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Unitarity analysis of general Born-Infeld gravity theories
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We develop techniques of analyzing the unitarity of general Born-Infeld gravity actions in
D-dimensional spacetimes. The determinantal form of the action allows us to find a compact expression
quadratic in the metric fluctuations around constant curvature backgrounds. This is highly nontrivial since
for the Born-Infeld actions, in principle, infinitely many terms in the curvature expansion should
contribute to the quadratic action in the metric fluctuations around constant curvature backgrounds,
which would render the unitarity analysis intractable. Moreover in even dimensions, unitarity of the theory
depends only on finite number of terms built from the powers of the curvature tensor. We apply our

techniques to some four-dimensional examples.
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L. INTRODUCTION

Tree-level unitarity analysis, that is tachyon and ghost
freedom, of a generic gravity model with arbitrary powers
of the curvature tensors around a constant (nonzero) cur-
vature background is a nontrivial problem. On the other
hand, for flat backgrounds, only the quadratic terms con-
tribute to the propagators, and therefore the analysis is
rather simple. In fact, in four dimensions the only unitary
model, apart from the Einstein’s gravity, is the R + aR?
theory at the quadratic order. But, this model is not renor-
malizable without a BR%W term which, when augmented to
the action, ruins unitarity by introducing a massive ghost
mode [1].

Experience from quantum field theory dictates that at
high energies Einstein’s gravity should be replaced with a
theory that has higher powers of various curvature tensors
symbolically written in the form

I= f d%{% (R — 2A,)

+ 3 a,(Riem, Ric, R, VRiem, .. )} (1)
n=2

The main nontrivial question is how to find the correct
couplings a, that yield a viable unitary theory. One might
view gravity as a low energy approximation to a micro-
scopic theory such as string theory and thus expect to find a
unitary (but not necessarily renormalizable) gravity theory
to any desired order in the curvature by perturbatively
computing a,. Of course beyond quadratic order this is a
very difficult computational problem. Another approach is
the so called asymptotically safe gravity which conjectures
that the dimensionless versions of all the coupling con-
stants in (1) have a nontrivial UV fixed point and even for
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infinitely many coupling constants the theory has predic-
tive power since the critical surface is finite dimensional
[2—4]. In this work, encouraged by our recent observation
in three dimensions that we briefly summarize below, we
take a different route and propose that certain Born-Infeld
(BI) type gravity actions might define unitary models to all
orders. Unitarity analysis around constant curvature back-
grounds is itself a complicated problem when many powers
of curvature tensors are involved, here we develop the
techniques of carrying out this analysis in detail and
provide two nonunitary examples in four dimensions. In
subsequent work [5], we will give more examples in three
and four dimensions that are unitary.

Let us recapitulate the three-dimensional BI gravity
action [6] and its success of reproducing the known viable
theories:

Ig;avg = — 4K_n;2 [d%c[J— det(g - %G)
(1~ %)JTetg] @)

where the components of the matrix G read as G, =
R,, — %g uwrR. In (2), we have referred to this model as
the BI extended new massive gravity (BINMG), since in
small curvature expansion, this model reproduces the cos-
mological Einstein-Hilbert theory at the first order, the new
massive gravity theory [7], which is unitary [8§—11], at the
second order and the extended new massive gravity based
on the existence of the holographic ¢ functions at the cubic
and fourth orders [6,12]. With the help of the techniques
we develop below, we have shown that BINMG is a unitary
theory at all orders around flat and constant curvature
vacua [5]. One of course would like to find analogs of (2)
in higher, especially in four, dimensions. To be able to do
this, one has to first establish tools for the unitarity analysis
which is the purpose of this work. In what follows, for
the sake of generality, we will keep the discussion in D
dimensions and for generic BI actions with the only
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restriction that they reproduce the (cosmological) Einstein-
Hilbert theory at the first order.

The history of the BI-type actions is quite rich and for
the nongravitational cases a nice review was given in [13].
As for gravity, BI-type gravitational actions actually pre-
cedes a decade their counterparts in electrodynamics. It
was Eddington who first proposed that, at least in the
absence of matter, using the connection as the independent

variable, Einstein-Hilbert action can be replaced by I =

f d4x‘/detR u»(I) [14]. (Note that one actually has to dig

this result out from Eddington’s book, since it is not clearly
stated in one place. But, Schrdodinger, attributing to
Eddington, writes this action explicitly on page 113 of
his book [15]). More recently, Eddington’s approach (in
fact a slight modification of it) was resuscitated in [16]
(and the references therein) as an alternative to Big Bang
cosmology without an initial singularity and with
finite density. In [17], instead of Eddington’s Palatini
formulation, the metric formulation where the metric is

the only independent variable was used in the form / =

f d4x\/det(g uv T aR,, +X,,) and constraints such as

ghost freedom on BIl-type gravity actions was studied.
Our work follows this line of thought and extends the
unitarity analysis to constant curvature spaces. We would
like to point out to some related works where BI-type
gravities, their cosmological and other solutions have
been studied [18-22].

The main idea of this work is to find a way to obtain the
quadratic action in the metric perturbation of a generic Bl
gravity around its constant curvature vacuum, and this can
be achieved either by explicitly calculating the O(h%,)
action or by finding the equivalent quadratic action in the
curvature that has the same propagator with the original
action. Once the equivalent quadratic theory is known
unitarity analysis follows with the conventional methods
described in [10]. To facilitate understanding and show
what is to be expected, let us give one of our results here.
Let A,, be an arbitrary (0, 2) tensor built from the curva-
ture tensors, then we will show that, in four dimensions, at
O(h,,) and O(h%,), the action

2
I =— | d*x[4/— det +A
= [ty et A

— (A + 1)4/— detg] (3)

is equivalent to the simpler action

1 1 1
IO(AZ) = K_a '[d4x1/—g<A - ZCYAO + ZAz - EA/ZLV)’
“)

where A is the trace of A,,. Once this is done unitarity
analysis can be carried out with the known methods which
we shall not repeat in this work.

PHYSICAL REVIEW D 82, 124023 (2010)

The layout of the paper is as follows: In Sec. II, second
order expansions of the relevant tensors in the metric
perturbation £, are given. Section III is the bulk of the
paper which contains our general analysis of BI gravities
and the corresponding equivalent quadratic actions. We
also give two examples in four dimensions in this section.
Some technical details are delegated to the Appendices.

II. SECOND ORDER EXPANSIONS OF
CURVATURE TENSORS

In order to study the fluctuations of generic BI actions
around constant curvature backgrounds, we will need to
expand various tensors up to second order in the metric
perturbation 4, which is defined as

Euv = g/u; + Th/un (5)

where we introduced a small (dimensionless) parameter 7
and a background metric g, which is quite generic at this
stage (i.e. not necessarily constant curvature). [Taking the
risk of being pedantic, let us note that (5) is exact, and that
there of course does not exist a natural dimensionless
parameter in gravity at all scales. So, what one actually
means by (5) is that in some frame £, is small compared
to g, for all points in the spacetime, and since there will
be another expansion, that is the curvature expansion, 7 is
introduced to keep track of the £, orders.] Some of the
computations in this section are actually somewhat tedious
but straightforward. They could also be found in the lit-
erature, albeit somewhat scattered, and probably not in the
form we present here which proved quite handy in our
calculations that follow in the remainder of this work. The
inverse metric g*” can be found as

g = gt — th*" + T2 hy + O(73). (6)

The trace of the metric perturbation is given as h =
g""h,,. By using these results, the second order expansion
of the Christoffel connection becomes

U0, =T, + (T, — 7?h5(C5), + 0, (7)

where ffw is a background metric compatible connection
V,8,, =0 and the linearized connection (I'},); is
defined as

(F,'ZV)L = %gp)L(vp,hv/\ + vVh;u\ - v)\h,uv)' (8)

The main object to consider is the Riemann tensor from
which all the other curvature tensors and scalars follow.
Hence, substitution of 'y, = I';, + 8I'%,, to the Riemann
tensor R* ., = 8,1, + Th\ TS, — p < o yields

RE e = RF,,, +V,(8T5,) =V, (8T%,) + 614, 8T,

— 8T* 8T 9)

pv
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where 8T, = 7(TL,), — Tzhpﬁ(FﬁV)L at this order.
Therefore, the Riemann tensor becomes

R'uvpzr = RMVpo + T(R'quO')L - Tzhg(R'BVpa')L

- ng““ggy[(FZa)L(Fgu)L - (Fga)L(FgV)L]
+ 0(73). (10)

Note that raising and lowering is done by g,,,, but in the
above expression, for the sake of notational clarity, we do
not raise and lower the indices of the linearized Christoffel
connection. Here, the linearized Riemann tensor (R*, ),
is defined as

| =

(RMV,D(T)L (vpv(rh’;f + vpvyhg - vpv“hm,

-V, V,hl =V, V, bl +V, V4, (11)
With this result, the second order expansion of the Ricci

tensor and the scalar curvature, respectively, take the
following forms:

RVO' = RVU’ + T(RVU')L - Tth(RBV/ur)L

- ng#agﬁy[(F%a)L(rgv)L - (FZ'CY)L(FfLV)L]
+0(7), (12)

R=R+ 1R, + 7{R* ho,h — h""(R,y),
- g’whg(RBV,w)L - gvggﬂagﬁy[(rZLa)L(rgv)L
— (7). (T I + O(), (13)

where the linearized Ricci tensor and the linearized scalar
curvature are defined, respectively, as

RL, =XV, V,hl +V V0 = Oh,, —V,V,h), (14)

o

RL = gaﬁRﬁB - Raﬁhaﬁ. (15)

Note again that the above formulae work for any back-
ground space including constant curvature spaces which
we shall concentrate below.

III. BI-TYPE ACTIONS AT O(hlzu,,)

A. General analysis

A generic Born-Infeld type action which reproduces the
Einstein-Hilbert theory with a bare cosmological constant
(Ay) at the first order in small curvature expansion is of the
form

2
I =— [ dPx[4— det + A
— | dalyf=det(s,, + A,)

— (@A + 1= detg] (16)
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where A,, should read as A,, = a(R,, + BR,,) +
O(R?) with the definition R,, =R,, — %g,,R. The
O(R?) terms may involve rank (0, 2) combinations of the
Riemann and the Ricci tensors, the metric and the scalar
curvature. It could also involve the derivatives of these
tensors, but we will not explicitly consider such actions,
and we will demand parity invariance, so we do not use the
e#¥A7--% tensor in the construction of A,,. Of course, all
these technical restrictions can be removed and the follow-
ing discussion can be extended without much difficulty to
cover the type of actions used in [23]. Here, the dimen-
sionful parameter o with a (mass) > dimension appears
only beyond the Einstein-Hilbert theory, and « is related to
the Newton’s constant. Note that in the Born-Infeld exten-

sion of Maxwell’s theory, \/ —det(g,, + bF,,), one must

introduce a dimensionful parameter b, since Maxwell’s
theory is scale invariant, but the BI theory cannot be. On
the other hand, gravity is not scale invariant and in princi-
ple one need not introduce a new scale, one can simply use
the already existing two scales « and A,. Nevertheless,
introducing a new scale « gives more flexibility to the
theory.

To study the unitarity of (16), one should consider the
quadratic fluctuations around a critical point of the action.
Assuming that g,, is the critical point and h,, is the
fluctuation, we should compute the O(h?) terms in the
action. To do this by just pulling out the volume density,
it is convenient to write the action in the form

2
== f dPx gy~ det(®? + gr¥A,,)
—(aAy + 1)) (17)

Using the second order expansion of the inverse metric,
(6), and assuming an expansion of A,, in the metric
perturbation as

Ay

Ay, + 1AL + 2AD, + o), (18)
one has
8PF Ay = B Ay + TP AL = HHA,)
+ 12(gPHAD, — WAL + hPThEA,,,). (19)

In order to find the second order action in metric perturba-
tion, let us separate the background part of g##A,, and
define 7B}, = g”*A,, — §*A,,,, whose introduction will
make the expansion more transparent. For a maximally
symmetric constant curvature background, one has A uy =
ag,, where a is a dimensionless constant fixed in the
theory in terms of the dimensionful parameters such as
Ay, a, etc. The effective cosmological constant A will also
be fixed by the dimensionful parameters. For complicated
actions, even finding A is a nontrivial problem. The ob-
vious and the conventional method is to find the equations
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of motion and insert the maximally symmetric solution.
But, finding the equations of motion for these actions is
simply too complicated. Therefore, we will give a method
which bypasses this. Then, B% becomes

B = (gP*AY) — aht) + (P AR, — h#HAY),
+ ah*?h,,). (20)

Now, we can re-express the BI action with the help of the
BY tensor

— (ahg + 1}

2
== (1+ )0~/ [ dPx /3

(1 Ia)B[V]]

X {(1 + a)zJ— det[aﬁ +

— (1 4+ )@= D/ (@A, + 1)}, 1)

where a # —1 which is required in order to have a well-
defined leading order: if this requirement is not put, then
the flat space limit cannot be reproduced in the limit of
vanishing cosmological constant. (For example, if one had

fixed a = —Aio with A, = aR,,,, then one would not

have a proper flat space limit.) Here, the factor (1 + a)?
is left in front of the determinantal part in order not to
introduce a factors in the second order terms coming from
the expansion of the determinant. To find the second order
expansion of the action in the metric perturbation, let us
Taylor expand the determinant in terms of traces up to the
order that we shall need

[det(1 + M)]/2 =1+ 1TeM + A(TrM)? — 1 Tr(M?)
+ iTe(M3) = { Te(M?) TeM
+ H(TrM)® + O(M*). (22)

With this formula, the second order expansion of /=g
becomes

\/— detg,,, = \/— det(g,, + 7h,,)

1
= J—_g[l + %h + gfz(hz —2h%,) + 0(73)].

(23)

Then, after using the expansions of the Lagrangian and
/=g in (21) one obtains up to O(7>)
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I— K_2a(1 + q)(0=4/@) [ deJ—_g{[(l +a)?
~ (1+a) PV @y + D]+ [(1 +a)B]
F 0+ a)? — (1 + )@=/ (g Ay + 1)]A]
+ %2[(35’)2 —2BVB, +2(1 +a)hBj +[(1 + a)?

— (1 + @)D/ @Ay + 1)](h 2@”)]}. (24)

O(7°) term just gives the value of the action for the vacuum
solution and it will not be relevant anymore. But, it gives us
some crucial information about the BI-type actions, that is
for even dimensions the value of the constant curvature is
not bounded by the action; however, for odd dimensions
a > —1 is required for the reality of the action. Now, we
would like to go back to our original tensor A ,,,. First, we
write the O(7) term in the above expression in terms of
A,,. This term gives the nonlinear equation of motion for
the constant curvature background. One needs to find what
the zeroth order of B is in terms of A uv- This is given as

B = grrAY — ah + O(r). (25)

Then, the action at the first order reads

(1 + a)(@=4/@)
IO(h) =

— f dPxFL( + a) (@Al + i)
— (14 a) =D/ (aAy+ 1)A]. (26)

After removing possible boundary terms, taking the varia-
tion with respect to 4, or more concisely looking at the
coefficient of 4*” and equating it to zero yields the source-
free nonlinear equation of motion for a constant curvature
background, namely, the equation of motion that relates A
to Ay and the other parameters of the theory. Hence, to get
the vacuum of the theory, one need not explicitly find the
equations of motion which is straightforward but quite
tedious.

Now, let us find the quadratic action in %, in terms of
A,,.The (B))? — 2B)BY + 2(1 + a)hBj, terms in (24) can
be written in terms of A, as

(Bj)* — 2BVBY, + 2(1 + a)hB)
= (ZH7AW)? = 2AALY + h*'[4aAy)
+2g,,877 A% — 2a%h,, — a2 + @)z, h]. (27)
Contribution coming from the 7(1 + a)B% term in (24) is

Bj = 0(:°) + r[g" A, — hr(AL), — ah,,)]  (28)

In all together, the quadratic action in £, in terms of A,
boils down to
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— 1 (1) v
[de\/ _g{EAMVAle)

1
— 7@ ALY — (1 + a)gr AL,

(1 + q)(0-4/@)

Togw) = — v

1
+ (Al = 38,8740 )
1 .
— 301 = (1 + @)DV Ag + 1) - 2hfw)}.
(29)

To remove a possible confusion coming from the notation,
we should note what is represented by the term A(lB,Af‘1 ;’: It

is basically A(lB,Aﬁ;’ = g““gVBAﬂ)VA(;};, that is Aﬁ;’ does
not represent the first order of A*”. If required, we show the
first order of A*” as (A*”);). Equation (29) is our main
formula which can be applied to any BI-type action for any
value of the constant curvature [i.e. we have not done a
small curvature expansion, that is, the formula at O(h?)
takes care of all the contributions coming from all powers
of the curvature]. Let us summarize what one needs to do to
analyze the unitarity of a given BI gravity: One computes

A(ﬁ)y and Aﬂf)y and using (26) one finds the vacuum of the
theory, and finally computes the O(h?) action via (29).
Then, this action can be studied using conventional tech-
niques that were discussed in [10]. Of course, as we shall
see below with some examples, depending on the complex-
ity of A,,, explicit computation of (29) could be a very
cumbersome problem in generic dimensions. But, a close
scrutiny of it reveals remarkable simplifications in even
dimensions, higher than two, and especially in four dimen-
sions. Such simplifications, in four dimensions, will pro-
vide us with another method of analyzing the unitarity of
the BI gravities, namely, the method of Hindawi et al. [24]
that leads to the construction of an equivalent quadratic
action (in curvature) whose unitarity has been already
studied by conventional methods. Let us concentrate on
D = 4 first whose action is

1 - 1 1 _
foon = =g f d4xv_8{5Aﬁ)vAﬁ>V -4 @Ay

1
(1 gl + (A~ 32 AL))

1

By examining this action, one can figure out an interesting
relation between the metric perturbation expansion that led
to this action and the A, expansion of (16). Remember
that A, is dimensionless, so assuming proper conver-
gence, a Taylor series expansion over A, is legitimate.
If A,, involves terms of O(R?) and/or any other higher
curvature terms, the A, expansion is not simply equal to
the curvature expansion in which the expansion is over the
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nondimensional quantity «R. Let us write symbolically the
expansion of (16) in A, as

2
I =— [ d*x[4/—det(g,, +A,,) — (aAg + 1
[ty delg + A — (o D)
2 00
X o/ —detg] ~— fd“xJ—g[Z ¢, A" — (aAy + 1)
Ko
n=0

— f d4x¢——g|:£ (R —2A,) + Kia i c,,A"], (€29)

n=2

where the last equality follows from our assumption that
Einstein-Hilbert action is reproduced at the lowest order.
Note that, up to n = 3, this expansion can be obtained with
help of (22), and the nth order term represented with A”
involves terms like A", A"2A7,, A" 3AFADAY, etc. In
principle, each order in (31) contributes to the quadratic
action in the metric perturbation given in (30), but we will
see that this is not the case in four dimensions. The O(h?)
contributions coming from the O(A") terms where n = 2
have the form

ey = [ eV Fed A duARAL + dyalgH*AL))

+ A" [d,p AL + duh* AL) + d,shgP Aby
+ An[d}’lﬁhill + dn7h2]}r (32)

where A is defined as A,, = ag,, as above, and the
coefficients d, are just numbers. Therefore, the O(h?)
contributions coming from the O(A") terms are in the
form of [e,,(h)a" "% + e, (h)a"™' + e,o(h)a™]. Hence,
one expects that if each order in the A,, expansion of
(16) contributes to the quadratic action in metric fluctua-
tions, then that action will be composed of the seven terms
specified in (32) with a coefficient which is a power series
in a. With this result, one can trace the contribution coming
from each order in (31) to the O(h?) action (30). Let us
investigate each term in (30) in order to find which orders
in the A,, expansion contributes. The first two terms in
(30), which are quadratic in A v have coefficients that do
not depend on a. Therefore, these two terms involve O(h?)
contributions only coming from the second order terms in
the A, expansion of (16). The coefficient of the third term
in (30) is (1 + a), so it is composed of contributions
coming from O(A) and O(A?) terms in the A, expansion
(31). The fourth term has a coefficient which does not
depend on a, so it comes from the first order of the A,
expansion. Thus, all the O(h?) contributions coming from
O(A™) terms with n>2 are identically zero for four-
dimensional Bl-type actions, and as we will see this curi-
ous case has a generalization to higher even dimensions.
With these observations, one can deduce the fact that in
four dimensions (30) can be obtained first by making an
expansion in A, up to third order via (22), and then by
finding the quadratic action in metric fluctuations. In other
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words, remarkably the free theory of the following actions
are exactly the same:

2
="

d*x[4/— det(g,, + A
o x[J et(g, + Ap)

and
2 4 1 5%
Towy = o d*x/—¢g Eg A, — al

1 1
+ g (g#VAMV)Z ZA2 i|,

A (34)

which was obtained by expanding (33). Here, note that we
truncated the A, expansion at the second order, but we do
not require A, to be small. This truncation can be done
and the equality of the above two actions at the free level

can be achieved merely due to the fact that contributions of
|

2 2
10(A2>__[deV {[aD_TD+ 4D_OZAO]+T[(

D D 1
~ @Ay - (1 2 a)gmgz; + (1 + 2 2a)hw(Ag>V . gWgP"AS})

1 v (l)
(D—4) D—-6 a’AO
g (a t— az)(h2 —2h3,) +

In obtaining this result, one should rewrite (A*") 2 and
1(41?“ )1y coming from A2 iy in (34) in terms of A} and
uv as

(A*") ) = (8" 8"PAup)0)
_ R BAD, 4 3afhe — grenAl)

— g"PhreAll), 37)

(A/w)(l) — (g,uagvﬁ‘Aaﬂ)(l) — g#angAgg — 2ah*v.
(38)

Let us now concentrate only on the O(7?) terms:
D mv 4 (1)
—[d Xy — {2A(1)A
aD D
- (1 + 4 a)gWAﬁfL + (1 +a——2a)h‘“’
2 2
1 (D—4) (D —6)a’
. (AE‘I)” _Eg“”gNAg‘)’) R [a H— ]

Ao
o _ 2hfw)}.

0(A2)

Al
Tog) —(g” ALY

X (h? — 2hfw) + (39)
In four dimensions, (39) reduces to (30) as it was promised.
In Appendix A, we give a simple example with two-
dimensional matrix functions that shows the connection

between the A,, expansion and the metric perturbation

D
1+92- a)gwg; "

@Bo 2 _ 2hfw)]}.
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the higher order terms in the A,, expansion to the qua-
dratic action in metric fluctuations are identically zero.
Such a remarkable cancellation in four dimensions is re-
lated to the fact that we have the square root of the
determinant of a linear combination of matrix functions
one of which is expanded around a constant curvature
space and it would not work for a generic background.
Let us verify this result by explicitly calculating the qua-
dratic action in metric fluctuations for (34). However, to be
as general as possible and to see some cancellations, let us
work in D dimensions where only measure in (34) changes
to d”x. Then, expanding each term in (34) by using (23)
and (19) with A;w = ag,, one has

g"’A,, = aD + T(gMVAﬂl —ah) + Tz(g’“’Aﬁff,

— WAL + ahl,), (35)

and all together up to quadratic order, the action reads

a(D—2) (1

. +(D—4)a)h

4

2
(36)

[

expansion. In generic even dimensions with D = 2n + 2,
if one wants to carry out a similar analysis, then one has to
expand up to O(A""!) with n = 1. But, again we should
stress that the compact formula (29) works all the time
without recourse to such an expansion. However, depend-
ing on the complexity of A ,,,, one can choose to use either
the expansion method or the compact expression. As for
odd dimensions, because of the nonpolynomial prefactor
(1 + a)(P=/@) in (29), all the terms in the A ,, expansion
(or the small curvature expansion) contribute. The most
efficient way to get the quadratic fluctuations for odd
dimensions is to use (29).

A similar analysis can be done for the O(h) action in
four dimension which is

lot = o [ /TR + @@l + (@ — ahyi]
(40)

This action involves contributions coming only from the
second order expansion of (16) in A, just as the O(h?)
action. In order to understand this behavior, let us first look
at the O(h) contributions coming from the O(A") term for
n=2

I(”)

o) ] d*x=Z e [A" ", (3#AL)) + dpATh],

(41)
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where d,, coefficients are just numbers. Therefore, the O(h)
contributions coming from the O(A”") terms are simply in
the form of [e,; (h)a" "' + e,o(h)a"], since A ~ a. Hence,
one expects that if each order in the A, expansion of (16)
contributes to the linear action in h uvs then it will be
composed of the two terms specified in (41) with coeffi-
cients that are of the form a”. With this result, one can trace
the contribution coming from each order in (31) to the O(h)
action (40). Let us investigate each term in (40) in order to
find which orders in the A, expansion contribute. The first
term in (40) has a coefficient of (1 + a). Therefore, this
term involves O(h) contributions coming from the second
order terms in the A ,,, expansion of (16). The coefficient of
h in (40) is also first order in a, but this time it implies that
only the first order of A,, expansion contributes.
Therefore, the vacuum of (16) and (34) are the same.
One can verify this result explicitly from O(h) of the
O(Ai,,) action which can be read from (36) as

1 D
PRI VS (DT
K&
D-2 D-4
L )<1 L )“)h - aAOh].

2 4
This action reduces to (40) in four dimensions. Just like
the analysis of O(h?), for generic even dimensions D =
2n + 2 one has to expand (16) to O(A" ') with n = 1, then
find the vacuum of the theory. For odd dimensions, since all
the powers of A” contribute, the most efficient way to find
the vacuum of the theory is to use (26).

B. An example

To apply our tools, for the sake of simplicity, let us
consider the following model which we know to be non-
unitary even around the flat space:

- = f d*x[yf - det(g,, + aR,,)
— (alAg + 1)y —detg]. (42)

Here, according to our results above, one expects (which
we shall verify below with several different techniques)
that the second order action in the metric perturbation £,
involves contributions only coming from the O[(aR)?]
expansion:

2 a a? 1
IO(RZ) = E [d4x«/—g|:E(R - 2A0) - T(R%“, - ERz)iI

(43)

Therefore, the O[(aR)?], O[(aR)*], and etc. terms should
vanish at O(h?). Hence, at O(h) and O(h?) (42) and (43)
are equivalent. Let us explicitly show this by analyzing the
linearized free theory of (42) around the extremum of it by
using (30).
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1. Analyzing the BI action formed by the Ricci tensor via
second order perturbations in h,,,
Let us define A,, = aR,,. Then, A,, = aAg,, =
a = aA, where A will be determined in terms of A,.
Then, AEU, is given as

Ayl = aR%,,

(44)
and Ag, = aR(,,zl), and referring the details to Appendix B,
we have

1 1
R

_ A
g,uVRL - Zg,u,uh)- (45)

First of all, let us determine the nonlinear equations of
motion for the constant curvature background which will
relate A to A, by using (26)

Tom = [ @R + @A+ 1) = (ahg-+ DA

-— f &/ "Fla(1 + ah)V , (V, he* — T 1)
+ (A — Ag)h) (46)

Note that this first order correction should be zero around
the extremum, therefore, after dropping the first term
which is a boundary term, one has A = A,. As for the
second order action, one has (30)

2
S O e T
1 1_ A _
—(a + aZA)hﬂy(zRﬁy ZgMVRL - Zg/.wh)

1
+ ahﬂ”[R,ﬁV ~ 5 &u(Ry + Ah)]
+ ZAg(h2 = 212,) (47
Z 0 A Za )
where [d*x\/=gR%,R}" is calculated in Appendix B as
f d*xy/-gR}"RE,

1 o
_ _5 fd4x /_gh,uvl:(g}wm — VMV,, + Agﬂ,,)RL

2A _ 14A A _
+ (DGfLV - 9 RL) - 3 Rfl,ll + ?g,U,VRL
AZ
+§Th ] (48)

Then, after some algebra the quadratic action reduces to
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1 — a 2a A
O(h?) axK [ X 8 3 ,uV

a? 2A
- I(D ],FLV - TgMVRL)]

— A= AR~ 2hfw>}, (49)

where we kept the background gauge noninvariant term
(the last part) just to show an intermediate step of the
computation. Once A = A, is used, one ends up with

1 _ o 2aA
oy =~ [ axymmne] (5 + 25) 6k,

(DG -2 k)| (50)

This action is exactly equivalent to the linearized action
one obtains from the O[(aR)?] action (43). [Note that the
linearized version of (43) has been worked out in several
places [10,25], and we also reproduce it below.] The fact
that (50) has at most a2 terms show that the contributions
coming from all O[(aR)"*?] vanish. We stress once again
that this is a highly nontrivial cancellation brought by the
determinantal structure of the action. It is worth to study
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explicitly how this cancellation takes place at O[(aR)?]
which we do now. At this order the action reads

1
IO(R‘) =— '/‘d“x\/ [ (R 2A0) - —( - §R2>
ad
+ E(SR#pR’F:RW — 6R,2“,R + R3):|, (51
and defining
1
K= Ri,, — ERQ’ S =8R;'R, R, — 6RR3“, + R3,
(52)
one has

o) =% f d“x\/_[(R 20 =& K+ﬁS] (53)

Finding the O(h?) action of this theory is a very cumber-
some problem. To somewhat simplify this, one can first
find the equations of motion then linearize the equations of
motion and then do the reverse calculus of variations
procedure to get the action. Of course in this process
boundary terms are dropped and one has to be careful
with an overall sign that can be fixed by coupling the
gravity action to matter. The equations of motion follow as

Ka a a? o a? 1
TT’M ZI:(R 2A0) 2K+ﬁs]glﬂ/+5R,U«V+T[RR,U«V_2R/\VIIMRAQ _D<RMV_§g#VR)]
3
a
+ S QRLR GRS + [8,, Vo Va(REPRY) + DIRER,,,) — 29,V (RERE))) + - ([2v V,(RRS)
a’ 1
— gMVVaVB(RRaB) — D(RRW)] - 2RR§RMP) — §[(gm,D — V,,V#) + RM,,]<R§B — ERZ)’ (54)

where we defined the energy-momentum tensor as 7,

— i Slmz“:‘ . Constant curvature background (R
Ag,.) sﬁmuld satisfy source-free equations of motion
with the results

K=R, — 1R = —4A?,
§ =8RM'R,,RY — 6RR2,,

) (55)
+ R =0,

Then, the equations are satisfied if A = A,. Now, let us
linearize (54) around its vacuum (defining 7,,(h) =
5 57)) by use of the formulae in Appendix C and

0K = —2AR,, 08 = 0. (56)
The linearized equations of motion after using the source-
free equation of motion for constant curvature background
becomes

1 4daA, a 2Aq _
T,u,y(h) = (K ) ny 7(|:| f,LV - g,LLVRL)

3k 2K 3
(57)

|

which exactly matches the equations that result from the
matter coupled version of the action (43) as promised. This
shows explicitly that O[(aR)?] terms cancel each other.
This cancellation will work for any arbitrary order beyond
this, as we will show with a different method below.

2. Another method for unitarity analysis

Hindawi et al. [24] gave another method of analyzing a
generic higher derivative gravity model by reducing it to
the equivalent quadratic theory in the sense that it has the
same free Lagrangian as the original higher derivative
theory. Here, we will review their approach and apply it
to our example (42). Before we describe their method, we
should note that unlike our method which led to the com-
pact formula (29) that works in all cases, the method of
Hindawi et al. works only when one deals with not
matrices but scalar objects or one has a finite number of
curvature terms. Keeping this caveat in mind, which will be
better understood below, when Hindawi et al. method
works, it provides a fast algorithm in getting the equivalent
quadratic action.
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To understand the essence of the Hindawi ef al. method
let us consider the following simplified problem. Suppose
we have a function f(x(z)), and we would like to find the €
order of f(x(zy + €)). But, instead of doing this, we can
find a function g(x(7)) = a, + a,x(¢) + a,x*(¢) whose sec-
ond order expansion around f, yields the same second
order expansion of f(x(¢)) around the same point. After
some straightforward analysis, one can show that g(x(7))
can be obtained by expanding f(x()) around x, = x(z,) up
to and including O[(x(¢) — x,)?], since O[(x(¢) — x¢)*>""]
gives €2 corrections with n = 1. Hence, one can read the
coefficients for the correct g(x(r)) to be

ag = f(xo) — [%L}xo + %[%]xoxo,

o[l & el

Note that if one just wants the “equations of motion,” then
one carries out the above procedure at O(e). In this ex-
ample, f represents the Lagrangian, x any curvature tensor
or scalar, and € represents the metric perturbation £, (x).
Similarly, #,, xo are used in analogy with the background
metric g, etc.

(58)

FRRY) = f(RRY) + [

- 845¢R) |(Rg ~ Re)(R% — RL)

For constant curvature backgrounds, the corresponding
quadratic action becomes

1=ifd4 F[E(R—zA)+“—2R2——R2 ] (62)
ka ) CVTE2 L 4]

which once again shows that the cubic term in (59) does
not contribute to the free theory. We should stress that if
one takes arbitrary coefficients instead of the ones we have
which are (8, —6, 1) at the cubic order (59), then one would
get a different quadratic action that does not follow from
the A, (in this case it is just aR,,,) expansion of (42).
Now, let us also obtain the source-free nonlinear equa-
tions of motion for a constant curvature background by
finding the equivalent action at O(R). Similar steps lead to

B (B P af _ P
F(RRY) = f(R.RY) + [ i R]uw)(R R)

af ] )
+| 2L (Re - R, (63)
[GR% 3
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a. Cubic theory

Now, let us turn to our example (42) and to specifically
its third order expansion in curvature given in (51). In order
not to introduce the metric or its inverse during the expan-
sion around (R, R%), let us take the Lagrangian density of
(51) to be a function of R and R% as

2
wy = @ p_ (i _ L
FRRE) = 5 (R = 2A0) 4(R,,R,L 2R)

3

o
+ E(8RﬁR,’,’RZ — 6RVRIR + R3). (59)

Expanding f(R, RY) around (R, R}') with the assumption of
small fluctuations about the background yields

F(R.RY)=f(R,RY)+ [g—ﬁ]@ ) (R=R)+ [%](R,R’:)

2
f A
2 I:aRZ:I(R,R’;)(R k)
af D a _ pa
+[8R8Ra](w)(R—R)(RB )

92
" 1[ o7
2 aRgéR”‘

X(RE—R

]R o (R5~ RRL — RE). (60)

Computing the relevant derivatives one ends up with

2 3
S “7 QRER?,

' - RER) kg - By)

2 3
58067 + - (287RY + 2R15;

(61)
|
and to the action
(1 +aA) Ao+ aAz)
— 4 _ + 2
= /d [ <R pRo et O(R)],
(64)

where we used R,
Ag+aA?
1+aA >

= Ag,,. Then, identifying A =

one obtains A = A,

b. Full nonlinear action

We mentioned above that Hindawi et al. method does
not work when one deals directly with matrices. Let us
show this with

F(R,,) = |Jdet(g,,, + aA,,), (65)
and try to find df which is needed for this analysis.
Defining M, = g,,, + @A, one has
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vdetM
2

where M~ 'dM is an ordinary matrix multiplication. Here,
the basic problem is to find M~! which cannot be done in
exact form for a general A, and even when A, = R,,,.
But, one can always expand the determinant in terms of
traces and apply the Hindawi et al. method. Even though
this is the case, for a complicated A, the determinant will
yield many terms in generic dimensions and as we show
below even for four dimensions. Let us consider the action
(42) and use the exact formula

detM = 3 {(TrM)* — 6 Te(M?)(TrM)? + 3[Tr(M?)
+ 8 Tr(M3)TtM — 6 Tr(M*)). 67)

df = d(/detM) = Ti{M'dM], (66)

for M = 8% + aRY, one gets

det(8Y + aRY)

2 3 4 2
=1+aR+%R2+a—R3+a—R4—a—

M py
6 24 2 Ry Ry,

~ “;RR’;R; + %SRZ‘R’;R; - %41%213*;12;
+ & RRERORY + CRERLRORS — C RERORYRY,
3 e Rrft e Ry R fteftp T m e Rofty R
(68)

Defining f(R, RY) = /det(8% + aR}) and with the help
of (60) and the formulae in Appendix D, we have the
corresponding quadratic action as

a?

2 4 a a?
= — - _ + 2 _ 2 )
I — fd X/ gl:z(R 2A) 2 R 1 R'W:I
(69)
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Once again we have proven that the O(R>*") with n = 1
terms do not contribute to the free theory for the exact BI
action (42) around its constant curvature vacuum. Note that
with the help of an equivalent action at the linear level as
we have done before,

I= fd“xJ—_g{%(l + aA)I:R - 2(%)]}
(70)

. 2
setting A = A{’:zAA , one has A = A,. We should stress

that to get this result with the conventional method of
finding the field equations and looking for a solution of
the form R uv = Ag,, is highly cumbersome for an action
which is given as the square root of det(8) + aR%) (68).

C. Unitarity of the theory proposed by
Deser and Gibbons

While constructing the Bl-type gravity actions, among
various criteria, one of the easiest to realize is the unitarity
of the model around flat space. This means when small
curvature expansion is carried out at the quadratic order
in four dimensions, one should get the unique theory
L(R—2Ap) + aR* + y(R* — 4R2,, + R%,,,) which is
free of ghosts. Deser and Gibbons [17] suggested that at
the quadratic order, one should get, dropping the aR? term,
only the Einstein plus the Gauss-Bonnet combination (the
v term). We will study such actions in a separate work, but
here let us consider an example (the one suggested by
Deser and Gibbons) of these models in which one does
not have quadratic terms when expanded around small
curvature:

Ka

2
[=— d4x[\/— detl:g#,, +aR,, +

It is easy to see that the lowest order correction to the
Einstein-Hilbert theory goes like O(R?), which means
around flat space the graviton propagator is the same as
that of Einstein-Hilbert theory. (Note that for flat space to
be the vacuum, one also sets A, = 0.) But, around its
constant curvature vacuum unitarity of this model has not
been checked before, since it is a highly nontrivial compu-
tation without the tools we have developed above. To carry
out the analysis, we can find the O(Afw) action which has
the same O(h?) action as (71). Here, A, =aR,, + 0‘72 X
(R,,R) —iRR,,) and let us stress again that O(A2,)
action is not equivalent to O[(aR)*] action. If one naively
does the latter expansion, one will simply get an incon-
clusive result since one would have neglected the
O[(aR)**"] corrections. But, an expansion in A, takes

a2

(RM,R,@ — %RRW):I — (alAy + I)JTetng. (71)

[
care of all the relevant terms and cancellations. Therefore,
using (22) we have

2 4y o @ a3 M py
IO(AZ) = a [d X _g[E(R - 2A0) + T(RRVRIJ«

a4
+ —

1
— RERURY, — Zm)] 3 (R’JR;R‘Z,R;{

3 1
— SRPRUR}, + R — 2R, RIRLR],

+ 2RR¢§R¢R;)]. (72)

Now, let us just concentrate on the higher curvature terms
and define
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a’ 1
f(R RY) = T(RRQ‘RZ — R‘p‘R,@’RZ _ ZR3>
~|——a4 R'“RVRPRU_?’RzR/LRV
P\ TR vt

1
+ ZR“ — 2RERORLRY + 2RR;:R';R;). (73)

The first thing we should find is the correct A which can be
found by using the first order expansion (63) of f(R, R})
around (R, R)) = (4A, AS%). This procedure leads to the
equivalent linear action

2 a 3a’Ar  a*A3
I1=— | d*/g|(=— +

e [ * g[(z 4 4 )
(aé\o _ a,3A3 + 3atA?

8 )] + 0(R2)], (74)

3A2 A3
(%_3014/\ _i_a‘{\)

x[r-2

from which one can get the equation that determines A
a’A? _ At
2 4

which has real roots, but they are not particularly illumi-
nating to display here. (One thing we can note is that even
for Ay = 0, there are two real roots one of which is non-
zero with a value A = 2.59/a.) Now, we can employ the
Hindawi et al. method to get the equivalent quadratic
action using (60) and the relevant results of Appendix D:

0, (75)

44
I= 2 fd“x\/—_g[(—aAo —a’A + JaA )
Ka
(a 3’3 A2 a4A3> a3A( aA) 5
+(5+ - R - 1-22)R
2 4 2 4 2
A al )

For generic «, this theory is plagued with a massive ghost
[1,10]. Thus, the action proposed by Deser and Gibbons
[17] does not yield a unitary spin-2 theory around its
constant curvature background for any choice of the cur-
vature except the flat space. But, setting o = % one can get
rid of the “bad” wa term, and hope to obtain a unitary
theory. However, this turns out to be not true, since in this
case setting A = A which follows from (75), one ends up
with

I = f d4x\/:_§|:— i (R - 2A0)], 77)

which has the opposite sign of the Einstein-Hilbert action.
That means as long as one has x > 0 (which we must have
for the unitary in flat space), the small fluctuations will
have negative kinetic energy and even for the tuned value
of a, (71) defines a nonunitary theory. We should note in
passing that this result does not necessarily imply negative
energy for the exact nonvacuum solutions such as black
holes of (71). We have not yet found the black hole
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solutions of this action, but we can give an example in
which small fluctuations around the vacuum have negative
energy yet the exact solutions have positive energy. This
example is the Einstein-Gauss-Bonnet theory whose exact
spherically symmetric solution was given in [26] and
whose energy was computed in [25]. As discussed in the
latter work, this energy is positive, even though the line-
arized action of the Einstein-Gauss-Bonnet theory around
its constant curvature vacuum is opposite to that of
Einstein’s theory [just like (77)]. This is because the
spherically symmetric Schwarzschild-de Sitter solution
goes (say in five dimensions) as —gopp = g ~ 1+ 5+
Ar? unlike the usual Schwarzschild solution which goes
like —ggo = g"" ~ 1 — 5, the two minus signs take care of
each other.

IV. CONCLUSION

We have developed techniques of analyzing the unitarity
of Born-Infeld gravity actions around their constant curva-
ture vacua. The special determinantal form of the action
gave rise to remarkable simplifications that allow one to
write a compact expression for the free, that is O(h?),
theory. To summarize our result, let us note the following:
One needs to find the O(h?) action of

= i[\/— det(8% + aRy + B(Riem, Ric, R, ...)})
Ka
= (Ao + D] (78)

to study its tree-level unitarity. In this work what we have
done is to give a method to determine the parameters K, A,
a, b, c in the following Lagrangian whose O(h?) expansion
equals that of (78)

1
L. =
equivalent K(K, a, ,3; AO: - )
+a(k, a, B, Ay, .. )R> + b(k, a, B, A, ..
+c(k, a, B, Ay, ...)R2

mrpo

[R - ZA(K, o, B, A(), .. )]

JRZ,

to all orders in the curvature expansion. Once this equiva-
lent quadratic Lagrangian is obtained, unitarity analysis
proceeds with the standard methods as discussed in [10].
We have also presented two examples one of which was
proposed as a unitary theory in flat space [17], but turned
out to be nonunitary in curved space according to our
computation above. The other simpler example was con-
sidered to show the details of our method.

Let us give a recipe of how one should check the tree-
level unitarity of a given Born-Infeld gravity in generic
dimension D around its constant curvature vacuum. First to
find the effective cosmological constant A, one has to
expand the action up to O(h) around the constant curvature
vacuum using (26), or one should find the equivalent linear,
that is O(R), action and read the cosmological constant
from it. Then, one should find the O(h?) action using (29)
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or alternatively one should construct the equivalent qua-
dratic action [O(R?)]. The method we have presented (29)
works just as good in odd and even dimensions. But, the
second method, as discussed in detail in the text, which
proceeds by construction of an equivalent O(R) and O(R?)
actions should be done with great care depending on the
number of dimensions and on the complexity of A ,,. The
original BI action cannot simply be expanded in small
curvature to get these equivalent actions via (22). What
always works, in principle, is that the determinant can be
expanded exactly in terms of traces within the square root,
then one can do the expansions (63) and (60), and use the
Hindawi et al. technique. But, the exact expansion of the
determinant in terms of traces can generate quite a large
number of terms especially for D = 4. [For example, in
(71) doing such an exact expansion is not advised to
the reader.] Therefore, to get the equivalent action one
should proceed as follows in generic even dimensions D =
2n + 2: one has to expand the Bl action up to O(A"*!) with
n =1 using (22), if the resultant action is not already
quadratic in the curvature, then using (60), the equivalent
quadratic action should be constructed. For generic odd
dimensions, the best way is to use (29), but for D = 3 and
for not so complicated A, ,,, exact trace expansion can also
be employed. In this work we have laid out the details of
checking unitarity of BI gravities, in a separate work we
will provide examples of unitary models around flat and
constant curvature backgrounds [5].
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APPENDIX A: A TWO-DIMENSIONAL EXAMPLE

In order to understand why in even dimensions finite
number of terms in the A,, expansion of the Bl-type
actions contribute to O(h) and O(h*) expansions, let us
study a simple two-dimensional determinantal function

e =eel (5 D)5 W] @

where 7 and y are two independent variables. The 7, y
expansions of f(7, y) represent the metric perturbation
expansion and the A,, expansion, respectively, for the
BI-type actions. What we will show in this Appendix is
that f(7, y) and the function g(7, ) defined as
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g(r,y) =1+ plalr) + d(7)], (A2)

have the same the O(7) expansion around 7 = 0 only if

(5 501~ 2)
c(r) d(r))1— 0 ay/
which is the analog of the maximally symmetric constant
curvature background in the BI-type gravity. Here, the
important point about g(7, ) is that it is just the O(y)
expansion of f(7, y) obtained by using (22), but note that
we exactly define g(7, y) in this way and do not assume
that vy is small. Thus, staying at first order in 7 expansion
requires just the first order in y, while one naively expects
that first order in 7 expansion should involve each order in
v. Let us understand this in more detail by considering a
generic function ¢(7, y) and expand it in 7 as a Taylor
series around 7 = 0

(A3)

(1, y)=p(r=0,v) + (%) :07' +0()+..., (Ad)

where (%)T:O is a function of’ v only. One can write the
power series expansion of (%)7:0 in y by assuming

o(1,y) =32, (7)Y and expanding each ,(7) to the
first order in 7. Then, one has

s =Y ue =0y + [

i=0 i=0

()26

i=0

(A5)

For the determinantal function f(7, ), the terms (aa—"’;")rzo,
i = 2 are all zero. Let us observe this for the i = 2 term
explicitly. First, one can have the O(y?) expansion of
f(7, v) by using (22) as

Jel(o D) (0 5]

= 1+ 3 9faln) + do)] + g ylalr) + d(r)P

— L 7La() + 20(7)elr) + R+ O(). (A6)

Assuming
a(r) b(r)\ _(ay O a; b
(c(r) in) (5 o)t (0 g+ o
(A7)
one has
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(7, y) = 1+y[(ag + 7a)) + (ag + 7d )] + §y*[(ao + Tay) + (ag + 7d))* = 2y*[(ag + 7a)* + 2(7b))(7¢))

+(ag + 7d,)*]1+ O(y?)

= (1 + yay) + Sy7(a, + dy) +§y*[4aj + 47ag(a, + d) + O(7)] — 1y?[2a} + 27ag(a; + d)) + O(7H)] + O(y?)

= (1 + yay) + Yy7(a, +dy) + O(7%) + O(?).

Thus, O(7) contributions coming from the two O(y?) terms
cancel each other because of the specific coefficients in
(22) and the assumption (A3). Now, let us verify our
proposal by explicitly calculating O(7) expansions of
f(7,v) and g(7, y). By using (A7) in f(7, ), one obtains

10 ap+ Ta; 7h, 2]
\/detl:<0 1)"")’( TCy a0+7d1)+0(7)

— (14 yay) det[((l) (1))+(1+Y7:/ao)(i11 Zi)+0(72)],

(A9)

and it is possible to make the O(7) expansion by using (22);

159 = 1+ yap) 1 SR

2T yay 1+ )+ 0]

1
= (1 + yay) + E«yr(al +d,) + O(7?). (A10)
Therefore, the O(y?>*"), n = 1 terms in 7y expansion of
f(7, v) do not contribute to the O(7) terms, only if (A3)
holds. On the other hand, the O(7) expansion of g(7, ) can
be simply found as

g(r.y) =1 +[2a5 + 7(a; + d,)]

=1+ yay) + %y'r(a, +d,). (A1)

As a result, if one wants to consider O(7) behavior of
f(7, y), then one can equally work with just g(7, v) which
is simply equal to the O(y) expansion of f(7, y).

APPENDIX B: ANALYZING EINSTEIN-HILBERT
ACTION AND QUADRATIC CURVATURE
GRAVITY WITH SECOND
ORDER PERTURBATIONS

In this Appendix, second order expansions of the curva-
ture tensors are used in the well-known cases of the
Einstein-Hilbert theory, and the quadratic actions including
the Einstein-Gauss-Bonnet theory. This will help us con-
struct the following O(h?) actions that frequently appear in
the computations:

/ d*x/=ZR0), f d*x=Ze" Ry,
/ dxy"FRE'RL,, [ dxy"F(R2,, )P, (BI)

] B F2 g RE ) OR? )0

(A8)

in terms of the building blocks appearing in Eq. (25) of
[25].

1. Analysis of the Einstein-Hilbert action

First, let us find the second order in metric perturbation
for Einstein-Hilbert action:

I = % j drJTER — 2A,),
and expanding up to third order in £, yields
I= % /d4xJ—_g[1 + %h + %72(112 —2K2,) + 0(73)]

X [(R —2Ag) + TR, + T*R(y) + O(7%)]

= % fd4xJTg{(R —2A,) + 7[%h(1§ —2A¢) + RL]

(B2)

1 1
+ Tz[g(R —2A0)(K* = 2h,,) + EhRL + R(z)]

+ 0(73)}. (B3)

One can find the nonlinear equation of motion for con-
stant curvature background by investigating the first order
term in 7 of the above action as

1 1. -
IO(h) == ; /d4X\,_g[§ h(R - 2A0) + RL]’ (B4)

after putting the explicit form of R; and dropping out a
boundary term one can get

1
Low = P fd“x\/—gh(A = Ao),

from which it follows that (A — A()g,, = 0 upon taking
variation with respect to &,
One can read the second order action as

1 1 1
IO(hz) = ; /‘d“x\/—g{h“”[i (A - EAO)(g”’Vh - 2]1#,,)

(B6)

(B5)

I_
+ ig‘“’RL:I + R(z)},
where R, can be read from (13) as
Ry = RP hoph — h*RE, — §"h(RP,,0);

— 87885 [(Tha) (T, — (Tha) (T5,), ]
(B7)
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Let us concentrate on [ d*x\/— &Ry part of the action and
work out the integration by parts;

[d4X\/_gR(2)
= jd4xv_g{Ah%“, - ]’l'U“VRf“, - gvahg(RBV/uT)L

— 575485, [(TLa)(T5,), — (Tha)(T5,), T
(BY)

One can find g"hj3(R?,,,), as

4A A
gmrhg(R’By,ua)L = hMV<RfLV B Th/’«” + gg”"’h) (B9)

By using the definition of the linearized Christoffel con-
nection in (8) and doing integration by parts, the last two
terms in [ d*x/ —&R() can be found as

[ & x=F5" 545 5, (M) (TE),

= /d“x,/—g[— %h%?”?ﬂw +VoV,h,,

3. - 4A A
P + hH*Y| — — 9
50,9 1o A ,00)
1
n zh“”gwRL]’ (B10)
[ xyEE e, T
1 o —
— / d“x\/—g[— FGIC RTINS e
- v”vth)]. (B11)
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Finally, [ d*x/=%R,) becomes

1

E = of 1 _
/d4er§R(2) = fd4XF§hM <_§R;Lu/ - ZgMVRL

A
+ Ahy,, — Zgwh), (B12)

and putting this result in (B6) yields

1 _ 1 _
IO(hz) = _ﬂ /d4xv_gh/“}[ /LLV + E(AO - A)(g,uvh

—~ ZhW)], (B13)

and since A = A is found from equations of motion for
constant curvature background;

1 5 14
logd) = =5, f d*x[=Zh*" G, (B14)

2. Analysis of the quadratic action

Now, let us consider the quadratic actions in the form
1
1= fd“xJ—g[;(R —2Ay) + aR* + ﬁRi,,], (B15)

and calculate the second order action in metric perturba-
tions. Then, up to third order, the expansion of the action is

1, - i, _ 1 /1 - _ _ 1 _ _
1= fd“x,/—g{[—(R —2Ay) + aR?> + BRfW] + T[§h<—(R —2Ay) + aR?> + ﬂwa) + (—RL +2aRR, + BR*'RE,
K K K

. 1 1 - . . 1 (1 _ _
+ ,B(R#V)(l)RW):I + 72[§(h2 - thw)(;(R —2Ag) + aR? + ﬁwa) + 5h(;RL +2aRR, + BR*'REL,

_ 1 _ _ _
+ B(R#V)(I)R,uu) + (;R(z) + ZOZRRQ) + CYR% + BR’U“VRE%L + B(R#V)(I)Rfu/ + B(RMV)(Z)RMV)]}'

Here, note that (R*”);) and (R*”)y) are the first and the
second order terms in the metric perturbation expansion of
R*” . First of all, in order to find the nonlinear equation of
motion for constant curvature background, one needs to
study the O(7) term in the above action. After using the
definitions of R%,, R; and dropping out the boundary
terms one can get

(B16)

1
IO(h) = ; /.d4X\/_gh(A - Ao), (B17)

which yields the equation of motion A = A,. Then, let us
move to the second order term in metric perturbation. After
using the result given in (B12), one can obtain
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1 1
-3 fd“x,/—g{(— +8aA + 4/3A)h/”g,ﬁy
K

1 1 1
- Ehz[;(A C A+ 23/\2] + hfw[;(A “Ay)

Io(hZ) =

+ 6,8A2] +2aht(g,,0 — ?MVV +AgL)R,

—2B(Ag*"R%, + RIRL, + Rg)”AgW)}. (B18)

Here, let us first handle [d*x./=gR/'"RL,. Using the
definition of R%, and using the linearized Bianchi identity
(and also its covariant derivative) which is

VEGL, =0, t,=RL,—1z,,R. — Ah,, (B19)
one can find the following result after use of integration by
parts

[ d*x\[=gR}"RL,

_1 jd“x,/—ghW[(gWD -V, V, +Ag,)R,

2A 14A A _
(Dg g,uv L) 3 Rfl,l/ + ?g,uVRL
AZ
+ STh ] (B20)

Second, (R*")) is related to Rﬁ, in the following way:

g,u.V(R#V)(Z) = g,ul/(gﬂagV'BRaﬂ)(z)

= g*"RZ), — 2h*RL, + 3AK2,. (B21)

The g‘“’R term can be given in terms of R(;) with
Ro) = (8""R,.)0) = gH'RY) — h*'RL, + Ah,,.
(B22)
Then, [d*x/=33""R%) becomes
4 /.u/ () nv L 1 — A _
d*x\|—8g*"Riy = h 2RMV—ZgMRL—ZgWh ,
(B23)

with the help of (B12). By use of these results and the
equation of motion for constant curvature background
which is A = A in /), one can get
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1 4 _ 1 4
——fd Xyf —gh*? —+8aA+—,BA)
2 K 3
+ (2(1/ + B)(g,uvlj - vuvll + Ag/.LI/)RL

+ o(06t - 25,01,

which is same as Eq. (25) of [25].
Finally, let us analyze the Einstein-Gauss-Bonnet theory,

Io(hZ) =

(B24)

I= [ d4x\/_|: (R=2A0) + YR, — 4R, +R2)],
(B25)

just to check the consistency of our construction. Here, the

only remaining part that we have not analyzed is the R? LpoA

term. First, let us use the previous result in order to obtain
the second order action in metric perturbations for the

terms other than R? oA

1 1 8
_ 4 —ohtv| (= + = A) L
2[‘”" ¢ [(K 3707
- ZY(g,u,VD - v v1/ + Ag,uV)RL
2A
(st - 25,0
Then, up to third order, expansion of the last term becomes
1= 7/d4x\‘ { mpoA + T[(Ripzr)x)(l) + 2hRipzmi|

1
2 (R0 + ShEE 0"

(B26)

1

+ 2R (R — thw)]}.

gt (B27)

First of all, it should be shown that first order part is a

boundary term such that it should not give a contribution to
equation of motion for constant curvature background:

Log = f d*xy— [(RWM)U) + 2hRMwA:| (B28)

where

_ 8A2 4A

Ripa)\ = 3 (R, pm\)(l) = ?RL (B29)
Then,

Tog = f d*x=3[(V*V"h,, — Oh)], (B30)

and since the remaining part is a boundary term, no con-
tribution comes to the constant curvature background
equation of motion from the square of the Riemann tensor.
Then, moving to the part that is second order in metric
perturbation
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— 4. [~ 5 2 2) 2A
IO(hZ)—’y dx —8 (RMPU'A) +ThRL

Az 2 2
5 - 2h,w):|, (B31)

where

(Ripm\)(z) = (RMpaARpMngUVgAy)(z)
- ZRPMM(R’L,MA)Q) + ZRMpUARpM/\Vg&’)}
+ ngVgM(RMpM)(l)(RPMW)(I)
+ Z[RP,U«AV(R#p(r/\)(l) + R#pgv(Rp#w)(l)]gErlr)f

5 5 A
HRE AR L80T8 (B32)
USiIlg RMVPO’ = %(g,upgvo - g,u,zrgvp) and R(2) =
~pop2 o p(l D o,
gp RE")T + gf]) R)(W)T + Rp(rgfz)a
2 2 = 4N GOV GAY(RK M (Re (1
(R,upa'/\) - TR(Z) + 88 (R pg-,\) (R ,u,yy)
4A _ 2A2
- TgpA(RMpm\)(l)hZ + T(hz — h%,),
(B33)
and using (B9)
4A o
(Ripm\)(Z) = ?R(z) o 8””g’\y(RMpAa)(l)(Rpw/v)(l)
4A 14A2 2A2
— ThMVR;Lw + 9 hf“, - Thz. (B34)

Now, let us consider [d*x/=Z(R%,, ). The
jd“x,/—gg‘”g”(RﬂpM)“)(RPMV)<‘) term can be found
as

g,qupDz(R/\(rp’u)(l)(Ro')\aV)(l)
=hW[2(EgL —%g R)+(g O-v,V
mv 3 uviVL nv mYv

A
+ Ag,u.V)RL] - 511””(30]?/61; - 9§M,,RL - 32Ah,uv

+2AZ,,h), (B35)

after a somewhat lengthy calculation where the definition
of the linearized Riemann tensor is used and the terms are
rearranged by using integration by parts. Using this result
with (B12), one get
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[ do R R, )P
A
- d4x\/—_gh“”{—[2(ﬂgﬁy ——g#VRL)

3
5 YARY 5 AL L
+ (g,lLVD - v,uvu + Ag;u/)RL + ?(SG;LV - 4R,uv

+6Ah,, — Agwh)}, (B36)

and plugging it in the action:

1 — 8A _
oy = =5 [[d/ =B | =5 Gl + 28,0

S 2A
— V.9, + AZ,)R, +4(0GL, - —g,WRL)],

3
(B37)

and considering this result with the part of the action
coming from yR? and —4yRZ%, terms given in (B26),
one finds that all the y terms vanish, and the Gauss-
Bonnet term does not contribute to the equation of motion.

APPENDIX C: LINEARIZATION OF
THE O(R?) ACTION

The following formulae are needed for the linearization
of the O[(aR)’] equations. The quadratic parts below
already appeared in [25], we reproduce them here for the
sake of completeness, the cubic parts are new.

2A A A?
3(R/\MMRM) = ?R;Lw + gg;wRL + ?hll—w

8(0R,,) = ORL, — AOh,,,,
6(V,V,R) =V, V,R,,
8(00R) = OIR,,
S(RLR,4RY) = 3A’RL, — 2A%h,,,,
8(R,,R2 ) = 4ARL, + 2A%8,,R;,
8(R,,R*) = 16A’RL,, + 8A%g,, R,
8(RRUR,,) = 8A’RL, + A’g, R, —4A°h,,,

ls = 4A A _
B(VQV#R(;( = EVMVVRL + ?Ri’/ - gg#VRL
4A?
~ 3

8(V,V,Rup) =V, V,Rup — AV,V, h,p (C1)

Here, last two equations can related by using linearized
Bianchi identity:
v,u,gﬁy = Or fLV = Rﬁv

- %g#,,RL — Ahy,. (C2)
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APPENDIX D: COEFFICIENTS FOR THE R — R EXPANSION

Coefficients in the expansion of the square root of (68) are

[ﬁ' o«
Rz 2(1+aA

7 (1 +4aA + 6a%A% +4a3A3),

- B
I: of = —aisa(a/\ +3a2A? +3a3A?),
IR IR rY) 2(1 + aA)?
92 f ) a?
[— =—— (1 +4aA+6a*A?) ———— (1 +4aA + 6a*A? + 40> A3)?,
IR Jxryy  2(1+aA) 4(1+ ah)®
2 - 2 29Bso
[78 f — % _[(1+aAPslsr — a?A28889] - 220 D00 (WA +3a2A% + 30 A%,
IRGIRG I k) 2(1 + aA)? P24l + aA)®
- 298 298
[ of = — aiga(aA +3a?A?%) + a—ﬁa(l +4aA + 6a*A? + 403 A3)(aA +3a%A? + 3a3A3).
IRORG J& R 2(1 + aA)? 4(1 + aA)®
(D1)
Coefficients in the expansion of the (73) are
e - en(1-9Y) (2] aen(i -2
4 OR 1% 7 8
3A2 473 2 3 472
I:Bf] SaAgg_aAag, I:ﬂ] =_3iA+9aA’ (D2)
IRG I re) 4 2 OR? L& R 2 8
3 4 2 3 2 4A2
[ of ] LY Y ] [L] _ N spse A spse TN Soss
IRIRE Iz Rt 2 16 BRZ)(?R% (RR™) 2 4 4 °F
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