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Gauge invariance and quantization of Yang-Mills theories in extra dimensions
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The gauge structure of the four-dimensional effective theory arising from a pure SUs(N) Yang-Mills
theory in five dimensions compactified on the orbifold S'/Z, is reexamined on the basis of Becchi-Rouet-
Stora-Tyutin symmetry. In this context, the two scenarios that can arise are analyzed: if the gauge
parameters propagate in the bulk, the excited Kaluza-Klein (KK) modes are gauge fields, but they are
matter vector fields if these parameters are confined in the 3-brane. In the former case, it is shown that the
four-dimensional theory is gauge invariant only if the compactification is carried out by using curvatures
instead of gauge fields as fundamental objects. Then, it is shown that the four-dimensional theory is
governed by two types of gauge transformations, one determined by the KK zero modes of the gauge
parameters, @©¢, and another by the excited KK modes, a"*. The Dirac method and the proper solution
of the master equation in the context of the field-antifield formalism are employed to show that the theory
is subject to first-class constraints. A gauge-fixing procedure to quantize the KK modes AZ’)“ that is
covariant under the first type of gauge transformations, which embody the standard gauge transformations
of SU,(N), is introduced through gauge-fixing functions transforming in the adjoint representation of this
group. The ghost sector induced by these gauge-fixing functions is derived on the basis of the Becchi-
Rouet-Stora-Tyutin formalism. The effective quantum Lagrangian that links the interactions between light
physics (zero modes) and heavy physics (excited KK gauge modes) is presented. Concerning the radiative
corrections of the excited KK modes on the light Green’s functions, the predictive character of this
Lagrangian at the one-loop level is stressed. In the case of the gauge parameters confined to the 3-brane,
the known result in the literature is reproduced with some minor variants, although it is emphasized that
the exited KK modes are not gauge fields but matter fields that transform under the adjoint representation
of SU,(N). The Dirac method is employed to show that this theory is subject to both first- and second-

class constraints, which arise from the zero and excited KK modes, respectively.
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L. INTRODUCTION

Theories which involve more than four dimensions re-
ceived renewed interest due to developments in supergrav-
ity and superstring theories three decades ago. However,
the extra dimensions contemplated then are extremely
small, of the order of the inverse Planck scale My, to
be of some phenomenological interest. It was only after
the pioneering works by Antoniadis, Arkani-Hamed,
Dimopoulos, and Dvali [1-3], where large extra dimen-
sions were considered, that extra dimensions became
phenomenologically attractive. In most scenarios, our
observed three-dimensional space is a 3-brane and is em-
bedded in a higher D-dimensional spacetime, which is
known as the bulk. If the additional dimensions are small
enough, the standard model (SM) gauge and matter fields
are phenomenologically allowed to propagate in the bulk;
otherwise they are stuck to the 3-brane. Of course, if there
are extra dimensions, they must be smaller than the small-
est scale which has been currently explored by experi-
ments. So, the extra dimensions are assumed to be
suitably compactified on some manifold whose size is
sufficiently small. As a result of the compactification, those
fields that propagate in the bulk expand into a series of
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states known as a Kaluza-Klein (KK) tower, with the
individual KK excitations being labeled by mode numbers.

In the last decade, the phenomenological implications of
extra dimensions on low-energy observables have been the
subject of considerable interest. However, to our knowl-
edge, the internal consistence of the gauge sector of the
four-dimensional effective theory still remains unclear.
Although some authors [4—11] have worked out Yang-
Mills theories in five dimensions [SUs(N)], it is not clear
how the four-dimensional theory is governed by the
SU,(N) gauge group, since there is an infinite number of
gauge parameters, namely, the tower of KK modes,
a'™(x), which arise from assuming that the parameters
of SU5(N), a®(x, y), propagate in the bulk. Although the
gauge transformations to which the excited Aﬁf)”(x) KK
modes are subject have been in part derived [11], it is
doubtful that the Lagrangian obtained respects such a set
of gauge transformations. The only gauge symmetry that
becomes manifest is the standard one, which is character-
ized by the zero modes, a©%(x), of the five-dimensional
gauge parameters. In the context of these standard gauge
transformations (SGT), the covariant objects are easily
identified, as they arise naturally once the compactification
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and integration of the extra dimension is carried out. The

zero mode, Aﬁf)”(x), of the five-dimensional gauge field
A4, (x,y) corresponds to the standard Yang-Mills field,
whereas the covariant objects are the usual curvature

F ﬁ?z,“(x), the excited KK modes Aﬁf)“(x), and the pseudo-

Goldstone bosons Ag")“(x), which transform in the adjoint
representation of SU,(N). However, no similar objects
have been identified for the nonstandard gauge transfor-
mations (NSGT) characterized by the a™“(x) parameters,
and it does not seem easy to construct them by direct
observation of the four-dimensional Lagrangian, which
even differs from one author to another. In this work, we
will show that such four-dimensional Yang-Mills theories
are indeed not invariant under the NSGT but only under
the SGT. Below, we will show that this type of four-
dimensional theory can arise from a five-dimensional the-
ory in which it is assumed that the gauge parameters are
confined to the 3-brane. In such a scenario, the excited KK

modes Aﬁf)a(x) are not gauge fields, but massive vector

fields, whereas the scalar fields A(S")“(x) do not correspond
to pseudo Goldstone bosons, but they are massless scalar
fields. When the gauge parameters are allowed to propa-
gate in the bulk, the excitations Aﬁf)“(x) and A(S")“(x) cor-
respond to gauge fields and pseudo-Goldstone bosons,
respectively. However, the four-dimensional theory is de-
scribed by a Lagrangian which differs substantially from
those given in the literature. In this work, we will derive a
four-dimensional Lagrangian which is separately invariant
under both the SGT and the NSGT. This Lagrangian will be
written out in terms of covariant objects that resemble the
standard Yang-Mills curvature. The discrepancy between
our result and the ones given in the literature comes from
the way that the integration on the fifth dimension is carried
out in the action representing the five-dimensional theory.
We will show that for the scenario with gauge parameters
propagating in the bulk, gauge invariance under the NSGT
is lost unless the integration of the fifth dimension con-
templates only the Fourier modes of five-dimensional co-
variant objects. This means that the curvatures are the
objects which must be expanded in Fourier series and not
the gauge fields, which is the method most commonly
followed in the literature so far. On the contrary, if the
gauge parameters do not propagate in the fifth dimension,
one can carry out the Fourier expansion at the level of
fields, since in this case the NSGT does not arise. Although
this scenario is less interesting from the physical point of
view, as it contains massless scalar fields, we will also
consider it for comparison purposes. Of course, we will
center our discussion in the scenario in which the gauge
parameters propagate in the bulk, as it allows us to make
contact with the physical reality. In particular, the identi-
fication of NSGT that arise in this scenario, and the con-
struction of a classical action being invariant under it, is an
important goal of this work.
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As commented above, so far there is no consistent four-
dimensional KK Yang-Mills theory that includes a precise
description of the gauge symmetries to which it is subject.
However, the precise identification of these gauge trans-
formations, as well as the covariant objects needed to
construct invariants, is a first indispensable step to quantize
the theory. While most of the studies have been restricted
to tree-level processes, the quantum loop effects of the
theory have received much less attention, as only some
one-loop processes, such as electromagnetic dipoles [12],
the b— sy [13], Z— bb [14,15], By,— vy [16],
B, — I"1” [17] decays, and B° — B° [18] mixing, have
been considered. Nonetheless, to our knowledge, no quan-
tum fluctuations with only gauge KK modes circulating in
the loops have been considered so far. To predict this class
of effects one needs a theory that is consistently quantized.
As it is well known, to quantize the theory a gauge-fixing
procedure for the gauge fields must be introduced and their
associated ghost sector derived. In order to do this, the
precise gauge transformations obeyed by the gauge degrees
of freedom, in our case the KK modes associated with the
Yang-Mills fields, must be known in a precise way.
The modern approach to quantize gauge systems based in
the Becchi-Rouet-Stora-Tyutin (BRST) symmetry [19] re-
quires the ghost fields, which coincide with the parameters
of the gauge group but with opposite statistics, to be
introduced from the beginning [20]. This procedure is
well known in standard Yang-Mills theories, but its imple-
mentation for the case of the NSGT is more elaborate. The
first step consists in determining the tensorial structure of
the NSGT. At least there are three equivalent ways of
knowing them. One way consists in deriving them directly
from the infinitesimal gauge transformation obeyed by the
gauge fields in five dimensions. To carry out this, it is only
necessary to specify the periodicity and the parity of the
gauge fields and the gauge parameters with respect to the
compactified coordinate. Another different method to find
the NSGT consists in deriving the constraints of the theory
employing Dirac’s method and then using Castellani’s
gauge generator [21], which allows us to determine the
gauge transformations of the gauge fields. The third way,
which is intimately related to the latter, consists in using
the field-antifield formalism [20]. In this formulation, the
BRST symmetry arises naturally through the introduction
of the antibracket [20]. To be sure of the precise gauge
structure of the four-dimensional KK Yang-Mills theory,
we will employ all these schemes. In particular, we will use
the proper solution of the master equation in five dimen-
sions to derive the corresponding proper solution in four
dimensions. Then, we will use this solution to define the
gauge-fixed action with respect to the NSGT, Synscr,
through a gauge-fixing fermion functional, WNSGT | that is
invariant under the SGT of SU4(N).

There are phenomenological and theoretical motivations
to quantize a gauge KK theory. If KK modes cannot be
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produced directly at the LHC, it would be possible to detect
their virtual effects through precision measurements such
as those planned for the International Linear Collider [22].
Electroweak precision observables can play a role in vari-
ous models. In many physics scenarios they can provide
information about new physics scales that are too heavy to
be detected directly. Because of this, it is important to
count on a consistent quantum theory of the KK excitations
that allows us to perform predictions at the one-loop or
higher orders. In particular, it is important to calculate the
one-loop effects of these new particles on SM observables
that eventually could be sensitive to new physics effects.
On the theoretical side, it is interesting to investigate the
behavior of the theory at the one-loop level. For instance, it
is very important to study the UV structure of light Green
functions, i.e. Green’s functions consisting of zero modes
only, due to loop contributions of excited modes. This is an
important objective of this work. As already commented,
the physical Agf)a(x) fields are subject to satisfying com-
plicated NSGT. So, to quantize these gauge fields one
necessarily must invoke a gauge-fixing procedure. The
fact that these fields also obey the SGT greatly facilitates
things, as it allows us to introduce a gauge-fixing procedure
that respects the SGT and thus to have a highly symmetric
effective quantum action. We will show below that it is
possible to define the propagators of these particles by
introducing nonlinear gauge-fixing functions transforming
covariantly under the SGT of the SU,(N) gauge group. One
important goal of this work is to show that the one-loop
effects of the KK modes on light Green’s functions are
perfectly calculable like in any renormalizable theory be-
yond the SM. Let us clarify this point. As already men-
tioned, once the fifth dimension is compactified and
integrated, the theory can be written in terms of an effective
Lagrangian, which can be arranged as follows:

L = LO@ADY) + LOOAP, AR, AL
+ LA, A, (1)

where the first term £ represents the usual renormaliz-
able Yang-Mills theory, and the second term £©) con-
tains the interactions of the usual Yang-Mills fields with the
KK modes. Finally, the third term £ involves only
interactions between excited KK modes. Our point is that
the one-loop contribution to light Green’s functions is
perfectly determined like in any renormalizable theory.
As we will discuss below, the structure of the quantized
theory suggests that the only divergences induced by the
excited KK modes at the one-loop level on light Green’s
functions are those already present in the standard Yang-
Mills theory and can therefore be absorbed by the parame-
ters of the light theory. We will show this explicitly by
using the background field method [23] to quantize the
standard Yang-Mills theory, as in this scheme gauge in-
variance with respect to the SGT is preserved. As it is well
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known, this sort of gauge invariance sets powerful
constraints on the infinities that can occur in the I effective
action, being particularly simple at the one-loop level. We
will see that, as a consequence of our gauge-fixing proce-
dure for the KK modes, which is covariant under the SGT,
the type of infinities generated by the KK modes at the one-
loop level are identical to those generated by the zero
modes when quantized using the background field gauge,
which then allows us to absorb them in the parameters of
the light theory. It is important to point out that this good
behavior of light Green’s functions at the one-loop level
does not mean that they are also renormalizable at the two-
loop level or higher orders, and by no means that the
complete theory is renormalizable, as it is well known
that gauge theories in more than four dimensions are not
renormalizable in the Dyson sense. So they must be rec-
ognized as effective theories that become embedded in
some other consistent UV completion, such as string theo-
ries. However, it should be mentioned that effective field
theories are renormalizable in a wider sense [24,25].
Below, we will present some comments concerning the
possible variants that arise in the context of an effective
theory of this type. The nonrenormalizable nature of higher
dimensional theories arises from the fact that they have
dimensionful coupling constants. So, the effective theory
must be cut off at some scale M, above which the funda-
mental theory enters. The cutoff insensitivity of light
Green’s functions at the one-loop level, which seems to
be exclusive of the so-called universal extra dimensional
(UED) models (theories in which all the fields propagate in
the extra dimensions) with only one extra dimension, has
already been pointed out in previous studies on some
electroweak observables [14,26]. In this work, we will
show that this is the case for a pure Yang-Mills theory in
five dimensions.

The rest of the paper has been organized as follows. In
Sec. 11, the five-dimensional SUs(N) theory is discussed.
A compactification scheme is defined and the gauge struc-
ture of the four-dimensional theory determined. Both the
SGT and the NSGT are determined and covariant objects
under these gauge transformations identified. Section III is
devoted to quantizing the theory. The proper solution of the
master equation in five dimensions is used to derive the
corresponding proper solution for the four-dimensional
theory. A gauge-fixing procedure for the excited KK modes
that is covariant under SGT is introduced. Then, the NSGT
are used to determine the ghost Lagrangian. In Sec. 1V, the
renormalizability of the light Green’s functions at the one-
loop level is discussed. Finally, in Sec. V the conclusions
are presented.

II. A PURE SU(N) THEORY IN FIVE DIMENSIONS

This section is devoted to studying the gauge structure of
the four-dimensional theory that arises after carrying out
the compactification of a five-dimensional pure SUs(N)
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theory. The compactification conditions will be defined
and the corresponding four-dimensional Lagrangian de-
rived. The main result of this section will be the derivation
of the four-dimensional Lagrangian together with the SGT
and the NSGT, already commented in the Introduction, to
which it is subject.

A. Compactification

In the following, we will denote by x the usual four
coordinates and by y the one that corresponds to the fifth
dimension. We will employ a flat metric with signature
diag(1, —1, —1, —1, —1). The gauge fields will be denoted
by A4,(x, y), with M(= 0, 1,2, 3,5) and a the Lorentz and
gauge indices, respectively. As usual, Greek indices will be
used to denote the four-dimensional spacetime. Consider
the five-dimensional Yang-Mills theory given by the fol-
lowing action:

So= [dx [ dy Lotz ), @
where the five-dimensional Lagrangian is given by

‘E 5YM(x: y) = _Alle/[N(x’ y)ny(x: y): (3)

with the curvature defined in terms of the gauge fields A,
as follows:

Fin = oAy — oy Ay + gAY AL @)

Notice that the coupling constant gs has dimension of
(mass) /2. As commented in the Introduction, two sce-
narios arise depending on whether the gauge parameters
propagate in the bulk or not. We first consider the case of
gauge parameters propagating in the fifth dimension. The
gauge fields transform as

S A, = Dibal(x,y), &)

where Dib = 599, — g5f*¢A¢, is the covariant de-
rivative in the adjoint representation of SUs(N) and
a®(x,y) are the gauge parameters. The covariant object
in this theory is the curvature, which transforms in the
adjoint representation:

SFy = &5 Flyna(x, y). (6)

It should be noticed that up to this point, all the spatial
dimensions have been treated equally.

We now assume that the fifth dimension is compactified
on a S'/Z, orbifold whose radius is denoted by R. This
choice imposes some periodic and parity conditions on the
gauge fields and gauge parameters with respect to the extra
dimension. As it was emphasized in the Introduction, the
gauge structure of the four-dimensional theory depends
crucially on how the Fourier expansions are performed in
the integral
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1 27R
Loy = — a /0 Fin e ») FYN(x, y)

1 .
=~ [T
+ 245 (x, ) Fi(x, )] (7

where

TZ,V(X’ )’) = a,u,ﬂ?/ - ayﬂz + gsfabcﬂZﬂi’ (8)

Fisty) =9, A8 — a5 AY + gsfr AL AL (9)

As it will be clear later on, gauge invariance is only
preserved after compactification and integration of the fifth
dimension if the Fourier expansions are implemented at the
level of the curvatures ¢, (x, y) and fzs(x, y) and not at
the level of the fields A ¢ and A¢, as it has been done in
the literature. Accordingly, we implement the following
periodic and parity conditions:

Finloy +2aR) = Fiyy(x, ), (10)
a’(x,y + 27R) = a“(x, y), (11)
F ool =y) = Fo.(xp), (12)
Fiaste =) = =Fisxy), (13)
a’(x, —y) = a’(x, y). (14)

These periodicity and parity properties of the curvatures
and gauge parameters allow us to expand them in Fourier
series as follows:

a :; (0)a - L (m)a (@)
/J,V(x’ )’) m?ﬂl) (-x) + le —\/;T? mv (x) cos R i
(15)

a _ — 1 m)a . my
f]—"MS(x, )’) = m;ﬁfis) (x) mn(F), (16)

o 1 my)
0)a (m)a
[o% x) + E —a X) cOoS .
® = NTR ® (R

7)

1
aa(x’ )’) = \/m

It is important to stress at this point the fact that, although
the gauge parameters do not participate dynamically at the
classical level, they play a crucial role at the quantum level.
They become the Faddeev-Popov ghost fields, but with
opposite statistics. Indeed, the modern approach to the
BRST symmetry [20] promotes these fields as true degrees
of freedom from the beginning, at the same level of the
gauge fields, as they are needed to quantize the theory. The
importance of investigating the role played by the gauge
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parameters in the four-dimensional theory, to proceed then
to quantize it, is now clear.

Once we replace the curvatures F9,,(x, y) and fzs(x, y)
into the integral (7) by their respective Fourier series, one
obtains

— (i F O+ Fe Flomess

+ 2R Foe), (18)

£4YM =

where sums over all repeated indices, including the Fourier
ones, are assumed. From now on, this convention will be
maintained throughout the paper. Notice that due to the
orthogonality of the trigonometric functions, there is no
interference between zero modes and excited modes of the
curvatures.

In order to determine explicitly the form of the curva-

tures fﬂ??f‘, ,’FX",,)“, and F Z”)“, we use the definitions of the
tensors F4,(x, y) and Fis (x, ), given by Egs. (8) and (9),
and expand in Fourier series the gauge fields that constitute
them, which leads to

Finlxy) = —F(O)”( )

(D(O)ahA(m)b D(VO)abAzn)a)

my abc - < 2 (m)b 4 (n)c

X — )+ —ANA

cos( R ) gf le ,,Zl R

X cos(ﬂ) cos(n—>, (19)

R
: Db AP . /&moa (ﬂg{)
:FM,S(-X y) mgl \/77_—( R ) R
+ gfabc Z Z A(m)bA(n)c
m=1n=

X cos(my) sm(ny), (20)

R R

where

Fi' = 8,40 = 8,407 + gf Al AV @D)
In addition, DY = gab 9, — 8 fabe A% and g =
gs/v27R. As a next step, we equalize the right-hand
side members of Eqgs. (15) and (19). Then, we multiply
by 1/+/27R, integrate over y in the interval 0 = y =< 27R,
and use the orthogonality of the trigonometric functions to
obtain

Fiot = FO + gfereAl’ A, (22)

Multiplying now by (1/+/7R) cos(s) and proceeding in the
same way leads to
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0)ab b 0)ab b
e — D AP D90
+ gfahcAmrnA,(J)bAg/”)c’ (23)
where
1
Amrn =_2(6r,m+n + 6m,r+n + 8n,r+m)' (24)

Finally, we equalize the right-hand side members of
Egs. (16) and (20) and follow the same path as in the
previous case to obtain

:F(m)a ﬂig)abA(Sm)b + %Agn)a + gfabcA/mrnASI)bA(sn)c’
(25)
where
1
A/mrn — _(5m,r+n + 6r,m+n _ 5n,r+m)‘ (26)
V2

The gauge variation of the four-dimensional F\),

Flma and f(m)“ curvatures is encoded in the correspond-

ing gauge variation for the five-dimensional curvature
Fé4n given by Eq. (6), which can be decomposed into
two parts as follows:

szV(x’ y) = gSfahC}‘fLV(x’ )’)ac(x; Y), (27)

SFs(xy) = gsf** Fos(x y)ac(xy).  (28)

Expanding both the left-hand and the right-hand sides of
these equations in Fourier series and using the orthogonal-
ity of the trigonometric functions, one obtains

SFW = gfabe(FOP g 4 Fmbglmey — (29)

BF( = gf " (Fiit a0 + (5" Fiiy
+ A D) e, (30)

5?5:’;)11 _ gfabc(j.*i:’g)ba(o)c + A/mmj:i:)sba(,,)c)' G1)

It is not difficult to show that the L,yvy Lagrangian is
invariant under these transformations of the curvatures.
However, it is important to stress that this Lagrangian
differs from those presented in the literature [5-7,9—-11].
On the other hand, it is interesting to investigate the
structure of the equations of motion, which also serves to
check on the L4y Lagrangian, as the equations of motion
can be derived in essentially two different ways, namely,
directly from the four-dimensional theory characterized
by this Lagrangian and by compactification of the five-
dimensional equations of motion. The equations of motion
coming from the four-dimensional theory are given by

dLaym\ 9 Laym
(T3 = @)
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where A stands for AV, A% and Agm)“. A straightfor-
ward calculation leads to
D E?)flbj:'(O)b,u,V — gfabc(j:‘(m)bVSA(sm)C + j_"(m)b,uVAz")C),
(33)

D f&"")abj_*(n)b,uv — gfabcf(O)b/LVA(lz'l)C _ @gm")abj:'(n)bVS’
(34)

D fl?)ab:]:‘(m)b#S — gfubcAlnrm}'(”)bl’“sAfJ)C, (35)

where the object D" is a sort of covariant derivative,
which will be defined in the next subsection. On the other
hand, in five dimensions the equations of motion are
given by

Db FPMN = (, (36)

which is equivalent to
Dzbj:‘b/u; + Dgzbj:‘bSV — O, (37)
fo’f”“s =0. (38)

Expanding these equations in Fourier series and integrating
the fifth dimension, we arrive at the same set of equations
of motion derived directly from L yy.

B. Standard and nonstandard gauge transformations

As emphasized in the Introduction, one of our main
objectives in this work is to derive the gauge transforma-
tions determined by the ¥ and a* gauge parameters,
as it is crucial to quantize the theory. As already com-
mented, we will derive these gauge transformations follow-
ing more than one method.

1. Four-dimensional transformations from standard
five-dimensional transformations

The precise way through which the fields AE?)“ and

A(ﬂ”)" transform is encoded in the corresponding five-
dimensional transformation given by Eq. (5), which can
be written as

8 A4 (x,y) = Dilal(x,y), (39)

8 AL (x,y) = Da’(x,y). (40)

Following exactly the same procedure used in the deriva-
tion of the laws of transformation for the curvatures, we
obtain

6A£9)a _ D'(li))gba(())b + gfabcAgn)ba(m)c, 41)

SAZ”)H — gfabcAET)ba(O)c + D'(l:'m)aba(n)b’ (42)
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5A(5m)a — gfabcAgm)ba(O)c + D(Sm")dba(n)b’ (43)
where

D'(l:’m)ab — gmn DEL(L))ab _ gfabcAmrnAg)c, (44)

D(Smn)ab _ _5mn5ab% _ gfabcA/mrnAgr)c. (45)

The laws of transformation for the curvatures given by
Egs. (29)-(31) can be reproduced using these variations
of the fields. From these expressions, two types of gauge
transformations can be distinguished. One of them is ob-
tained when all the excited KK modes of the gauge pa-
rameters are put equal to zero, i.e. a¢ =0 for all
m=1,2, ---.In such a case,

SAR" = DY o, (46)
5A£:ﬂ)a _ gfabcAzn)ba,(O)c’ 47)
5A(5m)a — gfabCA(Sm)ba’(O)C, (48)

which show that the zero mode Aﬁ?)“ transforms in the
standard way of a Yang-Mills theory, whereas the excited
KK modes A/’ and A" transform as matter fields in the
adjoint representation of SU4(N). These are the well-
known SGT. The consideration of the above scenario
is strictly needed in order to recover the standard four-
dimensional Yang-Mills theory. This suggests investigat-
ing, in the same way, the role played by the parameters
a™<_ As in the previous case, we now put a@? =0 in
Egs. (41)-(43), which leads to

5Af8)u _ gfabCAif)ba(n)c, (49)
AL = D ah, (50)
SAY = Db b, (51)

Several comments are in order here. The first point to be
noted is that these transformations are much more compli-
cated than the standard ones, as they mix the infinite
number of excited modes. We can see that the zero modes
Aﬁi”“ do not transform trivially under these NSGT, as
suggested in Ref. [11], but they are mapped into excited
gauge KK modes in a way that resembles the standard
adjoint representation. Also, we can see that the variations
of the KK modes A’ depend on the zero modes A'Y“
through the standard covariant derivative contained in
D{imeb By contrast, the variation of the scalar KK modes
A(S”)a does not depend on the zero or the excited gauge
modes. The mathematical structure of D™ suggests

that the KK modes Agf)” are gauge fields under this second
sort of gauge transformations. As we will see below, the
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D™t tensorial structure plays a central role in deriving
the ghost sector associated with the excited KK modes.
Let us conclude this section by showing that the scalar
fields Agm)” can be eliminated altogether via a particular
NSGT. Consider a NSGT with infinitesimal gauge parame-
ters given by a™¢(x) = (R/ m)Ag.'")“. Then, from Eq. (51),
we can see that A(Sm)” — Ag(m)a = 0. On the other hand, the
sole term that contains the AU scalar fields is the NSGT

. . . 1 (m)a
invariant object 5 F s

gauge, takes the form

j—‘(jm)”", which, in this particular

% e e _, % e gplman %(%)2 Alma gmag.

(52)

This result shows that the A(Sm)“(x) scalar fields are in fact
pseudo-Goldstone bosons.

2. Dirac’s method

The SGT and the NSGT can also be derived by using
Dirac’s method [27], which allows us to study the phase
space constraints to which the gauge system is subject.
Once the constraints of the system are known, one con-
structs the Castellani gauge generator through which the
variations of the fields can be determined. In Dirac’s
formalism, one needs to determine the generalized mo-
menta, which are given by

Oa _ 9 Laym _ 00
a - aA(O)a - a0 (53)
oL
(e = aA(“,j)T = Fu, (54)
(23
ma _ 9Laym (m)a
9A

where the dot over the fields denotes velocities. For o = i,
the above expressions can be solved for the following
velocities:

A(O)ia — 77.50)0 _ DEO)“Z’ABO)I’ _ gfabCAEm)bA(()m)C, (56)
A (m)ia — ,n_gm)a _ ngn)abAg)n)b _ gfabcAgm)hAg))c, (57)

A'gm)a _ 77_(Sm)a _ D(Smn)abAE)n)b + gf“b"Agm)bAg))c, (58)

whereas for @ = 0 one has the primary constraints

PO =7l =0, (59)

where the label (1) stands for primary. On the other hand,
the primary Hamiltonian is given by
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HY = [ BxHD, (61)

with
HO =3+ A“”“d)ﬁ,'xo) + )l(m)ad)gl)(m)’ (62)
where A7 and A" are Lagrange multipliers. In addition,
H = +%7TEO)“ 7750)“ + %775’")”775’")“ + %ng)“wgm)a
+ Ag)O)a @EO)abWEO)b + Agn)a ngn)ab 77_511)!;

_ A(()n)b ngn)abﬂ_(sm)a . gf(,hc(WEO)aAgm)bAgm)c

+ ng)aAgm)bAgO)c _ 77_(Sm)aAgm)bAE)O)C)
1( 7 (0)a 4(0) (m)a a-(m) (m)a a-(m)
(G F G A 2FS T

(63)

We now demand that the primary constraints satisfy the
consistency conditions:

¢ = {6, H} =0, (64)
¢ =1 (), H} = 0, (65)

which leads to secondary constraints, given by

¢22)(0) _ DEO)abﬂ_EO)h _ gfabc(ﬂ_gm)hAgm)c + ng)hA(Sm)L) ~ O,
(66)

QSEIZ)(m) _ ngn)ab,ﬂ_gn)b _ ngn)ub,n_gn)b _ gfabCWSO)bAgm)c

~ 0. (67)

After a tedious algebra, one finds the following relations:

{6700, ¢PVWN} = gfupcd?OW)SG — ), (68)
{6PV0), PN = gfapedP " ()G — ), (69)

{680, "W} = gf e (6™ $E ()
+ A D53 — 7). (70)

Since the Poisson brackets of the primary constraints with
the secondary ones also vanish, the constraints of the four-
dimensional theory are first-class constraints, thus showing
that excited KK modes AEZ”)” are gauge fields.

It is worth noticing that the above set of primary and
secondary constraints can be derived directly from the five-
dimensional theory. At this level, the momenta definition
leads to

3 Lsyym
= — = Fao(xy),
9ADe A0

4 (%, y) (71)
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so, for A = 0 the primary constraints arise:
@ x ) = mh(xy) = 0. (72)

Notice that, from its definition, the momentum 7¢(x, y) has
even parity, whereas 7§ is odd. We will assume that 7§ or,

equivalently qﬁa , has even parity. The secondary con-
straints are given by

P = Dt ah = Dbat + Dbl ~ 1=1i5.
As before, we expand in Fourier series both the left-hand
and right-hand sides of the above expressions, and next we
use the orthogonality of the trigonometric functions to link
the corresponding Fourier modes. For instance, the primary

constraints are expanded as follows:

S 000 + Z F¢<1><m><x>cos( )

(m)“(x) cos( R ) (73)

—__ () + Z

Next, multiply by 1/+/27R, integrate over y, and use the
orthogonality of the trigonometric functions. The result is
the primary constraint given by Eq. (59). Then multiply by
(1/\/wR) cos(ny/R), integrate over y, and use again the
orthogonality of the trigonometric functions. The result is
the primary constraint given by Eq. (60). Applying the
same procedure to the five-dimensional secondary con-
straints gbf) (x,y), one reproduces the four-dimensional
secondary constraints given by Egs. (66) and (67).
Finally, the gauge algebra given by Eqgs. (68)—(70) can be
derived directly from the five-dimensional counterpart:

{620 3), ¢ (W, Y)} = g5 ape O (x,7)8(F = F)8(y — ¥)).
(74)

In this case, once the constraints inside of the Poisson
brackets are expanded in Fourier series, a double integra-
tion over the variables y and y’ is needed in order to
reproduce the relations given by Egs. (68)—(70).

Knowing the constraints is essential to construct
Castellani’s gauge generator [21], which allows us to de-
termine the gauge transformations of the gauge fields. Now
we show that this formalism reproduces both the SGT and
the NSGT given by Egs. (46)—(48) and Egs. (49)—(51),
respectively. In our case, such a generator can be written
as follows:

G= / PA(DLO O 4 g pabe AP gy (110)

_ a(O)a d)EIZ)(O) + (gf“”"Aém)ba(O)"
+ Dg)mn)aba(n)b)d)sll)(m) _ a(m)a ¢£12)(m)]’ (75)
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where the functions a@“(x) and a'“(x) are the gauge
parameters, only restricted to be soft. The gauge trans-
formations are obtained by calculating the variations

BAR = {4l G}, (76)
(m)a __ gp(m)a

OAY {Ax"™, G}, (77)

SAM = (A G (78)

The calculation of these Poisson brackets just leads to
Egs. (41)-(43), which in turn implies the SGT and NSGT
given by Egs. (46)—(48) and Egs. (49)—(51), respectively.

C. Scenario with gauge parameters confined
to the brane

As it has been emphasized through the paper, the BRST
formalism introduces the gauge parameters from the outset,
i.e. at the classical level, as true degrees of freedom, as these
ghosts fields have been useful throughout the development
of covariant gauge system quantization. Because of this, it is
important to study the physical implications of considering
the scenarios that can arise when the gauge parameters
propagate in the fifth dimension or are confined to the brane.
The former possibility was studied previously. Here, we
will study the consequences of assuming that the gauge
parameters a“ do not depend on the fifth dimension.
Previously, we showed that if the gauge parameters propa-
gate in the fifth dimension, in order to preserve gauge
invariance, one must compactify the theory by considering
the curvature as the fundamental objects rather than the
fields. In the scenario with the gauge parameters confined
in the brane, there are no excited modes for such parameters
and no gauge symmetry can arise other than the standard
one, i.e. that characterized by the SGT studied above. As it
is evident from Eqgs. (46)—(48) the gauge fields correspond
to the zero modes of the five-dimensional gauge field,
whereas the excited ones transform as matter fields in the
adjoint representation of the group. Indeed, the scenario that
will be studied here is entirely determined by the SGT, and
the four-dimensional theory differs from the one derived
above, as the corresponding Lagrangian, which we will
denote by I 4yM» does not coincide with L yy.

If the gauge parameters do not propagate in the fifth
dimension, the variation of the five-dimensional gauge
fields given by Eq. (5) takes the form

8 A4 (x,y) = Dibal(x), (79)

S ALx, y) = gsf AL(x, y)ac(x). (80)

The last equation in the above expressions clearly shows
that the fields “A¢ transform in the adjoint representation
of the group even before the compactification. Since in
this scenario SUs5(N) = SU4(N) = SU(N), both the
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five-dimensional theory and the four-dimensional one must
be governed by the well-known SGT. As before, we start
from the Lagrangian given by Eq. (7). However, instead of
using the Fourier series for the curvatures ¢, and -TZS’
given by Eqgs. (15) and (16), we will use the expressions
given in Egs. (19) and (20), which are obtained after
expanding in Fourier series the gauge fields A¢, and
A¢. To clarify why each procedure leads to different
four-dimensional theories, let us comment on the reason
behind this. If the integrand in Eq. (7) is defined by
expanding the curvatures directly in Fourier series, one
must solve integrals of the form

2mR 2
] dy(FO +F, cos<%)> — 7RQFZ + F2). (81)
0

By contrast, if the integrand is defined by expanding the
gauge fields in Fourier series instead of the curvatures, one
must solve integrals of the form

27R my my ny 2
[0 dy(FO +F, cos(F) + F,, cos(7> cos(;))

= 7R(2F3 + F% + 2F,F,,, + A" F,F,,

+ AMF,, F ), (82)

where the factor with two indices, F,,,, represents the
Fourier coefficients of the non-Abelian part of the curva-
ture F,y. This is why the NSGT violate gauge invariance.
Also, this is the reason why gauge invariance is manifest in
Abelian theories when one follows this path [6], as in this
case there is no mathematical difference between the
Fourier series of the curvature and that of the gauge fields.
After these considerations, we next evaluate the integral (7)
by expanding in Fourier series the gauge fields A¢, and
A¢. After carrying out the integrations and performing
some algebraic manipulations, one obtains

Loym=Laym + AL (83)
where
AL = 411 Zfabcfade(5rnqu(V")CA(q)eV
— 5”"qu§”>€qu)6)Agf)bA(p)d’“. (84)
In the above expression,
85mPd = §mMEpPd 4+ AmmAmPd — Arnpq (85)
6/rnpq — A/mrnA/mpq — A/rnpq’ (86)

with
Arnpq — %(6r,n+p+q + 811,r+p+q + 5p,r+n+q + 5q,r+n+p

+ 6r+n,p+q + 8r+p,n+q + 6r+q,n+p), (87)

A/rnpq — %(_6r,n+p+q + 5n,r+p+q _ 6p,r+n+q + 5q,r+n+p

+ 5r+n,p+q _ 5r+p,n+q + 8r+q,n+p). (88)
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Notice that the new term, A L, is invariant under the SGT
but not under the NSGT. It is important to notice that it is
not possible to eliminate from the theory the scalar fields

A(Sm)”, as in this case, where gauge parameters are confined
to the brane, the NSGT are absent.

We have shown before that the assumption that the
gauge parameters are allowed to propagate in the fifth
dimension leads to first-class constraints, but not to
second-class ones. Second-class constraints can arise due
to the presence of massive vector fields (matter fields or
Proca fields). We now show that this system is subject to
both first-class and second-class constraints. To see this,
we need to study the constraints to which the system

characterized by the 2:4YM Lagrangian is subject, which
is simple to do, indeed, as this Lagrangian differs from
L 4y only by the term A L, which does not contain terms
with derivatives. This means that the momenta generated

by the 24YM theory, and therefore the primary constraints,
are the same as those induced by L,yy. The consistency

condition on the primary constraint qbfll)(o) = 77(()0)", which

(2)(0)
a

leads to the secondary constraint ¢ , introduces nothing

new because AL does not depend on Af)o 4 the canonical

(0)a
0

conjugate of 77, ", and therefore, the secondary constraint

qﬁf)m) remains unchanged. On the other hand, the consis-

tency condition on the primary constraint ¢ = 778"’)”
produces some changes, as the new term A £ does depend
on Ag")a, the canonical conjugate of 77'8")“. Taking into
account that the primary Hamiltonians of the two theories
are related in a simple way,

AY =HY — [ d*xAL, (89)

it is easy to determine the new secondary constraint.
In fact, the consistency condition for ¢L‘)('"),

q‘sgl)(m) — {¢L‘)("l)(x), ISI(I)} ~ (), (90)
leads to
(;55‘2)(111) — ¢{(12)(m) + ngabcfbde(5mnqu£f)CA(q)ep,
— 7P AT AL)APN. 91)

It is easy to see that the consistency condition on HPm
determines the Lagrange multipliers A”¢ appearing in
HD because of

{6 (), ¢} ()} # 0.

This in turn implies that the constraints ¢511)(m) and (;’322)(’”)
are second-class constraints. Since the relations given by
Egs. (68) and (69) remain unchanged, the constraints
d)fll)(o) and d)ﬁ,z)(o) are first-class constraints. This is just
the gauge structure of a theory that contains both gauge

92)
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fields (the zero modes Ai?)“) and Proca fields (the excited
modes A%,

As already commented, the approach followed in the
literature when deriving the four-dimensional theory is the
one presented here, although it should be stressed that in
previous works the gauge parameters are taken as living in
the bulk, whereas we demand that they are confined to the
brane, which is necessary in order to preserve gauge in-
variance. However, the corresponding Lagrangian must
coincide in both schemes because the only difference is
the absence, in the case of excited KK modes, of the gauge
parameters and the presence of them in the other scenario.
The way in which the four-dimensional Lagrangian is
derived is the same in both schemes. Then, it is worth

comparing our Lagrangian L;YM with those obtained in
the literature.

The non-Abelian model analyzed in this work is inter-
esting and important, as it can be part of extra dimensional
standard model extensions and employed to perform phe-
nomenological calculations [28,29]. This five-dimensional
Lagrangian and its transition to a four-dimensional effec-
tive version, reached through the compactification process,
have been studied, and some results have been reported in
the literature. In Ref. [4] the authors analyzed some aspects
about extra dimensional models. In connection with our
work, in that time they developed an Abelian gauge model
with one extra dimension, which they compactified on the
orbifold S'/Z,. They obtained a set of gauge transforma-
tions for such a model and argued in favor of the renorma-
lizability of it when truncated to a certain order of the
Fourier series. Later, they commented that the same pro-
cedure could be repeated for the non-Abelian case, and that
the results concerning the renormalizability of this more
elaborate model followed straightforwardly. They did not
present any expression for the effective four-dimensional
Lagrangian nor a precise explanation of how they per-
formed the integration of the extra dimension.
Nonetheless, they offered a set of gauge transformations,
at the four-dimensional level, which do not coincide with
the ones that we obtained. Other related works are [5,7],
where the five-dimensional Yang-Mills theory was com-
pactified and the Lagrangian Fourier-expanded by taking
the gauge fields as the fundamental objects instead of the
curvatures. The expressions exhibited in both papers, con-
cerning the structure of the four-dimensional effective
Lagrangian, match our results for the case in which the
gauge parameters are constrained to the brane. In both
papers the authors did not study the gauge transformations
that rule the four-dimensional effective Lagrangian. The
authors in [6] studied some extra dimensional extensions of
the standard model, and also discussed some aspects con-
cerning an extra dimensional Yang-Mills theory, for which
they defined a non-Abelian Lagrangian as usual, and
considered gauge fixing and Faddeev-Popov terms. They
compactified the model on the orbifold S'/Z, and offered
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Feynman rules for the four-dimensional effective theory. In
that work, the expression for the 4D effective Lagrangian
was not explicitly shown, but the presence of the factors
A"k and A’k in their Feynman rules suggests that
they directly expanded the gauge fields instead
of the curvatures. Another interesting element in this
paper is the exhibition of the gauge transformations corre-
sponding to the four-dimensional effective Lagrangian.
We have compared such transformation laws with those
that we presented in this paper and found a perfect agree-
ment in the case of the variations of the fields AE(L))“ and
Ag")“. By contrast, we encountered some differences when
we analyzed the remaining transformations: SAEf)” =
our result — \/Eg f”bCAﬁg)ba(")c. Concerning our work, in
[8] the authors studied, among other things, a five-
dimensional electroweak standard model extension. The
Yang-Mills sector that they considered for such a model
differs from ours only because they included contact terms.
They performed an orbifold compactification on S!'/Z, and
then expanded the fields in sine and cosine series. It is
remarkable that in this paper the authors expanded the
curvatures and obtained the analogous four-dimensional
objects. They did not emphasize their procedure nor men-
tion integrating curvatures instead of fields in order to
preserve gauge invariance, but they showed the four-
dimensional expressions for the curvatures after introduc-
ing a classical background field in the context of the
background field method. We have compared our expres-
sions with those exhibited by these authors and have found
agreement. Finally, they did not derive the gauge trans-
formations governing the four-dimensional -effective
Lagrangian. Another interesting reference is [11], where
some aspects related to the gauge structure of the usual
five-dimensional SU(N) model were analyzed. The author
incorporated two-brane kinetic terms into the non-Abelian
Lagrangian and compactified the model on the orbifold
S'/Z,, so, except for the brane kinetic terms, his initial
considerations are the same as in our case. He showed an
explicit expression for the four-dimensional effective
Lagrangian, but he did not talk about the precise procedure
he followed in order to obtain such an expression.
The structure of his result suggests that he employed the
same method as us; that is, he integrated the fifth dimen-
sion over the curvatures rather than over the gauge fields.
However, our result does not exactly coincide with his.
In fact, when one neglects the brane kinetic terms,
his Lagrangian can be written as L. = our result —
g2 fabe pade g(mb Amc ARdp gKev  This author also pre-
sented a set of gauge transformations for the gauge fields,
which he divided into two types: the SGT, defined by the
zero order parameters, and those determined by all the
other parameters, which are analogous to our NSGT.
The SGT found by this author are in perfect agreement
with our results. Nonetheless, there is a remarkable
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difference in the case of the remaining variations, for the
expressions found in this reference indicate that the trans-
formations for the zero-mode fields vanish; that is, there is
no variation of the zero-mode fields under such transfor-
mations. Contrastingly, in the NSGT that we report, the
transformations corresponding to the zero modes are not
zero, but something similar to adjoint transformations that
mix different KK modes.

III. QUANTIZATION

The purpose of this section is to carry out the quantiza-
tion of the four-dimensional KK gauge theory discussed in
the previous section. We will focus on the scenario in
which the gauge parameters propagate in the fifth dimen-
sion. The classical theory to be quantized is characterized
by the L vy Lagrangian, which is invariant under both the
SGT and the NSGT of SU4(N). In particular, we are
interested in quantizing the excited KK gauge modes

Aﬂi”)“, as our main objective is to investigate the quantum
loop fluctuations of these gauge fields on light Green
functions, (OIT(AEE))”(xl)A(VO)h(xz) -+ +|0). This means that
it is only necessary to fix the gauge with respect to the
NSGT. We will do this by implementing a gauge-fixing
procedure that is covariant under the SGT. Our discussion
will be based on the BRST symmetry.

A. The proper solution of the master equation

Classically, the BRST symmetry arises naturally within
the context of the Batalin-Vilkovisky formalism [30], also
known as the field-antifield formalism [20]. To clarify our
presentation, let us present a brief discussion on this for-
malism. Although the following discussion is rather gen-
eral, we will focus on the properties of Yang-Mills systems.
The starting point is the introduction of an antifield for
each field present in the theory. It is assumed that the
dynamical degrees of freedom of the gauge system com-
prise, besides the gauge fields, the ghost (C?), antighost
(C%), and auxiliary (B¢) fields. The original action, which
will be denoted by Sy, is a functional of the gauge fields
only, but this configuration is extended to include the ghost
fields because they are necessary to quantize the theory.
A ghost field for each gauge parameter is introduced. The
ghost fields have opposite statistics to that of the gauge
parameters. To gauge fix and quantize the theory, it is
necessary to introduce the so-called trivial pairs, namely,
the antighost and auxiliary fields. We let ®* run over all
the fields. For each ®4, an antifield @, is introduced, with
opposite statistics to ®* and a ghost number equal to
—gh(®4) — 1, where gh(®*) is the ghost number of ®4.
It is O for matter, gauge and auxiliary fields, +1 for ghosts,
and —1 for antighosts. In this extended configuration
space, a symplectic structure, called an antibracket, is
introduced through left and right differentiation, defined
for the two functionals F and G as
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arF 9,G _ 0xF 9,G

F,G) = . 93

(F.G) aPA 9y 9Dy 9PA 3)
In particular, the fundamental antibrackets are given by

(DA, D) = 55, (94)

(@4, DP) = 0 = (D}, Dp), (95)

so the antifield @7 is canonically conjugate to the field ®*

in this sense. The extended action is a bosonic functional of

the fields and antifields, S[®, ®*], with zero ghost number,

which satisfies the master equation defined by
IgS 9.8

$,8)=2——-=0.
(5, 5) a1 9D

(96)

The extended action is the generator of the BRST trans-
formations:

S04 = (P4, 5), (97)

6p®; = (D}, S). (98)
Notice that S is BRST invariant due to the master equation.
The solutions of the master equation which are of physical
interest are those called proper solutions [20]. A proper
solution must make contact with the initial theory, which
means imposing the following boundary condition on S:

S[®, D*]|pr—g = Sol¢]

99)

where ¢ runs only over the original fields. The proper
solution can be expanded in power series in antifields,
S[P, D] = S[p] + (85PN} + - -, (100)
in which all the gauge-structure tensors characterizing the
gauge system appear. In this sense, the proper solution S is
the generating functional of the gauge-structure tensors.
S also generates the gauge algebra through the master
equation. So, classically, a gauge system is completely
determined when the proper solution S is established and
the master equation is calculated, which yields the rela-
tions that must be satisfied by the gauge-structure tensors.
In general, the variations of the fields (§z®%) are not
known from the outset, so the most general solution with
gauge-structure tensors instead of these explicit variations
must be proposed, which uses the master equation to
determine them. This approach could be followed in de-
termining the tensorial structure of the NSGT. Although
this is feasible, we will follow a less bothersome alterna-
tive, which consists in using the well-known proper
solution for Yang-Mills theories formulated in a four-
dimensional spacetime, which can automatically be trans-
lated to five dimensions. The compactification of the
fifth dimension and its integration must lead to a

116012-11



H. NOVALES-SANCHEZ AND J.J. TOSCANO

four-dimensional proper solution of the master equation.
We will see below that this is indeed the case. In particular,
there arise just the same gauge-structure tensors of the SGT
and NSGT derived before by following other methods.
The proper solution of the master equation for Yang-
Mills theories in five dimensions can be written as follows:

5= j dx [ dy(— % Fa  FMN 4 A%, DabMch

1 . -
585t + C*“Ba), (101)

which is a trivial generalization of the corresponding so-
lution in four dimensions. Notice that this proper solution
satisfies the boundary condition S|gp—g = Sy, with S,
given by Eq. (2). The term corresponding to the original
action, Sy, is treated in the same way as in Sec. Il A. This
leads to an action with the four-dimensional Lagrangian
Lym. The remaining terms are also expanded in Fourier
series. A parity for the antifield identical to its correspond-
ing field is assumed. The ghost fields have the same parity
of the gauge parameters. An even parity for the antifield of
the antighost field is assumed, as the presence of the zero
mode of the antighost fields is needed in order to recover
the four-dimensional proper solution of the master equa-
tion. By the same token, an even parity for the auxiliary
fields B, is assumed. The variations of the gauge fields in
five dimensions are recognized as fundamental objects
in the same sense as the curvatures. So, in the second
term in the above expression, the Fourier expansion is
realized on A}, (8 AM?) instead of A3, (DMCP).
After doing this, one obtains

S = [ d4x[£4YM + AL DOabr O 4 COapD)

1 # #
+ ngabcc(co) C(O)bc(O)a + AE:’Z) D(mn)abpuc(n)b
A lm)® mn)ab (~(n)b ~(m)xa p(m)

AJVFDlmmab e Clmxa g

1 1 .
+ = abc CEO)* C(m)b C(m)a + - abc C(m)* C(O)b C(m)a
58f S feC(

+ COscn 4 g (102)

Notice that if all the excited KK modes are deleted, the
well-known proper solution for Yang-Mills theories is
reproduced [20]. S is also a proper solution of the master
equation. On the other hand, a straightforward calculation
of Eq. (97) allows us to recover the SGT and NSGT given
by Egs. (46)—(48) and Eqgs. (49)—(51), respectively.

B. SU4(N)-covariant gauge-fixing procedure

Having studied the classical structure of the KK theory,
we now carry out its quantization, for which one starts by
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fixing the gauge, since the extended action is degenerate,
and hence cannot be quantized directly. Furthermore, the
antifields do not represent true degrees of freedom, so they
must be removed before quantizing the theory. They can-
not be just set to zero, since S, is degenerate. However, one
can remove the antifields instead through a nontrivial
procedure and, at the same time, lift the degeneration of
the theory. The antifields can be eliminated by introducing
a fermionic functional of the fields, W[®], with ghost
number —1, such that

ow

(O3 = or

(103)

Note that it is not necessary to distinguish between left and
right differentiation. In defining a gauge-fixing procedure,
the presence of the trivial pairs, C* and B, is necessary
since the only fields with ghost number —1 are precisely
the antighosts. In the case we are interested in, we only
need to remove the degeneration with respect to the NSGT,
so we will introduce a Fermionic functional Wyggr that
allows us to remove the excited KK modes of the antifields
via the relation

wp = e (104)
We introduce the following fermionic functional,
Wnser = [ d4xC_'(m)“< flma 4 g Blma
1 gfabe pmm C‘(r)bc(n)c)’ (105)

where £ is the gauge parameter and £ represents bo-
sonic gauge-fixing functions, which will be conveniently
defined below. From this expression and Eq. (104), one
finds

(n)x __ af(m)a C(m)a’

b T n)b (106)
. g flma _
e _ 9 — Gt (107)
0A;
Elm)* _ gfabcAmrnC‘(r)bC‘(")C, (108)

C‘Ezm)* — f(m)a + gB(m)a + 2gfabcAmmC_‘(r)bc(n)c' (109)

After using these relations to eliminate the antifields in S,
one obtains the gauge-fixed action Sy,
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- 1
0)* a xa (0 abe (~(0)% a m)a ~(m
S = f d4x[£4YM + Agly DO O COPBD + 2 g fabeCO(COPCO + i)

(m) (m)
+ C(m)c af e D(nr)ab,u,c(r)h _ C(m)c af
A n)a aA(n a

+ 1 ngahcfcdeAmpq C(p)dé(q)e(c(())h C(m)a + C(O)a C(m)h + Amrn C(r)h C(n)a) ]
2

Notice that this action is still degenerate with respect to the
SGT, unless we introduce terms in £ that explicitly
break this symmetry. We have proceeded in this way
because we are interested only in investigating the loop
effects of new physics characterized by the excited KK
modes on light Green functions, as this class of effects will
be of great importance in future experiments. We will
preserve the gauge invariance with respect to the SGT of
Sy DY introducing gauge-fixing functions fima that
transform covariantly under the SGT. On the other hand,
since the auxiliary fields B ) do not propagate and appear
quadratically in the action, they can be integrated out in the
generating functional. Their integration is equivalent to
directly using the equations of motion, given by

Bgm) _ é(f(m)a + 2gfabcAmrn C(r)b C(”)C). (1 1 1)
After eliminating these fields, one can write the following
effective Lagrangian:

£eff = ‘£4YM + ‘£GF + ‘EII;‘PG + ‘EI%PG’ (112)
where Lgp is the gauge-fixing term, given by
Lor = = 5z fmegtoe, (113)

2¢
whereas ﬁglsé) represent the Faddeev-Popov ghost terms,
which are given by
af D(nr)ab,u af(m)

£ C(m)c(
FPG A n)a aA(n)a

D(nr)ab>c(r)b

_ l gfabcAmmf(m)a C(r)b C(n)c

(114)
&
I ]%PG — %ngabcfcdeAmpq C(p)dé(q)e(c(O)b C(m)a
+ COacmb  Amrmcbclwa), (115)

As already commented, it is desirable to preserve the
gauge invariance of L under the SGT of SU4(N). This
requires the introduction of gauge-fixing functions f("¢
that transform covariantly under this group. In accordance
with this, we introduce the following nonlinear gauge-
fixing functions:

m)a (m)
f( ) Asm a

— DOk g 5% (116)

which, as is evident, transform under the adjoint represen-
tation of SU,(N). When these gauge-fixing functions are

D(nr)ab (r)b gB(am)BElm)

+ Bgm) (f(m)a + ngabcAmrn C_'(r)b C(n)c)

(110)

[
introduced in the gauge-fixing and Faddeev-Popov ghost
terms, one obtains

1
Lgr = =57 (DAY (D A)
1
+ mmAgm)a(Dﬁ))ahA(m)b,u.) _ Eé:m?nAgm)aAgm)a,
(117)

which clearly is invariant under the SGT of SU4(N). Note
that an unphysical mass, /ém,, = \/E(m/R), for the

pseudo-Goldstone bosons Agm)“ has been generated. On
the other hand, the Ll,; Lagrangian can be written as
follows:

‘EFPG — C*(m)c(DE?)aC D(mn)aby, + fmm ngn)Cb)C(n)b

_ gfabcAmrnf(m)aC(r)b C(n)c.
&

We can write this more explicitly by using the definitions
of D%"")”b and D(Sm”)“b given in Eqgs. (44) and (45):

(118)

‘EII:PG — C(m)h(DfB)ab D(O)ac,u)c(m)c _ é‘:m%n C(m)a C(m)a

_ gfabc[AmrnC‘V(m)d(@ﬁ?)adA(r)c,u)C(H)b

1 _
_ g AmrnC(r)c(DfB)adA(m)dp,)C(n)b
mrn (~(m (r)e ~(n)b
+ Em,, A Cmag e ct

_ mmAmrn é(r)aA(Sm)Cc(n)b ] (1 19)
Notice that this Lagrangian is invariant under the SGT.
Also, notice that unphysical masses for the excited KK
ghost-antighost fields have been generated.

An important consequence of our gauge-fixing proce-
dure is the elimination of unphysical vertices, which
greatly simplifies loop calculations. In fact, we can see

that bilinear and trilinear couplings of the form A(m)”A(")b

and AE‘L))"A(J”)}’A(S")C disappear when the terms (1/2) F< (m)”

g’")a and Lgg are summed together:

j:(m)aj_-(m)uﬂ + LGF _ mm[Agm)a(D,(l?)abA(m)bM)
+ A(m)a#(@&?)abAgm)b)] 4o

= iy, (AU AR 4 (120)
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In contrast to the conventional linear R; gauges [31],
which do not modify the vertices of the theory and explic-
itly break gauge invariance, in the nonconventional
quantization schemes [23,32-36], such as the one pre-
sented here, a sort of gauge invariance remains at the
quantum level. For instance, the nonlinear gauge-fixing
procedure introduced by Fujikawa [32] to define the propa-
gator of the W* weak gauge boson is covariant under the
electromagnetic group [33]. Although conventional quan-
tization schemes [31] are appropriate to calculate S-matrix
elements, they give rise to ill-behaved off-shell Green’s
functions that may display inadequate properties such as a
nontrivial dependence on the gauge-fixing parameter, an
increase larger than the one observed in physical ampli-
tudes at high energies, and the appearance of unphysical
thresholds. It would be interesting to study the sensitivity
of Green’s functions to radiative corrections without in-
voking some particular S-matrix element. Behind this are
the concepts of gauge invariance and gauge independence,
which are essential ingredients of the gauge systems.
Although the former plays a fundamental role to define
the classical action, it does not survive to quantization, as
one must invariably invoke an appropriate gauge-fixing
procedure to define the quantum action. At the quantum
level, the theory is governed by a remnant of the original
classical [20] BRST symmetry, which is the one first dis-
covered by Becchi, Rouet, Stora, and Tyutin [19]. The
generating functional constructed with this class of linear
gauges generates Green’s functions satisfying the Slavnov-
Taylor identities instead of the simpler ones that would
exist if the quantum action was gauge invariant. The pres-
ervation of some sort of gauge invariance at the level of the
quantum action is the main feature of nonconventional
quantization schemes. The most popular are the back-
ground field method [23] and the pinch technique [34].
In the former, each gauge field A{; is decomposed into a
quantum, Q%, and a classical, AZ» part: Ay, — AZ + 04
While the effective quantum action is defined through the
path integral on the Qf, fields, the classical fields AZ play
the role of sources with respect to which the vertex func-
tions are derived. Because of this, it is only necessary to
introduce a gauge-fixing procedure for the quantum fields

%> and thus the resultant quantum theory is invariant
under gauge transformations of the background fields A‘;.
The Green’s functions derived in this context satisfy simple
(QED-like) Ward identities, which are well behaved be-
cause they contain less unphysical information in compari-
son with those that arise from the conventional
quantization methods. However, it is worth stressing that
they are still dependent on the gauge parameter & that
characterizes the gauge-fixing scheme used for the quan-
tum fields, and so there is no gauge independence.
Although gauge dependent, one expects that these
Green’s functions provide us with information quite close
to the physical reality. At present, there is still no known
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mechanism that allows us to construct a quantum action
from which both gauge-invariant and gauge-independent
Green functions can be derived, although the pinch tech-
nique is a diagrammatic method meant for this purpose
[34]. This method consists in constructing well-behaved
Green’s functions of a given number of points by combin-
ing some individual contributions from Green’s functions
of equal and higher numbers of points, whose Feynman
rules are derived from a conventional effective action or
even from a nonconventional scheme. Out of the scope of
the background field method and the pinch technique, it is
still possible to introduce gauge invariance with respect to
a subgroup of a given theory. This scheme is particularly
useful to assess the virtual effects of heavy gauge bosons
lying beyond the Fermi scale on the SM Green’s functions
inan SU; (2) X Uy(1)-covariant manner, in which case it is
only necessary to introduce a quantization scheme for the
heavy fields since the SM fields would only appear as
external legs. A scheme of this class was proposed by
one of us some years ago [36] to investigate the loop effects
of new heavy gauge bosons predicted by the so-called 331
models [37] on the off-shell W~ W'y and W~ W*Z verti-
ces. The virtual effects of heavy gauge bosons on light
Green’s functions studied in Ref. [36] are predicted by a
theory based on the SU, (3) X Uy(1) gauge group [37], and
the gauge-fixing functions introduced transform in the
fundamental representation of the usual electroweak group
SU,(2) X Uy(1). The gauge-fixing procedure introduced
in the present work for the excited KK gauge modes has
some similitude with both the background field method and
the one of Ref. [36], as in all of them a sort of non-Abelian
gauge invariance is maintained at the quantum level. In the
background field method, the gauge invariance of the
original group is maintained, but with respect to the clas-
sical background fields. On the other hand, in the scheme
introduced in Ref. [36], gauge invariance is maintained but
only with respect to a subgroup of the original group. In the
case analyzed in the present work, two types of gauge
transformations can be identified, one determined by the
zero modes of the gauge parameters a?“, which are called
SGT, and the other identified with the excited modes of
these parameters, called NSGT. Our gauge-fixing proce-
dure for the excited KK modes is covariant under the SGT
of the four-dimensional gauge group SU,(N).

So far there exist different proposals related to the issue
of the gauge fixing of the extra dimensional Yang-Mills
theory [6-8,11], some of them invoking the fixation at the
five-dimensional level, which is not the case in Ref. [7],
where the authors propounded a four-dimensional gauge-
fixing Lagrangian that has a similar structure to ours, but
that is essentially different. Another gauge-fixing scheme
for the four-dimensional effective model was given in [11],
where the author worked within the context of the back-
ground field method. As this author recognized two types
of gauge transformations, he introduced two types of
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gauge-fixing functions, one concerning the zero modes
and the other directed to the KK excitations. In the case
of the KK excitations, the gauge-fixing functions given in
this reference have a very similar structure to the ones
proposed by us, but they are different because the former
include covariant derivatives with respect to the back-
ground gauge fields, whereas we have not done such a
division, originated in the background field method.
Reference [6] propounds a gauge-fixing approach at the
five-dimensional level that has been widely used in the
literature, as it leads to a proper definition of the propa-
gators for the KK modes through the convenient cancella-
tion of some bilinear couplings. We have obtained, by
means of a Fourier analysis, the four-dimensional expres-
sions of the gauge-fixing functions given by these authors
and have verified that they do not match our proposal. This
dissimilitude appears because the gauge-fixing Lagrangian
defined by these authors involves only simple derivatives
operating on fields and no more terms that complete
covariant derivatives at the four-dimensional level. An
interesting point in Ref. [8] is to employ a gauge-fixing
scheme, which the authors introduced at the five-
dimensional spacetime level. They divided the fields into
background fields and quantum fluctuations, within the
context of the background field method, before the
Fourier expansions and the integration of the extra dimen-
sion, and fixed the gauge differently for these two kinds of
fields. In the case of the background fields, they used the
unitary gauge, while for the quantum fluctuations, they
employed a sort of R; gauge. They expanded their
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gauge-fixing functions in Fourier series and obtained
gauge-fixing conditions for both the zero mode and the
excited modes. The structure of the gauge-fixing functions
that these authors obtained for the KK modes includes our
fixation condition, but they have additional terms which
mix KK-mode fields. It is worth emphasizing that within
our scheme the fixation of the gauge for the zero modes and
that for the KK modes can be performed independently of
each other, which is a possibility implicitly present in the
separation of the gauge transformation parameters into two
types. In fact, in this analysis we have gauge fixed only the
excited modes, while leaving the gauge invariance with
respect to the SGT. We chose to fix only the KK excita-
tions, as such a procedure is crucial to properly study the
one-loop quantum contributions of this extra dimensional
model to light Green functions. On the other hand, the
gauge fixation for the zero modes can be accomplished as
usually done for the standard four-dimensional Yang-Mills
theory or by another scheme, such as e.g. the background
field method [23].

We would like to summarize the main result of this
section by displaying the Lagrangian that links up heavy
physics with light physics, i.e. the Lagrangian that de-
scribes the couplings among excited KK modes and zero
modes. Such a connection is given by the term
LOwm 0 glwa Ag")”) of the Lagrangian given in
Eq. (1). This Lagrangian, which receives contributions
from Egs. (18), (117), and (119), is made of five pieces
that are separately invariant under the SGT:

£(O)(n)(A£?)a’ Aif)a’ A(Sn)a) — %gfach’g)?}aA(m)b,uA(m)cv _ %(foB)abAg,m)h _ D(Vo)abAf&”)h)(@(O)ac,u,A(m)CV _ D(O)dCVA(m)C,U,)
+ %(D(}?)dhA(Sm)b)(D(O)acMA(S'")C) + %m%nA%")aA(m)a,u _ % (@(lg)abA(m)b,u)(D(VO)IJCA(m)CV)
1 _ _
_ é‘:m%qum)aAgm)a + C(m)b(Dgg)ab D(())ac,u)c(m)c _ é':m% C(m)a C(m)u' (121)

2

In this expression, the first and second terms arise from the —(1/4)F 592,“ FOanv gnd —(1/4)F EZ”,,)” Flmanr parts of Loy,
respectively. The third and fourth terms come from —(1/4)F 51"5)” F g’")’”‘ . The fifth and sixth terms are generated by the
gauge-fixing part Lgg. Finally, the seventh and eighth terms are produced by the Faddeev-Popov ghost term Lgpg. The
Feynman rules for the trilinear and quartic vertices A©¢®(k)A"PA(k,)A™eP (ky) and AQexAOBBA(mer pmdp gre

2I~(mn)abcd

wBAp - Where

respectively, given by g8™" f**°T,,,(ky, ky, k3) and ig

1 1

Fa)\p(klr ky, k3) = (ks — kZ)ag/\p - (kl —ky — Ek3) ar t (kl — k3 — Ek2>/\gap’ (122)
p

X 1 1
mn)abcd n
Fiyﬁjzp =&" [fadefbce(ga/\gﬂp — 8ap8rp T Egapgﬁ)t) + facefhde(gapgm — 8ap8ip T Egomgﬁp)]- (123)

In the above expression, all momenta are pointing to the vertex. Notice that, as a consequence of the invariance under the
SGT, the vertex function associated with the trilinear vertex satisfies the following simple Ward identity:
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KT ki, ko k3) = T (ko) = T (ks),  (124)

where F(A";)(k) is the two-point vertex function given by

1
T (k) = (kK — m2)ga, — (1 — E)kAk,,. (125)

IV. ONE-LOOP RENORMALIZABILITY OF
LIGHT GREEN’S FUNCTIONS

The structure of the Lagrangian L(O)(”)(Aﬁg)“, A%)“,Ag")“)
suggests that the only divergences induced by the excited
KK modes on light Green’s functions at the one-loop level
are those already present in the standard Yang-Mills theory
and can therefore be absorbed by the parameters of the
light theory. We now proceed to show that this is indeed the
case. This requires us to quantize the standard Yang-Mills
theory, which means that a gauge-fixing procedure for the
zero-mode gauge field Aﬁf)“ must be introduced. The one-
loop renormalizability of standard Yang-Mills theories is
particularly simple if one uses the background field method
[23], since in this scheme the quantum theory preserves
invariance under the SGT. This formal gauge invariance
sets powerful constraints on the infinities that can occur in
the effective action. We split the zero-mode gauge field

(0)a
m

A(;L))“ into a classical background field A" and a fluctuat-

ing quantum field ﬂtﬁi’)“,

AE?“—’AEQW + ﬂf&))a- (126)

The classical part Aﬂ?)“ is treated as a fixed field configu-

ration, and the fluctuating part ﬂlﬁ))a as the integration
variable of the functional integral. The Yang-Mills curva-
ture decomposes as follows:

F;?g}a N F‘(li)l))a + Dgg)abﬂ(yo)b _ D(VO)ahﬂfu(,))b
+ g AP AY*. (127)

As a next step, we choose a gauge-fixing condition that is
covariant with respect to SGT of the background gauge
field:

fOa = pQab 7 Obu

Notice that this gauge-fixing procedure is identical to that

(128)

introduced for the KK gauge modes AZ")“, as both preserve
gauge invariance with respect to SGT. The gauge-fixed
Lagrangian for the standard Yang-Mills theory is

1
L = = 5 (Fla’ + DR AP — DY ALY
+ fabcﬂ(o)bﬂ(o)cy _ 1 (D(O)abﬂ(o)b#)z
8 M v 25: I

+ C(O)a(DfB)ah DObdu 4 DOabu fbcd lei?)c)c(o)d.
(129)
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This Lagrangian is invariant under the SGT, with the
fluctuating quantum fields and the ghost fields transform-
ing in the adjoint representation of the group. We now
center our attention on the one-loop contribution to light
Green’s functions of both the zero modes and the excited
ones. At this level, only quadratic terms in .7[59)“ and AEZ”)“
can contribute. From the 52(()12/1 and E(O)(”)(Aﬁ?)“,Aif)“,A(S")“)
Lagrangians, we can see that the one-loop effects of both
the zero modes and the excited ones are governed by the
following Lagrangian:

L I-loop = -E(lo-)loop + Z ﬂ{i’fmp, (130)
m=1
where
1/1
£(1(Z)100p _ _E(E(Df&))abﬂgjo)b B Dg}omﬂﬁ?)b)g
1
+ gfuch(O)a,uVASS)bﬂ(Vo)C +E(D£8)abﬂ(o)b#)2)
+ COB (Db DOack) CO), (131)
Lty = = 5 (5 (004" — DO a2y
+ gfach(O)a/LVAzﬂ)bA(Vm)C
1
+ E(Dflg))lle(m)b;x,)Z _ (mmAg'l)a)Z)
+ C(m)b(@i?)ab D(O)aC/.L _ é':mgn)c(m)c
1
+ S (DALY = (m, ASP).(132)
Notice the similitude between the £(10—)loop and £(l'f'])00p

terms. In particular, it is important to stress that the cou-
plings appearing in the .E(l'fl)oop
lizable type and are all those that are allowed by gauge
invariance. This fact implies that the type of infinities

Lagrangian are of renorma-

generated by the KK modes Aﬁi")“ must be identical to
those generated by the fluctuations associated with the

zero mode .?lfl?)“. On the other hand, it is a well-known
fact that, as a consequence of the gauge invariance asso-
ciated with the background field gauge, the UV divergence
of a pure standard Yang-Mills theory must be of the form

LY = —1LOpQpOanr, (133)
where it is expected from a dimensional analysis that the
constant L) is logarithmically divergent. Since the com-
plete £, j,,, Lagrangian is invariant under the SGT and
since only vertices of renormalizable type are present, the
same type of UV divergence is expected from each KK
mode. So, the one-loop UV divergence must be of the form
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L= —ILFQ FOanr, (134)
where
L= LM, (135)
m=0
with L = L) = ... L") = ... which, as already men-

tioned, is a consequence of gauge invariance and also of the
fact that the couplings of excited KK modes to the zero
ones are identical to those among zero modes only. This in
turn implies that no divergences multiplying gauge invar-
iants of canonical dimension higher than four can arise.
Then, the UV divergences generated by the KK modes

Aﬁl")“ at the one-loop level can be absorbed in the light
theory by defining the renormalized fields as follows:

AR =T+ LAY, (136)

which leads to a renormalized curvature given by
FOaR — a’uA(VO)uR _ aVASE])dR + ngabCASS)hRAS,O)CR, (137)

where the structure constant is also renormalized by the
same factor:

gR=(1+1L)""2. (138)

This result arises as a consequence of gauge invariance,
which exhibits the particular virtue of the background field
gauge and of the covariant gauge conditions that we in-
troduced for the KK excited modes. On the other hand, it is
a well-known fact from radiative corrections that logarith-
mically divergent integrals can introduce nondecoupling
effects proportional to the logarithm of the mass of the
particle circulating in the loop. In our case, associated with
the divergent integrals, there would arise terms of the form
log(mR ™1/ w), with u a mass scale like the one introduced
by dimensional regularization. These types of terms do not
decouple in the limit of a very small compactification
radius, but these effects are unobservable indeed, as they
can be absorbed by renormalization. The fact that the UV
divergences induced by the excited KK modes at the one-
loop level are controllable opens the possibility of inves-
tigating in an unambiguous way the one-loop impact of
these excitations on some electroweak observables. In
particular, this is important for the case of UED models,
such as the one studied here, in which the conservation of
the discrete momentum ks = mR~! implies that the KK
parity (—1)™ is conserved and no couplings involving only
one single KK mode can arise. This in turn implies that no
contributions to the electroweak observables can arise at
the tree level [26]. This means that in this class of extra
dimensional models, a direct contribution of excited KK
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modes to low-energy observables first arises at the one-
loop level. Although these observables can receive tree-
level effects from operators of canonical dimension higher
than D(= 5), certain studies carried out on some electro-
weak observables show that, in theories with only one extra
dimension, the one-loop effect dominates. The importance
of our result concerning the renormalizability of the one-
loop effects of KK modes on light Green’s functions can be
best appreciated in this context. A very recent calculation
for the one-loop form factors of the trilinear electroweak
vertices W™ W'V (V = vy, Z) [28], as well as some pre-
liminary studies for other rare processes, such as light by
light scattering [29], indicates that this is indeed the case,
as the corresponding amplitudes possess the main proper-
ties observed in the context of other renormalizable theo-
ries, such as gauge invariance, absence of ultraviolet
divergences, and a good behavior at high energies. In
particular, the heavy physics effects decouple in the large
R~ limit [28,29]. This should be compared with the case
of nonuniversal extra dimensional (NUED) models, in
which some fields are confined to the 4D brane. In this
class of models, the discrete momentum is not conserved in
the brane but only in the bulk [17]. As a consequence,
vertices involving only one KK excited mode can exist, and
divergences can arise at the tree level, although the in-
volved propagators are finite if only one extra dimension is
considered [17]. However, even in the case of NUED with
only one extra dimension, one-loop effects on light Green’s
functions depend on the cutoff [17].

As already commented in the Introduction, gauge theo-
ries in more than four dimensions are nonrenormalizable in
the Dyson sense, so they must be recognized as effective
theories that parametrize the low-energy manifestations of
a more fundamental theory. Although at the level of four-
dimensional theory the coupling constants are dimension-
less and the corresponding Lagrangian does not involve
interactions of dimension higher than four, the nonrenor-
malizable character manifests itself through the infinite
multiplicity of the KK modes. It is therefore reasonable
to expect that two-loop or higher effects of KK modes on
light Green’s functions cease to be renormalizable, as a
new class of couplings among KK modes appearing in the
complete L,yy Lagrangian arises and, as a consequence,
new discrete infinite sums must be considered. However,
effective field theories are predictive in a modern sense
[24,25,38]. Although effective theories arising from com-
pactification of extra dimensions incorporate ingredients
that are not present in conventional effective formulations
of physical theories, such as the chiral approach to strong
interactions [39] or electroweak effective Lagrangians
[38], it is worth presenting some comments on this issue.
It is not our objective to study renormalizability in a
modern sense of general Kaluza-Klein theories, but only
to contrast our result concerning the one-loop renormaliz-
ability of light Green’s functions in a wider context and to
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explore in a qualitative way the possibility of integrating
out the excited KK modes in this special case of UED
models with only one extra dimension. Following the spirit
of the paper, we will restrict our discussion to a pure Yang-
Mills theory in five dimensions, for simplicity. Since the
theory is nonrenormalizable in the Dyson sense, there is no
limit for the number of SUs(N) invariants that can be
introduced. So, the five-dimensional Lagrangian comprises
an infinite series of effective operators:

1
L= =3 Finlw ) F™(x,y)

© N,
+ ZBAA;—‘?@ On(AS), (139)
N

N

where the Oy, are operators of canonical dimension higher
than five, M, is the energy scale at which the new physics
first directly manifests itself, and By is a dimensionless
parameter that depends on the details of the underlying
physics. In the above Lagrangian, it is assumed that all the
independent operators that respect the Lorentz and gauge
symmetries are included and that each of them is multi-
plied by an unknown dimensionless parameter B3;. The
canonical dimension in each term of the series is appropri-
ately corrected by introducing factors of gs and M;!.
Operators of higher canonical dimension will be more
suppressed because they involve higher powers of the
new physics scale M, !. After compactifying and integrat-
ing the fifth dimension, one obtains a four-dimensional
effective Lagrangian, given by

ay
N—4
S

Ly = LA AR + Y
N>4

0AYe, Alme).
(140)

Several comments are in order here. Besides depending on

the light degrees of freedom, Aﬁi’)“, the four-dimensional
effective Lagrangian also depends on the KK degrees of
freedom that arise at the compactification scale R~ !, which
is expected to be below the scale M, characterizing the
more fundamental theory. In this effective Lagrangian, the
compactification scale only arises through the masses of
the KK modes. It cannot arise as global factors of inverse
powers, since this effect is canceled by factors of gs
appropriately introduced in the five-dimensional effective
Lagrangian. The presence of two different scales in the
effective four-dimensional Lagrangian, namely, the low-
energy scale to which the light degrees of freedom (the
Fermi scale in the standard model) and the compactifica-
tion scale that characterizes the KK modes are associated,
which would differ substantially in both their own origin
and relative values, is a new complication not present in
conventional effective field theories. Another interesting
aspect of the four-dimensional effective Lagrangian is that
it is subject to satisfying, besides the usual Lorentz
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symmetry, both the SGT and the NSGT. According to
renormalizability in a modern sense [24], one can carry
out radiative corrections (to light observables) using the
above effective Lagrangian. New types of infinities can
arise, but this does not constitute a serious problem, as the
counterterms needed to remove them are already present in
the effective Lagrangian. Such divergences simply renor-
malize the bare coupling constants «;. Indeed, the diffi-
culties encountered in effective theories are not related
with the issue of removing infinities, but with the predict-
ability of the theory, by virtue of the presence of a large
number of parameters. Despite the fact that the formalism
involves, in principle, an infinite number of local operators,
only a finite number of them need to be considered in any
given calculation; the number of operators which are con-
sidered is determined by the required degree of accuracy:
for higher precision, more terms in the -effective
Lagrangian must be included, and the number of parame-
ters increases.

On the other hand, since in UED models the contribu-
tions to low-energy observables first arise at the one-loop
level, the interactions depending on excited KK modes in
operators of canonical dimension higher than four appear-
ingin L&, can be ignored, as their one-loop effects would
be quite suppressed with respect to those induced by the
couplings among KK modes appearing in L yy. So, the
most relevant pieces of the effective Lagrangian are

—
Lty = Laym@AD AN + 3 20409, (141)
N>4"s

where in the operators of dimension higher than four any

dependence on the KK fields Aiﬁ")“ has been dropped.
However, the dependence on these fields is maintained in
the dimension-four £4YM(A§9)“, AZ")“) Lagrangian. It is
important to notice that the most significant effects on a
given observable may arise at tree level from some effec-
tive operators. Depending of the specific spacetime struc-
ture of the extra dimensional model, this contribution may
be of the same order as or even larger than that induced at
the one-loop level by the KK modes. It is therefore im-
portant that we clarify, as much as possible, the relative
importance of the one-loop effects of KK modes on light
Green’s functions as compared with those induced at tree
level by operators of higher canonical dimension. As
shown in this work and also in some previous studies
[14,26], in the context of UED models that involve only
one extra dimension, the one-loop contribution of KK
modes to light Green’s functions is insensitive to the cutoff
M; it depends only on the compactification scale. Since
the compactification scale is lower than the fundamental
scale, one can expect that in this type of model the one-
loop KK contribution strongly competes with that induced
at tree level, as the latter is suppressed by inverse powers of
the fundamental scale M,. This means that in this type of

116012-18



GAUGE INVARIANCE AND QUANTIZATION OF YANG- ...

model, both types of contributions must be considered.
Explicit studies point in this direction, as calculations
[26,28] of some electroweak observables show that the
one-loop contribution of the KK modes dominates. If the
compactification scale R™! is very much above the avail-
able energies, it would be desirable to integrate out each
heavy field Ag")” to obtain an effective Lagrangian depend-

ing only on the light fields AV
1

LA = = g PP FOse

A

+ i i s Oy (a)

N—4
moi = (®)

[ ay 0
Y R 0A0)
N>4 M

(142)

This effective Lagrangian must respect the SGT. The one-
loop renormalizability of the light Green’s functions
showed above for this Yang-Mills theory with only one
extra dimension suggests that the derivation of this effec-
tive Lagrangian is feasible [40]. However, it is not clear if
this is possible for more general formulations of theories in
extra dimensions, such as UED models with more than
one extra dimension or NUED with one or more extra
dimensions.

V. SUMMARY

We have studied the gauge structure and quantization of
a gauge system that arises after compactification of a pure
Yang-Mills theory in five dimensions, with the fifth dimen-
sion compactified on the orbifold S'/Z, of radius R. The
importance of studying the role played by the gauge pa-
rameters of the compactified theory was stressed through-
out the paper, as they are essential pieces within the context
of the BRST symmetry, both at the classical and quantum
levels. In our opinion, this issue, which is fundamental to
quantize the theory, has not been properly studied.
Depending on whether the gauge parameters propagate in
the fifth dimension or not, two scenarios can arise. The
scenario with the gauge parameters propagating in the bulk
leads to a four-dimensional theory with a complicated
gauge structure due to the presence of an infinite tower
of gauge parameters that arise after compactification. In
this scenario, we have derived a four-dimensional
Lagrangian, L,y that differs substantially from the one
known in the literature. This is one of our main results. We
showed that this Lagrangian satisfies separately two types
of gauge transformations, which we called SGT and NSGT.
Under the SGT, which are defined by the zero modes of the
gauge parameters, the zero modes of the gauge fields trans-
form as gauge fields, whereas the excited KK gauge modes
and the pseudo-Goldstone bosons transform as matter
fields in the adjoint representation of the group. On the
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other hand, under the NSGT, which are defined by the
infinite tower of excited modes of the gauge parameters,
the zero modes of the gauge fields are mapped into excited
modes in a way that resembles the ordinary adjoint repre-
sentation, whereas the excited KK gauge modes transform
as gauge fields through a gauge-structure tensor similar to
that of the SGT, which, however, involves the covariant
derivative of the SGT instead of the ordinary derivative
mixing the zero modes with the excited ones. As far as the
pseudo-Goldstone bosons are concerned, they transform
without mixing with other fields, but in a complicated way.
It looks like a combination of a translation plus a rotation.
Related to such unphysical fields, we have found a particu-
lar gauge transformation which allows us to remove them
from the theory. The NSGT are characterized as involving
an infinite sum of the mentioned terms. Special emphasis
was put on the gauge-structure tensor characterizing the
NSGT of the excited KK gauge modes, as its precise
determination is fundamental to quantize these gauge
fields. It was shown that in order to obtain a four-
dimensional Lagrangian that respects simultaneously
both the SGT and the NSGT, the curvatures must be
considered as the fundamental objects in the sense of
expanding them in Fourier series instead of the gauge
fields, which has been the route followed in the literature.
The Lagrangian so obtained is simpler than the one given
in the literature, as it is made of contractions among
covariant objects (curvatures) that transform in a well-
defined way under both the SGT and the NSGT. The
gauge-structure tensors associated with the NSGT were
derived in three different ways: from the five-dimensional
transformation laws, by employing the Dirac method to-
gether with the Castellani’s gauge generator, and indirectly
by using the master equation. It was shown that the theory
is subject to first-class constraints, showing that the zero
modes as well as the excited ones are gauge fields. These
constraints, which are not known in the literature, were
derived in two ways: by applying the Dirac method to the
four-dimensional theory and by compactification of the
corresponding constraints at the five-dimensional level,
finding a perfect agreement. As far as the quantization of
the theory was concerned, we focused on the quantization
of the KK gauge modes, as it is interesting to investigate
the loop effects of excited KK modes on light Green’s
functions. A proper solution of the master equation in
five dimensions was used to derive the counterpart of the
four-dimensional theory. This solution was used to derive
the quantum effective action, showing explicitly the struc-
tures of the gauge-fixing and Faddeev-Popov ghost terms.
A gauge-fixing procedure that is covariant under the SGT
was introduced. This covariant quantization scheme, which
can greatly simplify the radiative corrections to light
Green’s functions, is our other main result. The
Lagrangian linking up the light physics with the heavy
physics, L(O)(")(AE(L))”, Aﬁf)“, Ag”)”), was presented. This
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Lagrangian, which is made of five pieces that are sepa-
rately invariant under the SGT, has all the ingredients of a
predictive theory, as it has all the dimension-four interac-
tions that are compatible with the SGT. In addition, it is
possible to endow the quantum theory with an R, gauge
that is covariant under the SGT, which in practical loop
calculations permits better control of divergencies than
in conventional gauges. The gauge structure of this
Lagrangian suggests that the only divergences induced by
the excited KK modes on light Green’s functions would be
those already present in the standard Yang-Mills theory
and can therefore be absorbed by the parameters of the
light theory. A notable attribute of the gauge-fixing
Lagrangian presented here is that the fixation of the gauge
can be implemented for the KK excitations while keeping
the invariance under the SGT, with the possibility of re-
moving such an invariance by employing the usual fixation
of the gauge for the standard Yang-Mills theory defined in
four dimensions. The existence of two sorts of parameters
defining different gauge transformations embodies a symp-
tom of the independence of these two gauge-fixing proce-
dures with respect to each other.

We took advantage of the possibility of defining inde-
pendent gauge-fixing procedures for the two types of gauge
symmetries, SGT and NSGT, to quantize the standard
Yang-Mills theory via the introduction of the background
field gauge, which preserves gauge invariance with respect
to the SGT. The quantization of the complete theory in a
scheme that is covariant under the SGT was necessary in
order to show that the KK effects on the light Green’s
functions are renormalizable at the one-loop level. It was
shown that this gauge invariance sets powerful constraints
on the infinities that can occur at the one-loop level. In
particular, it was shown that only one type of infinity can be
generated at the one-loop level and that it is the same for
A

the contributions of the zero modes and the excited

ones Aﬁl”)“. Because of this, such divergences can be ab-

sorbed in a renormalization of the zero-mode field AE(L))”,
showing that the one-loop effects of KK modes on light
Green’s functions are insensitive to the cutoff M. The
relative importance of the one-loop effects of KK modes
on light Green’s functions in the context of UED models
with only one extra dimension was stressed. In this type of
model, this contribution is more important than the one that
could be induced at tree level by operators of higher
canonical dimension and it is the first direct contribution
of the KK modes to low-energy observables, as they cannot
contribute at tree level.

The other scenario studied arises from assuming that the
gauge parameters do not propagate in the fifth dimension.
Since in this scenario both the five-dimensional theory and
the four-dimensional one are governed by the same gauge
group, SU(N), no gauge transformations other than the
SGT can exist. In this case, it makes sense to integrate
the fifth dimension by expanding in the action the gauge
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fields instead of the curvatures, as in the previous scenario.
Since in the context of the BRST symmetry the gauge
parameters do not appear in the original action S, but
rather at the level of the extended one S, no role is played
by the gauge parameters when the fifth dimension is inte-
grated. Only the objects (gauge fields or curvatures) con-
sidered as fundamental in the Fourier series determine the
result. Because of this, we expected to reproduce the
results already known in the literature, but our four-

dimensional Lagrangian L4y presents some differences.

Nonetheless, we found that both the L£4y) and the LWM
Lagrangians, as well as the results given in the literature,
contain the original part of the E(O)(”)(A(O)“ (")”, Ag”)“)
Lagrangian, i.e. the term that results from removing the

gauge-fixing and  Faddeev-Popov  terms  from
£(0)(”)(A£9)”, A(;f)“, A(s”)”). In other words, the part of
L(O)(”)(Aﬁg)“, Aif)“, Ag—")“) present in the original action S
is already known in the literature and arises in the two
scenarios considered here. However, it is important to
stress that in the scenario from which L,y arises, the
excited KK modes AEZ”)“ are gauge fields, so diverse propa-
gators can be used in radiative corrections by choosing a
part1cu1ar gauge. Nevertheless, in the scenario from which

£4YM arises, the excited KK modes A(m)” are not gauge
fields but matter or Proca fields, so rad1at1ve corrections
must be calculated in this case using the unitary propaga-
tor. As it was emphasized previously, this scenario is un-
attractive due to the presence of massless scalar fields,
which in this case cannot be removed from the theory, as
they are not pseudo-Goldstone bosons. It was shown that
this system is subject to both first-class and second-class
constraints, as must be the case.

In conclusion, in this paper, a quantization procedure for
the excited KK gauge modes of a compactified Yang-Mills
theory that is covariant under the standard gauge trans-
formations of SU(N) was presented. The effective quan-
tum Lagrangian that links the heavy physics with the light
physics, which is invariant under the SU(N) group, was
presented. The gauge structure of this Lagrangian suggests
that the only divergences generated by the excited KK
modes on light Green’s functions are those that can be
absorbed by the parameters of the light theory. A gauge
covariant quantization of the complete theory was used to
show that the light Green’s functions are renormalizable at
the one-loop level. We stress that this is an important result,
as it would be possible to predict in an unambiguous way
the one-loop radiative corrections of extra dimensions on
some electroweak observables, which will be the subject of
experimental scrutiny at the next generation of linear
colliders.
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