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One-electron 3 + 1 and 2 + 1 Dirac equations are used to calculate the motion of a relativistic electron
in a vacuum in the presence of an external magnetic field. First, calculations are carried on an operator
level and exact analytical results are obtained for the electron trajectories which contain both intraband
frequency components, identified as the cyclotron motion, as well as interband frequency components,
identified as the trembling motion, Zitterbewegung (ZB). Next, time-dependent Heisenberg operators are
used for the same problem to compute average values of electron position and velocity employing
Gaussian wave packets. It is shown that the presence of a magnetic field and the resulting quantization of
the energy spectrum has pronounced effects on the electron ZB: it introduces intraband frequency
components into the motion, influences all the frequencies, and makes the motion stationary (not decaying
in time) in case of the 2 + 1 Dirac equation. Finally, simulations of the 2 + 1 Dirac equation and the
resulting electron ZB in the presence of a magnetic field are proposed and described employing trapped
ions and laser excitations. Using simulation parameters achieved in recent experiments of Gerritsma and
coworkers, we show that the effects of the simulated magnetic field on ZB are considerable and can

certainly be observed.
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L. INTRODUCTION

The phenomenon of Zitterbewegung (ZB) for free
relativistic electrons in a vacuum goes back to the work
of Schrodinger, who showed in 1930 that, due to a non-
commutativity of the velocity operators with the Dirac
Hamiltonian, relativistic electrons experience a trembling
motion in absence of external fields [1]. The ZB is a strictly
quantum phenomenon as it goes beyond Newton’s first law
of classical motion. Since the Schrodinger prediction, the
subject of ZB has been treated by very many theoretical
papers. It was recognized that ZB is due to an interference
of electron states with positive and negative electron en-
ergies [2,3]. The frequency of ZB oscillations predicted by
Schrodinger is very high, corresponding to Aw, =~ 2mc?,
and its amplitude is very small, being around the Compton
wavelength 71/mc = 3.86 X 1073 A. Thus, it is impossible
to observe this effect in its original form with the currently
available experimental means. In fact, even the principal
observability of ZB in a vacuum was often questioned
in the literature [4,5]. However, in a very recent paper,
Gerritsma et al. [6] simulated the 1 + 1 Dirac equation
(DE) and the resulting Zitterbewegung with the use of
trapped Ca ions excited by appropriate laser beams. The
remarkable advantage of this method is that one can simu-
late the basic parameters of DE, i.e., me? and ¢, and give
them desired values. This results in a much lower ZB
frequency and a much larger ZB amplitude. The simulated
values were in fact experimentally observed.
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The general purpose of our work is concerned with the
electron ZB in the presence of a magnetic field. The
presence of a constant magnetic field does not cause elec-
tron transitions between negative and positive electron
energies. On the other hand, it quantizes the energy spec-
trum into Landau levels which brings qualitatively new
features into the ZB. Our work has three objectives. First,
we calculate the Zitterbewegung of relativistic electrons in
a vacuum in the presence of an external magnetic field
at the operator level. We obtain exact analytical formulas
for this problem. Second, we calculate average values
describing the ZB of an electron prepared in the form of
a Gaussian wave packet. These average values can be
directly related to possible observations. However, as men-
tioned above and confirmed by our calculations, the corre-
sponding frequencies and amplitudes of ZB in a vacuum
are not accessible experimentally at present. For this rea-
son, and this is our third objective, we propose and describe
simulations of ZB in the presence of a magnetic field with
the use of trapped ions. We do this keeping in mind the
recent experiments reported by Gerritsma et al.. We show
that, employing the simulation parameters of Ref. [6], one
should be able to observe the magnetic effects in ZB.

The problem of ZB in a magnetic field was treated
before [7], but the results were limited to the operator level
and suffered from various deficiencies which we mention
in Appendix F. A similar problem was treated in Ref. [8] at
the operator level in weak magnetic field limit. Bermudez
et al. [9] treated a related problem of mesoscopic super-
position states in relativistic Landau levels. We come
back to this work in Sec. VI. Our treatment aims to
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calculate directly the observable Zitterbewegung effects.
Preliminary results of our work were published in
Ref. [10].

An important aspect of ZB, which was not considered in
the pioneering work of Schrodinger and most of the papers
that followed it, is an existence of the “Fermi sea” of
electrons filling negative energy states. This feature can
seriously affect the phenomenon of ZB; see Ref. [5]. We
emphasize that both our calculations as well as the simu-
lations using trapped ions [6] are based on the ‘“‘empty
Dirac equation” for which ZB certainly exists. We come
back to this problem in Sec. VI.

Our paper is organized in the following way. In Sec. II,
we use the 3 + 1 Dirac equation to derive the time depen-
dence of operators describing motion of relativistic elec-
trons in a vacuum in the presence of a magnetic field.
Intraband frequency components (the cyclotron motion)
are distinguished from interband frequency components
(the trembling motion). In Secs. III and IV, we treat the
same subject calculating averages of the time-dependent
Heisenberg operators with the use of Gaussian wave pack-
ets. This formulation is more closely related to possible
experiments. In Sec. V, we simulate the 2 + 1 Dirac equa-
tion and the resulting electron Zitterbewegung employing
trapped ions and laser excitations in connection with the
recent experimental simulation of electron ZB in absence
of magnetic field. In Sec. VI, we discuss our results. The
paper is concluded by a summary. In the Appendixes,
we discuss some technical aspects of the calculations and
the relation of our work to that of other authors.

II. ZITTERBEWEGUNG: OPERATOR FORM

We consider a relativistic electron in a magnetic field.
Its Hamiltonian is

A

H = ca,fr, + ca,fr, +ca s + Bmc®, (1)

where 77 = p — qA is the generalized momentum, ¢ is
the electron charge, and «; and B are Dirac matrices, in the
standard notation. Taking the magnetic field B || z, we
choose the vector potential A = (—By, 0, 0). For an elec-
tron, there is ¢ = —e with ¢ > (0. One can look for solu-
tions in the form

\If(r) — eikxx-kikzzq)(y), (2)
and we obtain an effective Hamiltonian .’}'A-[

H = chl(k, — eBy/h)a, + (0/idy)a, + k.a.]
+ Bmc>. 3)

Introducing the magnetic radius L = /fi/eB and ¢ =
y/L — kL we have y= &L+ k,L? eB/h=1/L?,
and 9/dy = (1/L)a/dé. Defining the standard raising
and lowering operators for the harmonic oscillator
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{a = (£+0/08)/V2,
at =(&—0/06)/V2,
[a,aT]=1
Hamiltonian HH reads

4

(@+a")/v2. The

one has and &=

i . me2l H+ E.0, )
H+Eo, -mcl )
where 1 is the 2 X 2 identity matrix, E, = chk,, and
_ 0 a
——no( S 0) ©

with @ = v/2¢/L. The frequency w (which should not
be confused with the cyclotron frequency w. = eB/m) is
often used in our considerations.

Now we introduce an important four-component
operator

A = diag(4, A), (7)
where A = diag(a, a). Its adjoint operator is
At = diag(AT, A"), (8)

where A" = diag(a*,a*). Next we define the four-
component position operators

Y= \/-(JZHﬂ ), )

l\/—(ﬂ Ah, (10)

in analogy to the position operators y and X; see
Appendix A. We intend to calculate the time dependence

of A and A" and then the time dependence of ]A/ and X.

To find the dynamics of ﬁl, we calculate the first
and second time derivatives of A using the equation of
motion: A, = dA/dt = (i/fz)[.’]:[, A]. Since 1 and o,
commute with A and A, we obtain

o _if 0 [HA]
A h([ﬂ, Al 0 ) .
n+ — i 0 [H,A+]
A h([ﬁ,AW 0 ) (12)
There is (i/A)[H, A] = zw((l) 8) and A =

—iw 01 In consequence
00/ quence,

0 A,
N , 13
2% (13
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P + — 0 AA:—
A, (A,* o (14)

The second time derivatives of A and A" are calcu-
lated following the trick proposed by Schrodinger. We use
two versions of this trick:

A= GWIIL 2] =2 HA, ~ L3 A )
A = G/ AT = =2 A7 G+ LG A
(16)

The anticommutator of A ,and H is

_{g{ A= ({A,,H} AOA)_

0 {A,0) an

Similarly,
A, H} 0
L, Al Lt AR i 18
A= (N ) o
We need to know the anticommutators {H, A, } and {H, A, }.

Thereis (i/h){H, A,} = w?A and (i/A){H, A} = —w?A",
so that

_i - 7 _ 2 A 0
i,7 7+ _ _ .2 AAJr 0

Thus, we finally obtain from Egs. (19) and (20) second-
order equations for A and A" :

A, = Qi/NHA, — ?A, Q1)

At =—Qi/nATH — AT w2 22)

To solve the above equations, we eliminate the terms
with the first derivative us1ng the substitutions A =

exp(-l-l}[t/h)B and AT =B" exp(—z.?-[t/h) which

gives
B, = —(1/R)H*B - *B, (23)
B =—(1/®)B H - B w2 (24)
Finally,
B, =—(0°+ w?)B (25)
Bt =B+ wd), (26)
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where O = 3 /. The solutions of the above equations
are

B =M, 4 dME, 27)

@ —iMt + C+ zJVlt (28)

where M = +vQ? + w? is the positive root of M? =
0% + w?. The operator ‘M is an important quantity in
our considerations. Both C1 and Cz are time-independent
operators. Coming back to A(f) and A (1), we have

ﬂl(t) — ei(lte*iﬂ\/ltcl + ei!lteJri.’]VltCz’

(29)

2 (1) = élJreJri.’ﬁ/ltefiflz + é;re*ij/lte*iﬁt. (30)

In order to find the final forms of A (¢) and A " (¢), one has
to use the initial conditions. They are

AO0)=C +C, AT =Cf +C,

A0) = i(Q — M)C, + i+ M),

AT0) = —iCf (Q — M) = iC5 (O + M).
Simple manipulations give

A

3 =%JM*‘£L(0)+%ﬁ4”§zﬁt(0)+%ﬁ\(0), 31)
:M ' 2,(0) - M*lﬂﬁ\m)%fz\(m.

(32)
Similarly,

A

e = -3 A OM " + %ﬁt*(omﬁd*‘ + %ﬁl*(ol
(33)

A O)M™!

l\)l~

- %ﬁU(O)(wM‘I + %ﬁw(()).
(34)

One can see by inspection that the initial conditions for
JZL(O) and A .(0) are satisfied. It is convenient to express
A, in terms of A and () using the equation of motion
ljzl, AOQ0-OA. Then, the first and second terms in
Egs. (31) and (33) partially cancel out, and the operator
A(#) can be expressed as a sum A = lel(t) + f%(t),
where

e iM[ A (0) + M~ A©0)Q]

A (1) = (35)

A0 = %eiﬁfe“ﬂf[ﬁ\m) _MTAO0Q] (6)
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Similarly, one can break At@) = .lef(t) + le; (1),
where

At = %[fzﬁ(()) +AAH )M et M0 (37)

AT = %[ﬁt*(O) — QAT (O)M e iMipmil(38)

Using Egs. (9) and (10), we obtain

() = %(ﬁmz) + A0+ AT () + AT (0), (39)

X() = %(ﬁh(t) T A0 - AT - AL (). @o)

The above compact equations are our final expressions
for the time dependence of A(f)and A" (1) operators and,
by means of Egs. (39) and (40), for the time dependence of
the position operators }A/(t) and X (¢). These equations are
exact and, as such, they are quite fundamental for relativ-
istic electrons in a magnetic field. The results are given in

terms of operators Q) and M. To finalize this description,
one needs to specify the physical sense of functions of
these operators appearing in Egs. (35)—(40).

As we shall see below, operators QO and M have the
same eigenfunctions, so they commute. Then the product
of two exponential functions in Egs. (35)—(38) is given by
the exponential function with the sum of two exponents.
In consequence, there appear two sets of frequencies o™
and w~ corresponding to the sum and the difference:
w ~ M- O, and w* ~ M+ Q, respectively. The first
frequencies w~, being of the intraband type, lead in
the nonrelativistic limit to the cyclotron frequency
w,. The interband frequencies w™® correspond to the
Zitterbewegung. The electron motion is a sum of different
frequency components when it is averaged over a wave
packet. In absence of a magnetic field, there are no intra-
band frequencies and only one interband frequency of the
order of 2mc?/h; see Ref. [1].

Each of the A(f) or A" (Y operators contains both
intraband and interband terms. One could infer from
Egs. (36) and (38) that the amplitudes of interband and
intraband terms are similar. However, when the explicit
forms of the matrix elements of A(z) and A" () are
calculated, it will be seen that the ZB terms are much
smaller than the cyclotron terms, except at very high
magnetic fields.

The operators Q) and M do not commute with A or
A" In Eq. (36), the operator A acts on the exponential
terms from the right-hand side, while in Eq. (38) the
operator A" acts from the left-hand side. The proper order
of operators is to be retained in further calculations involv-

ing A(1) or A7 (1)
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Let us consider the operator M? = O + 2. Let E,/h

and |n) be the eigenvalue and eigenvector of (), respec-
tively. Then

M2y = (02 + w?)ln) = %(E% + o)) (@)

Thus, every state |n) is also an eigenstate of the operator
M? with the eigenvalue A2 = E2/h? + w?. To find a
more convenient form of A,, we must find an explicit
form of E,. To do this, we choose again the Landau gauge
A = (—By,0,0). Then, the eigenstate |n) is characterized
by five quantum numbers: n, k,, k,, €, s, where n is the
harmonic oscillator number, k, and k, are the wave vectors
in x and z directions, respectively, € = =1 labels the
positive and negative energy branches, and s = *1 is the
spin index. In the representation of Johnson and Lippman
[11], the state |n) is

s|(€E,; +mc?) |n—1)
52(€E, i, + mc?) |n)
(sip.c = sshe,) In—1) [
—(s1hw, +s,p.c)  |n)

In) = Nyep. (42)

where s; = (s + 1)/2 and s, = (s — 1)/2 select the states
s = =1, respectively. The frequency is w, = w+/n, the
energy is

Enp. = me?? + (hw,)? + (ke (43)

and the normis N, o, = (2E2, + 2emc’E,; )" '/?. In this
representation the enérgy E, k; does not depend explicitly
on s. Then the eigenvalue of operator Qs E, = €E,; /h.
The harmonic oscillator states are L

eikxxwLik:z

2mJLC,

where H,(¢) are the Hermite polynomials and C, =
V2"n!\/m. Using the above forms for [n) and E, , we
obtain from Eq. (41)

(rlny = H,(&)e 1/2€, (44)

A 1
MM = 5 B2 o), (45)

Le, Ay = A = iEn-%—l,kz/h- In further calculations we
assume A, to be positive. The operator M? s diagonal.
As follows from Eq. (41), the explicit form of M? s

M? = diagld,, d,, dy, d»] (46)
with

h2d, = (mc*)?* + (cp?) + h*w? + RPw?aa™,  (47)

nd, = (mc*)? + (cp?) + hw? + RPw?aa.  (48)
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Because M? = Q2 + w2, eigenstates of M? do not
depend on the energy branch index e.

To calculate functions of operators QO and M, we use
the fact that, for every reasonable function f of operators

QO or M>, there is f(Q) = Y. f(€E, . /M)In)n|, and
f(j\/lz)=znf(E%+1’kZ n?)|n)n|, see, e.g., Ref. [12].
Thus,

0 = 3 i€t /M n)(n], (49)
M= (G2 =3 Pl (s0)
n h ’
=1 (Ag2\-1/2 h
M=M=y In)nl,  (51)
n EVLJrl,kz
oMl = 2 = N = My, (52)

where v = *1. Without loss of generality, we take
v = +1. The above formulas can be used in calculating
the matrix elements of A (¢) and A ().

Taking the eigenvectors |n) = |n, k,, k., €, s) and |n’) =
|n', k!, k., €, s') with n' = n + 1, we calculate matrix ele-
ments lenyn/(t) using A1) given in Egs. (35) and (36). The
selection rules for len,nr (0) are k, = k, and k, = k., while
€ €55 do not obey any selection rules. The matrix
element of M ' A(0)Q appearing in Egs. (35) and (36) is

1

E/E / ~
= e A(0), .

o
ol M A Q) = :

jil (O) nn’

nk,

(33)
In the last equation, we used E, ;. = E, ;1) and A, =
E, 1y, /h. Introducing w, , = E,;_/h, we obtain

J;ZL l(t)n,n’ = ei(ewn'kzil\"'k:)t(l + El)‘/;zt(o)n,n/’ (54)

1
2
A 1 . A

Aty = Ee’“wnvkz“mkz”(l — ) A@0)y. (55

Thus, the matrix element of le(t)nyn/ = JAzll(t)nyn/ +

ﬁlz(t)nyn/ is the sum of two terms, of which the first is
nonzero for € = +1, while the second is nonzero for
€ = —1. As shown in Appendix B, the matrix elements
obtained in Eqs. (54) and (55) are equal to the matrix
elements of the Heisengerg operator le(t)n,n/ =
<n|ei(2tﬁ(0)efiﬂt|nl>.

For fzﬁ(t)n/,n = lef(t)n/,n + .ﬁl;(z‘)n/’n, we obtain in a
similar way

N 1 . ~
A T(t)n’,n — Eel("')ln,kz_éwn,kz)t(l + E/)ﬂ+(0)n’,n’ (56)
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N 1 . N
AT Oy = Ee“‘%‘w"»kz”(l — ) AT 0y (57)

Formulas (54)—(57) describe the time evolution of the
matrix elements of A(f) and A () calculated between
two eigenstates of Q). The frequencies appearing in the
exponents are of the form *£A,;, * @, = Xw, 4 =
w, .. The intraband terms characterized by w; =
W41k, — @y, correspond to the cyclotron motion, while
the interband terms characterized by wZ = @, + 0, .
describe ZB. Different values of € € in the matrix
elements of jzll(t)n,n/’ ﬂZ(l‘)n’,n: jzl?—(t)n’,ny ﬂ;(l‘)n’,n give
contributions either to the cyclotron or to the ZB motion.
In Appendix B, we tabulate the above matrix elements for
all combinations of €, €’. The exact compact results given

in Egs. (54)-(57) indicate that our choice of A(t) and

AT (¢) operators for the description of relativistic electrons
in a magnetic field was appropriate.
To complete the operator considerations of ZB we esti-

mate low-field and high-field limits of ﬁln’nr(t). Consider
first the matrix element between two states of positive
energies and s = —1. We take |n) = |n, k, k., +1, —1)
and |[n') = |n + 1, k,, k., +1, —1). Then,

A0S = Vn + TeEneEnersdt/h
(Epk, + Epi14)(Epy, + mc?)
2'\/En,k:En+l,kz(En,kz +me?)(Epqpp, + mcz)'
(58)

X

This equals A (D given in Eq. (54) because
ﬁlz(t)n,nf = (O for € = +1. At low magnetic fields, there is
hw? heB

E —E,, = =T e O
n+11kz n,kZ En+l,k: + En,k: m c ( )

where in the denominators we approximated E,; =
Epiix ~mc® and used w =+2¢/L [see Eq. (6)].
Setting again E, ~E, ; = mc? in the numerator and
denominator of Eq. (58), we recover the well-known result

for the matrix elements of the lowering operator 4 in the
nonrelativistic limit

A(t)yy = Vn + Lemiocl, (60)

Consider now the above state |n) from the positive energy
branch and the state |n’) from the negative energy branch
[n') = |n + 1, k_, k., —1, —1). Then, the matrix element is

A1)y =V + 1/ EnictEneri)t/h
(Enr. = Eni 14 )(Er. + mc?)
2\/E"’kZE”+""z(E”’kz + mcz)(EnH,kz - mcz)'
(61)

X
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Assuming low magnetic fields and small &, values, and
using the above approximations, we obtain

. hw.
A2, ~ 1/—2 Do gaimei/n, (62)
’ mc

Since, at low magnetic fields, there is Aw,. <K mc?, the
amplitude of interband (Zitterbewegung) oscillations is
much lower than that of the cyclotron motion. At low
magnetic fields, both the amplitude and the frequency of
7B do not depend on the quantum number n.

Let us consider now the opposite case of very strong
magnetic fields, when 2w > mc? and hw > hck.. Such
a situation is difficult to realize experimentally, since
the condition Zw = mc? corresponds to L = \/Z\C, ie.,
the magnetic length is of the order of the Compton wave-
length. Within this limit, E,; ~E, = hw./n, and the
matrix elements of ﬁl(r)nyn/ for the cyclotron and ZB
components are

Aty = (V1 = i+ DeloWr=ne(63)

where the upper signs correspond to the cyclotron and the
lower ones to the ZB motion, respectively.

The conclusion from the above analysis is that at low
magnetic fields of a few tenths Tesla, the ZB amplitude
is eight orders of magnitude smaller than the cyclotron
amplitude. In fields of the order of 4.4 X 10° T, the ZB
motion and cyclotron motion are of the same orders of
magnitude. This completes our derivation and analysis of
the operators describing electron motion in a magnetic
field according to the “empty” Dirac equation. However,
it is well known that observable quantities are given by
average values.

III. ZITTERBEWEGUNG: AVERAGE VALUES

In this section, we concentrate on observable quantities,
i.e., on electron positions and velocities averaged over a
wave packet f(r). We analyze the one-electron Dirac equa-
tion, neglecting many-body effects. Our calculations are
first performed for a general form of f(r) and then speci-
alized for the Gaussian form of the packet.

A. Averaging procedure

We take a packet with one or two nonzero components,
ie., f(r)(a;, ay 0,0)" with |a;|> + |a,|*> = 1. According
to the procedure adopted in the previous section, we first
calculate the averages of A(t) and A™ (1) operators and
then the position operators (1) and X (7). We do not
consider multicomponent packets because they are diffi-
cult to prepare and their physical sense is not clear.

Averaging of operators A(f) and A" (r) can be per-
formed using formulas from Sec. II [see Eqgs. (35)-(38)].
However, a simpler and more general method is to
average the Heisenberg time-dependent form A(f) =

PHYSICAL REVIEW D 82, 125031 (2010)

i 2(0)e~ with the use of two unity operators
= Y In)n|. Then, the average of A(z) is

(AW) = (FIADI|f) = (fleft/h Aeifii/h| )
= Y eietutlhe B ) ) fln')n] Aln'), (64)

> Y

and similarly for (A7 (1)). There is

DI f dk dk'.dk._dk.. (65)

nn' €€ s,

The selection rules for the matrix elements (n| A [n') are
n=n+1, k.=k, k.=k, while for (n|A"|n’)
we have n' = n — 1, ki = k,, k, = k.. The wave packet
is assumed to be separable f(r) = f,(z)f,,(x, y). Then, we
have

<n|f> = /\/nek\,gz(kz)(slaanfl + SZaZFn)» (66)

where x,c. = (€E, .+ mc?)N,_, and

00

1 2
Fn(kx) = W [_ gxy(k)w )7)67(1/2)f Hn(f)dy; (67)

in which
1 0 .
ety = o= [ fopetian @)

and

=L * ik z
alk) == [ f@etian (@)

To proceed further, we must specify nonzero components
ay, a, of the wave packet. First, we limit our calculations to
a one-component packet with the nonzero second compo-
nent corresponding to the state with the spin s, = —1/2.
Setting a; = 0, a, = 1, we obtain from Eq. (66): (n|f) =
SZXnekzgz(kz)Fn(kz)- This giVGS

A0 =3 [7 dkaiieiee. )

i(€E, . —€'E h
X Zel(é mh n/kz)[/ Xnek Xn'€k,

€€

X [k dk PP ) 52540l Al

s, s

(70)

The upper indices in (A (1))>? indicate the second nonzero
component of the wave packet involved. The matrix
element (n| A [n’)>2
S ososh(n| Aln’y gives only three nonzero terms,
being the products of (sps5)?, since sy5, = sis) = 0.
Rearranging summations and integrations, we obtain

has 10 nonzero terms. The summation
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(AP = SV T 1 [ dlg k)P

X Zei(fEn,kz*E/Enﬂ,kz)f/fl X [/\/2 . /\/2+1 .
nek. An+1lek,

€€

+ Mnek. T]n+l,ekz(czp% + th%)]’ (71)
where 1,k = Xnek.Nuek.- We define
Unn = [ Fak)F, (k)dk, 72)

Since x; . = (1/2) + emc*/(2E, ;). Nyer, = €/(2E, 1),
and E; , = (mc?)* + (cp,)* + (hw,)?, we have

(AP = Uit 1 [ kil )P

X Zei(EEn,kZ —€E, i )t/h

€€
E € €
mke mcz( + )]
EnJrl,kZ En,kZ EnJrl,kZ

(73)

1
XZ[I + e€’

The summations over € and €’ lead to combinations of sine
and cosine functions. The calculation of (A " (7)) is similar
to that shown above, but the selection rules for (n| A ¥ |n’)

are n’ = n — 1, ki, = k,, k, = k_. Performing the summa-
tions, we finally obtain

~ 1
(AP =33 N+ WUy XU+ 15— ilS =),

(74)

~ 1
(A" ()2 =52 A TU, oy, XU+ I+l + i),

(75)
where
o E,.
s = 1+ "= k)I?
= Enﬂ,kz)'gz( )l
X coS[(E,+ 1k, F Eny)t/h]dk., (76)
0 1 1
I = mc? * k)I?
* e '[W(En,kz En+l,kz)|gZ( Z)l
X sin[(E, 1k, + E, i )t/h]dk.. (77)

Finally, average electron positions (Y(#))>? and (X(1))*2
for the 3 + 1 Dirac equation in a vacuum are [see Egs. (39),
(40), (74), and (75)]

Y2 = ziﬁz VAT TX Uiy + Upir )IE +10)

+ koo L?, (78)
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~ L e _
<X(t)>2’2 = r/-z—z n+1 ><(l]rz,n+l + l]rH»l,n)(IsJr + Is )

(79)

For a packet with the first nonzero component, we obtain
similar results. In both cases, there appear the same fre-
quencies, but they enter to the motion with different
amplitudes. This is illustrated in Fig. 7 of Sec. V for the
2 + 1 DE. The averages (f/(t)} and (X (¢)) are equal, up to
a constant y, = ko, L, to the averages of the usual position
operators ($(¢)) and (£()); see Appendix A.

Finally, we consider a two-component wave pac-
ket (r|f) = f(r)(ay, ap,0,0)7 with |a;|> + |a,|*> = 1.
Defining | = a,f and f, = a,f, we have

(fi + LIAOIf + f2)
= (AIAWOIf) + LI ADI ) + (11 AW f>)

+ (I AW@f), (80)

and similarly for (f; + fo| AT (D)|f, + f,). The first two
terms were calculated above. The other two terms are

N 1 -
(AP =5 a3, 3 UpUE +I5), 8D
A 1
(A7) =@ U, I+, (82)
and (A (D)2 = (AT (1))*! = 0. We define
«_ . [ cp.ho )
== " o S
X cos[(E, 11k, + Eny)t/h]dk.. (83)

The integrals J;- describe mixing of the states with differ-
ent components s.. Since J; are odd functions of k., they
vanish for the wave packet with k,, = 0. Contributions
from these integrals are relevant only for magnetic fields
of the order of B =5 X 10° T, where the magnetic length
L is comparable to A.. The velocity of the packet in the z
direction v, = fiky,/m must be comparable to c. At low
magnetic fields, the mixing terms are negligible.

All the above results were obtained for the 3 + 1 DE. A
reduction to the 2 + 1 DE is obtained by setting |g(k,)|*> =
8(k,) in Egs. (76) and (77) and performing integrations
over k.. Below, we quote final results for (1(7))>? and
(X (1))*? for the latter case
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~ L
(Y22 = LS i F (U0 + Um,n){(l
224

(P2 = 2%2 ST F LUy + un+1,,,>{(

In the above equations, we used the notation E, =
Eyr—0 @5 =(E,y; —E,)/h, and of = (E, +
E,)/h. For the 2+ 1 DE, the final expressions for
(Y(1))>? and (X(1))>* are given in the form of infinite
sums, while for the 3 + 1 DE they are given by infinite
sums and integrals over k. As is known from the Riemann-
Lesbegues theorem (see Ref. [13]), the k, integrals over
rapidly oscillating functions of time, appearing in Eqs. (76)
and (77), decay to zero after sufficiently long times.
Therefore, the packet motion for the 3 + 1 DE has a
transient character, while that for the 2 + 1 DE is persis-
tent. Transient and persistent ZB motions in the two cases
are illustrated in Fig. 8 of Sec. V.

B. Gaussian wave packet

We perform specific calculations for one- or two-
component wave packets, taking the function f(r) in the
form of an ellipsoidal Gaussian packet characterized by
three widths d,, d,, d, and having a nonzero momentum
hko = h(kox, O, kOZ):

2 2

y 2

- S Y T ko) (86
g 22 28 2 ’Or) (86)

1
—_ exp(
Jmdd,d.

The wave packet is multiplied by a four-component Dirac
spinor (ay, ay, 0,0)". Using the definitions of g, (k,, ),
F,(k,), and U, ,, we obtain (see Refs. [14,15])

d
2ok y) = /_xe—U/z)d,%(kx—koX)z e (O/CE) g7y
md,

and
Fo(k) = anVEde —apan-tor o-02080 Y (Zg o),
\J27d,C,
(88)
where D = Lz/,/L2 +d2, c= L3/,/L4 —d* and
VZmd, (L* — d\i/2
A= (F ) (59)
1,L2 + d)z, y
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E

+ )cos(wzt) + (1 - —”) COS(wft)} + koL (84)

n+1 E”+1

2 2 2 2
me | me )sin(wﬁt) + <mc - me )sin(wft)}- (85)
En n+1 En n+l

[

oo A% A, LQd \Jme™ W minmn) 5l l.(’”)(”)

i 77'Cmcndy =0 ! !
—cQY
X ((1 - (CQ)Z)(m+n721)/2Hm+n721(7>’
V1 —(c0)?
(90)

in which Q = 1/yd2+ D>, W =d,DQk,,, and Y =
d%k. Q. For the special case of dy, = L, the formula for
U, 1s much simpler:

—j)ymtn m+n+1
Umnzz\/w( i) dX<L)
: c,C,L \2p
d’k3 L? —id%k
X _ Yx™ox H X Ox) 1
exP( 2P ) "”"( p) O

where P =w/d§ +1L2 In the above expressions, the

coefficients U, ,, are real numbers and they are symmetric
in m,n indices. For further discussion of U, ,, see
Appendix C and Ref. [14].

The coefficients U, , given in Eqs. (90) and (91), apart
from the k. dependent parts of the integrals I and I,
describe the amplitudes of oscillation terms. In the special
case of n = m, they are the probabilities of the expansion
of a packet f(r) in eigenstates of the Hamiltonian H =
(A2/2m)(p — eA)? of an electron in a uniform magnetic
field. This ensures that all U, , are non-negative and nor-
malized to unity, so that in practice there is a finite number
of non-negligible U, , coefficients. There is also a sum-
mation rule for +/n + 1U, 4, ,; see Appendix C, which
reduces the number of non-negligible coefficients U, ;1 ,.
A finite number of non-negligible coefficients U, ,, limits
the number of frequencies contributing to the cyclotron and
ZB motions. Simpler formula (91) for U, , shows that the
coefficients U, , 1 are relevant if all the quantities d, d,,
kg, and the magnetic length L are of the same order of
magnitude. The remaining parameters, i.e., d, and k_, can
be arbitrary with only the requirement that the total initial
packet velocity |vy| = #|ky|/m must be smaller than c,

which is equivalent to 4/k3, + k3. < A;!. Because of
the x-y symmetry of our problem, it is natural to take

d,~d,. In our calculations, we keep d,~d, =d,
but they do not have to be equal. Because a constant
magnetic field does not create electron-hole pairs, there
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is no restriction on B, and the magnetic length L can be
arbitrarily small.

Before presenting numerical calculations for the motion
of a wave packet in a magnetic field, we analyze qualita-
tively possible regimes of parameters for realistic physical
situations. This problem has two characteristic lengths:
the Compton wavelength A, = 3.86 X 107> A and the
magnetic length L. For a magnetic field B=40T,
there is L = 40.6 A. The magnetic length is equal to A,
for B = 4.4 X 10° T. We then distinguish two regimes of
parameters: i) the low-field limit, in which packet widths
d,, d,, k;!, and the magnetic length L are of the order of
nanometers, and ii) the relativistic regime, in which all
quantities d,, d,, kg !, and L are of the order of A..

C. Low magnetic fields

At low magnetic fields, the electron moves on a circular
orbit with the frequency w, = eB/m and the radius r =
muv/eB. The aim of this subsection is to retrieve the non-
relativistic cyclotron motion from the general formulas in
Egs. (78) and (79). Additionally, we show that ZB exists
even at low magnetic fields but its amplitude is much
smaller than A,.

At low magnetic fields, we approximate E,, ; = mc? and
E,i1r. —E,i = ho.. Then, I and I in Egs. (76) and
(77) reduce to

I = 2cos(w,1) [ " gk dk, (92)

I = 2sin(w,1) f Y gk Pk, (93)

and they do not depend on n. The integrals over k, give
unity due to the normalization of the wave packet. The
summation over n in Eqgs. (78) and (79) is performed with
the use of the formula (see Appendix C)

i 1
vn+1U,+1, = — —=ko.L. 94
HZI n +1, \/5 0. 94)
We find
<y(t)> = _kOxL2 COS(a)Cl) + kOxsz (95)
(e(t)) = —ko L2 sin(w, ). (96)

Since L?> = f/eB and v, = hk,/m, we obtain kg, L> =
muvy,/eB, which is equal to the radius of the cyclotron
motion. Taking the time derivative of (y(¢)) and (x(z)) and
using definitions of L and w,., we have

(o, () = ™ Sina, ), ©7)
m
() = = "0 cos(o,), 98)
m
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Thus, we recover the cyclotron motion of a nonrelativistic
electron in a constant magnetic field.

Now, we turn to the ZB motion. At the low-field limit,
we again separate the integration over k, from the summa-
tion over n. The integration over k, selects k, = 0, so the
amplitude D of the ZB motion is [see Eq. (78)]

L E,o )

D~—_(1-—n i ¥ 11Uz, , + U,

Al £ ) SN Wi+ V)
~ L nw?  2kyL 1

220 2mEtT 2 2

Thus, at low magnetic fields, the amplitude of the ZB
motion is a small fraction of A, since kg, A, << 1. This
agrees with the old predictions of Lock in Ref. [13]. An
interesting feature of ZB motion at low magnetic fields is
its slow decay in time, proportional to ~'/2. A similar
decay of ZB proportional to r~'/? was also predicted for a
one-dimensional electron Zitterbewegung in carbon nano-
tubes [16]. To understand this behavior, we consider the
integral 1. (¢) in Eq. (76). Retaining only the cosine func-
tion and taking a Gaussian wave packet, we obtain

I} (=D’ f " CoS[(E, 414 + E,; )t/hle” ¥ dk,, (100)

)\c (kOx)‘c)' (99)

where D' is a constant independent of &, and proportional
to D, as given in Eq. (99). Expanding the energy E, ; in
Eq. (43) to the lowest terms in k,, we have

o0 S I
F()=D f cos[(Z + kﬁ/\%)%]e’dikgdkz. (101)

The direct integration gives

FOSC(t)
[a2 + (ht/m)* ]+
where F°(z) is a function oscillating with the frequency
@ = 2mc?/h and having the amplitude of the order of
unity. Therefore, the ZB oscillations decay as =12 and

they persist even at times of picoseconds. This is illustrated
in Fig. 4 of Sec. IV.

1} ()=D'

(102)

IV. RESULTS: 3 + 1 DIRAC EQUATION

We present our results for the 3 + 1 Dirac equation in a
vacuum, beginning with the relativistic limit for a wave
packet with the second nonzero component. The average
packet positions ]A/(t) and X (1), given by Egs. (78) and (79),
are calculated computing numerically the coefficients U,,, ,,
[see Egs. (90) and (91)]. In our calculations, we use the
first n =400 Hermite polynomials. For each set of
parameters L, d,, d,, ko,, we check the summation rules

for U, , and vn + 1U,+,,; see Appendix C. With the
numerical procedures we use, these rules are fulfilled
with the accuracy of ten or more digits. In Fig. 1, we
plot the electron positions calculated for the first 200z, =
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d=1.2%
y c

<y(t)>-y,

~ ] N(tb-yo
i’ . eI BNV AN N U'/\Q/' ~
Q
8 <> 3.1 DE B=4.4x10°T c
. L - ' : ' '
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FIG. 1. Calculated motion of wave packet with the second
nonzero component during first 200 7. = 0.25 attoseconds of
motion for various wave packet parameters. The magnetic field
corresponds to L = A.. Packet parameters are d, = I. 5/\F,
d, = 1.8A., kg, = 0998/\E , ko, = 0. Time scale is in t. =
fl/(mcz) = 1.29 X 1072! s units, while position is in A,
f/(mc) = 3.86 X 10713 m units.

0.25 attoseconds of motion for various packet parameters.
The time scale is in units 7, = /mc?> = 1.29 X 1072! s,
We chose magnetic field B = 4.4 X 10° T and an elliptic
wave packet with ko, = 0.998A. ! and ko, = 0. It is seen
that the ZB oscillations consist of several frequencies. This
is the main effect of an external magnetic field, which
quantizes both positive and negative electron energies
into the Landau levels. At larger times, the oscillations in
the 3 + 1 space go through decays and revivals, but finally
disappear. Thus, the motion of electrons shown in Fig. 1
has a transient character in which several incommensu-
rable frequencies appear. The calculated motion is a com-
bination of the intraband (cyclotron) and interband (ZB)
components. In the relativistic regime, the components
have comparable amplitudes. The character of motion,
number of oscillations in the indicated time interval, and
the decay times strongly depend on the packet’s parame-
ters. For Fig. 1(c), we chose the packet width d,, = 4.82,.
The number of oscillations is then reduced compared to
Figs. 1(a) and 1(b). This confirms a previous observation
(see Ref. [14]) that the packet parameters have to be care-
fully selected for ZB to be observable. In contrast to the
low-field limit, in the high-field regime the amplitudes of
7B are of the order of A,.

Motion of nonrelativistic electrons in the z direction,
parallel to the magnetic field, is independent of the circular
motion in x-y plane. However, the motion of relativistic

PHYSICAL REVIEW D 82, 125031 (2010)

electrons in the z direction is coupled to the in-plane
motion. To analyze this effect, we calculated positions of
the relativistic wave packet with a nonzero initial velocity
assuming ko = (koy, 0, ko.) with the constraint [ko| < A!.
In Fig. 2, we show the calculated packet motion with
fixed ko, = 0.673A; ! and various values of k,, for B =
4.4 X 10° T. As seen in Figs. 2(a)-2(c), the existence of
nonzero ky, component reduces the number of oscillations
in the cyclotron and ZB motions. Increasing k. leads to
a faster decay of the motion. The maximum initial ampli-
tudes of oscillations do not depend on k_, but the ampli-
tudes at larger times decrease with increasing k.

To visualize the gradual transition from the nonrelativ-
istic to the relativistic regime, we plot in Fig. 3 the packet
trajectories for four values of magnetic field. In all cases,
the packet parameters are chosen in a systematic way,
keeping constant values of the products: Lk, = 0.47,
d ko, = 0.632, d ko, = 0.569, and d_ ki, = 0.474. For
B=2X10" T, the trajectories of electron motion are
still circular, as at low magnetic fields. When the field is
increased to B = 2 X 108 T, the trajectories are deformed
into slowly decaying spirals. At very high fields B =
2X10° T and B =2 X 10'° T, the trajectories are de-
scribed by fast-decaying spirals. The amplitude of motion
decreases with increasing field, which is caused by the
decrease of magnetic length L.

Finally, in Fig. 4, we plot the ZB part of motion at the
low magnetic field B =20 T in two scales of time. The
amplitude of ZB motion is D = 6.5 X 1078 A, which

~ 104 p<y(t)>-y, k =0
< ] 0z
o 0-5—/\‘\
L 41 s 3
%’ 0.0 | Ay AN % '\‘ AN
1 \VARAV FAV/AVARAVIR AV VAV
oo PRy ’
-1.0JF <x(t)> a
7 L | L | L | L | L | L
107 | <y()>-y, k =0.51 " L)
= 054
& 00 AR SRS R RN
g -05li~
1.0 <x(t)> b
7 L | L | L | L | L | L
_ 104\ yt)>y, k =0.7\ t(t)
< 0.5
£ ] .
3 0.0+ 2 N S N SRR
2 1
8.-0.5- .
1.0 <x(t)> 3+1 DE B=4.4x10T C
T " 1 " 1 " 1 " 1 " 1 "
0 50 100 150 200 250 t(t)

FIG. 2. Calculated motion of wave packet with the second
nonzero component and nonzero velocity in the z direction.
Packet parameters ared, = 2.0A., d, = 1.8A,, d, = L.5A,,
ox = 0.673A7 L.
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-5 0 5 <X(t)> ®)
Lo
5<
01 Lo
g:.
> a L
A B=2*10°T %
= v
c <
v 0.5 B=2*10'"T =
0.0 h0.0
0.5
0.2
05 00 05 0.0 0.2

<x(t)> ()

FIG. 3. Trajectories of wave packets with the second nonzero
component for 3 + 1 Dirac equation in various magnetic
fields. Packet parameters are d, = 0.632(B,/B)*°A., d, =
0. 569(3;,/3)05)\“ dz = 0474(3;9/3)05/\“ kOZ = 0, kOx =
0.999(B/B,)*3A. !, where B, =2 X 10'©T. The products
Lkoy, dikoy, dykoy, and d kg, are the same for all figures. In
all cases the packet motion is transient, but for lower magnetic
fields the decay of oscillations is slow.

3+1 DE B=20T a)

m)
N

-19

l 2 3 4

t. (ps)

position (10

] <y(t b)
0
M
<x[t]>

00 25 5.0

-404

75 t(10”s)

FIG. 4. Calculated ZB components of electron motion in a
magnetic field in two very different time scales. Packet parame-
ters are d, = 200004A., d, = 18000A,, d, = 15000, ko, =
0.5L7' =872 X 10" m™!, ko, = 0. The ZB oscillations decay
as t~1/2, but they have very small amplitudes. Note the collapse-
and-revival character of ZB oscillations.
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agrees well with its estimation given in Eq. (99). In
Fig. 4(a), we observe a slow decay of oscillations with its
envelope decaying as r~'/2. In Fig. 4(b), we show rapid
ZB oscillations with the frequency w, = 2mc*/h =
7.76 X 10?9 s~!, The ZB oscillations exist even, at times,
of the order of picoseconds.

Generally, the ZB effects are observable in magnetic
fields of the order of 4.4 X 10° T for wave packets moving
with an initial velocity close to c. These packets should
have width of the order of A.. It is not possible to fulfill all
these requirements using currently available experimental
techniques. In addition, the predicted amplitudes of the ZB
motion are of the order of A., which makes their experi-
mental detection extremely difficult. However, there exists
now a very powerful experimental possibility to simulate
the Dirac equation and its consequences. We explore this
possibility in the section below.

V. SIMULATIONS BY TRAPPED IONS

The main experimental problem in investigating the
ZB phenomenon in an external magnetic field is the fact
that, for free relativistic electrons in a vacuum, the basic
7ZB (interband) frequency corresponds to the energy
hw; =1 MeV, whereas the cyclotron energy for a mag-
netic field of 100 T is Aw,. = 0.01 eV. Thus, the magnetic
effects in ZB are very small. However, it is now possible to
simulate the Dirac equation, changing at the same time its
basic parameters. This gives us the possibility of strongly
modifying the critical ratio Aw,/2mc?, making it more
advantageous. In the following, we propose how to simu-
late the 3 + 1 and 2 + 1 DEs in the presence of a magnetic
field using trapped ions and laser excitations.

First, we transform the DE to the off-diagonal form

H'=cYap; + dmc?, (103)

using the unitary operator P = (8 + B8)/+/2, where 8 =
aa,a.fB [17] After the transformation, the Hamiltonian

’y!
is 5’-[/ H”L Ié ) where

A s 2 A _ A
0= ( cApZ 1m€+ cpr hfuayz) (104)
cpy — hway —cp, — imc
and a, and a; are given in Eq. (4).

Next, we use the procedures developed earlier and con-
sider a four-level system of Ca or Mg trapped ions [18-20].
Simulations of cp, and cp, terms in the above Hamiltonian
are carried out the same way as for free Dirac particles
using pairs of the Jaynes-Cummings (JC) interactions

A% =nnQ(otaed + o a

temidr), (105)

and the anti—Jaynes-Cummings (AJC) interactions
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I:Ifj’c = mnQ(octa*el® + o ae ). (106)

A simulation of mc?
interaction

is done by the so-called carrier

H¢ =hnQ(otel® + og=e ), (107)
Here, Q and Q) are coupling strengths and 7 is the Lamb-
Dicke parameter [18]. The operators é and 4" are lowering
and raising operators of the one-dimensional harmonic
oscillator, respectively. These operators can be associated
with the three normal trap frequencies and, therefore, with
the motion along the three trap axes. Setting pairs of lasers
beams in the x, y, and z directions, it is possible to simulate
the lowering and raising operators along these directions,
respectively. As an example of this procedure, one selects a
pair of JC and AJC interactions in the x direction, adjusting
their phases ¢, = —/2 and ¢, = + /2. This way, one
can simulate the 2 X 2 Hamiltonian H be = ﬁj’sc’ + I-AI}{’C’ to
get

Ay, = immQo ) — af) =2m,Q00Ap,  (108)
where p, = ih(a; — a,)/A,. Using this technique, the p,
and p,-dependent parts of the Dirac Hamiltonian (104) can
be simulated by appropriate combinations of JC and AJC
interactions. On the other hand, a simulation of 4, and &;
operators (which include the magnetic field) can be done
by single JC or AJC interactions. Using the notation
of Refs. [18—20] one simulates the complete 3 + 1

Hamiltonian ' by the following set of excitations:

A

— P«
j-[mn H o (ad)
+ A

¢, = bp=Tm
o(bc) + HJC(ad) + HA.[;C(bc)

— H, obd) T A oy (ac) + H o, (bdy

+ AP
(109)
where PAI‘Z]’ = anQO'qupq, g= ih(&; &q)/Aq’

J»q = x, z. The subscripts in parentheses of Eq. (109)
symbolize states involved in the transition in question.

o (ac)

The spread of the ground ion wave function is A, =

‘/fl/ZMVq and the Lamb-Dicke parameter is 7, =

k,/h/2qu, where M is the ion’s mass, v, is the trap’s

frequency in the q direction, and k is the wave vector of the
driving field in a trap. The JC interaction gives a, in H,
and 4, in FI/ZTI elements of the Hamiltonian A’, respec-
tively, in Eq. (104), while AJC gives d, in I-AI'Z1 and éz; in
a '11; elements, respectively. A simulation of the 3 + 1 DE
by Eq. (109) can be realized with twelve pairs of laser
excitations: two pairs for each of the four interactions
simulating p, and p, terms and one pair for each of the
four remaining terms. If one omits the p, interaction,
which corresponds to the 2 + 1 DE, one needs eight pairs
of laser excitations: two pairs for the p, terms and one pair
for the each of four remaining terms. Simulated magnetic
field intensity can be found from the following correspon-

PHYSICAL REVIEW D 82, 125031 (2010)

dence (see Ref. [I8]): a,—a; = = 2L(8/0y) =
2A(3/dy), which gives L/+/2 & A, where A=A =
A, = A. Since the other simulations are ¢ < 29A€ and
mc? < k), we have for the critical ratio

heB (nﬂ)z
k=——&|—].
m(2mc?) Q
Therefore, by adjusting the frequencies () and Q,
one simulates different values of k = hw,/2mc?. This
illustrates the fundamental advantage of simulations by
trapped ions.

In Fig. 5, we show the calculated Zitterbewegung
for three values of «: 16.65, 1.05, 0.116, using a
two-component electron wave packet (r|f) = f(r) X
(+/2/2,+/2/2,0,0). The electron motion is a combination

of (WL1(1), (W)Y22(2), (Y)L1(1), and (X)*2(#) components.
There are no mixing terms of the form (ﬂ)l’z(t), etc., since
they vanish for the 2 + 1 DE due to their proportionality to
p, [see Eq. (83)]. The essential feature of the simulated
characteristics is their low frequency and large amplitude
of ZB. Further, it is seen that, as k gets larger (i.e., the field
intensity increases or the effective gap decreases), the
frequency spectrum of ZB becomes richer. This means
that more interband and intraband frequencies contribute

(110)

Lol n yW>y, Q=27*1000Hz
o.o- /\( AN /\ //\ A o
\W\/ VEAYA \] \VAds \/ v
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FIG. 5. Calculated motion of two-component wave packet
simulated by trapped “°Ca* ions for three values of effective
rest energies 7(). Trap parameters are 1 = 0.06, ) = 27 X
68 kHz, A =96 A; packet parameters are ko, = A™!, d, =
A2, d, = 0.9d,. Simulations correspond to x = ho,/2mc* =
16.65 (a), 0.26 (b), 0.116 (c), respectively. Positions are given in
L = /2A units. Oscillations do not decay in time.
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to the spectrum. Both types of frequencies correspond
to the selection rules n’ = n = 1. Thus, for example, one
deals with ZB (interband) energies between the Landau
levels n=0and n' =1, and n =1 and n’ =0, as the
strongest contributions. For simulated high magnetic
fields corresponding to k = 1, the interband and intraband
components are comparable and one can legitimately
talk about ZB. We believe that the ZB oscillations of the
type shown in Fig. 5(a), resulting from the 2 + 1 DE for
Kk = hw,./2mc? > 1, are the best candidate for an obser-
vation of the simulated trembling motion in the presence of
a magnetic field. The calculated spectra use the trap and
wave packet parameters already realized experimentally;
see Ref. [6]. We emphasize the tremendous differences of
the position scales between the results for free electrons in
a vacuum, shown in Fig. 1, and the simulated ones shown
in Fig. 5. The anisotropy of ZB with respect to (x())
and (y(r)) components, seen in Figs. 1 and 5, is due to
the initial conditions, namely ko, # 0 and ko, = 0. A
similar anisotropy was predicted in the zero-gap situation
in graphene [14].

In Fig. 6, we show the results of our calculations for
different A(), simulating effective values of 2mc?, at a
constant simulated magnetic field. Packet parameters are
the same as in Fig. 5. The results are shown for initial

x>0 -1 0 1 2

L L L L L L

21 a) | 0=2r*24 b) [2
11 L1
0+ O
S 4 b
X E:
A 4 F \%
5 .
e Q=2"12kHz  ©) af <
E
14 [
0+ 0
-1 -1
2] -2
2 -1 0 -1 1 2

<x(t)> (L)

FIG. 6. Trajectories of electron wave packet in a constant
magnetic field for various simulated rest energies #{), as calcu-
lated for 2 + 1 Dirac equation. Trap and packet parameters are
the same as in Fig. 5. Positions are given in magnetic radius L
In the nonrelativistic limit (a), the ZB is practically absent. As
the rest energy decreases, the motion becomes more relativistic
and the ZB (interband) frequency components become stronger.
The ratio « defined in Eq. (110) is (a) 0.0018, (b) 0.029,
(c) 0.116, (d) 1.05.
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time intervals of the motion. In the nonrelativistic limit
illustrated in Fig. 6(a), the motion is completely domi-
nated by the intraband frequencies and it represents a
cyclotron orbit. As the gap decreases, the motion is more
relativistic and the circular trajectories turn into spirals.
Simultaneously, the interband Zitterbewegung frequencies
come into play. In highly relativistic regimes (low values of
7)), the trajectories look chaotic. However, the motion is
not chaotic; it consists of a finite number of well-defined
but incommensurable frequencies. The illustrated motion
of the wave packet for the 2 + 1 DE is persistent; its
amplitude experiences infinite series of collapse-and-
revival cycles. In the relativistic regime, the motion is
somewhat anisotropic with respect to the x and y direc-
tions, which is related to the initial conditions k, =
(ko 0). This phenomenon has an analogy in the field-
free case for the relativistic regime, where the ZB oscil-
lations occur in the direction perpendicular to the initial
packet velocity [16,21].

In Fig. 7, we analyze ZB of the one-component packets
having a nonvanishing first or second component.
Interestingly, they look distinctly different, and the x parts
of the motion have different limits for mc* — 0 (i.e., for
very small energy gaps 7(}). The y components of motion
are comparable in both cases, but the x components differ
substantially.

“<y(t)>"-y,

imAAAMMA

=
o1
1

Position (A) ;

o
ol
1

FIG. 7. Simulated ZB motion of one-component packets in the
regime k > 1. Simulated gap frequency is ) = 27 X 1000 Hz;
other trap and packet parameters are as in Fig. 5. Upper part:
packet with the first nonzero component; lower part: packet with
the second nonzero component. Note largely different magni-
tudes of the x oscillations in the two cases.
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FIG. 8. Collapse-and-revival cycles of packet motion for simu-
lations using 3 + 1 DE (a) and 2 + 1 DE (b). Packet parameters
are dy =d,=d, =L, ko, = A~!. Trap parameters are as in
Fig. 5, simulated gap frequency is ) = 277 X 12000 Hz. Note
transient character of motion for the 3 + 1 DE and persistent
oscillations for the 2 + 1 DE. In both cases, the collapse-and-
revival cycles appear.

In all the figures presented above, we showed the packet
motion in short time spans. In Fig. 8, we analyze the
long-time packet evolution according to the simulated
3+ 1 and 2+ 1 Dirac equations. In both cases, the
collapse-and-revival cycles occur. However, the motion
according to the 3 + 1 Dirac equation is decaying in
time, while the oscillations in the 2 + 1 case are persistent
in time.

VI. DISCUSSION

We briefly summarize the important new effects brought
to ZB by an external magnetic field: (1) The quantization
of the spectrum for positive and negative electron energies
results in numerous interband frequencies contributing to
7B, (2) the presence of B introduces an important new
parameter into the phenomenon of ZB affecting all the
frequencies, (3) the presence of intraband frequencies
raises the question of what should be and what should
not be called ZB. In our opinion, the interband frequencies
are the signature of ZB while the intraband frequencies (the
cyclotron resonance in our case) are not, (4) The presence
of B “stabilizes” ZB in the 2 + 1 case, making it a sta-
tionary phenomenon, not decaying in time. The last feature
is related to the fact that the magnetic field is represented
by a quadratic potential and, as is well known, the wave
packet in a parabolic potential is not spreading in time.
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However, a slow decay of ZB in time might occur if the
trembling electron emits radiation. This does not occur if
the electron is in its eigenstate, but it will happen if the
electron is prepared in the form of a wave packet, because
the latter contains numerous eigenstates of the electron in
a magnetic field [see Eq. (42)]. The emitted radiation can
have multipole character depending on the electron energy
[22-24]; it may also be due to spontaneous radiative
transitions between various Landau levels in the strictly
quantum limit. Finally, in the classical limit of very high
electron energies, one may deal with the synchrotron
radiation, radiative damping, etc., but this limit is beyond
the scope of our paper. Also, a broadening of Landau levels
due to external perturbations results in a transient character
of ZB, cf. Ref. [25].

The time-dependent electron motion, as obtained in the
operator form [see Egs. (39) and (40)], is described by four
operators. We show in Appendix E that these operators
have different limits for low magnetic fields. However, all
of them contain both interband and intraband frequencies.
Thus, in both operator and average formulations, the
cyclotron and trembling motion components are mixed.
The method of direct averaging of operators in the
Heisenberg form, used in Sec. III, is simpler than that of

averaging the explicit forms of A and .JAZlJr, as derived in
Sec. 11, since it does not require the detailed knowledge of
these operators. The main disadvantage of the direct aver-
aging is that it obscures the detailed structure of electron
motion shown in Egs. (39) and (40).

In our considerations, we used one-component and
two-component wave packets and showed that the charac-
ter of ZB oscillations in the two cases is similar, but
not identical. Calculations for three- and four-component
packets, although possible, are much more complicated
and do not introduce anything new at the physical level.

High magnetic fields for relativistic electrons in a vac-
uum are often characterized by the so-called Schwinger
critical field B, for which AeB/m = mc? or, equivalently,
L = (h/eB)"?> = i/mc = A,. This corresponds to the
gigantic field B, = 4.4 X 10° T existing only in the vicin-
ity of neutron stars. However, in simulating the analogous
situations in semiconductors [26] or by trapped ions [6],
the corresponding critical fields are not high and they
depend on parameters of the system in question. We em-
phasize that our results are not limited by any particular
value of B, and they describe both weak and high-field
limits.

As mentioned in Sec. I, the initial Dirac equation (1) and
our resulting calculations, as well as the simulations based
on trapped ions, represent the “empty” Dirac Hamiltonian
which does not take into account the “Fermi sea” of
electrons in a vacuum having negative energies. This
one-electron model follows Schrodinger’s original consid-
erations. The phenomenon of electron ZB in a vacuum is
commonly interpreted as resulting from an interference of
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electron states corresponding to positive and negative elec-
tron energies. The characteristic interband frequency of ZB
is a direct consequence of this feature. The initial electron
wave packet must contain these positive and negative
energy components. It may be difficult to prepare such a
packet if all negative energies are occupied. Moreover, the
fully occupied negative energies may prevent the interfer-
ence (and hence ZB) to occur; see Refs. [5,27]. What
happens when an electron-positron hole pair is created by
a gamma quantum has been a matter of controversy [28].
On the other hand, a system with negative electron energies
can be relatively easily created in semiconductors; see
Ref. [26]. It should be mentioned that an external magnetic
field does not create by itself the electron-positron pairs.
We emphasize again that our present calculations and the
experimental simulation of Ref. [6] are realized for the
one-electron Dirac equation for which ZB certainly exists.

Bermudez et al. [9] treated the problem of time-
dependent relativistic Landau states by mapping the rela-
tivistic model of electrons in a magnetic field onto a
combination of the Jaynes-Cummings and anti-Jaynes-
Cummings interactions known from quantum optics. For
simplicity, the p, = 0 restriction was assumed. Three
regimes of high (macroscopic), small (microscopic), and
intermediate (mesoscopic) Landau quantum numbers n
were considered. In all the cases, one interband frequency
contributed to the Zitterbewegung because the authors did
not use a Gaussian wave packet to calculate average values.

Our exact calculations of Zitterbewegung of relativistic
electrons in a vacuum in the presence of a magnetic field
and its simulation by trapped ions are in close relation with
the proof-of-principle experiment of Gerritsma et al. [6],
which simulated the 1 + 1 Dirac equation and the resulting
electron ZB in absence of magnetic field. Our results show
that, paradoxically, the simulation of the DE with a mag-
netic field is simpler than that without the field. However,
there is a price to pay: one needs at least the 2 + 1 DE to
describe the magnetic motion, since B parallel z couples
the electron motion in x and y directions.

VII. SUMMARY

In summary, we treated the problem of electron
Zitterbewegung in the presence of a magnetic field in three
ways. First, we carried calculations at the operator level,
deriving from the one-electron Dirac equation the exact
and analytical time-dependent equations of motion for
appropriate operators and, finally, for the electron trajec-
tory. It turned out that, in the presence of a magnetic field,
the electron motion contains both intraband and interband
frequency components, which we identified as the cyclo-
tron motion and the trembling motion (ZB), respectively.
Next, we described the same problem using averages of the
Heisenberg time-dependent operators over Gaussian wave
packets in order to obtain physical quantities directly com-
parable to possible experimental verifications. We found
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that, in addition to the usual problems with the very
high frequency and very small amplitude of electron
Zitterbewegung in a vacuum, the effects of a magnetic
field achievable in terrestrial conditions on ZB are very
small. In view of this, we simulated the Dirac equation with
the use of trapped atomic ions and laser excitations in order
to achieve more favorable ratios of (heB/m)/(2mc?) than
those achievable in a vacuum, in the spirit of recently
realized experimental simulations of the 1 + 1 Dirac equa-
tion and the resulting electron Zitterbewegung. Various
characteristics of the relativistic electron motion were
investigated, and we found that the influence of a simulated
magnetic field on ZB is considerable and certainly observ-
able. It was shown that the 3 + 1 Dirac equation describes
decaying ZB oscillations, while the 2 + 1 Dirac equation
describes stationary ZB oscillations. We hope that our
theoretical predictions will prompt experimental simula-
tions of electron Zitterbewegung in the presence of a
magnetic field.

APPENDIX A

In this Appendix, we briefly summarize the similarities

and differences between operators }A/ and X , as defined in
Egs. (9) and (10), and the position operators ¥ and x. The

operators y (L/\2)(a + a*)diag(1,1,1,1) and X =
(L/iv2)(a — a+)d1ag(1 1,1,1) are 4 X 4 noncommutlng
matrices: [ X, Y] =

obviously commute. However, the matrix elements of }A/

1, while the position operators §, %

and X between states [n) and |n’), given in Eq. (42), are
equal (up to a constant y, = k,L?), to the matrix elements
of y, X between the same states.

As an example of this property, we calculate the matrix
elements of I, X, §, £ at t = 0 between two states |n) =
In, k, k., e, —=1) and [|n) = |n', k|, k., €, —1) given in
Eq. (42). We have

N L . .
(n|YIn') = ﬁ{mla +a" Y (Xu X + NuNyc? p?)
+n—1la+at|n'— DN,N,Rw,0,}, (Al

where |n) is defined in Eq. (44), and we omitted indices k,
and k.. For the matrix element (n|$|n’) we obtain the same
expression as in Eq. (A1), but with (L/~/2)(a + a*) re-
placed by 9. Because (L/~2)(a+ a*) =9 — kL%, we
obtain from Eq. (AD)

@ YIn') = (lln') = (alk L2AnY X + NuNywc?p?)
- (n - llkXLzln/ - 1>N,,N,,«h2w,,a)n/

= (nl3ln’) — kL% (A2)

In order to calculate the matrix elements of fc we ob-
serve that the Hamllton equations give X = ca,, § = ca
=0, and p}

¥
ca,eB. From the above relations, one
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TABLE I. Three upper rows:

PHYSICAL REVIEW D 82, 125031 (2010)

matrix elements of the Heisenberg operator A(f) =

¢ 2(0)e~ and matrix elements of the explicit form of A(f) = A,(1) + A, (1), as given
in Egs. (35) and (36), calculated for four combinations of (e, €'). Three lower rows: the same for

the operator A *(¢) = ¢ 2A(0)e=? and the explicit form A" (1) = A

T+ A5 0.

Operator (+1,+1) (+1,-1) (=1,+1) (=1, -1)
[eiﬂr‘fz\eﬁ(‘zr]ﬂ N eilw,—w, rﬂ ei(w,,+w“;)tﬂnnl el —w, ’le e,-(,a,/’+w"/),ﬂnn,
A A (o ell@n ’.7\ 0 ei—w,— w,,r)zj\ 0
Z(Z)nn 0 eilento ')Iﬂ 0 eil-w, o /)ZJZL
[ethﬂ+ 7th] n z(w/ w, tﬂ+ e,(w /+w,,)tﬂ+ 1( 0, -, [./’Z\+ 1( 0 +w, [ﬂ+
ﬂ (t)n n t(a)/ w, tﬂJr 0 A e,(w o )tﬂ+ 0 )
*AZ (Z)n n 0 ei(im"’iw")[ﬂ;’,n 0 ei(f“)n’Jr“)n)[ﬂ;,n

obtains ﬁy = eBx = (h/L?)%, which gives after the inte-
gration over time

(1) = (L*/n)p,(1) + D. (A3)

The constant of integration D can be set equal to zero
by an appropriate choice of £(0). Since p, = (A/i)d/dy
with /0y = (1/L)3/9¢& and 9/9& = (@ — a+)//2 [see
Eq. (4)], there is p (1) = (n/iLN2)(A(1) — AT(1) [see
Egs. (7) and (8)]. Thus, we have

AT D)’y = (al X (1)In").
(A4)

mmmwﬂmﬁﬁﬁw—

Since A and A" are four-component lowering and rais-
ing operators, the selection rules for X and for X are n' =
n=* 1, k, = kI, and k, = k.. There are no selection rules
for €, € or for s,s’. Equations. (A2) and (A4) are the
required relations between the matrix elements of y X
and J, X operators, respectively.

For the states |n) and |n’) with s = +1, there are also
(| YIn'y = (nl3ln’) — k,L? and (| X|n’) = (n|%[n’). For
the states |n) and |n’) with different spin indexes s and s’,
the constant term y, = k,L? does not appear.

Finally, we calculate the average values of J, %, y, and
X operators using a Gaussian wave packet |f) from
Eq. (86). At ¢ = 0 there are (f|9|f) = 0 and (f|%]f) = 0.
Next,

FIX1f) |f> =0,

<f | (AS5)

0
= Lflgzln =13
and
FIYLEY = IS = (Flh L) = —ko L2

All figures above refer to the averages (@(t)) and (X (1)),
i.e., equivalently, to ($(1)) — vy, (X(2)), respectively.

(A6)

APPENDIX B

We want to prove equivalence of the general Heisenberg
form of operators A(f) = ¥ A(0)e " and their

explicit time-dependent form given in Egs. (35) and (36).
We do this by showing that the matrix elements of A (7)
obtained by the Heisenberg formula and by using Eqgs. (35)
and (36) are the same. To calculate the matrix elements,

we take two eigenstates of the operator Q: |n) =
In, ky, k., € s) and |n) = |n/ K, k., €, s") with n' =
n + 1. We use Eq. (54) for the matrix element of A (1)
and Eq. (55) for the matrix element of lez(t) On the other
hand, we calculate the matrix elements of ¢/ A0)e™ i
We compare the matrix elements calculated by the two
methods for all combinations of the band indexes e, €.
Writing w, = E,; /h, w,y =E,; /h, and A, = w,

we obtain the results summarized in Table I. It is seen
that the matrix elements of A(f) = el ﬁl(O)e”'Q’ are
equal to the matrix elements of A = ﬁll(t) + lez(t).
Since the states |[n) form a complete set, the equality holds
for every matrix element of A (¢). This way, we proved the
equivalence of the two forms of A(#). Tt is to be noted that
selecting » = —1 instead of ¥ = +1 in the definition of

the square root of operator M? [see Egs. (49)] leads to the
same results.

APPENDIX C

Here, we consider some properties of the coefficients
U,.n» as defined in Eq. (72). First, we prove the sum
rule },U,, = 1. Let |n, k,) be an eigenstate of the
Hamiltonian H = (A2/2m)(p — eA)?. In the standard
notation there is {r|n, k,) = ¢**H,(£€)e ¢/2/\/LC,. For
any normalized state |f) we have

t=0In=3 [* dkifinkmiln. €
=Y —®
Since F,(k,) = {(n, k.|f) [see Eq. (67)], we obtain
1=ifmﬁ%mMMh=iww (©2)
n=0v ~® n=0

This proves the normalization of U,, . Since the integral in
Eq. (C2) can be expressed as [¥ |F,(k,)|?dk,, it is seen
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that U, , are non-negative. The above sum rule was used
to 1) verify the accuracy of numerical computations of U, ,
and ii) estimate the truncation of infinite series appearing in
the calculation of y(z‘) and X(2).

Now, we calculate another sum rule. Consider an aver-
age value J of the operator 4" over a two-dimensional
wave packet J = (f,,|a"|f,,). Inserting the unity operator
1 =Y, [dkn, k.)Xn, k.|, we have

J = <fxy|&+ |f_Xy> = Z /00 dkx(.fx;‘&-'—ln’ k}(><n’ kxlfxy>'
n=0v ~®

(C3)

Using the definitions of F,(k,) and U,, , [see Egs. (67) and
(72)], we obtain

7= fm (faln + Lk Xn, kol fo)vn + 1dk,
n=0Y ~®

-y [‘” Jn F1F: (k)F, (k) dk,

3

(C4)

vn + 1 Un+1,n'
n=0
To calculate J independently, we take the wave packet

1 2 y2
(X, y) = ——= —— — = + ikq, C5
fx_\(x y) \/W CXP( 2d)2( 2d§ LKy )C) (Cs5)
and calculate J, inserting the unity operator 1 =
J dk, |k, )(k,|. This gives

7= [7 ol ks )dkdy

o0 1 ad
= o (ky, —( - —) ok yv)dkdy. (C6
jioogy( y)ﬁf aérgy( y)dk.dy. (C6)
Since ¢ = y/L — kL, and 9/9& = Ld/0dy, the integra-
tions over d, and k, are elementary and we find

- koL

J = ’;)\/mUn+l,n == f/xi .

The above sum rule was used for an additional verification

of U+, terms and for the analytical calculation of motion
of a nonrelativistic electron [see Eqgs. (95) and (96)].

(o))

APPENDIX D

Here, we calculate the average electron velocity, limit-
ing our discussion to a packet with the second nonzero
component. The x and y components of the velocity are the
time derivatives of (X (£))>2 and (Y(£))*2. Since (X(7))>?
and (Y(#))*? are combinations of (A (1))>2 and (A * (1))>2
[see Egs. (39) and (40)], we calculate the time derivatives
of (A(r)) and (A" (1)), as given in Egs. (74) and (75),
respectively. The average velocities are
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L —
<vy(t) 22 = mz n+ 1(l]n,errl + Un+l,n)

" (alj N al;)
at at J

(D1
L —
<vx([)>2'2 = mz n+ 1(Un,n+1 + Un+1,n)
(31; al;)
X + A
Jt at

ol ©  fw
Lo =l [T kP
at — LEn+1,k,

(D2)

where

X Sin[(E‘nJrl,kZ + En,kz)t/h]dkzr (D3)

mcthw

oI %
L =5 [ 5. (k)2

at °°En,k‘.En+1,kz

X COSI:(En+1,kZ + En,k:)t/fl]dkz' (D4)

In the above equations, we used EZ,,, — E, = h’w”
It is seen from Egs. (D3) and (D4) that the integrals
(Lal; /at), describing the cyclotron motion, and the inte-
grals (Lol /dt), corresponding to the ZB motion, have the
same factor (hw/E, )|g.(k,)|*. Integrals (LdI; /91) and
(Lol /at) have the same property. Therefore, the ampli-
tudes of the cyclotron velocity and the ZB velocity are
of the same order of magnitude. On the other hand,
the amplitudes of positions differ by several orders of
magnitude.

Alternatively, we calculate the average velocities for
the canonical velocity operators. The velocity operator is
obtained from the equation of motion » = (i/A)[H, 7],
which gives ¥, = cé&, and 9, = c&,. Now, we show that
the average velocities obtained in Egs. (D1) and (D2) are
equal to the averages of ¥,(¢) and ¥,(r). We limit our
calculations to a wave packet with the second nonzero
component.

The average of 9,(1) = e"j'[f/”(c&x)g*ij{t/ﬁ is

(0002 = 3 (fIm)(@)y wn'| e EmENIR (DS)

From Eq. (66), we have (n|f) = x,e g (k,)s,F,(k,), and
the matrix element (&,),, v is straightforward. The summa-
tion in (0,(¢))>? over s, and s, gives two nonvanishing
terms. We have

D 0p2=—c ¥

n,n' €€

i(€E,, —€E, )t/

[_ dkxdkzXﬁekz Nn’e’kz /\/n’e’k,

X hw,e

X (8n’,n+1 + 6n’,n—1)|gz(kz)|2- (D6)
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There is xio = (1 + emc?)/(2E, ;) and Ny Xner. =
€/(2E, ). Performing the summation over n', integration

over k, and replacing in the second term n — n + 1 we
obtain

(0022 = =5 ST Uy [ dklgc k)P

HEG

emc?\ €hw
X (1 + ) e
Enk En+l k,

i((€E, 1, — € Eyprx )t/

o Z Vn+1 U,,Hn/ dk,|g. (k)|

VLGE

emc?\ ehw
X1+ —e
Eo k. JEq i1k,

L, —€Eni)t/h (D7)

There is

_ZEG/ l(EEn 6E,,+1)[/h

_ COSI:(En+1 - En)t] o COSI:(E11+I + En)t
h n

| o

and the summations over the two terms with single € and €’
cancel out. Rearranging terms in Eq. (D7), we obtain the
same result for (9,(¢))>? as in Eq. (D2). Calculations for
(D,(1))** are similar to those given above. Since &, has
both positive and negative antidiagonal elements, the
expression for (9,(1))*? in Eq. (D7) has two terms with
opposite signs. Therefore, the summation over €, € cancels
out the terms containing cosine functions, which appear in
Eq. (D8), and only terms with sine function survive. After
rearranging these terms, we also recover Eq. (D1). This
way, we show that the average velocity obtained from
the differentiation of (§(¢))>? and (£(1))>? are equal to the
average values of operators (cé,(1))>? and (cd(1))*>.

APPENDIX E

Below, we analyze the structure of electron motion.
Time evolution of the average values of A(f) and A7 (1)
is equivalent to the evolution of four subpackets: (A (1)),
(A, (1)), (AT (1)), (A7 (1) [see Eqgs. (74) and (75)]. We
take the packet (r|f) = (0, f(r),0,0)" and follow the
method similar to that presented in the calculation of

<le]) in Eq. (73). For simplicity, we consider the 2 + 1
Dirac equation setting |g.(k.)|> — 8(k,), which gives

(A 002 = S T 1U, 4, 3 el€EnEnrol/
n €, E/

X

1+ € E
6[1~|—ee’ il

n+1,0

+mcz< € + ¢ )]
En,O EVH—I,O

(ED
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Performing the summation over €, €, and writing E, =
EnOa (En+l E )/h (U (En+1 +E )/h un =
n + U,, a1, and Uf = Vn + 1U,+1,,, we obtain

(A, (1)*? cos(wét) + T cos(w?1)

1

— iT{ 1 sin(wt) + iT-1 sin(w?Z1)},  (E2)

(A2 = %ZU”{Tﬁ; cos(wSr) + T** cos(w?1)

+ iT*7 sin(wSt) + iTT T sin(w?t)},  (E3)

cos(wit) + T cos(w?i)

A 1
(Al P2 = S ulirss

+ iT{ 1 sin(wt) + iT1Z sin(w?Z1)},  (E4)

(AS(1))2? = %Z’U};{T ~ cos(wSt) + T cos(w?t)

+ T sin(w$t) + iT; 7 sin(w?Z1)},  (E5)
where we use the notation
2 2
c mc E
T:;y‘: =8 + o) + 83 + S4 L , (E6)
n En+1 En+1

with s1, 5,, 83, 54 = =1. Each of the terms in Egs. (E2)—
(ES) contains sine and cosine functions with the cyclotron
and ZB frequencies. The structure of these terms is
significantly different. To see this, we consider the non-
relativistic limit: E,.; = E, =~ mc?. Then, the motion
of subpackets (A ,(1))*? and (A (1))*? reduces to the
cyclotron motion, while the averages (A,(1))*? and
(ﬁl; (¢))>? vanish. The above subpackets describe natural
components of the electron motion in a magnetic field. The
direct averaging of (A®)) or (AT (1)), as presented in the
previous sections, allows us to calculate the evolution of
the physical quantities but it does not exhibit the structure
of the motion. The exact operator results, as given in
Eqgs. (35)—(38), provide a deeper understanding of this
structure.

In Fig. 9, we plot time evolutions of the four subpackets
(A 022, (A%, (AT (0)*? and (A3 (1)*2, caleu-
lated with the use of Egs. (E2)—~(ES) for simulated gap
frequency ) = 27 X 4000 Hz. At low magnetic fields,
the components (A,(1))*? and (A7 ())>? are much
smaller than (A,())*> and (A (1))*2. Note that
(A,(1))*? spins in the opposite direction to (A (£))*2,
and similarly for (A,(1))>? and (A7 (1))*2. The four
components of motion are persistent for the 2 + 1 Dirac
equation.
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FIG. 9. Calculated time evolution of dynamic averages:
@) (A1 (0)>2, (b) (A, (1)*2, (¢) (AT ()2, (d) (A7 (1))>?, as given
in Eqgs. (E2)—(ES), for 2 + 1 DE. Trap parameters as in Fig. 5,
simulated gap frequency ) = 27 X 4000 Hz. Packet parame-
ters are d, = 0.63A., d, = 0.57A., ko, = 0.999A.'. Motion is
plotted for 0 <7 < 8 ms.

APPENDIX F

In this appendix, we discuss the relation of our work to
that of Barut and Thacker (BT, Ref. [7]), which concerns
the same subject. Barut and Thacker calculated the ZB of

PHYSICAL REVIEW D 82, 125031 (2010)

relativistic electrons in the presence of a magnetic field at
the operator level. Their work was the first treatment of this
subject but, in our opinion, it suffered from a few
deficiencies.

Barut and Thacker considered the time dependence of
electron motion, introducing from the beginning its X and y
components [in our notation, cf. Equations (9) and (10)
and Appendix A] rather than Aand A" operators. This
choice was unfortunate since A and A" satisfy sepa-
rately important operator Egs. (25) and (26), in which B=
exp(—iﬁt)le and BT = A" exp(-i—iflt) operators stand
at the RHS and the LHS, respectively. The operators % and
¥ do not satisfy such equations, and ‘““forcing” X and y to

satisfy the corresponding relations, BT introduced the
v

frequency w, = 4/2(mc (Aw)?* (in our notation).
The problem here is that for Aw > V2me?, this frequency
becomes imaginary, leading to solutions growing exponen-
tially in time. In our treatment, no such problem occurs,
since all the frequencies are of the form w, = (E, 4 =
E,.)/h, ie., they are real for all magnetic fields.

The calculation of BT gave only two interband ZB
frequencies and two intraband (cyclotron resonance) fre-
quencies contributing to the electron motion. On the other
hand, we obtain two series of intraband and interband
frequencies because the Gaussian wave packet, which
we use for the averaging procedure, includes numerous
Landau eigenstates in a magnetic field. On the other hand,
BT did not introduce a wave packet, projecting their
operator results on the ground electron state. In contrast
to our approach, the procedure of Barut and Thacker uses
the proper time formalism.
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