave. On the other hand,
the x-component heat flux along the WSL cannot be
approximated by the relativistic NSF law owing to the
rarefied effects. Additionally, the heat flux via the
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