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The mass of the triply-heavy baryon �bbb is calculated in lattice QCD with 2þ 1 flavors of light sea

quarks. The b quark is implemented with improved lattice nonrelativistic QCD. Gauge field ensembles

from both the RBC/UKQCD and MILC collaborations with lattice spacings in the range from 0.08 fm to

0.12 fm are used. The final result for the �bbb mass, which includes an electrostatic correction, is

14:371� 0:004stat � 0:011syst � 0:001exp GeV. The hyperfine splitting between the physical J ¼ 3=2

state and a fictitious J ¼ 1=2 state is also calculated.
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I. INTRODUCTION

Hadrons containing only heavy valence quarks play a
key role in the study of QCD due to their approximately
nonrelativistic nature and their clean spectrum of narrow
states. Many precise experimental results are available for
heavy quarkonium mesons, and their analysis has contrib-
uted significantly to the understanding of the quark-
antiquark forces [1,2]. However, the nature of the QCD
gauge symmetry is exhibited in the most direct way in the
baryons, where the number of valence quarks is equal to
the number of colors. It is therefore of great interest to
explore triply-heavy baryons like the �bbb. Masses and
other properties of triply-heavy baryons have been calcu-
lated using various quark models [3–18] and sum rules
[19]. Most potential-model calculations include only two-
body forces, but QCD also leads to genuine three-body
forces. A three-body linear confinement term was found in
the static three-quark potential calculated nonperturba-
tively from lattice QCD [20]. In perturbative QCD, three-
body forces first arise at next-to-next-to-leading order [21].

Triply-heavy baryons have not yet been observed ex-
perimentally (see [5,22–25] for experimental aspects and
calculations of production rates in colliders), and the pre-
dictions of their properties cannot yet be compared to the
real world. The model-dependent calculations can however
be tested by comparing them to nonperturbative first-
principles calculations in lattice QCD.

While there are several recent lattice QCD calculations
of singly- and doubly-heavy baryon masses [26–31], there
appears to be only one lattice result for a triply-heavy
baryon mass in the literature so far: the �ccc in
Ref. [32]. The calculation in [32] was performed in the
quenched approximation, i.e. neglecting the effects of
dynamical light quarks, and the result for M�ccc

obtained

there may also have significant discretization errors [33]
due to the use of a relativistic action for the charm quark at
the rather large value of amc ¼ 0:8 (where mc is the bare
charm quark mass and a is the lattice spacing).

In the following, a precise calculation of the mass of the
triply-bottom baryon �bbb in lattice QCD with 2þ 1
flavors of dynamical light quarks is reported (a preliminary

result was given in [34]). The hyperfine splitting between
the �bbb baryon with J ¼ 3=2 and a fictitious J ¼ 1=2
state composed of three heavy quarks with the same mass
as the b quark is also calculated. The computations are
performed at lattice spacings in the range from approxi-
mately 0.08 fm to 0.12 fm. At these values of the lattice
spacing, the b quark can be implemented very accurately
with lattice nonrelativistic QCD (NRQCD) [35–37]. Most
of the calculations in this work are done on gauge field
ensembles that were generated by the RBC and UKQCD
collaborations using the Iwasaki action for the gluons and a
domain-wall action for the sea quarks [38,39]. As a test of
universality, calculations are also performed on gauge field
ensembles generated by the MILC Collaboration using
the Lüscher-Weisz action for the gluons and a rooted
staggered action for the sea quarks [40]. The details
of the gauge field ensembles are given in Sec. II. The
mass of the �bbb is obtained by calculating the difference
E�bbb

� 3
8 ðE�b

þ 3E�Þ, as described in Sec. III. This quan-
tity has only a weak dependence on the b quark mass and
on the light quark masses, as demonstrated by the lattice
results in Sec. IV. In the final result forM�bbb

, a correction

due to the electrostatic Coulomb interaction of the b quarks
is included (Sec. V).

II. LATTICE ACTIONS AND PARAMETERS

The problem with heavy quarks on the lattice is that
relativistic actions develop large discretization errors when
the heavy-quark mass becomes comparable to the inverse
lattice spacing. In this work, the b quarks are therefore
implemented with lattice NRQCD [35,36], a nonrelativis-
tic effective field theory for heavy quarks. Unlike the heavy
quark effective theory developed in [41], which is limited
to heavy-light hadrons, NRQCD can be applied to hadrons
containing any number of heavy quarks. The use of
NRQCD to study triply-heavy baryons has already been
suggested in [35]. The power counting in this case should
be very similar to that for heavy quarkonia, and is given
in terms of the typical heavy-quark velocity inside the
hadron. For bottomonium, one has v2 � 0:1 (in units
with c ¼ 1), and the value is expected to be comparable
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for the �bbb [the length scales are similar; see Eqs. (17)
and (18) in Sec. V].

The NRQCD action employed here includes all terms up
to order v4, as well as Symanzik-improvement corrections
(which reduce discretization errors). The matching to QCD
is performed at tree level, and the action is tadpole-
improved using the mean link u0L in Landau gauge
[42,43]. The action is equal to the one used in [37], with
c1 ¼ c2 ¼ c3 ¼ c4 ¼ c5 ¼ c6 ¼ 1 and c7 ¼ c8 ¼ c9 ¼ 0
(in the notation used there.) For comparison, some results
obtained with the order-v2 action, which has c5 ¼ c6 ¼ 1
and c1 ¼ c2 ¼ c3 ¼ c4 ¼ c7 ¼ c8 ¼ c9 ¼ 0, will also be
given.

The details of the gauge field ensembles used in this work
are shown in Table I. All ensembles include the effects
of dynamical up-, down-, and strange sea quarks (with
mu ¼ md, in the following denoted as ml). The ensembles
generated by the RBC and UKQCD collaborations [38,39]
make use of a domain-wall action [47–49] for the sea
quarks, and the Iwasaki action [50,51] for the gluons. The
domain-wall action yields an exact chiral symmetry when
the extent L5 of the auxiliary fifth dimension is taken to
infinity. The Iwasaki action suppresses the residual chiral
symmetry breaking at finite L5 [52] (here, L5 ¼ 16).

Calculations are also performed on two ensembles gen-
erated by the MILC Collaboration [40], using the AsqTad
action [53–55] in combination with the rooting procedure
[40] for the sea quarks, and the tadpole-improved Lüscher-
Weisz action [56–58] for the gluons. By comparing the
results from the RBC/UKQCD and from the MILC ensem-
bles, sea-quark and gluon discretization effects can be
disentangled from NRQCD discretization effects [37].

Table I also shows the lattice spacings of the ensembles,
determined from the�ð2SÞ ��ð1SÞ splitting [37], and the
values of the bare b-quark mass in lattice units, amb. The
b-quark mass is set such that the kinetic mass of the �bð1SÞ

meson agrees with experiment within the statistical errors.
The main calculations in this work are performed directly
at the physical values of amb as determined in [37]; addi-
tional results for other values of amb will also be given to
illustrate the dependence on amb. On the coarse MILC
ensemble, the value of amb used here is 0.9% below the
physical value obtained in [37].

III. CONSTRUCTION OF TWO-POINT
FUNCTIONS AND ANALYSIS

The ground-state energies of the �b, the�, and the�bbb

are extracted from fits to the Euclidean time-dependence of
suitable two-point functions at zero momentum. On a
given lattice gauge field configuration, the two-point func-
tions for the �b, the �, and the �bbb are defined as

Cð�Þðt; t0; x0Þ ¼ X
x

Gyab
�� ðt; x; t0; x0ÞGba

��ðt; x; t0; x0Þ; (1)

Cð�Þðt; t0; x0Þ ¼ X
x

ð�j�5Þ��Gyab
�� ðt; x; t0; x0Þ

� ð�5�jÞ��Gba
��ðt; x; t0; x0Þ; (2)

Cð�Þ
jk��ðt; t0;x0Þ ¼

X
x

�abc�fghðC�jÞ��ðC�kÞ��Gaf
��ðt;x; t0;x0Þ

�Gbg
��ðt;x; t0;x0ÞGch

��ðt;x; t0;x0Þ: (3)

Here, a; b; c; . . . are color indices (running from 1 to 3),
�;�; �; . . . are spinor indices (running from 1 to 4),
C ¼ �0�2 is the (Euclidean) charge conjugation matrix,
and the overline denotes the Dirac conjugate. The indices
j, k are in the range from 1 to 3. In the nonrelativistic
gamma-matrix basis used here, the NRQCD heavy-quark
propagator G has vanishing lower spinor components
(for t > t0),

TABLE I. Summary of lattice parameters. The bare gauge couplings are given as � ¼ 6=g2 (for the RBC/UKQCD ensembles) and
� ¼ 10=g2 (for the MILC ensembles). For the RBC/UKQCD ensembles, the pion masses in lattice units were taken from [38,39,44]
and converted to physical units using the lattice spacings given here. For the MILC ensembles, there are taste splittings between the
different pions [40], and the root-mean-square masses taken from [45,46] are given.

Collaboration L3 � T � aml ams amb u0L nconf a�1 (GeV) m	 (GeV)

RBC/UKQCD 163 � 32 2.13 0.01 0.04 2.469 0.8439 352 1.766(52) 0.436(14)

163 � 32 2.13 0.02 0.04 2.604 0.8433 355 1.687(46) 0.548(16)

163 � 32 2.13 0.03 0.04 2.689 0.8428 711 1.651(33) 0.639(14)

RBC/UKQCD 243 � 64 2.13 0.005 0.04 2.487 0.8439 311 1.763(27) 0.3377(54)

243 � 64 2.13 0.01 0.04 2.522 0.8439 266 1.732(28) 0.4194(70)

243 � 64 2.13 0.02 0.04 2.622 0.8433 73 1.676(42) 0.541(14)

243 � 64 2.13 0.03 0.04 2.691 0.8428 72 1.650(39) 0.641(15)

RBC/UKQCD 323 � 64 2.25 0.004 0.03 1.831 0.8609 314 2.325(32) 0.2950(40)

323 � 64 2.25 0.006 0.03 1.829 0.8608 296 2.328(45) 0.3529(69)

323 � 64 2.25 0.008 0.03 1.864 0.8608 270 2.285(32) 0.3950(55)

MILC 243 � 64 6.76 0.005 0.05 2.64 0.8362 525 1.647(14) 0.460

MILC 283 � 96 7.09 0.0062 0.031 1.86 0.8541 478 2.291(22) 0.416
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Gðt; x; t0; x0Þ ¼ Gc ðt; x; t0; x0Þ 0
0 0

� �
; (4)

where Gc is the NRQCD propagator with two spinor

components. The propagatorGc may include at the source

and/or sink a Gaussian smearing operator

�
1þ rS

nS
�ð2Þ

�
nS
; (5)

where�ð2Þ is a covariant lattice Laplacian. The smearing is
intended to improve the overlap with the ground state and
reduce the contamination from excited states. For the
meson two-point functions, smearing is only performed

on Gc , not G
y
c , while for the baryon two-point functions

all three Gc ’s are treated equally.

When defined through Eq. (3), the two-point function

Cð�Þ
jk��ðt; t0; x0Þ couples to both the physical spin-3=2 state

�bbb, and an unphysical spin-1=2 state (when all three
quark flavors are equal, this state violates the Pauli exclu-
sion principle). At large Euclidean time separation t� t0,
the two-point function (after averaging over gauge con-
figurations) approaches the form

Cð�Þ
jk ! Z2

3=2e
�E3=2ðt�t0Þ 1

2
ð1þ �0Þ

�
�jk � 1

3
�j�k

�

þ Z2
1=2e

�E1=2ðt�t0Þ 1
2
ð1þ �0Þ 13�j�k; (6)

where E3=2 ¼ E�bbb
and E1=2 are the ground-state energies

of the J ¼ 3
2 and J ¼ 1

2 states, respectively (see for example

[59]). The J ¼ 3
2 and J ¼ 1

2 contributions can be disen-

tangled by multiplying with the projectors

Pð3=2Þ
ij ¼

�
�ij � 1

3
�i�j

�
; (7)

Pð1=2Þ
ij ¼ 1

3
�i�j; (8)

which gives

PðJÞ
ij C

ð�Þ
jk ! Z2

Je
�EJðt�t0Þ 1

2
ð1þ �0ÞPðJÞ

ik : (9)

Before the fitting, an average over all nonvanishing spinor
and Lorentz components is calculated, which is defined as

hPðJÞCð�Þi¼ X
i;k;�;�;

½ð1þ�0ÞPðJÞ
ik ����0

½PðJÞ
ij C

ð�Þ
jk ���

½ð1þ�0ÞPðJÞ
ik ���

: (10)

In order to increase statistics, the two-point functions are
calculated for 32 different source locations ðt0; x0Þ spread
evenly across the lattice on each gauge field configuration.
The source locations are shifted randomly from configura-
tion to configuration. No significant autocorrelations were
seen either between source locations or in molecular dy-
namics time. An example of a matrix of �bbb two-point
functions is shown in Fig. 1. The four different functions
correspond to smeared or local sources and/or sinks. The
data are fitted by a sum of exponentials using the Bayesian
technique from [60]. The fit functions and priors are chosen
as discussed in [61].
Because of the use of NRQCD, the energies extracted

from fits of two-point functions contain a shift that is
proportional to the number of heavy quarks in the hadron.
This shift cancels in the energy differences

aE�bbb
� 3

8
ðaE�b

þ 3aE�Þ (11)

and

aE�bbb
� 3

2
aE�: (12)

FIG. 1 (color online). Left panel: matrix of�bbb two-point functions CðtÞ ¼ hPð3=2ÞCð�Þi with local and smeared interpolating fields
(the local-smeared and smeared-local data coincide); the lines are from a fit with 7 exponentials and tmin ¼ 5. Right panel:
corresponding effective-energy plot and ground-state energy. The data are from the RBC/UKQCD ensemble with L ¼ 32,
aml ¼ 0:004. Lattice units are used.
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As will be shown in Sec. IV, the quantity (11), which
contains the spin average of the 1S bottomonium states,
has aweaker dependence on the b-quarkmass than (12) and
is therefore preferred for the determination of M�bbb

. The

energy differences (11) and (12) are computed using statis-
tical bootstrap in order to take into account correlations.

After conversion to physical units using the lattice spac-
ings from the �ð2SÞ ��ð1SÞ splittings, the data from the
RBC/UKQCD ensembles are extrapolated linearly in m2

	

to the physical pion mass. As in [37], the data from the
L ¼ 24 and L ¼ 32 ensembles, which have the same
physical box size, are extrapolated simultaneously, allow-
ing for an arbitrary dependence on the lattice spacing a.
Higher-order terms depending on both a and m	 are
neglected.

IV. LATTICE RESULTS

The lattice results for the energy differences (11) and
(12), and the unphysical spin splitting aE�bbb

� aE1=2 are

given in Table II. On the RBC/UKQCD ensembles with
L ¼ 24, aml ¼ 0:005 and L ¼ 32, aml ¼ 0:004, results
for multiple values of amb are listed. The quark-mass-
dependence of (11) and (12) is visualized in Fig. 2.
As can be seen there, the dependence on amb is smaller
for (11). The quark-mass-dependence of the hyperfine
splitting aE�bbb

� aE1=2 is visualized in Fig. 3. As can

be seen in the plot, the dependence is slightly weaker than
1=ðambÞ, similarly to the 1S hyperfine splitting in
bottomonium [37]. The data are described well by fits
with the function A=ðambÞ þ B.

On the L ¼ 24, aml ¼ 0:005 and L ¼ 32, aml ¼ 0:004
ensembles, results calculated with the leading-order
(order-v2) NRQCD action are also given in Table II. This
action does not contain spin-dependent terms, so that
aE�bbb

� aE1=2 ¼ 0 and aE� � aE�b
¼ 0, and conse-

quently the quantities (11) and (12) become equal.
Remarkably, for the splitting aE�bbb

� 3
8 ðaE�b

þ 3aE�Þ
the results obtained at the same value of amb with the
order-v4 and with the order-v2 actions differ by less than
1%. It appears that there is a large cancellation of the
order-v4 corrections in aE�bbb

and 3
8 ðaE�b

þ 3aE�Þ,
which is another reason to use (11) for the determination
of M�bbb

. On the other hand, for the splitting aE�bbb
�

3
2aE�, the values obtained with the order-v4 and with the

order-v2 actions differ by about 10%, as might be expected
for v2 � 0:1.
The results for aE�bbb

� 3
8 ðaE�b

þ 3aE�Þ and

aE�bbb
� aE1=2 from the order-v4 action at the physical

values of amb were then converted to physical units using
the inverse lattice spacing values from Table I. The chiral
extrapolations of the data from the RBC/UKQCD ensem-
bles are visualized in Figs. 4 and 5. As can be seen there,
the dependence of the results on the pion mass is weak.
This also indicates that the higher-order terms depending
on both a and m	 are small. The data from the L ¼ 16
ensembles, which provide a test of finite-volume
effects, were extrapolated independently. No significant
finite-volume effects are seen, as expected for the
small size of the �bbb and bottomonium ground states
[Eqs. (17) and (18)].

TABLE II. Results in lattice units. The errors are statistical/fitting only.

Collaboration L3 � T aml amb Action aE�bbb
� 3

8 ðaE�b
þ 3aE�Þ aE�bbb

� 3
2aE� aE�bbb

� aE1=2

RBC/UKQCD 163 � 32 0.01 2.469 v4 0.11690(65) 0.10527(64) 0.01364(30)

163 � 32 0.02 2.604 v4 0.12063(65) 0.10934(64) 0.01399(31)

163 � 32 0.03 2.689 v4 0.11972(57) 0.10856(56) 0.01357(28)

RBC/UKQCD 243 � 64 0.005 2.3 v4 0.11483(95) 0.10269(96) 0.01417(47)

243 � 64 0.005 2.487 v4 0.11551(97) 0.10407(98) 0.01340(42)

243 � 64 0.005 2.487 v2 0.11445(78) 0.11445(78) 0

243 � 64 0.005 2.536 v4 0.11568(99) 0.10442(98) 0.01322(43)

243 � 64 0.005 2.7 v4 0.11631(95) 0.10566(93) 0.01268(40)

243 � 64 0.01 2.522 v4 0.11731(78) 0.10586(81) 0.01365(42)

243 � 64 0.02 2.622 v4 0.1183(17) 0.1072(17) 0.01343(94)

243 � 64 0.03 2.691 v4 0.1217(14) 0.1106(14) 0.01377(66)

RBC/UKQCD 323 � 64 0.004 1.75 v4 0.08427(74) 0.07463(75) 0.01045(47)

323 � 64 0.004 1.831 v4 0.08453(76) 0.07521(77) 0.01012(49)

323 � 64 0.004 1.831 v2 0.08473(48) 0.08473(48) 0

323 � 64 0.004 1.87 v4 0.08466(72) 0.07549(74) 0.00995(45)

323 � 64 0.004 2.05 v4 0.08540(70) 0.07685(70) 0.00935(40)

323 � 64 0.006 1.829 v4 0.08581(68) 0.07647(68) 0.01061(44)

323 � 64 0.008 1.864 v4 0.08584(98) 0.07516(98) 0.01007(50)

MILC 243 � 64 0.005 2.64 v4 0.12447(64) 0.11216(64) 0.01438(30)

MILC 283 � 96 0.0062 1.86 v4 0.08757(49) 0.07786(50) 0.01022(24)

STEFAN MEINEL PHYSICAL REVIEW D 82, 114514 (2010)

114514-4



FIG. 3 (color online). Dependence of the (unphysical) spin splitting aE�bbb
� aE1=2 on the bare heavy-quark mass. Left panel: RBC/

UKQCD L ¼ 24, aml ¼ 0:005; right panel: RBC/UKQCD L ¼ 32, aml ¼ 0:004. Also shown are fits using the functions A=ðambÞ
and A=ðambÞ þ B.

FIG. 2 (color online). Dependence of the quantities aE�bbb
� 3

8 ðaE�b
þ 3aE�Þ and aE�bbb

� 3
2aE� on the bare heavy-quark mass.

Left panel: RBC/UKQCD L ¼ 24, aml ¼ 0:005; right panel: RBC/UKQCD L ¼ 32, aml ¼ 0:004. The lines indicate the values at the
physical b-quark mass.

FIG. 4 (color online). Chiral extrapolation of the quantity E�bbb
� 3

8 ðE�b
þ 3E�Þ from the RBC/UKQCD gauge field ensembles.

The extrapolated points are offset horizontally for legibility.
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The results of the chiral extrapolations of E�bbb
�

3
8ðE�b

þ3E�Þ and E�bbb
�E1=2 to m	 ¼ 138 MeV are

given in Table III. Also shown in the table are the results
from the MILC ensembles, and the results from the L ¼ 24
and L ¼ 32 RBC/UKQCD ensembles after interpolation/
extrapolation to m	 ¼ 460 MeV and m	 ¼ 416 MeV,
respectively, so as to match the root-mean-square pion
masses of the MILC ensembles. As mentioned above, on
the coarse MILC ensemble the value of amb used here is
0.9% below the physical value obtained in [37]. However,
this affects the hyperfine splitting in physical units by only
0.2 standard deviations, which is negligible.

For the hyperfine splitting, no significant dependence
on the lattice spacing is seen, and the results from the
RBC/UKQCD and MILC ensembles at the matching
pion masses are in agreement, indicating that gluon dis-
cretization errors for this quantity are small. However,
for this splitting systematic errors of order �s � 20–30%
and v2 � 10% due to missing radiative and relativistic
corrections in the NRQCD action are expected. The final
result for the (fictitious) hyperfine splitting is then

E�bbb
� E1=2 ¼ 24� 1stat � 6syst MeV: (13)

The quantity E�bbb
� 3

8 ðE�b
þ 3E�Þ is seen to change

by about 6 MeV (1:1�) when going from the coarse to the
fine lattice spacing on the RBC/UKQCD ensembles. At
the coarse lattice spacing and at the matching pion masses,
the results from the RBC/UKQCD and MILC ensembles
differ by about 3 MeV (1:0�); at the fine lattice spacing
this difference is 4 MeV (1:2�). Given that the ratio of
a2 between the fine and coarse lattices is about 2, it
seems reasonable to assume a maximum total discretiza-
tion error of 10 MeV (5%) for the result from the fine
(L ¼ 32) RBC/UKQCD ensemble. The systematic errors
from the missing radiative and relativistic corrections
in the NRQCD action can be estimated to be of order
�sv

2 � 2–3% and v4 � 1% respectively. Thus, the final
result for E�bbb

� 3
8 ðE�b

þ 3E�Þ (without the electrostatic
correction to be discussed in Sec. V) is

E�bbb
� 3

8
ðE�b

þ 3E�Þ ¼ 0:198� 0:003stat� 0:011syst GeV:

(14)

FIG. 5 (color online). Chiral extrapolation of the (unphysical) spin splitting E�bbb
� E1=2 from the RBC/UKQCD gauge field

ensembles. Extrapolated points are offset horizontally for legibility.

TABLE III. Values of E�bbb
� 3

8 ðE�b
þ 3E�Þ and E�bbb

� E1=2 in physical units. The errors are statistical/fitting only. The first three
rows of the table give the results from the RBC/UKQCD ensembles, extrapolated to the physical pion mass. In the remaining rows, the
results from the MILC ensembles are compared to the results from the RBC/UKQCD ensembles; there, the RBC/UKQCD data were
interpolated/extrapolated to match the root-mean-square pion masses of the MILC ensembles.

Collaboration L3 � T m	 (GeV) E�bbb
� 3

8 ðE�b
þ 3E�Þ (GeV) E�bbb

� E1=2 (MeV)

RBC/UKQCD 163 � 32 0.138 0.214(11) 25.6(2.6)

RBC/UKQCD 243 � 64 0.138 0.2044(44) 24.2(1.2)

RBC/UKQCD 323 � 64 0.138 0.1984(29) 23.91(99)

MILC 243 � 64 0.460 0.2052(22) 23.69(65)

RBC/UKQCD 243 � 64 0.460 0.2022(22) 23.33(63)

MILC 283 � 96 0.416 0.2008(24) 23.41(72)

RBC/UKQCD 323 � 64 0.416 0.1966(24) 23.24(84)
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V. THE MASS OF THE �bbb

The result (14) is the pure QCD value and needs to be
corrected to include the effects of electromagnetism. Since
the quarks in both the �bbb and bottomonium are heavy
and are moving slowly, the dominant electromagnetic
correction is due to the electrostatic Coulomb interaction.
The Coulomb interaction is repulsive in the �bbb and it
therefore increases E�bbb

. On the other hand, the Coulomb

interaction is attractive in bottomonium and it therefore
decreases E�b

and E�. Using h�jr�1j�i ¼ h�bjr�1j�bi,
the electrostatic correction to (14) becomes

ECoulomb ¼ 3
ðe=3Þ2
4	�0

�
�bbb

��������
1

r

���������bbb

�

þ 3

2

ðe=3Þ2
4	�0

�
�

��������
1

r

���������

�
: (15)

Here, r is defined as the distance between two b quarks (for
the �bbb) or the distance between the b and �b (for the �).
The expectation value h�jr�1j�i is calculated numerically
using the 1S wave function obtained with the QQ-onia
package [62] for the Cornell potential with parameters as
in [62]. This gives

�
�

��������
1

r

���������
�
¼ 8:1 fm�1: (16)

In Ref. [9], the mean-square distance of a heavy quark from
the center of mass in the �bbb has been calculated using
a potential model, with the result h�bbbjr2CMj�bbbi ¼
0:021 fm2. The geometry of the system implies

r ¼ ffiffiffi
3

p
rCM, and therefore

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h�bbbjr2j�bbbi

q
¼ 0:25 fm: (17)

For comparison, in the � the wave function from QQ-onia
gives

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h�jr2j�i

q
¼ 0:20 fm: (18)

Therefore, in the following the estimate
h�bbbjr�1j�bbbi¼ ð0:8�0:4Þh�jr�1j�i¼ 6:5�3:2 fm�1

is used. This gives

ECoulomb ¼ 5:1� 2:5 MeV: (19)

The full mass of the �bbb is then calculated as

M�bbb
¼

�
E�bbb

� 3

8
ðE�b

þ 3E�Þ
�
LQCD

þ ECoulomb

þ 3

2
½M��PDG � 3

8
½E� � E�b

�: (20)

Here, the first term is given by (14), and the last term (the
bottomonium hyperfine splitting) is taken from the lattice
calculation [37]:

E� � E�b
¼

�
E� � E�b

1P tensor

�
LQCD

� ½1P tensor�PDG
¼ 60:3� 5:5stat � 5:0syst � 2:1exp MeV: (21)

In (21), the ratio of the 1S hyperfine splitting and the 1P
tensor splitting is used [37]. The experimental uncertainty
in the 1P tensor splitting [63] leads to the last error in (21).
In Eq. (20), the mass of the � is taken from the Particle
Data Group to be M� ¼ 9:4603� 0:0003 GeV [63]. The
final result for the mass of the �bbb is then

M�bbb
¼ 14:371� 0:004stat � 0:011syst � 0:001exp GeV:

(22)

VI. CONCLUSIONS

The value forM�bbb
obtained here, Eq. (22), is compared

to results from various continuum calculations in Table IV.
The results from the literature range from 13:28�
0:10 GeV, calculated using sum rules in [19], to
14.834 GeV calculated using a quark model in [17]. The
nonperturbative dynamical lattice QCD calculation per-
formed here, with a total uncertainty of only 12 MeV, is
a valuable test of the continuummodels. If an experimental

TABLE IV. Comparison of results for the �bbb mass.

Reference M�bbb
(GeV)

Ponce [3] 14.248

Hasenfratz et al. [4] 14.30

Bjorken [5] 14:76� 0:18
Tsuge et al. [6] 13.823

Silvestre-Brac [9] 14:348–14:398
Jia [14] 14:37� 0:08
Martynenko [15] 14.569

Roberts and Pervin [17] 14.834

Bernotas and Simonis [18] 14.276

Zhang and Huang [19] 13:28� 0:10
This work 14:371� 0:004stat � 0:011syst � 0:001exp
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result for M�bbb
ever becomes available, it will in turn

become a stringent test of the lattice calculation.
The value (22) obtained here satisfies the baryon-meson

mass inequality M�bbb
� 3

2M� derived in [64–66], like

most of the results given in Table IV, with the exception
of those from [6,19].

While the lattice calculation ofM�bbb
can rule outmany

continuummodels, the sole agreement for this value from a
model-dependent calculation with several parameters is of
course not sufficient to show that the assumptions of that
model are correct. To establish the usefulness of a model,
multiple predictions using only a small number of parame-
ters need to be tested. It is planned to perform lattice
calculations also for excited states of the �bbb, which
will give more insight into the three-quark forces of
QCD. Excited states have been studied using a quark

model in [9]. Another direction is the lattice calculation
of masses of triply-heavy baryons containing charm
quarks: ccc, ccb, and cbb. Lattice NRQCD is not well
suited for charm quarks due to their lower mass; instead,
for example, the Fermilab method [67] can be used for
them.
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