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The authors prove that the dynamics of spin 1/2 particles in stationary gravitational fields can be
described using an approach, which builds upon the formalism of pseudo-Hermitian Hamiltonians. The
proof consists in the analysis of three expressions for Hamiltonians, which are derived from the Dirac
equation and describe the dynamics of spin 1/2 particles in the gravitational field of the Kerr solution. The
Hamiltonians correspond to different choices of tetrad vectors and differ from each other. The differences
between the Hamiltonians confirm the conclusion known from many studies that the Hamiltonians derived
from the Dirac equation are nonunique. Application of standard pseudo-Hermitian quantum mechanics
rules to each of these Hamiltonians produces the same Hermitian Hamiltonian. The eigenvalue spectrum
of the resulting Hamiltonian is the same as that of the Hamiltonians derived from the Dirac equation with
any chosen system of tetrad vectors. For description of the dynamics of spin 1/2 particles in stationary
gravitational fields can be used not only the formalism of pseudo-Hermitian Hamiltonians but also an
alternative approach, which employs the Parker scalar product. The authors show that the alternative

approach is equivalent to the formalism of pseudo-Hermitian Hamiltonians.
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I. INTRODUCTION

In a number of studies (for example, in [1]), the attempts
to describe the dynamics of half-integer spin particles in
the gravitational field within the Hamiltonian formalism
were found to encounter two problems that have not been
resolved so far. One of the problems is that the form of
resulting Hamiltonians depends on the choice of the sys-
tem of tetrad vectors. A failure to resolve this problem will
devalue the whole Hamiltonian formalism, because it is
impossible to make physically verifiable predictions on its
basis. The second problem is that Hamiltonians possess no
Hermiticity, i.e. the key property underlying the apparatus
of quantum mechanics and quantum field theory.

Authors of some papers (for example, [2,3]) believe that
the problem can be resolved by employing a relativistically
invariant scalar product for state space vectors (the Parker
scalar product).

In some papers (for example, in [4,5]), the initial
Hamiltonians were modified for the purpose of
Hermiticity. This modification approach, however, did
not seem substantiated enough.

In this paper, we propose to solve the problem of non-
uniqueness and Hermiticity of Hamiltonians using the
formalism of pseudo-Hermitian Hamiltonians (see [6—8]
and references therein). The viability of this approach is
supported by the following reasoning. Let us consider three
types of Hamiltonians corresponding to a 1/2-spin particle
in an axially symmetrical stationary gravitational field
generated by a point body with mass M and moment J.
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Recall that the metric of such a gravitational field is
described by the Kerr solution, which transforms into the
Schwarzschild metric if J = 0. Hamiltonians are written

for different choices of the system of tetrad vectors:
(1) in the Killing system of tetrad vectors [10], in which
the tetrad vector H coincides with the time passage

direction of a distant observer;
(2) in the system of tetrad vectors in the gauge of [5,11];
(3) in the system of tetrad vectors in the so-called
symmetric gauge.

All the three Hamiltonians, first, differ from each other in
their form, and, second, are not Hermitian. However, as
shown in this paper, all the three Hamiltonians are pseudo-
Hermitian.

Recall that in accordance with [6-8] the condition of
pseudo-Hermiticity of the Hamiltonians assumes the exis-
tence of an invertible operator' p satisfying the relation-
ship

pHp ' =H". )
If there exists an operator 7 satisfying the relationship
p=mn'n, 2
the Hamiltonian H constructed in accordance with the law
H=nHny" 3)
will be Hermitian

'An operator p in the papers [7] is called a metric operator.
But we do not use this term with regard to p.

© 2010 The American Physical Society


http://dx.doi.org/10.1103/PhysRevD.82.104056

M. V. GORBATENKO AND V.P. NEZNAMOV
H=H" )

and will have an eigenvalue spectrum coinciding with
that of the initial Hamiltonian H. We will call the
Hamiltonian H constructed by rule (3) the Hamiltonian
in 7 representation.

Note that not all of initially non-Hermitian Hamiltonians
H are pseudo-Hermitian, and not all of them can be re-
duced to Hermitian expressions H. However, for the three
aforementioned types of Hamiltonians subject to the
pseudo-Hermitian Hamiltonian formalism procedures, we
draw conclusions, which are far from being evident a
priori. For example, in all the three cases the expressions
for H turn out, first, to be Hermitian, and, second, to be
identical. Such an identity means that whatever the choice
of the system of tetrad vectors in the gravitational field
there will always exist a single Hermitian Hamiltonian H,
which has the same spectrum of energy levels as any of the
starting operators H. Upon transition to the Hamiltonian
H, one can use the quantum mechanics apparatus in its
standard form. In particular, the left-hand side of the
Schrédinger equation will contain the operator i4(9/91),
in which the time coordinate 7 is understood to be the time
of an infinitely distant observer.

As for the wave functions, in the formalism of pseudo-
Hermitian Hamiltonians they will certainly change with
the A-to-H transition. The operator 1 does not depend on
time in the considered cases. So, if> ¥ is a wave function in
7 representation, i.e. it satisfies the equation

i@ =HY, (5)
Jt
the appropriate wave function ¢ for the initial
Hamiltonian, i.e. the function satisfying the equation

Y A
— =H
v W, (6)
is calculated as
W =ny. )

The scalar products of the wave functions in 7 repre-
sentation have a standard form within the quantum me-
chanics,3 i.e.

(@, W) = f Pr(DW), @®)

The scalar product for the wave functions in initial repre-
sentation by definition is

*We use the capital Greek letters for the wave function in 7
representation and the small Greek letters for the wave function
in initial representation.

>The standard formalism of quantum mechanics we call a
formalism in form which is stated in quantum mechanics text-
books and monographs (for example, [9]).
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(b, ), = [ Px( ) = [ Px(pp). )
In this case

(D, W) = (., ¥),. (10)

The Hermiticity condition for pseudo-Hermitian
Hamiltonians is fulfilled concerning the scalar product
(9) [see e.g. the relations (D—(D)*:

= [d3x<¢+p1f1¢) - ]d3x(¢+ﬁ+p¢) —0. (1

We investigate the connection between formulas (9) for
the scalar products and formation rules of scalar products
of wave functions introduced in the papers [2,3]. As a
result we established that the operator p in (9) coincides
with the operator which follows from the rule [2,3]. These
results are also presented in this paper. In Sec. VII we
discuss the obtained results and come to the conclusion that
in this paper the problem of uniqueness and Hermiticity of
Hamiltonians for Dirac particles in gravitational fields is
resolved.

II. THE REDUCING OF THE DIRAC EQUATION TO
THE FORM OF THE SCHRODINGER EQUATION

The problem of spin 1/2 particle motion is usually (see
e.g. [4,5,12-15]) treated under two assumptions:

(1) stationary of gravitational fields (Schwarzschild,
Kerr),

(2) minimality of interaction between bispinors and
gravitational field, i.e. interaction appeared at the
writing of the Dirac equation in the covariant form
and accounting of dependence between global and
local Dirac matrices by means of tetrad vectors HY .

Recall the line of corresponding reasoning and introduce
notations.
The tetrad vectors are defined by the relationships

HQLHES’W = ngE’ (12)
where
Nap = diag[—1,1,1,1]. (13)

In addition to the system of tetrad vectors H, one can

introduce three other systems of tetrad vectors, Hg,, H**,

H;, which differ from HY in the location of the global and
local (underlined) indices. The global indices are raised

“We do not discuss here in detail the mathematical aspect of
states spaces theory in pseudo-Hermitian quantum mechanics.
The readers can find the theory, for example, in the papers [7].

5The Greek letters take on values 0, 1, 2, 3 and the Roman
letters take on values 1, 2, 3.
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and lowered by means of the metric tensor g,,, and inverse
tensor g”, and the local indices are also raised and low-

ered by means of the tensors 7, g, ngé.

We assume that particle motion is described by the Dirac
equation, which is written in the units 7 = ¢ = 1 as

(=
Y 0x®
Here, m is the particle mass, ¢ is the four-component

“column” bispinor, and y* are the 4 X 4 Dirac matrices
satisfying the relationship

+ @ ¢)—m¢=0. (14)

yoyP + yPy* = 2g*PE. (15)

Here E is the 4 X 4 identity matrix.
The parentheses in (14) contain a covariant derivative of
the bispinor Vi,

ad
V. Z%-i-q)agb. (16)

The structure V¢ contains the quantity @, called bispi-
nor connectivity. To find the explicit form of ®,, one
should fix some system of tetrad vectors Hy defined by
the relationship (12). Upon that, the quantity ®, can be
expressed through Christoffel derivatives from tetrad in the
following way (the Christoffel derivatives are denoted by
the semicolon):

D, = —SHEH, .0 S (17)

In what follows, along with Dirac matrices with global
indices y“, we will use Dirac matrices with local indices
v<. The relationship between y* and y< is given by the
expression

Y= H“v— (18)
It follows from (18), (15), and (12) that
yeyl + yBye = 29*PE. (19)

In terms of the matrices y<, the Dirac equation (14) can be
written as follows:

Hg v (%-F(D 1//)—m¢ =0. (20)

It is convenient to choose the quantities y< so that they
have the same form for all local frames of reference. The
sets y* and y% can be used to construct a full set of 4 X 4
matrices. The full set is, for example, the set

=2Ya¥p — YgYa)

Y5Ya

E’ Ya Sa
& @1)

Ys = YoY17273

Any set of Dirac matrices provides for several discrete
automorphisms. We restrict ourselves to the automorphism
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Yo — Ya = —Dy,D7. (22)

The matrix D will be called anti-Hermitizing.

The Dirac equation can be written in the form of the
Schrédinger equation. If the resulting Hamiltonian opera-
tor (or the evolution operator) were Hermitian and unique,
it would be easier to analyze the theory’s physical content,
because this would allow us to employ the apparatus of the
quantum theory for finding the spectrum of eigenvalues
and state vectors. In the general case, however, the
Hamiltonian operator does not possess the aforementioned
properties. Let us consider this issue in more detail.

The way of reducing the Dirac equation (14) to the form
of the Schrédinger equation is determined by the require-
ment that the left-hand side of the Schrodinger equation
should contain the operator i(9/dr), with ¢ being the time
of a distant observer.

oy .

The operator H on the right side of (23) has the meaning of
an evolution operator in the frame of reference related to
the distant observer. It follows from (14) and (23) that

im
(—¢)”

A= = L0k, — i, — 0, (24)
g

00)

By substituting expression (16) for covariant derivatives in
(24), we obtain

N im Jd
H=— + Oyk —
(—g° )7 (—O) V7 axk
—idy + = )'y)/(I) (25)

In order to further refine the expression for H, one should
substitute expressions (17) for @, and @, in (25). As (17)
contains tetrad vectors and their derivatives, it turns out
after this kind of substitution that the Hamiltonian becomes
dependent on the choice of tetrad vectors. This fact might
seem nonphysical, if we take into account that the Dirac
equation in the initial form is invariant with respect to the
transition from one system of tetrad vectors to another.
Writing the Dirac equation in the Schrodinger form (23),
however, assumes the diversion from covariance, because
the partial time derivative is transferred to the left side,
which distinguishes the time coordinate. This very coor-
dinate disparity results in the Hamiltonian’s sensitivity to
the choice of the system of tetrad vectors. Another ‘“draw-
back” of the Hamiltonian written as (25) is the lack of
Hermiticity in standard understanding of this term (see
Introduction).

The above considerations about uniqueness and
Hermiticity of Hamiltonian (25) are the problems that are
solved in the further sections.
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III. THE KERR SOLUTION FOR A WEAK
GRAVITATIONAL FIELD

The metric of the Kerr solution in the first-order ap-
proximation in “mass” M with length dimensionality
(M is half the gravitational radius, i.e. the quantity
GM/c?) is presented in many references, for example, in
[16,17]. In this approximation, the Kerr metric has the
following form:

M M(JyR))
g00=—1+2§; ok = 2 Rk3l 5

M
8mn = 6mn + 2§5mn’ aY; —8= 1+2 »

M M(JyR;)
gOO:_l_ZE; g0k= R3 :

M
gmn = 6mn - 2E5mn' (26)

Let us call the quantity J,,,, in (26) the “reduced tensor of
angular momentum” (with J,,,,, being the quantity derived
by dividing the “physical” tensor of angular momentum
by Mc). Instead of the tensor Jmn, one can use its equiva-
lent, the axial tensor J; = mnk],n,,, where €,,,; 1S a
totally antisymmetric third- rank tensor.

The Christoffel symbols corresponding to the metric
(26) are equal to

0 o 0\ _ MRy
00 ’ 0k R}’

0 -3 M[(JmlRl)Rn + (Janl)Rm] .
mn R’ ’

k MR,
00 R

m _ MJ ., _ M[(JmlRl)Rn B (Janl)Rm] .
On R3 RS ’

()

In many publications (for example, in [4]), the dynamics of
a half-integer spin particle was studied in the space, the
metric of which was described by two functions of spatial
coordinates: V = V(x, v,2), W = W(x, y, 2).

ds® = =V2di* + WA(dx* + dy? +d2?).  (28)

[\

M
- F[(Skan + 5kan - 5man:|- 27)

By comparing (28) with (26), we see that for the
Schwarzschild solution (J;; = 0)

M
W=1+—. (29)
R

Note that expression (28) for the square of the interval has a
limited range of applicability. For example, the Kerr solu-
tion (26) in principle cannot be reduced to (28). In what
follows, we will use the notations of (26).
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For the Kerr field, let us introduce a Killing vector,
which is associated with the time direction as viewed by
a distant observer. There are three Killing vectors in the
Schwarzschild gravitational field, and two in the Kerr field.
The Killing vectors are defined through the Lie derivative.
The Lie derivative of the metric along the vector £ has the
following form:

6§gaﬁ = f(rgaﬁ,a' + f,(gzga'ﬂ + f,al—aga(r- (30)

If the vector £% is such that the equality
0:8ap =0 (31)

is fulfilled, the vector £¢ is a Killing vector. It is easy to see
that the vector of the form

=(1,0,0,0) (32)

is a Killing vector in case of stationary metric.
By definition, the Killing system of tetrad vectors will be
called the system in which the tetrad vector H is collinear

with the vector £¢, i.e. the tetrad vector has (;nly nonzero
component HY:
H)#0,  Hij=0. (33)
The vectors that satisfy (33) will be denoted with an upper
tilde.
Using (12) and (33), we establish that®:

- M -
8=[1+E]; HE =0,
M(JyR))

70 —
) = 25

- M
Note that expressions (34) are the same as those obtained
for a stationary gravitational field in [10]. However, they
differ from the expressions in [11], which were used in
some papers (for example, in [5]).

The quantities ®, are found using formulas (17). For
Egs. (34) we obtain

o LMR 1{M1m,,_3
0 2 R 2l R 2
M|((J,R)R, — (J,;R;)R
% [( ml l) ns (nl l) m]}SmE; (35)
R
~ 1M Mjkm
O =ZF[R Sy — Ry04, 1822 — { R
3 M[(JyR)R,, — (J,,R)R;]
B k}vgyﬂ. (36)

®Here and further we give nothing but one for each four
possible systems of tetrad vectors. The other three systems are
obtained by means of raising and lowering global indices with
the help of the metric tensor g, and the inverse tensor g’“’ and
for the local indices with the help of tensors 7, g M 2B [see
explanation for (12)].
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IV. HAMILTONIANS FOR THE KERR SOLUTION
A. Hamiltonian in the Killing system of tetrad vectors

The Hamiltonian operator H is derived from general
formula (25), but using tetrad vectors with tildes (34) and
bispinor connectivity components with tildes (35) and (36).

ﬁl=— im 0 4 i 0~ O
(—¢™7 (=™ ok
& I 0k
- l(DO + —(_g()()) )/Oykq)k. (37)

For convenience of calculations, Hamiltonian (37) is writ-
ten as a sum of four summands.

H=H,+H,+ H; + A, (38)

Here
ﬁaz—;%mﬁ, (39)
ﬁ@EP;%Wng (40)
Hiy = —id, (A1)
ﬁ4zﬁém¢¢ék “2)

We calculate each of the four summands in expression (38)

M

N M(J R
H| = lm(l _E>'}/Q_ 21"’17( K Z) k.

e SO

N M 9 M(JyR;) 0
H, = —i[l — 2—]y97k—+ 2 MUuR) 9

R axk R oxk
+2 7]{3 Smka_xk; (44)
~ i MRy
3= _5 R? YoVYk

M M(J,R)R
+ E{F-Ik - 3#}7’5797@ (45)

~ M k MJk
H4 = IFR]C')/Q’)’_ - 1?7579’)/&

_M(J,R)R

By substituting (43)—(46) in (38) we obtain

PHYSICAL REVIEW D 82, 104056 (2010)

= imy, — im%yo - i'yoyki+ 21'%3/07/’&i
- R "~ =7 gxk R 27 gxk
+%%y]k+2i%$
_2im%’yk+2iwsmk%
_H%ﬂ‘3%%§8%wmn- (47)

The terms that do not contain J,, correspond to the
Hamiltonian in the Schwarzschild problem. They are the
same as the corresponding expression for the Hamiltonian
in [4]. The rest of Hamiltonian (47), i.e. the part with J,,,,,
however, differs from a similar part in [5]. This stems from
the difference in the system of tetrad vectors. This fact is
also evidenced by considerations presented in [1], which
points out that the ‘““ambiguity” of Hamiltonians is due to
their dependence on the choice of tetrad vectors.

The tensor J,,, in expression (47) can be replaced with
an axial tensor J;. Such a replacement will result in the

following form of the Hamiltonian H in the Killing system
of reference vectors:

A= imyg — imﬂ?’o - i?’o)’k—a + 21'%707]—{
0T RN T IO GE TAR T

+£@7 k+2iﬂg R.J i

2 g3 oY R3 EMa a5k

0
9xk

M .M
— ZZmEs:,dququ/_c + Zlﬁ(fn’;?’g?’g)

X R 9 2i— (R ) 4
- =2 _
k 8xk R3 1Y5YoY)Vk 8xk

i (M M(J,;R))R
_i {_ J - 3#}7279 ;

2 |R? R> (“48)

Obviously expressions (47) and (48) are equivalent.

B. Two other Hamiltonians

In addition to Hamiltonian (48), let us present two other
expressions for Hamiltonians in another system of tetrad
vectors without their derivation using the notations adopted
above.

(1) System of tetrad vectors used in [5,11]:

M M(JyR
HY = [1 + —]; Hlf = —27“"3’ l);
4 R v R
M
HP =0,  Hp"= Smk[l - E]‘ (49)

Hamiltonian in system of tetrad vectors (49):
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= imyy — im—ygy — i —
Yo R Yo YoYk Ok
M d i MR
; k k k
+2l—707 —"‘577’07
M(JyR;) 9
R®  oxk
i [M M(J,R)R;
+ L g — 3T
2{R3 k RS

+ 2§

}ysym. (50)

(2) System of tetrad vectors in symmetric gauge:

H8:|:1+%:|, HIOCZ—M(JHRI)'

R R
M(JyR)) wp OV

Hamiltonian in system of tetrad vectors (51):

A

H=i - — — im—
imyq Py im-— Yo

npy M 0 N i MR,
l R— p—
707 Ix ok 2 R3 707

M(JklR) o . MUyR)

— = im—s;

R gxk R3

. M(JmlRl) ad
Yk + ZTSmkﬁ. (52)
In the Hamiltonians, (47), (50), and (52), the
Schwarzschild terms and one of the Kerr terms are
the same. The rest of the terms are different for all
three Hamiltonians. The widest range of terms is

1Y0Yk

+ 20

observed in the Hamiltonian I:~1 .
None of the Hamiltonians, (47), (50), and (52), is
Hermitian.

C. Hamiltonians in the notations of [4,5]

For convenience of comparison with results of [4,5], the
expressions (48), (50), and (52) are presented for the case
of the metric 1,5 = diag[1, —1, —1, —1] and Dirac matri-
ces B =19, a' = Oy, ¥ = y59°yk. Expressions (48),
(50), and (52) take the form of expressions (53)—(55),
respectively.’

i M

2M
= ,Bm——ﬁm+ap——ap+2R3aR

+ FJ(R X p) + F(J X R)Bma

— 2 SRR + 2 (ZR)(Ip)

1 /M 3M(JR)(2R)
i) (F @D - R )

"In (50) and (52) tensors J,,, substitute for axial vectors J;.

(53)
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M 2M

M
+;R aR +—J(R X p)
1/M SM(JR)(ZR
- 5(@ =)) - %(2)) (54)
i M
2M M
+ FJ(R X p) — F(J X R)Bma
M M
T i(ZJ)(Rp) + Fi(ER)(JP)- (55

V. FORMALISM OF PSEUDO-HERMITIAN
HAMILTONIANS

A. Construction of the operator H in system
of tetrad vectors [5,11]

First, we need to make sure that Hamiltonian (50) is
pseudo-Hermitian. The pseudo-Hermiticity condition (1)
assumes the existence of operators p, p~ ! that satisfy the
relationship pHp~! = H™.If we write this relationship for
Hamiltonian (50), to within the first order, we will obtain

3IM

— 1+
P R

From (2) and (56) we obtain that

M
l=1-3—. 56
p R (56)

By substituting (57) in (3) and using expression (50), we
find the desired expression for the Hermitian Hamiltonian:

ﬁ=<1+§%)ﬁ(1—§%)
2 R 2 R

. : ad M ;0
=imyy — 1miy9 — zygy,_cﬁ + ZZE'yQ'y—W
.MR;, k M(JyR;) 9
— K + 2 -
L35 VoY TTRY oi
i[M M(JIR,)Rk}
Jy—3—— . 58
Z{Rg k R Y5YoYk (58)

By comparing (58) with (50), we see that only the
Schwarzschild part has changed. The Kerr term in
Hamiltonian (50) was Hermitian, and it has not been
affected by the transformation of (3).

Expression (58) is completely the same as the Hermitian
Hamiltonian used in [5].

B. Construction of the operator H
for other systems of tetrad vectors

Hamiltonians (47) and (52) similar to Hamiltonian (50)
are pseudo-Hermitian.
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TABLE 1.

PHYSICAL REVIEW D 82, 104056 (2010)

Operators p and 7 for three systems of tetrad vectors.

Tetrad vectors

Operator p Operator 7

Killing system (34)
System (49)—system of tetrad vectors in gauge [5,11]
System (51)—system of tetrad vectors in symmetric gauge

14+ 3% + 2M(JIA£RW) YoYi
1+3%
1+ 3% + M(J;ng) Yok

MU Ry
13 5+ My,

3M 4 1 MR
L+ 304 L M) oy oy

The procedure of deriving the Hermitian operator H for
Hamiltonians (47) and (52) is identical to the above pro-
cedure for Hamiltonian (50) and will not be described here.

As a result of implementing this procedure as applied to
Hamiltonian (47), the operator 7 for it was found, first, to
be equal to

pmt 42 MUiR)
2 R R
Second, the resulting Hermitian Hamiltonian is the same as
Hamiltonian (58).

As a result of implementing this procedure as applied to
Hamiltonian (52), the operator 7 for it was found, first, to
be equal to

YoVk- (59)

+1M(kaRm)
2R 2 R N

Second, the resulting Hermitian Hamiltonian is also the
same as Hamiltonian (58).

C. Summary of pseudo-Hermitian Hamiltonians

The approach employing the formalism of pseudo-
Hermitian Hamiltonians leads to the standard apparatus
of quantum mechanics. The resulting Hamiltonian gener-
ated within this approach is expressed as (58). It

(1) does not depend on the choice of tetrad vectors,

(i1) is Hermitian,

(iii) has an eigenvalue spectrum, which coincides with
that of initial Hamiltonians for any choice of tetrad
vectors.

The scalar products can be calculated by two ways. The
scalar products are calculated by Eq. (8) in terms of the
wave functions in 7 representation. For calculation of
scalar products in terms of the wave functions in initial
representation it is necessary to use Egs. (9) which have the
invertible operators p explicitly. For convenience, the
quantities p and 7 for three systems of tetrad vectors are
presented in Table I. It should be remembered that in all
three systems of tetrad vectors, the Hamiltonian H in n
representation is Hermitian, has the same form, and is
defined as (58).

VI. THE PARKER SCALAR PRODUCT
A. The scalar product introduced in [2,3]

Let us consider an approach based on the use of the
scalar product of wave functions introduced in [2,3] (let us

call this scalar product the Parker scalar product). Let us
provide some auxiliary relationships, which are convenient
as applied to the Parker formalism.

It follows from (18) and (22) that the operator of the
anti-Hermitian conjugation of matrices vy, with global
indices is the same matrix vy, which performs these func-

tions for the matrices 7y, with local indices. Thus,
Ya = Y0YaY0r Yo = YoYaYo- (61)

Using (61), we obtain

(Sgg)+ =

Ys = —YYsYo (62)

YQSQEYQ, (Sozﬁ)+ = YQSaﬁ’)’g,

Considering (62), and the fact that bispinor connectivity
d,, is expressed as

SEZ (63)

without loss of generality, we can write that
(D) = yePoyo— Po = vo(P) T yp. (64
Covariant derivatives of Dirac matrices are equal to zero,
ViYe = Yau T [Pu vel- =0 (65)

Papers [2,3] introduce the following rule for calculating the
scalar product of two wave functions ¢ and ¢:

(b, ) = [ Pxy=E(b" vy ). (66)

It is easy to see that the right-hand quantity is not only
invariant with respect to the choice of tetrad vectors, but it
is also a four-dimensional scalar with respect to the trans-
formation of global coordinates. Indeed, for any two wave
functions ¢ and ¢, one can introduce a four-dimensional
vector

J¢ = (@ T yoy* ). (67)

We choose a four-dimensional volume, V,, and perform
integration of the scalar j& over it. We obtain a scalar
Iv, d*x,/=gj%. Note that neither the scalar j& nor the
scalar obtained by integration is generally speaking equal
to zero. The integral scalar can be transformed according to
the Gauss theorem. If the four-dimensional space is chosen
such that the three-dimensional spaces bounding it are
orthogonal to the Killing vector, it will follow from the
Gauss theorem that
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[ a’4x1/—gj;a = f Bx =g’ (68)
v, Vs

Since the left side contains a scalar, the quantity (¢, ) on
the right side should also be a global scalar.

Note that in the case of plane space, tetrad vectors can be
identified with tangent vectors to the coordinate lines. In
this case, the expression for the scalar product (67) in
Cartesian coordinates will take the standard form for quan-
tum mechanics:

(o, ) — [61396(40+ ).

This property of the quantity (¢, ) can be treated as a
manifestation of the correspondence principle.

So, we have to use Eq. (66) for calculating the Parker
scalar product (¢, ). Let us write this equation for the
case using the Killing system of tetrad vectors (34).

(b, ) = f Pxy=E(b vy )
= [ TR o) + (6 oy )

Jo e o)

M(JyR))
After transformation we obtain
M M(JyR
(¢, ) = fd3x<¢+(1 + 3? + 2%797,@),#)_
(70)

By comparing (70) with (9), we see that for the Killing
system

M(kaRm)

o yeve (D

M
p=1+3 R +2
i.e. the same value that was obtained in pseudo-Hermitian
formalism (see Table I). The similar results are obtained
for two other systems of tetrad vectors considered above.
We omit the proof.

The obtained results mean that in the case of stationary
gravitational fields the use of the Parker scalar product
results in practically the use of the invertible operator p
which follows from the formalism of pseudo-Hermitian
quantum mechanics. In other words, the Parker scalar
product (¢, i) coincides with the scalar product (¢, ¢),.

(&, ) =, i), (72)

One of the consequences of (72) is that the relation
(@, (H)) = {(He), ) has to be fulfilled in the case
when the scalar products are defined in accordance with
the rules (66), i.e.

PHYSICAL REVIEW D 82, 104056 (2010)
(b, () = [ Pxy=g(b vy H),
(AP). y) = [ Px =g A vy ). (73)

B. Hermiticity of Hamiltonian concerning
Parker scalar product

Let us check the satisfiability of the relation
(@, (H)) = ((He), ) by direct calculation in the case
when the scalar product is used in Parker form (66). With
this purpose let us consider the expression

A= (¢, (Hp))y —(H), ). (74)

If we manage to prove that the expression (74) for A is
equal to zero at any functions ¢ and ¢, then Hermiticity of
Hamiltonian concerning the Parker scalar product will be
proved.

We substitute the expressions for Hamiltonian (24) in
(74) and write the expression for A as a sum of three
summands:

A=A, + A, + A (75)

Here
A= fd3xﬁ(¢+7970{_(_i%70}¢>
o e (REeRt DR
8 = [ xRt vy i)
- [exTm@-wge) vt e an
Ay = fd‘x\/_(so YoY {( )'y YV }tﬁ)

e (e

Let us now calculate each of three terms (76)—(78). For
calculating A we use the following relations:

oy Yy Vk} ) 79701!1)-(78)

Yy =% yoyo= —E (79)
Thus,
A = f d%ﬁ%
X {—(¢+70707°¢) — (@Y vy’ ¥)}
- [T
X {—goo(fb*ygt/f) + g% y)} = 0. (80)

For A,
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Ay =i fd3x\/—g{(—¢+797°®o ) — (0" DF ¥y’ )}
=i [ /e 0 Y1 ).

Using (65), this expression for A, can be written as

PHYSICAL REVIEW D 82, 104056 (2010)

A, = —i f Py b (Y)Y, 8

Let us calculate Az using the same techniques that have
been used to obtain A; and A,:

A= [T (6 A ) + (Db P )
fd3x\/_ {(¢+707°7°7k(vkl//)) + (Ved ) vov* vov0Y vovo Y )}
- dw—( 780 Yoy (Vo) + (Ve Yy )
= i [ xS Yy ) + (Vb vy b (82)

The expression (82) can be written as
Ay = —i'[aﬁx«/—gjf‘k. (83)

Here we used the notation j* = (¢*y,y* ) and also

(@ yoY (Vi) + (Vid D) yov* ¢p) = Vijk = j&.
(84)
By substituting expressions (80), (81), and (83) in (75), we
obtain
A= i [ @x/Tm@ o — i [ dryEh
(85)
|

Usually it is assumed that the second summand in the right
part of (85) can be reduced to a surface integral according
to the Gauss theorem and equated to zero. Such an as-
sumption is used particularly in [3]. But the Gauss theorem
can be used only if an integrand is a divergence of density
of covariant vector. If in our case such density is (,/=g,j*),
the Gauss theorem has to be written as

[ Pr(J=E/ s = f AT, (86)

Let us select a term —i[d’x(/~gj*); in
—i [dx/~gjk

oo G (L)

— i [exymal e m - B

7=

Further we use the following relation:

i ] Pr(JTE) — i j d3x\/—_g{—

7 () ()

= k k
%jk-i-(k())jo*l-(km)jm}. (87)

J= 1
S %}k = 58" 8k = (;k ) (88)
Let us substitute this expression in (87):
—i[d3x\/—_gj."k = —ifd%(\/—_gj")k - ifd3x\/—_g{—( y )j" + ( y )j“ +< ‘ )j’”}
’ ’ ek kO km
0 k
= —j 3.( Tk 3, =l -k 0
l[dx(v 8/ l[dxv g{ (01()] +<kO>J } (89

The expression (85) for A has the following view:
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TABLE II. Comparison of quantum mechanics treatment of dynamics of Dirac particle in stationary gravitational field.
Methods of quantum mechanics treatment
A B C
Hermitian quan- Pseudo-Hermitian quantum Approach based on Parker
tum mechanics in mechanics in initial repre- scalar product
7 representation sentation
Hamiltonian H=H" H=p 'Hp H= (/727" ' %
A (J=2707")
Dependence of Hamiltonian No Yes Yes
type on choice of system
of tetrad vectors
Scalar product Standard scalar With an weight operator p=n"n=
product for Hilbert — p = 1% n: (¢, ), = (=27 (e ) =
space: (¥, ¥) = [ d&x(e" pip) [d&x =g X (¢ vy ¥)
[ dPx(DT W)
Connection between Hamiltonians H= 17[-7 n!
Connection between scalar products (®,¥) = (g, ¢>p = (¢, )
Connection between wave functions V= ny

A= [ Ex(J=g) , — i f N
% (‘bw(’(y’% i (oo())y() i (ook>yk>¢>
- i[ dSX*/__g{_<ook )j o (k]i) )j 0}' G0

For the Kerr solution in considered approximation

y%=0, ((;)0):0’ (kli))=0. on

Using (91) we obtain

0
A=-i [axymzh-i | dwrg( o )jk

—i f de\/——g{—<OOk ) jk} =0. (92)

Here we used the Gauss theorem in form (86) and assume
the surface integral is equal to zero.

The relation (92) means that we proved Hermiticity of
initial Hamiltonian (24) concerning the Parker scalar
product.

VII. DISCUSSION

The results obtained in this study make it possible to
look at the description of quantum mechanics of spin 1/2
particles in stationary gravitational fields from a new point
of view.

For example, before this study, the problem of non-
uniqueness of Hamiltonians and their sensitivity to the
choice of tetrad vectors in our opinion was unresolved.

The apparatus of pseudo-Hermitian quantum mechanics
used in this study allowed us to resolve this issue at least
as applied to the Schwarzschild and the Kerr solutions. It
was proven that the resulting Hamiltonian H defined as
(58) does not depend on the choice of tetrad vectors and is
Hermitian. The scalar products also do not dependent on
the choice of tetrad vectors, if they were calculated using
operators p shown in Table I.

In our opinion, the uniqueness of the Hamiltonian H is
nontrivial. Indeed, all of the three initial expressions for
Hamiltonians (47), (50), and (52), first, differ from each
other and, second, are non-Hermitian concerning standard
scalar product in Hilbert space. After applying procedures
for the transformation of initial Hamiltonians A into their
Hermitian expressions H, the latter could in principle
differ in some Hermitian summands. It is not the case,
however, and the expressions for H are the same in all the
three cases. Such a coincidence means that whatever the
choice of tetrad vectors in a gravitational field there will
always exist a single Hermitian Hamiltonian H, which has
the same spectrum of energy levels as any of the starting
operators H.

Upon transition to the Hamiltonian ﬁ, one can use the
quantum mechanics apparatus in its standard form. In par-
ticular, the left member of the Schrodinger equation will
contain the operator i(9/d¢), in which the time coordinate ¢
is understood to be the time of an infinitely distant observer.

Interestingly, the expression derived in this study for the
Hamiltonian H is the same as the expression proposed in
[5] for the Kerr field.® The formalism of pseudo-Hermitian

8The statement concerning the Kerr field also holds for the
Schwarzschild field, for which a Hermitian Hamiltonian was
proposed in [4].

104056-10



SOLUTION OF THE PROBLEM OF UNIQUENESS AND ...

Hamiltonians, in fact, validates the expressions for
Hermitian Hamiltonians used in [4,5].

The comparison of quantum mechanics treatment of
dynamics of the Dirac particle in the stationary gravitational
field is presented in Table II. The approaches in the columns
A and B are equivalent in the sense that they result in the
same spectrum of energy of Hamiltonians and the same
values of scalar products. We proved that the approaches in
columns B and C are also equivalent, because the operator p
in scalar product (9) obtained within the formalism of
pseudo-Hermitian quantum mechanics coincides with the
operator \/—_gyoyo. The expression for this operator fol-
lows from the scalar product introduced in papers [2,3]. We
suppose that this result is also very important because the

PHYSICAL REVIEW D 82, 104056 (2010)

construction algorithm of the Parker scalar product satisfies
a number of general-theoretical requirements (see
Sec. VI A), which makes the use of this algorithm attractive.

The results of this study allow us to claim that the
method of pseudo-Hermitian Hamiltonians enables the
application of the relativistic quantum mechanics formal-
ism practically in its standard form. The expression for the
operator H in 7 representation allows us to get rid of
ambiguity connected with different types of the initial
Hamiltonians at the use of different systems of tetrad
vectors. We think that this feature of the pseudo-
Hermitian method makes it preferable as applied to the
problems, in which gravitational effects are resolved and
their quantitative characteristics are analyzed.
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