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Guided by considerations of flavor symmetry, we construct a set of exact standard model renormal-

ization group evolution invariants which link quark masses and mixing parameters. We examine their

phenomenological implications and infer a simple combination of Yukawa coupling matrices which plays

a unique role in the standard model, suggesting a possible new insight into the observed spectrum of quark

masses. Our evolution invariants are readily generalized to the leptons in the case of Dirac neutrinos, but

do not appear to be relevant for either quarks or leptons in the minimal supersymmetric standard model.
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I. INTRODUCTION

Recently, there has been interest in evolution invariants
[1–4], combinations of observables which do not evolve
under the renormalization group (RG). Applications have
thus far been primarily focused beyond the standard model
(SM) [1,2], although approximate evolution invariants of
the SM have also been identified [3,4]. Any empirical
relations among evolution invariants are more likely to
be fundamental than relations valid at a particular scale
between observables which evolve differently with energy.

The RG evolution equations (RGEs) of the Yukawa
couplings are compactly written as matrix equations [5],
since the problem is intrinsically flavor symmetric—all
flavors are treated equivalently. Conventional flavor ob-
servables, such as the quark and lepton masses (propor-
tional to the eigenvalues of the Yukawa coupling matrices)
or their mixing angles, break the flavor symmetry so that
their RG equations are more complicated [4,6]. This com-
plexity has meant that in most cases, only quantities that
are invariant in certain approximations have been found,
e.g. assuming no fermion mixing [1], assuming only two
generations of fermions [3], or neglecting the contributions
of light quark masses [4]. Motivated by our earlier work on
flavor-symmetric variables [7], we introduce a set of flavor-
symmetric observables whose one-loop RG equations in
the SM are especially simple. These lead straightforwardly
without approximation to SM evolution invariants which,
for the first time, are exact (at this order). This new
approach might find further application beyond the SM.
For illustration, we consider primarily the quarks, but our
considerations are equally valid for the leptons in the case
that neutrinos are Dirac particles, in which case more
invariants follow.

We define the Hermitian squares of the Yukawa coupling
matrices for charge þ 2

3 (U) and charge � 1
3 (D) quarks

respectively,

U ¼ UyU; D ¼ DyD (1)

and introduce a complete set of ten flavor-symmetric in-
variants (each is invariant under independent S3 permuta-
tions of the ðu; c; tÞ and/or the ðd; s; bÞ flavor labels):

T þ0 ¼ TrðUÞ T 0þ ¼ TrðDÞ
T �0 ¼ TrðU�1Þ T 0� ¼ TrðD�1Þ
T þþ ¼ TrðUDÞ T þ� ¼ TrðUD�1Þ
T �þ ¼ TrðU�1DÞ T �� ¼ TrðU�1D�1Þ
DU ¼ DetðUÞ DD ¼ DetðDÞ:

(2)

The set is complete in the sense that the ten variables are
fully determined by the physical masses and mixings,
and are, in turn, sufficient to fully determine them (up to
discrete permutations of the flavor labels). A further ten
analogous variables can be similarly constructed using
Hermitian squares of Yukawa matrices for the neutrinos
(N ) and the charged leptons (L).

II. SM EVOLUTION

We start with the one-loop RG equations for the quark
Yukawa coupling matrices in the SM [5]:

U�1 dU

dt
¼ �u þ 3

2
ðU�DÞ; (3)

D�1 dD

dt
¼ �d þ 3

2
ðD�UÞ (4)

where t ¼ 1
16�2 lnð�=�0Þ for renormalization scale �, and

�u ¼ T �GU; �d ¼ T �GD; (5)

with:

*p.f.harrison@warwick.ac.uk
†k.rama@warwick.ac.uk
‡w.g.scott@rl.ac.uk

PHYSICAL REVIEW D 82, 096004 (2010)

1550-7998=2010=82(9)=096004(5) 096004-1 � 2010 The American Physical Society

http://dx.doi.org/10.1103/PhysRevD.82.096004


T ¼ Trð3Uþ 3DþN þLÞ; (6)

GU ¼ 17

12
g21 þ

9

4
g22 þ 8g23; (7)

GD ¼ 5

12
g21 þ

9

4
g22 þ 8g23 (8)

(the gi are the gauge couplings [8]). For U and D, the
Hermitian-squared matrices of Eq. (1), we get

dU
dt

¼ 2�uUþ 3U2 � 3

2
fU;Dg; (9)

dD
dt

¼ 2�dDþ 3D2 � 3

2
fU;Dg: (10)

Differentiating Eqs. (2) and using Eqs. (9) and (10), we
obtain the separate evolution equations of our ten flavor-
symmetric observables:

dT þ0

dt
¼ 2�uT þ0 þ 3ðT 2þ0 � 2T �0DU �T þþÞ (11a)

dT 0þ
dt

¼ 2�dT 0þ þ 3ðT 2
0þ � 2T 0�DD �T þþÞ (11b)

dT �0

dt
¼�2�uT �0 � 9þ 3T �þ (11c)

dT 0�
dt

¼�2�dT 0� � 9þ 3T þ� (11d)

dT þþ
dt

¼ 2ð�u þ�dÞT þþ (11e)

dT ��
dt

¼�2ð�u þ�dÞT �� (11f)

dT þ�
dt

¼ 2ð�u ��d þ 3T þ0ÞT þ�� 6T þ0

þ 6DUðT �� �T �0T 0�Þ (11g)

dT �þ
dt

¼ 2ð��u þ�dþ 3T 0þÞT �þ � 6T 0þ

þ 6DDðT ���T �0T 0�Þ (11h)

dDU

dt
¼ 3DU½2�uþðT þ0 �T 0þÞ� (11i)

dDD

dt
¼ 3DD½2�d �ðT þ0 �T 0þÞ�: (11j)

We make the following observations:
(1) Most of the variables’s evolutions have two parts:
(i) a part proportional to the variable itself, whose co-

efficient depends at most on �u, �d, T þ0 and T 0þ.
We call this the ‘‘pure’’ part.

(ii) a part which depends more generally on the other
variables—the ‘‘mixed’’ part.

(2) The four variables DU, DD, T þþ and T �� have
only pure parts (this is also the case for Jarlskog’s

determinant [9], which was the main result of
Ref. [10]). This feature seems to be peculiar to the
SM—we will rely on it in the next stage of our
derivation.

III. SM EVOLUTION INVARIANTS

Exploiting the opportunity to cancel the terms involving
T þ0 and T 0þ in Eqs. (11i) and (11j), we note that the
quantity DetðUDÞ ¼ ðDUDDÞ has a pure evolution with
exactly a factor 3 times the coefficient which appears in
Eqs. (11e) and (11f):

d

dt
ln DetðUDÞ ¼ 6ð�u þ �dÞ: (12)

We may thus form two independent combinations which
are exact evolution invariants at one-loop order [11]:

I q
TD� T þþ

ðDUDDÞ1=3�
TrðUDÞ

Det1=3ðUDÞ ;
dIq

TD

dt
¼0; (13)

Iq
PD � T ��ðDUDDÞ1=3

� TrðUDÞ�1Det1=3ðUDÞ; dIq
PD

dt
¼ 0: (14)

The pure evolutions expressed by Eqs. (11e), (11f), and
(12), and the two resulting RG invariants, Eqs. (13) and
(14), are the key results of this paper. Iq

TD and Iq
PD appear

to be the only exact RG invariants that can be constructed
from the quark Yukawa coupling matrices alone in the SM
case. We have not succeeded in finding similar exact RG
invariants involving only Yukawa couplings in the minimal
supersymmetric standard model (MSSM) or the 2 Higgs
doublet model (2HDM).
We can construct entirely analogous evolution invariants

using N and L, the (Hermitian squares of the) Yukawa
coupling matrices for the leptons (in the Dirac neutrino
case). The RGEs of N and L are analogous to those in
Eqs. (9) and (10) with �� and �‘ defined as in Eq. (5) with
the same value of T (Eq. (6)) and the gauge contributions,
Eqs. (7) and (8), modified to GN ¼ 3

4g
2
1 þ 9

4g
2
2 and GL ¼

15
4 g

2
1 þ 9

4g
2
2. The leptonic analogue of the pure evolution

rate 2ð�u þ �dÞ, Eqs. (11e), (11f), and (12), is just
2ð�� þ �‘Þ, being the pure evolution rate of TrðNLÞ
and Det1=3ðNLÞ. Thus two more invariants follow,
which we call I‘

TD and I‘
PD respectively, having defini-

tions in terms ofN andL analogous to those in Eqs. (13)
and (14).
For completeness, we present here other exact one-loop

evolution invariants of the SM. The T-dependence cancels
in the ratio of any corresponding pair of purely evolving
quark and lepton observables, leaving only a dependence
on gauge couplings, gi (i ¼ 1 . . . 3). The one-loop RGEs
for the gi in the SM (at high energies) are [12]
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dg1
dt

¼ 41

6
g31;

dg2
dt

¼ � 19

6
g32;

dg3
dt

¼ �7g33:

(15)

Thus, e.g. using Eq. (12), together with its leptonic ana-
logue and Eq. (15), we have that

I ql
prod �

DetðUDÞ
DetðNLÞg

�ð96=41Þ
1 g�ð96=7Þ

3 (16)

is also an exact one-loop evolution invariant.
We note that by combining Eqs. (11i) and (11j), to form

the pure-evolving DetðUDÞ, we have effectively removed
one independent evolution equation from the complete
set, Eqs. (11). Thus, we may add the (independent)
Jarlskog commutator [9] which also has a pure RGE [10]

d

dt
lnðDet½U;D�Þ ¼ 3½2ð�u þ �dÞ þ TrðUÞ þ TrðDÞ�

(17)

and likewise for the leptons. Noting the definition of T,
Eq. (6), and using Eqs. (12) and (17), their leptonic ana-
logues, and Eq. (15), we find another RG invariant

I ql
comm � Det3½U;D�Det½N ;L�

Det3ðUDÞDet5=4ðNLÞ g
�ð81=82Þ
1 gð81=38Þ2 : (18)

Using Eqs. (15), two more RG invariants can be con-
structed from gauge couplings alone:

I g
12 �

6

41
g�2
1 þ 6

19
g�2
2 ; (19)

I g
13 �

6

41
g�2
1 þ 1

7
g�2
3 : (20)

Finally, we note the SM RGE of the Higgs vacuum expec-
tation value, v [13]:

dv

dt
¼ v

�
�T þ 3

4
g21 þ

9

4
g22

�
: (21)

Since its product with any Yukawa coupling gives a mass
term, we have that if we use mass matrices directly, rather
than Yukawa matrices, the T and g2 dependences of the �i,
Eq. (5), are exactly cancelled leaving only the dependences
on g1 and g3. Thus, using v together with purely evolving
quantities, and the gauge couplings, allows the construc-
tion of other RG invariants, e.g.

I q
DV � Det1=3ðUDÞv4g4=411 g�ð32=7Þ

3 : (22)

Of course, only one of these invariants involving v is
independent of the set already defined.

IV. EVALUATION

In constructing our RG invariants, we have used only
four of the variables defined in Eq. (2), namely DU, DD,
T þþ and T ��. While DetðUDÞ ¼ DUDD is simply

the product of all six eigenvalues, variables of the form
TrðUnDmÞ depend also on the mixing matrix elements. It
is easy to show that such quantities are simple mass mo-
ment transforms [14] of the ‘‘P matrix’’ [15] of transition
probabilities jV�ij2. Writing u ¼ m2

u=v
2, etc., with analo-

gous expressions for the charge � 1
3 quarks

TrðUnDmÞ

¼ ð un; cn; tn Þ �
jVudj2jVusj2jVubj2
jVcdj2jVcsj2jVcbj2
jVtdj2jVtsj2jVtbj2

0
BB@

1
CCA �

dm

sm

bm

0
BB@

1
CCA

¼ X
�i

m2n
� m2m

i jV�ij2=v2ðmþnÞ 8 m; n (23)

(with � ¼ u, c, t and i ¼ d, s, b) in which terms, the
flavor-symmetry property is manifest. We may now expand
our new RG invariants explicitly. From Eq. (13)

Iq
TD ¼ X

�i

m2
�m

2
i jV�ij2

ðmumcmtmdmsmbÞ2=3

¼ X
�����;i�j�k

�
m2

�

m�m�

m2
i

mjmk

�
2=3jV�ij2: (24)

From Eq. (14)

Iq
PD ¼ ðmumcmtmdmsmbÞ2=3

X
�i

m�2
� m�2

i jV�ij2

¼ X
�����;i�j�k

�
m�m�

m2
�

mjmk

m2
i

�
2=3jV�ij2: (25)

Analogous formulae are obtained for the leptonic RG
invariants, I‘

TD and I‘
PD.

From Eq. (16)

I ql
prod ¼

mumcmtmdmsmb

m1m2m3mem�m�

g�ð96=41Þ
1 g�ð96=7Þ

3 ; (26)

while from Eq. (18)

Iql
comm ¼ J3qf

3ðuÞf3ðdÞ � J‘fð�Þfð‘Þ
� ðy1y2y3yey�y�Þ�ð1=4Þg�ð81=82Þ

1 g81=382 ; (27)

with fðuÞ ¼ ðm2
t �m2

cÞðm2
c �m2

uÞðm2
t �m2

uÞ=ðm2
t m

2
cm

2
uÞ

and similar definitions for the charge � 1
3 quarks, and the

leptons. The y� and y‘ are the eigenvalues of N and L.
For brevity, we limit the following discussion to Iq

TD

and Iq
PD, the RG invariants constructed only from quark

Yukawa matrices. Using the experimental values of the
quark masses [16], and the Wolfenstein parameters [17],
�, A, 	 and 
 for the Cabibbo-Kobayashi-Maskawa
(CKM) matrix, we find both invariants to be of the order
of 108, as shown in Fig. 1, with their ratio ðIq

PD=I
q
TDÞ ¼

0:7þ1:1
�0:4, consistent with unity. The strongly hierarchical

quark masses and the small CKM mixing angles mean
that each of them is dominated by a single leading term.
We find at next-to-leading order in small quantities (small
mass ratios and �2)
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I q
TD �

�
mt

mu

mt

mc

mb

md

mb

ms

�
2=3

�
1þ �2

�
mc

mt

ms

mb

�
2
�
; (28)

I q
PD �

�
mt

mu

mc

mu

mb

md

ms

md

�
2=3ð1� �2Þ: (29)

Since for Iq
TD, Eq. (28), the leading term is several orders

of magnitude larger than the next-to-leading term, we

conclude that the combination ðm2
t m

2
b=mumcmdmsÞ2=3 is

itself invariant to a very good approximation. At next-to-
leading order, the Oð1Þ invariant ratio is

Iq
PD

Iq
TD

� ðm2
cm

2
s=mtmumbmdÞ2=3ð1� �2Þ: (30)

It is well known that from the weak scale to the
GUT scale, the various quark masses evolve by typically
55–65% [16]. The different mass ratios, on the other hand,
vary at a slower rate, e.g. mb=ms changes by �16% and
ms=md by �1:8%. As a check on our analysis, we have
numerically solved Eqs. (3) and (4) together with the RG
equations for the gauge couplings, Eq. (15), and verified
that our RG invariants do not evolve at all. We have
similarly verified that the leading terms of our RG invar-
iants given in Eqs. (28) and (29) change by 0.05% or less.

V. INTERPRETATION

While the Yukawa coupling matrices U and D sepa-
rately have the mixed and coupled evolutions given by
Eqs. (9) and (10), it is an interesting feature, apparently
peculiar to the SM, that the eigenvalues, �i, of the product
matrix UD [18] have pure evolutions with common
rate, leaving the eigenvalue ratios RG-invariant. This fol-
lows since T þþ ¼ TrðUDÞ and DetðUDÞ with pure
RGEs given in Eqs. (11e) and (12), are simply the order-

one and order-three coefficients in the eigenvalue equation
of the matrix UD, while T �� ¼ TrðUDÞ�1, with pure
evolution given by Eq. (11f), is simply PðUDÞ=DetðUDÞ
where

PðUDÞ � 1

2
½Tr2ðUDÞ � TrðUDÞ2� (31)

( ¼ �1�2 þ �2�3 þ �3�1) is the corresponding order-two
coefficient. From Eqs. (11e), (11f), and (12), we thus see
that each of the coefficients in the eigenvalue equation of
UD has a pure RGE with an evolution rate which is
simply given by the order of the coefficient times the
same basic rate, 2ð�u þ �dÞ. Since the three eigenvalues
of UD are all order-one in terms of these coefficients via
the formula for the roots of a cubic, it follows that they also
have pure RGEs with common evolution rate 2ð�u þ �dÞ.
We thus conclude that the ratios of the eigenvalues of
UD, �i=�j (i � j), are also each RG invariants (although

clearly they are not individually flavor-symmetric).
While it is an undoubted mystery why the two

independent invariants, Iq
TD � ð�2

3=�1�2Þ1=3 and Iq
PD �

ð�2�3=�
2
1Þ1=3, should be so large ðOð108ÞÞ, it is also a

puzzle why they should be so nearly equal to each
other—the proximity to unity of their observed ratio,
ðIq

PD=I
q
TDÞ ’ 0:7þ1:1�0:4 (see Fig. 1), represents a significant

fine-tuning of SM parameters. Moreover, it is interesting
to observe that if this ratio were exactly unity, then
the spectrum of the product matrix UD would be geo-
metric, i.e.

I q
TD ¼ Iq

PDð¼ I ; sayÞ ) �3=�2 ¼ �2=�1 � I ; (32)

relations which are then valid at all scales. Indeed, one
might reasonably postulate that nature requires the spec-
trum of the matrix UD to be exactly geometric,
ðIq

PD=I
q
TDÞ � 1, at some (presumably high) energy scale,

the data being fully consistent with this. Of course, the
separate spectra of the U and D matrices have long
been known [19] to be approximately geometric:
m2

c=ðmumtÞ �Oð1Þ, m2
s=ðmdmbÞ �Oð1Þ. However, such

separate relations are not RG-invariant and are therefore
a priori less interesting and generally more difficult to test
experimentally.
We consider briefly why the SM admits RG invariants

constructed from only the Yukawa couplings. It can be seen
from Eqs. (9) and (10) that the mixed parts of the evolution
equations for the Yukawa coupling matrices U and D
have balanced positive and negative coefficients. These
are exploited in the evolution of the product UD where
these terms cancel on taking the trace of simple powers.
The existence of balanced coefficients in the SM can be
traced back to the use of the conjugate Higgs for the
Yukawa couplings of the charge 2

3 quarks, by contrast

with the MSSM and the 2HDM, which use independent
Higgs fields in each charge sector, resulting in mixed

106 107 108 109 1010 TD
q

105

106

107

108

109

1010

PD
q

FIG. 1 (color online). The black point shows the values of the
RG invariants Iq

TD and Iq
PD found using quark masses from [16]

and measured values of the CKM mixings (all renormalized to
MZ). The cluster of points indicates the range allowed by
experimental and theoretical uncertainties. The straight line
shows the hypothesis Iq

TD ¼ Iq
PD suggested by the data.
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evolutions [10] with coefficients all having the same sign
so that no such cancellation is possible.

VI. SUMMARY

We have recast the SM RG equations using flavor-
symmetric weak-basis invariant functions of the Yukawa
coupling matrices, leading to the identification of exact
one-loop RG invariants in the SM. We have identified two
such invariants involving quark Yukawas alone, and two
similar ones for leptons in the case of Dirac neutrinos. The
SM seems at least somewhat unusual in allowing such RG
invariants—we have not been able to find any in theMSSM
or 2HDM. Despite the fact that the evolutions ofU andD

are coupled and mixed, the weak-basis invariants of their
product matrix UD have pure evolutions with a rate
simply proportional to their order so that its eigenvalue
ratios are RG-invariant, and are furthermore experimen-
tally observed to be consistent with a geometric spectrum.
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