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Conformal algebra on Fock space and conjugate pairs of operators
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Using the moment construction, we represent the generators of the conformal algebra as bilinear
products of creation and annihiliation operators on the Fock space of the massless real scalar field in four
dimensions. A complete set of one-particle eigenstates of the dilatation generator is given. Next, a
complete set of one-particle eigenstates of the conformal generator is constructed in two distinct ways,
once directly and once through an expansion in terms of dilatation eigenstates. The second approach uses
an analytic continuation of the dilatation eigenvalue away from the real axis; the validity of the method is
illustrated by the consistency with the first approach. Drawing upon this technique, we finally ponder the
idea of building conjugates to the four components of the momentum operator by suitably modifying the
action of the conformal generators on dilatation eigenstates. The construction of eigenstates of these new
operators proceeds as for the conformal generator itself.
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I. MOTIVATION

At extremely short distances, the notion of space and
time is supposed to undergo a drastic change as compared
to flat Minkowski spacetime. These ideas are very old (see,
for instance, Ref. [1,2]) but they came up again and again.
Particularly noteworthy is [3] which prompted many quan-
tum field theoretical models where notions of noncommu-
tative geometry [4] have been realized. Among them, the
Moyal product of field operators [5] turned out to be a
popular instrument. Usually, one introduces without
further specification coordinate operators which are
Hermitian and whose real eigenvalues label the points of
spacetime.

However, even in commutative quantum field theory it is
a longstanding puzzle how to construct coordinate opera-
tors from the elements of the underlying model. The rela-
tion of the Lorentz boost to the coordinates of the center of
mass of the system was discussed in [6] in the context of
quantum theory generalizing older work on relativity. Let
us consider the ratio of M,; over P as a conjugate for Py.
In fact, from the commutation rules of the Poincaré algebra
we immediately find

[Q), Pi] = —imp. Q; = Py P my;py 2,
Jke{1,23}

)

Note that this simple guess for Q; is similar to some terms
of the Newton-Wigner coordinate operator [7] expressed in
terms of M, and P,,.

Let us enumerate some features of the ‘““division” pre-
scription (1): First, it clearly fails on states of energy zero,
i.e. acting on the vacuum is problematic. Nonetheless, it
yields an operator identity on all states with positive
energy. Second, the division by Py is nonlocal. Third, the
special role assigned to P breaks Lorentz invariance and
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correspondingly it is not clear how to assign a time
operator.

Quite generally, the task of finding a conjugate to the
Hamiltonian P, seems particularly difficult: In quantum
mechanics Pauli’s theorem [8] asserts that an operator Q,,
conjugate to P, (with spectrum bounded below) cannot be
self-adjoint if its spectrum is to cover all real numbers.
Instead of trying to give a survey of the historical debate,
we rather point to some recent publications about ways of
side stepping the theorem: One may give up self-
adjointness of Q, and use only positive spectral measures
for it [9]; one may give up a common domain where the
commutation relation holds [10]; one may use a nonstan-
dard Fourier transformation relating time and energy [11],
and presumably there are many other possibilities.

In [12], it has been proposed to build conjugate operators
explicitly as operators on the Fock space of the respective
model. This approach is perturbative and based on the hope
that eventually deviations of geometry away from the stan-
dard flat Minkowski spacetime could also be described
perturbatively. The proposal has been further pursued in
[13], where all bilinears involving one creation and one
annihilation operator and up to two derivatives with respect
to (w.r.t.) the momentum were considered. It is well known
[14], that the only x moments of the energy-momentum
tensor which form conserved currents (at the classical level)
are those of the conformal group. Translating into Fock
space and searching in the respective class of bilinear
products of af(k)a(k) with appropriate factors of k, de-
rivatives w.r.t. k and with dimension —1 it was indeed found
in [13] that all operators but K, are necessarily nonlocal in
field space. Second, in the interacting theory the conformal
group does become anomalous, but the situation can be
controlled by introducing local couplings [15,16].

The present study grew out of an attempt on constructing
conjugates to all four components of the momentum P, by
“dividing” the conformal algebra

© 2010 The American Physical Society


http://dx.doi.org/10.1103/PhysRevD.82.104012

KLAUS SIBOLD AND EDEN BURKHARD

by the dilatation generator D. More precisely, we expand
any state in terms of dilatation eigenstates and on each of
these we divide out twice the dilatation eigenvalue. The
fact that D does not commute over P,, K, forces us to
complexify the dilatation eigenvalue and to introduce a cut
into the division prescription. Like in the example (1), we
do not achieve

[Qw P,1= —iny, 3)

(here due to the off-diagonal elements M, /D) but con-
jugation does hold for each pair {Q,, P,} on dilatation
eigenstates with real eigenvalue.' Lorentz invariance is not
broken in this case, and the {Q M} commute. An encourag-
ing observation is that the operators posses a complete set
of simultaneous eigenstates of exponential type, which
might suggest coordinate-like behavior. Some other
features closely parallel the first example (1): Dilatation
eigenstates with zero eigenvalue are problematic, and the
division by D is (mildly) nonlocal.

We remark that in [17], a four-vector position operator
was sought amongst the generators of the conformal alge-
bra by an appropriate change of basis. The argument there
presented relies on representation theory and remains
largely abstract, but for the case of massive spin zero an
explicit result is given which contains K/(2D) and some
other terms involving 1/P.

Motivated by the above, we present a thorough discus-
sion of the conformal algebra on the Fock space of one real,
massless scalar field in four dimensions, of the one-particle
eigenstates of the conformal and the dilatation operator
including the idea of complexifying the dilatation eigen-
value, and then a section describing our attempt on con-
structing coordinate operators by the aforementioned
division prescription.

In Sec. II we list the complete algebra of conformal
transformations, first in field space, thereafter in Fock
space. It is based on the improved energy-momentum
tensor [14], from which the other currents are derived in
terms of x moments. The charges turn out not to contain
terms of type a(p)a(p) or the Hermitian conjugate (a being
the annihilation operator of the field).”

In Sec. III we construct eigenstates |s) of D, the dilata-
tion charge, and show that they are complete by expressing
the ordinary one-particle eigenstate |p) of the energy-
momentum operator in terms of |s). It is important to
note that the eigenvalue problem does not restrict the
eigenvalue s to be real since D is unbounded [18].

In Sec. IV we solve the eigenvalue problems for {K,}
which in fact reduce to only one, since the different

"The violation of the assumptions of Pauli’s theorem seems
automatic; there is no contradiction to that result.
2We thereby correct a calculation mistake in [12].
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components commute with each other. Actually, this goes
hand in hand with a restriction of the eigenvalues k, to
x = 0. As announced in the abstract, we also give a
second derivation of the same set of eigenfunctions by
expressing the problem in terms of suitably chosen eigen-
states of D and allowing for complex eigenvalues. Last, we
show that the eigenstates of the conformal operator form a
dense set.

In Sec. V we describe how the division idea outlined
around Eq. (2) yields a ““conjugate” Q, of P,. The defini-
tion proceeds via complex eigenvalues of D and it carries
over to Q;. It yields commuting Q’s, but still a nondiagonal
symplectic structure due the commutators with P, for un-
equal values of the indices. Again, we solve the eigenvalue
problem and show the completeness of the eigenstates |q).

Conclusions and outlook form Sec. VI.

K"Kk

II. SWITCHING TO FOCK SPACE

The dynamics of the massless real scalar field in four
dimensions is described by the Lagrangian

L =30"¢)0,d) “4)
leading to the equation of motion
O¢ = 0. (5)

This equation can be solved by the Fourier transform:

ik.x —ik.x
\/zzl_?fd%[jz_wa*(k)—l-eﬁa(k)], (6)
T

where k.x = kkx,, u € {0, 1, 2, 3} and the metric is di-
agonal with n,, = (1, =1, =1, —1) (no sum). In nonco-
variant expressions we use Latin indices [ € 1, 2, 3 for the
spatial directions. Boldface may be used to make explicit
the dependence on the three vector k' only. In the last
formula

w=ky= -H/—klkl,

In the integrand of (6) we may thus identify the first
(second) term as relating to the negative (positive) fre-
quency part. We consider Fock space representations in
which af(k) creates a particle with positive energy from
the vacuum |0) while its Hermitian conjugate a(k) is
interpreted as an annihilation operator. This is expressed
by the statement a(k)|0) = 0 and the commutation relation
[a(k), a® ()] = 83(k — I). The momentum eigenstates
1

|k1 kn>:ﬁaf(kl)af(kn)|o> (8)
are fundamental in this description. They are complete in
the following sense:

d(x) =

Pk = dik,dk,dks.  (7)

I, = [d3kl .- ']d3k”|k| kn><kl '“knl )
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is a projector onto the n-particle states. The sum
=31, (10
acts as the identity on any state.

The classical theory is invariant under the infinitesimal
transformations of the conformal group:

8P =atd, ¢,
Mep = Jwh"(x,0, — x,0,)0,
8¢ = e(l +x+9,)¢, (11)

8Kp = a,(2xtx"d, — x*o* + 2x+) .

Here a*, ", &, a* are constant infinitesimal parameters.
In order to construct the generators of these symmetries,
we start from the improved energy-momentum tensor
[14-16]

T,uv = (a,u,d))(avd)) - %nﬂy(aA(ﬁ)(aA(p)

- %(a,uav - WMVD)QﬁZ, (12)
form all other currents as x moments of it
M,,,=x,T,,—x,T,, (13)

1 2
= xM<aV¢ap¢ - Enyp(a(ﬁ)
1
- g(auap - T]Vplj)¢2) - xv(a,u,d)ap(ﬁ
1 1
- E nﬂp(a(ﬁ)z - g(a,u,ap - ﬂMpD)d’z) (14)
D, = x*T,, (15)
——7h 1 2 1 O 2
=X ay¢av¢_§nuv(a¢) _g(a,u,ay_n,uu )d) )
(16)
K,y = Qxoxt — 0, 3T, (17)
1
= @rpxt = 1, )(0,00,6 — 3 1,097
1
50,0, = 1,008 (18)

integrate their zero components over three-space and
obtain thus the charges in terms of the scalar field and its
spacetime derivatives:

Py = fd%[% dohdgd — %apahﬁ], (19)
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1 1
Mj, = fd3x[§xj30¢30¢ _Exjakd’ak(f’ _x03j¢ao¢:|,
(21

M = [d%c[xjakd)a()(z) — xkaj¢ao¢], (22)

1 1 )
D = [d3x[§x060¢60¢ - E.Xoﬁk(ﬁakd) + x’ajd)ﬁgd)

+ ¢Go¢], (23)

1 1 .
Ky = 2x,D — [d3X[§x230¢30¢ — 549

2 .

2
Kj = ]d3x|:xjx080¢80¢ - xjx08k¢8kqb + §X0¢aj¢]

+ ,[d3x[2xjx161¢60¢ + 2x,¢80¢ - Xza,(ﬁao(f)]
(25)

Via equal time commutation relations
[d(x), p()] = —i&3(x — y), (26)

we may then reproduce the transformation laws. As an
example, consider the Lorentz transformations: In order
to construct My;, j € {1, 2, 3}, we need

Ty = %¢3j¢ - %d)aj(i)’

, : 4 27)
Too = 3% — X0 )(9,¢) + 1370 ¢b.
It is easy to verify that
[To(x), p()] = =i83(x = y)a;p(y) + - -, 08)

[Too(x), ()] = —i8*(x — ) ()

(the dots in the first formula denote a total derivative w.r.t.
x/) and thus

M, ¢(0)] = —i(yod; — y;00) (). (29)

With the help of (6) we finally convert all charges into
functions of a, at obtaining

P, = / d*kk,a’ (k)a(k), (30)

My = = [ kol ()ak) - a ()(oak),
(31)
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Mi; = —% f dPkk[(0at(k))ak) — at(k)(9ya(k))]

— (i =) (32)

D= % f Pk 9,5at (k))a(k) — al (k) (k9 ak))], (33)

Ky = % / Pkol(0y,dat (k)a(k) + at (k)0 9a(k))]

+ % [ d%éa*(k)a(k), (34)

K, = f P (0at () (K yak)) + (Kogat (k)
X (8ya(k))] - f Pk (9 at (K)o a(k))

- 411 f d%%a’f(k)a(k). (35)

Interestingly, without the improvement terms —(d,0,
7,,[)$?/6 in formula (12) for the energy-momentum
tensor, the Fock space version for the generators would
contain bilinear expressions involving a(k)a(—Kk) and the
Hermitian conjugate terms with two creation operators.

III. EIGENSTATES OF D

Let us construct eigenfunctions of D using its Fock
space form (33) and the standard commutator
[a(k), aT ()] = 83(k — I). With the one-particle ansatz

F= [ ko) (36)
one finds the condition
DF = —ifd%[(k’ak, + %)f(k)]lk) =sF.  (37)
The most general eigenfunction is

f(k) = 0 C/2f(s, ¢, 0) (38)

in spherical coordinates. Here the angular dependence f is
completely arbitrary. The corresponding one-particle
eigenstate is

Is) = f Phar~Cf(s, 4, 0)k),  Dls)=sls). (39)

Likewise, the most general n-particle dilatation eigenstate
is

|£> = Isl) ey sn>
= jd3k1 O S
% f(sy, b1, 01558, b 0K, ... K,),  (40)
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n

Dls) =" s,ls). (41)

m=1

Let us return to the discussion of the one-particle case.
For the “s-wave” f(s, ¢, 8) = 1, we find

(t|sy = 8m26(s — 1) (42)

and similar orthogonality properties hold for the angular
part if, for example, the spherical harmonics Y'"*(¢, 0) are
chosen. Functions with more interesting dependence on w
may be constructed as

G= [°° dsg(s)ls). (43)

which amounts to an inverse Mellin transform on g(is).

We remark that the dilatation eigenvalue s will usually
be real since D is Hermitian. However, the eigenvalue
equation clearly does not change if s is complex. The
imaginary part of s is independent of its real part; it is in
fact fixed by the (momentum space) scaling dimension of
any one-particle state that we expand in terms of the
dilatation eigenstates by Mellin transform w.r.t. the real
part. Complex s does not seem harmful in (39) since the
convergence of the integral over k can only be discussed if
|s) is paired with a suitable bra; in any case our eigenfunc-
tions are distributions.

In the following sections we will employ dilatation
eigenstates of the special form

Xis—l
s, x) = [d3k 7o k), X= kFx,, —xo= -H/—xlxl.
(44)

For the obvious choice of spherical coordinates in k space,
it follows

X = xqw(1 + cos(#)) = 0. (45)

For later use, we define the reference state

iX
x) = /d%jalk). (46)

[This is proportional to the field ¢(x) acting on the
vacuum when x is on the light cone.] By Mellin back
transform

_ © :i ws/2 —
0= [" el g9 =5 eI i)
47

as an example of (43). The s integral in the latter formula
does not naively converge. Nevertheless, the underlying
equation

foo dsg ()X~ 1 = eX (48)
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is certainly an identity for distributions.®> Here the Mellin
back transform involves the argument X, and thus a com-
bination of radial and angular parts. This was our reason to
keep s as an argument of £(s, ¢, 0) in (39).

Finally, we wish to answer the question whether
the states |s, x) defined in (44) are complete. Suppose for
the moment that x* does not lie on the light cone, but
rather on the usual spacelike hypersurface x, = const.
Otherwise the definition of |x) is as in (46) above. The
ansatz («> 9 =— 9— «— 9)

I, = 2(2 20 [d3x|x)18xO<x| (49)

yields a projector onto one-particle states:

i d3xd3k1d3k2
/(L)kl a)k2

* [eik|.x(axoe*ik2.x) _ (axoeikl.x)efikz.x]
36 [d3k1 ©p T O e/~

2(27)3 Wy, @,

% fd3xei(k1 '

= Ip). (50)

Ik Xk, [p)

w”)xo|k1>

However, 1 1 fails to behave like the identity if xy =

v —x'x; as in the original definition (44): The exponential
factor involving x, is no longer independent of the x
integral, which therefore does not yield a delta-function.
Also, we cannot use a time derivative to obtain the extra
power of w needed to compensate the denominator.
The problem is easy to cure, though: Let us rather adopt
the definition
I = PR f dBPxpPy?e P |x)(x|ePopy? (1)

with the Hamiltonian
Py= [ kot a0, Polp) = v,lp)
One quickly checks®

i1|P>

=g f &k f dixeimP k) = |p). (52)

Substituting Eq. (47) into (51) demonstrates that the |s, x)
as defined in (44) form a complete set of states.

*One may verify this by integrating either side against the test
functlons Xe "X over positive X.
“This remains valid for the standard case of the spacelike
hypersurface x, = const, too.
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IV. EIGENSTATES OF K
Next [F is as in (36)],

ko = [ (wig o~ Ko = ) o, 53)

KF = fd%[(kjak,ak, —29,(k'9y)
— = 325 (54)

It is instructive to write the first formula in spherical
coordinates:

KoF = — fwzdwch{) sin(ﬁ)del:(@r + é@a)
X f(w. $.6) |a' (@, 6. 6)0) (55)

Here

3 3
0,=wdl+30,+-—, [0, w]=2<w6w~l——),
4w 2

82 + 92 +cot(0)dg, [0, w]=0. (56)

O = sin(g)? " ¢

We can immediately check

[Ko, Py]F = —2fd3k[(waw + %)f(k)]lk} = —2iDF,

(57)

in particular, on a dilatation eigenstate
[K(), P0]|S> = _21S|S> (58)
For the most trivial eigenstate with f(s, ¢, ) = 1, we find
Pols) = [ Pho 0Py = s i), (59)
Kols) = s(s + i)|s + i), (60)

where we have used the possibility to complexify s to write
the extra real power of w resulting from the nonvanishing
dimension of Py, K, as a shift in the eigenvalue. The
conformal algebra closes on these more general dilatation
eigenstates. Let us re-check the commutator (58):

(KoPy — PoKp)ls) =
= ((s —i)s — s(s + l))|S> = —2is]s).

(61)

Kyls — i) — Pys(s + i)|s + i)

Let us now look for eigenfunctions of the operators K, .
The four components of K commute so that the eigenfunc-
tions will be common to all of them. First, we write the
ansatz (c.f. the Appendix)
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X

o= [ D00,
Nz

The extra root of w in the denominator reinstates
covariance:

K, Fg=— fd3kW|k>

/d3k Kulk (X) k). (63)

For k> = 0 ,it is now easy to proceed:

1
K, Fx =Kk, Fg < Xfg (X)+f}<(X)+§fK(X)=0-
(64)

This ordinary differential equation (ODE) on f is of
Bessel-type and has the two solutions

FriX) = Jo(V2X),  fxo(X) = Yo(v2X).  (65)

To sum up, we find the two types of eigenstates

W= [ d3kj°(‘/§) (66)
W= [ M%ﬁlk) (©7)

Note that both signs of « are allowed.
Second, let us expand in dilatation eigenstates |s, k) as
defined in (44) just with parameter « instead of x. For

ko = +v/— 'k, (so X = 0) we may equivalently write’
= [ dsgxtolls. (68)

because the states |s, k) are dense as was shown in Sec. I11.
By straightforward application of formula (63) with
k2 =0, we find

K, Fx = ZK#f dsgi(s)(s + i)%|s + i, k) (69)
which we want to equate with

00 oco+1i
KM[ dsgi(s)]s, k) = KM[ dng(s)ls K)

K/.LFK:

=K, foo dsgg(s + s + i, k), (70)

where it is assumed that the contour shift has no effect. The
eigenvalue problem is thus solved if gx(s) obeys the func-
tional equation

20t + i) gi (1) = gt +i). (71)

The shift in the argument of g suggests to seek a solution
via the Fourier transform

SIf ko < 0 one should simply replace X by —X.

PHYSICAL REVIEW D 82, 104012 (2010)

i) = f°° due™ I (u) (72)

This translates the functional equation into an ODE on hg:
Iy (u) + 2h%(u) + (1 — 3¢ “)hg(u) = 0. (73)

The solutions are
hy(u) = JO(\/Ze “e Tk,
(74)
hK,z(M) == E Yo(\/ 2e U e_“,

which immediately reproduce the Bessel-type solutions
found above, because the integral over s leads to &(u +
log(X)), so that the u integral then simply replaces u —
—log(X) (apart from a rescaling by 277).

On the other hand, if we take the u integral first we find
the functions

278 (1 — is)
8K, 1(s) = p W,
i (75)
grals) = 277_ cosh(ms)I'(1 — is)?,

which both satisfy (71). Both functions have poles only in
the lower half plane at —in, n € N. Hence the shift of the
integration contour did not cross any singularity.

Next, since

|K>K,1 =

5, Jo(\2X)

is an eigenstate of K,, with eigenvalue «,, we also have

K X201 = 2k, |2k, A=0.  (76)

Suppose that this freedom of rescaling the 4-component
eigenvalue k,, by a scalar factor A2 can be used to construct
| k) [the reference state (46) with parameter « instead of x]
as a superposition of [A%k)x | states: For simplicity, put

= +/2X. On the level of the eigenfunctions, we seek c(A)
such that

eli/Y = f " dAe(A)J(AY), (77)
0

The equation may be solved by an order zero Hankel
transform:

clp) _ / T AYY eI J (pY) = ie” WP (78)
0
Upon replacing A> — A, we obtain
=5 [ dre M, (19)
2 Jo ’
which can in turn be substituted into (51).

This proves that the J, class of one-particle eigenstates
of K form a complete set. Further, we expect there to be a
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similar expansion of |«) in terms of the second set of
eigenstates of K with Y,(+~/2X) as an eigenfunction. We
have not studied the latter problem because the literature
does not provide an easy way to invert a convolution onto
Bessel Y functions.

V. THE OPERATOR Q

In this section we define a “‘coordinate operator” Q,
conjugate to P, on dilatation eigenstates:

Qo = Ky |'s) (80)

1
2R(s)
with

R(s)=s:J(s)=-1  R(s)=s+i:3J(s)<-L 8D
Here the division operation is to be done prior to applying
K. Inserting this into the little calculation (61), we obtain

[Qo, Polls)y = —ils) (82)

if s is real.

In Secs. I and IV we expressed a reference state (47)
and eigenstates of the conformal operator (68), respec-
tively, as integrals over dilatation eigenstates like (43).
The appropriate basis turned out to be |s, x) with real s.
Similarly, P or K acting on those states could be expanded
in generalized eigenstates |s — i, x) or s + i, x) with real s,
respectively. In such situations, the cut in R(s) in the
division operation should be appropriately shifted. We
are confident that within each such “slice” the construc-
tion here presented goes through accordingly, although it
must be emphasized that different slices cannot simulta-
neously be handled.

Recall the n-particle dilatation eigenstates (40). We

mtroduce the notation |j—, k+) = |s|,...,s; —i,..., s+

i,...,s,0, j,k €{1,..., n}, and similar for R(s). It follows
trivially
(00 Poll) = 3 (5= ~ 3 5ess + D)

v 50RGo) 2R

JjFk

(s;:—i)+ 0O,
+ O, )lj— k+) + (S/ f =
,k)|] ) ; 2R(—)
. Sj(sj + l) + @a,j)
TTOWRG) |s) (83)
so that
R(j=) =R(s) = D5 (84)
k
is sufficient to obtain
[Qo, Polls) = —ils) (85)

for real s;.

PHYSICAL REVIEW D 82, 104012 (2010)

More generally, for real s;

i
[Q,u,’ PV]|£> = _”7,4“/|£> - @M,LLV|£> (86)
because any P, on a true dilatation eigenstate yields a sum
of generalized eigenstates, all with eigenvalue (3} s;) — i.
A subsequent Q, operation on any term thus comes with
division by 2R(j—) = 2R(s) by construction.

Two subsequent Q operations on a true dilatation eigen-
state |s) lead to a division by 2R(s) first and then by
2R(j+) = 2(R(s) + i) which is again common to all terms.
Consequently, for real s;

1

[Q/u Q,]ls) = W

(K, K ]ls) = 0. (87)

The last equation ensures that simultaneous eigenfunc-
tions for the four Q,, components exist just as they did for
the K,,. In order to obtain Q, operators that do not mu-
tually commute one would have to define the various
components intrinsically differently. In the current context
we have not fully exploited this issue. Suffice it to say that
enforcing [Q;, P;] = i (no sum) on dilatation eigenstates
results into the same division prescription as before, which
therefore seems difficult to circumvent.

Last, Hermiticity of the Q operation might be reinstated
by the definition

10, = " 555~ (88)

2R*(s™) K
where one acts to the left first by the division and then
by K.

The construction of eigenfunctions of the K, as super-
positions of dilatation eigenstates can straightforwardly be
adapted to the O, case; the discussion remains limited to
eigenvalues on the light cone g> =0, of course. The
eigenvalue problem for Q,, is

o0 o 1 .
0uFo =24, [ dsgo)ls + o ls + i) = guFo.
(89)

(In |s, q) we use the argument X = ktg¢  €tc.) Upon the
same change of integration contour on the right-hand side
as above, we obtain the condition

(1 +i)?go(r) = tgp(t + ). (90)

We solve by the Fourier transform as before:
2ot = f " duehy(u) 1)

makes the functional equation into
hg(u) + (2 + ie‘“)h’Q(u) + (I —ie ")hg(u) = 0. (92)

Once again, there are two solutions:
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1 U
h — e =u(] 4 jeu),
o1 277_6 ( ie™")

1 (93)
hgs = %[e‘[“_“(l + ie ")I(0, ie ") — e‘“]
or in the s plane
1
go1 = —%seﬂws/zl"(l — is),
%94)

i se”™/IT(1 — is)
802 = 5

sinh(7rs)

Now, the case hg, g¢1 is strictly analogous to the dis-
cussion of the eigenfunctions of K, itself: There is no
obstacle to the shift of the integration contour. The second
case deserves a closer look because g, hasapoleats = i.
Remarkably, both kg |, g | are square integrable6 so that
we can construct a more rigorous argument. To this end, we
start with

Fo= [T dsgoatols @ ©5)

and run through the same steps as above. We must have
0 < € <1toavoid the cut in R(s) as well as the singularity
at s = i when shifting the contour upwards on the right-
hand side (The parameter should be thought of as infini-
tesimal, though, as we ideally want the s integration to run
over the real line.) One may now use the residue theorem to
prove that the shifted integral is equal to the original one:
The integral over g ,(s)X" along the boundary of a rect-
angle between the points {—R — ie, R — i€, R + i(1 — ¢€),
—R + i(1 — €)} must yield zero for some large R because
no singularity is encircled. One can easily check numeri-
cally that the contributions from the two short sides are
indeed exponentially suppressed since g, falls off very
quickly. The limit R — oo then shows that F, with g, is
an eigenstate of Q. Next,

[m_le dsg(s)X™ = /oo du /oo dse™ XS e h(u)Xe

©o—i€e -

= 27h(—log(X)) (96)

demonstrating that the infinitesimal shift does not affect
the final result.

Upon back substitution, the eigenstates satisfying
0.Fo = 4q,Fg. ¢ = 0 become

1+ iX) 1K), ©7)
w

iX
|Q>Q,1 = j‘d3k%

¢X(1 + iX)0, iX) — 1
|q>Q,2 = fd3k \/Z)—

k). (98)

®Despite of this the related eigenstate lq)o > given in (98) is not
normalizable.
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These enjoy the same completeness properties as the
eigenstates of K: The reference state |q) [c.f. (46)] can be
written as a superposition of |q)

Q) = L L dA Ao, (99)

and inserting this into (51), we obtain a projector onto one-

particle states. The second set of Q eigenfunctions could

presumably equivalently be used but as in the case of |«k)g ,

it is not obvious how to invert the resulting integral trans-

form. In conclusion, w.r.t. its one-particle eigenstates the Q

operator is as well-behaved as the conformal generator K.
As already mentioned, by definition [c.f. (46)]

1
=
$(x)[0) 2(27)3|X>

if x is lightlike. On the other hand, if the coordinate vector
x,, 1s timelike and x, > O then the dot product X = k*x,, is
always greater than zero. In this regime we can take over
the Mellin transform (47) to expand the field acting on the
vaccum in the usual states |s, x), just that x is not on the
future light cone for now. Now,

1 1 (/\X)(is—l)
) dAls, A ='f d/\/d3k—k
l/o s, Ax) =i . o k)

1 . 1
=if dANB Vs %) ==|s,x)  (101)
0 S

(100)

so that

0,¢6(x)0) =0 g:(s)ls, x)

1 foo

" V20w )
1 S 1

~ V2027)? f g

l

1 0 1
_EKMW[OO&((S)'[0 dAls, Ax)

s)|s, Ax)

i 1 1 0
_EKM/;) d/\72(277)3 [_oogx(

x| ars o) 102
= 2K, [ arguo) (102)

[The index x on g, (s) is not a parameter; it is only meant to
indicate that the function

g.(s) = Le”“'/zr(l — is)
2ar

occurs in the Mellin transform of |x).] Further, recall that
P,|s, x) is a dilatation eigenstate with generalized eigen-
value s —i and we defined R(s — i) = s. It then also
follows that
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0,P, (0= 0,P, " els0

1
\/(77)3

= P,ls, x
2(27)3 / 8:(8) g — ols, %)
1
—aKqumf_mgx@;'s’ v
i 1
- 1K,P, [O AAp(A0)0). (103)

The nonlocality reproduces the effect of dividing out the
dilatation eigenvalue in the Fock space picture. Our cut
prescription for R(s) ensures that both equations hold.
From the conformal algebra, we obtain

[0,.. P,1(x)I0) = (—7,,D — M,,,) [0 L dAG(A)[0)

1
—in, b ()I0) — M, L dA(A)0).

(104)

In the last line we have used [D, ¢p(Ax)] = i(x.9, +
1) (Ax) and the integration over A [which we had already
seen in (99)] is actually the inverse of this differential
operator:

1 1/ d
(x.dy + 1)]0 dAG(Ax) = L (Aﬁ + 1)¢(Ax) — $(x)
(105)
if ¢(x) is sufficiently regular.

VI. CONCLUSIONS AND OUTLOOK

Following [14], we wrote the operators of the conformal
algebra as x moments of the stress energy tensor of the
massless real scalar field. Inserting the field’s Fourier
decomposition we obtained a representation of the gener-
ators in terms of a', a acting directly in Fock space. If the
improved stress energy tensor is employed the resulting
operators do not contain terms with two creation or two
annihilation operators, which reflects the fact that we are
dealing with charges.’

Next, we derived one-particle eigenstates for D and K
and showed that these are (for K more than) complete. In
doing so, we showed that it is useful and consistent to pass
through an analytic continuation of the dilatation eigenval-
ues to the complex plane. Naively, one would expect only

"Charges can be controlled to all orders in perturbation theory
by use of the respective Ward identities. This holds even true in
the case of conformal charges where anomalies complicate the
situation. The additional difficulties become manageable by
rendering the coupling local (c.f. [12] for a discussion in this
context, and [15,16], for background reading). Therefore, our
experiment on coordinate operators in Sec. V may have a
generalization to the interacting theory.
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dilatation eigenstates with real eigenvalue because D is
Hermitian. However, since the operator is unbounded this
is not necessarily so: Acting on such “‘true’ eigenstates by
operators of nonvanishing dilatation weight like P and K
produces sums of similar states with complex eigenvalue.
More precisely, P lowers the imaginary part of the dilata-
tion eigenvalue by one unit, and K raises it accordingly.
The conformal algebra closes on the generalized states.

Interestingly, the various sets of eigenfunctions are all
related by one-parameter integral transformations.

The original motivation for this work lay in finding
Hermitian operators (), conjugate to the energy-
momentum P, on dilatation eigenstates:

[ Pulls) =

—in,,ls), (no sum).

Our definition of Q in Sec. V is at most simultaneously
consistent with the latter condition on |s) and |s — i) for
real s, which means that any Q operation has to be accom-
panied by P in order to allow for an iteration.
Constructions involving

fPrOM)|s>,  f(OrPH)|s>,

do conserve the conjugacy property. In applications the
operators Q should play the role of coordinate operators.
In the spirit of [12], the “field”

seER  (106)

O(Q) = fd3kw,j<3/2)[e”’”9ua*(k) +cc]  (107)

(defined by its matrix elements w.r.t. dilatation eigenstates)
could be studied in analogy to the discussion in [3]. A more
challenging example (although this requires some exten-
sion of our present construction) would be an object like

(Q, @) = [‘pkeiaP#Q“(a(k) + at(k))e 1@l Qu,
(108)

(compare [13]). Formally, (108) resembles the wedge-local
fields of [19] and the warped fields of [20].
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APPENDIX

In this appendix we present a more direct way of solving
the eigenvalue problem associated with K, in Fock space.
In particular, we explain the form of the less general ansatz
(62) used in the main text and we prove that the vector of
eigenvalues must be lightlike.

We look for a common eigenstate of K, and K; of the
form
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lie) = f Lrf(, y, Ko 19, |K), (A1)

where

X = Kjkj, Y = Koo, Ko * 0, (A2)

and «* will play the role of the eigenvalue.

As we have done for D, the action of K, K; on |k) can
be partially integrated onto the eigenfunction f. The re-
sulting operators are given in (53) and (54), in the main
text. They contain derivatives with respect to the momen-
tum k, while the eigenvalue x* occurs only as a parameter.
We do not wish to construct a function with an open j
index. The possible variables are then x and y; if k, # O the
variable y is as general as w. Below, we will not explicitly
indicate the dependence on the parameters. Further, with-
out loss of generality we may write

KjKj = —aK(z). (A3)

The eigenvalue problem K| k) = k| k) yields the equation
A ayzf’xx +2xyf:xy +y2 >yy +xf:x +3yf’y

+ (y + %)f —0. (Ad)

The K; eigenequation has two parts with —k;/w* and
—K;/x carrying the open index, respectively. These are
independent vectors in three-space so that we obtain two
constraints:

1
B ayzfrxx _yzfryy _yfry + Zf =0, (A5)

C 2xX%f,. +2xy [,y T3xf, +xf = 0. (A6)

The combination A—B has the same homogeneity prop-
erties as C:

1
D 2xyf, . +2y? sy X0 491y +<y + E)f =0. (A7)

Next, we put x = eX, y = e to obtain

C' 2fixx *2fixy tfix te¥f =0, (A8)

1
D/ 2f,XY +2f’YY +f’X +2f’Y +<€Y +§)f= 0. (Ag)

We further substitute

X+Y X-vY
2 2

a (A10)

The sum and the difference of the two equations give the
conditions

P frua +/oa (e cosh(b) + f =0, (A1)

PHYSICAL REVIEW D 82, 104012 (2010)
1 1 1
M f— Ef’” + Ef”’ +<e“ sinh(b) — Z)f =0. (Al2)

The first equation is an ODE in the variable a. Hence we
may integrate

f= cl(b)e’(“/2)10<ZVe“ cosh(b))

+ cz(b)e_(“/z)YO(Z\/e“ cosh(b)). (A13)
Upon substituting into equation M,
(1 —2¢))zJ1(22) + (c5 — 2¢4)zY1(22) = 0,
(Al14)

z = +/e? cosh(b).

The two Bessel functions are distinct as functions of a so
that the two round brackets must separately vanish.

It follows:
c12(b) = €"%& (Ko, ) (A15)

Back through the chain of substitutions the two indepen-
dent eigenfunctions take the form

_ Jo(2(x +y)) _ Yo(W2(x +y)
fi=—"F7F"-, fr=——F.
N4 A

Originally, we started from three equations A, B, C Putting
f1 into equation B yields

YRLE2G+Y) _

2(x +y)

(A16)

(@ —1)

0 (A17)

and the same with Y, for f,. The functional independence
of the two types of Bessel function implies again that these
conditions must separately hold. We thus obtain a solution
iff @ = 1. Thus if x, # 0 we must have k> = 0. The two
solutions obtained in the main text are identical up to a
rescaling by /K.

If ko = 0, we have to distinguish two cases: First, let
k! # 0. We put k/k; = —a and y = w. The potential term
yf in A drops, but otherwise the equations A, B, C do not
change because all terms involving derivatives w.r.t. y are
invariant under rescalings of the variable. The analysis
goes through very much as before. However, when verify-
ing the consistency with the third condition we obtain
a = 0, which implies x/ = 0 and thus a contradiction.

It remains to discuss the case k* = 0: Here the variable
x is absent and y = w. Thus equation C disappears, while
we have to drop terms with x derivatives in both A, B, and
the potential yf in A. The difference of A, B, yields the
first order equation 2yf,, + f = 0 with the solution 1//w,
which solves also A, B, themselves. This is indeed the
limit k* — 0 of the J, type solution of the regular sce-
nario. The second solution is singular in this limit. We may
conclude that it simply disappears from the solution set; the
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argument in this paragraph shows how the coupled system
reduces to first order.

When considering the complete algebra of the confor-
mal transformations it is also possible to derive constraints
on the eigenvalues of K, by using the analogue of the
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(3]
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(5]

(6]
(71
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(9]
(10]

(11]
[12]
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Pauli-Lubanski vector. Furthermore, one finds relations
amongst representations as a result of the automorphism
P,—K,, K, — —P,. We hope to come back to these
considerations in a later publication.
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