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Results computed in lattice QCDþ QED are presented for the electromagnetic mass splittings of the

low-lying hadrons. These are used to determine the renormalized, nondegenerate, light quark masses. It is

found that mMS
u ¼ 2:24ð10Þð34Þ, mMS

d ¼ 4:65ð15Þð32Þ, and mMS
s ¼ 97:6ð2:9Þð5:5Þ MeV at the renormal-

ization scale 2 GeV, where the first error is statistical and the second systematic. We find the lowest-order

electromagnetic splitting ðm�þ �m�0 ÞQED ¼ 3:38ð23Þ MeV, the splittings including next-to-leading

order, ðm�þ �m�0 ÞQED ¼ 4:50ð23Þ MeV, ðmKþ �mK0 ÞQED ¼ 1:87ð10Þ MeV, and the mu � md contri-

bution to the kaon mass difference, ðmKþ �mK0 Þðmu�mdÞ ¼ �5:840ð96Þ MeV. All errors are statistical

only, and the next-to-leading-order pion splitting is only approximate in that it does not contain all next-to-

leading-order contributions. We also computed the proton-neutron mass difference, including for the first

time, QED interactions in a realistic 2þ 1 flavor calculation. We find ðmp �mnÞQED ¼ 0:383ð68Þ MeV,

ðmp �mnÞðmu�mdÞ ¼ �2:51ð14Þ MeV (statistical errors only), and the total mp �mn ¼ �2:13ð16Þ�
ð70Þ MeV, where the first error is statistical, and the second, part of the systematic error. The calculations

are carried out on QCD ensembles generated by the RBC and UKQCD collaborations, using domain wall

fermions and the Iwasaki gauge action (gauge coupling � ¼ 2:13 and lattice cutoff a�1 � 1:78 GeV). We

use two lattice sizes, 163 and 243 (ð1:8 fmÞ3 and ð2:7 fmÞ3), to address finite-volume effects. Noncompact

QED is treated in the quenched approximation. The valence pseudoscalar meson masses in our study

cover a range of about 250 to 700 MeV, though we use only those up to about 400 MeV to quote final

results. We present new results for the electromagnetic low-energy constants in SU(3) and SU(2) partially

quenched chiral perturbation theory to the next-to-leading order, obtained from fits to our data. Detailed

analysis of systematic errors in our results and methods for improving them are discussed. Finally, new

analytic results for SUð2ÞL � SUð2ÞR-plus-kaon chiral perturbation theory, including the one-loop logs

proportional to �emm, are given.
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I. INTRODUCTION

The mass splitting in the meson and baryon systems is an
interesting topic in hadron spectroscopy. It is related to the
quark masses which are fundamental parameters of the
standard model. The mass splitting in the pseudoscalar
meson octet is a signature of the breaking of the strong
isospin symmetry by the electromagnetic (EM) interaction
and nondegenerate quark masses.

The hadron spectra are rich in diversity due to two
origins: the nonperturbative quantum dynamics of the
strong interaction and the presence of flavor symmetry
breaking. In the standard model, the latter originates from
nondegenerate quark masses as well as the difference be-
tween up-type quarks and down-type quarks. These sources
of flavor symmetry breaking significantly affect hadron
spectra less than ð1� 2Þ GeV. In the baryon octet, for
instance, the mass difference of the proton and neutron is
crucial to the phenomenological model of nuclei because it
plays an important role in neutron� decay, which is related
to the stability of nuclei. If the up and down quark masses
were degenerate, the protonwould be heavier due to the EM
interaction, and our Universe would not exist! Even though
the mass differences in the baryon octet spectrum have
already been measured in experiments to good accuracy,
it is important to confirm that we can predict these splittings
in the standard model from first-principles computation.
Parameterizing the calculated splittings in terms of low-
energy constants (LEC) is also useful for effective theories
like chiral perturbation theory (ChPT).

The mass of a hadron is determined by both quantum
chromodynamics (QCD) and quantum electrodynamics
(QED), though the vast majority of the mass is due to
QCD. For the QCD interaction, since the coupling constant
is large in the low-energy regime (E & 1 GeV), perturba-
tion theory is not applicable, and we must turn to the
techniques of lattice gauge theory to solve QCD for the
hadron spectrum. On the other hand, the EM contributions
to the masses, which break degeneracies due to flavor
SU(3) (and isospin) symmetry since the up quark has
charge þ2=3e and the down and strange quarks have
charge �1=3e, are expected to depend on the small QED
coupling constant, �em � e2=4� � 1=137. However,
since the hadrons are formed from bound states of the
quarks, there is no systematic way to treat the contributions
in weak-coupling perturbation theory. Thus, calculations
are done nonperturbatively in a combined lattice QCDþ
QED theory (indeed, even if the strong coupling constant
were small, one is forced to a nonperturbative solution for
QCD because of confinement). The state of the art in lattice
calculations is such that subpercent errors (statistical and
systematic) on low-lying hadron masses and other observ-
able quantities are becoming the norm (for a broad review,
see [1] and references therein). As the precision of lattice
calculations improve, the EM splittings become more and
more relevant. Indeed, the splittings themselves can be

computed with subpercent precision, at least for the statis-
tical errors [2].
It is well known that the lowest-order EM effect, the

so-called Dashen term [3], which enters at Oð�emÞ, is the
dominant contribution to the charged-neutral pion mass
difference. In the chiral limit where the quarks are all
massless, it is also true for the kaons. This theorem, known
as Dashen’s theorem, is broken by terms of orderOð�emmÞ
away from the chiral limit. Using an effective theory of
QCD known as chiral perturbation theory, these correc-
tions can be identified in the lattice calculation, and the
nondegenerate quark masses determined by matching to
the experimentally measured mass splittings [4],

m�� �m�0 ¼ 4:5936ð5Þ MeV; (1)

mK� �mK0 ¼ �3:937ð28Þ MeV; (2)

mn �mp ¼ 1:293 332 1ð4Þ MeV: (3)

In fact, any three hadron masses are enough to determine
the three light quark masses, and we choosem�þ ,mKþ , and
mK0 for reasons explained later. The determination of the
up quark mass,mu, is particularly interesting since one can
check the simplest solution to the strong CP problem,
mu ¼ 0.
In the study presented here, we work with lattice domain

wall fermions (DWF) [5,6] for the quarks and the Iwasaki
gauge action for the gluons. We use an ensemble of gluon
configurations with a single lattice spacing, generated by
the RBC and UKQCD collaborations using (2þ 1) flavors
of dynamical quarks, a pair of degenerate quarks for the up
and down, and a heavier strange quark [7]. The photons
are simulated in noncompact, quenched QED, as was
done in the pioneering quenched QCDþ quenched QED
calculations [8,9].
There are several differences between this work and our

previous one [2]. The most obvious is that the dynamical
strange sea quark has been included here. In Ref. [2] the
QED gauge potential was fixed to the Coulomb gauge, and
here we work in the Feynman gauge in QED on finite
volume, as described in Ref. [10]. Next, we perform fits
to full next-to-leading order (NLO) partially quenched
chiral perturbation theory (PQ�PT), including photons,
for both SUð3ÞL � SUð3ÞR chiral symmetry [11] and
SUð2ÞL � SUð2ÞR plus kaon [7,12,13], where the latter
treats only the pion triplet as pseudo-Nambu-Goldstone
bosons. The NLO PQ�PT for SUð2ÞL � SUð2ÞR plus
kaon, including photons, is new, and is presented here for
the first time. Calculations by the RBC and UKQCD
collaborations [7,14–17], and more recently PACS-CS
[18,19], have shown that the physical strange quark mass
is out of reach for NLO SU(3) chiral perturbation theory.
Since we also wish to determine the strange quark mass in
our calculation, we have developed the chiral perturbation
theory for the SUð2ÞL � SUð2ÞR-plus-kaon system, includ-
ing photons. In addition, since the photons are not
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confined, finite-volume effects are expected to be large, so
we work with two lattice sizes, 163 and 243, with the same
lattice spacing to investigate these effects. The leading EM
finite-volume effects have been computed in PQ�PT [10],
which we also use in our analysis.

This paper is organized as follows. In Sec. II we sum-
marize the chiral perturbation theories used to fit our lattice
calculations (details are given in Appendix B). In Sec. III
the basic framework and details of the lattice simulations
are given. Section IV contains results and discussion of the
calculation, including the fitted LEC’s and the quark
masses. Section V discusses systematic errors, and in
Secs. VI and VII we give the final values for the quark
masses and meson splittings, respectively. We examine the
impact of ðmu �mdÞ on the decay constant ratio, fK=f� in
Sec. VIII. The nucleon mass splitting is computed in
Sec. IX. Finally, this work is summarized in Sec. X.

We reported the preliminary results from the SU(3)
PQ�PT study in this work in Refs. [20,21]. The MILC
Collaboration also presented their first results on the EM
splittings, using improved staggered fermions and non-
compact, quenched QED configurations in Ref. [22].

II. CHIRAL PERTURBATION THEORY

We briefly review the framework and formulas of par-
tially quenched chiral perturbation theory relevant for our
2þ 1 flavor calculation. The EM corrections in SU(2)
chiral perturbation theory coupled to kaons are new.
Details are given in Appendix B.

Recently it has been shown that SU(3) chiral perturba-
tion theory is poorly convergent for quark masses near the
physical strange quark mass, and that a straightforward and
effective solution is to treat the strange quark mass ms as
large compared to the light quark masses ml in an expan-
sion in ml=ms [7,12,18,19]. We carry out fits to the data
using both SU(3) and SU(2) chiral perturbation theory. We
find the poor convergence extends to the EM sector as well,
and use SU(2) chiral perturbation theory to quote our
central results.

Before proceeding, it is important to discuss the order in
chiral perturbation theory to which we work. For the SU(3)
case where the kaon is a Nambu-Goldstone boson, the LO

includes all terms that are Oðp2Þ and Oðe2Þ, and the NLO
includes all terms that are Oðp4Þ, Oðe2p2Þ, and Oðe4Þ,
where the conventional power counting is OðeÞ �OðpÞ.
This counting is the same for the square of the masses and
the mass-squared splittings. Oðe4Þ contributions have so
far been ignored [2,11] sinceOðe4Þ � Oðe2p2Þ in practice,
and we also follow this here.
In the SU(2) theory coupled to kaons the power counting

becomes a bit more complicated for the kaon (for the pion
it is the same as in the SU(3) case). Since the kaon is no
longer a Nambu-Goldstone boson, LO for the mass squared
is now Oðp0Þ, and NLO is Oðp2Þ and Oðe2Þ. The mass-
squared EM splitting, however, remains the same order of
magnitude as in (partially quenched) SU(3) chiral pertur-
bation theory. That is, to obtain the NLO contributions to
the mass-squared splittings, we must work to next-to-next-
to-leading order (NNLO) for the masses. Since the aim
here is to include all effects up to and including Oðe2p2Þ
terms in the meson mass-squared splittings as well as
md �mu, we include all Oðe2p2Þ contributions to the
kaon mass. Because we compute md �mu from the
neutral-charged kaon mass-squared difference, the pure
QCD effects at Oðp4Þ, including the one-loop logarithms
[12], cancel and are not included in our analysis.
Finally, to avoid confusion we emphasize that in

this paper we only calculate correlation functions for
‘‘charged,’’ or ‘‘off-diagonal’’ mesons. However, since
we are free to change the charges and masses of the valence
quarks making up these mesons, the total charge of the
(unphysical) meson may happen to be zero. Sometimes
we refer to these as ‘‘neutral’’ mesons, but it must be kept
in mind these never correspond to the �0 meson which
requires so-called disconnected quark diagrams in its
correlation function as well as the full treatment of
‘‘diagonal’’ mesons in PQ�PT.

A. SUð3ÞL � SUð3ÞR
The partially quenched chiral perturbation theory has

been worked out in Ref. [11], and we adopt their notation.
For three nondegenerate sea quarks and two nondegenerate
valence quarks, labeled by ‘‘1’’ and ‘‘3,’’ the meson mass
squared at NLO is

M2 ¼ �13 þ 2Ce2

F2
0

q213 þ
48Lr

6 � 24Lr
4

F2
0

�13 ��1 þ 16Lr
8 � 8Lr

5

F2
0

�2
13 � 48e2

C

F4
0

Lr
4q

2
13 ��1 � 16e2

C

F4
0

Lr
5q

2
13�13 � e2½12KEr

1

þ 12KEr
2 � 12KEr

7 � 12KEr
8 � �q2�13� e2½4KEr

5 þ 4KEr
6 �q2p�13þ e2½4KEr

9 þ 4KEr
10 �q2p�p þ 12e2KEr

8 q213 ��1

þ 8e2½KEr
10 þKEr

11 �q213�13 � e2½8KEr
18 þ 4KEr

19 �q1q3�13 þ 1

3

1

16�2F2
0

Rm
n13�13�m log

�m

�2
þ 1

3

1

16�2F2
0

�Rp
q���13�p log

�p

�2
� 2e2

C

F4
0

1

16�2

�
�14 log

�14

�2
q14þ�15 log

�15

�2
q15 þ�16 log

�16

�2
q16

�
q13 þ 2e2

C

F4
0

1

16�2

�
�
�34 log

�34

�2
q34 þ�35 log

�35

�2
q35þ�36 log

�36

�2
q36

�
q13 �ðq213Þe2

16�2
�13

�
3 log

�
�13

�2

�
� 4

�
þ e2�mres

ðq21 þq23Þ: (4)
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Indices 1–3 always refer to valence quarks, 4–6 to sea
quarks. The coefficients Rm

n13 and Rp
q�� are the residue

functions written in terms of quark masses and are defined
in Ref. [11]. The index p implies summation over valence
indices 1 and 3, and if q is also present, then the sum is over
pairs (1,3) and (3,1). The indices ðm; nÞ signify a sum over
pairs ð�;�Þ and ð�;�Þ. �ij ¼ B0ðmi þmjÞ is the LO mass
squared for a meson made of quarks with masses mi and
mj, qij ¼ qi � qj where qi is the electric charge of the ith
quark in units of the fundamental charge e. ��1 ¼
2B0ðm4 þm5 þm6Þ=3 and �q2 ¼ ðq24 þ q25 þ q26Þ=3. ��

and �� are given by the solution of

�� þ �� ¼ 2 ��1; (5)

���� ¼ 4
3B

2
0ðm4m5 þm5m6 þm4m6Þ: (6)

The LO Dashen term is proportional to the LEC C and the
fine structure constant �em. B0 and F0

1 are the LO QCD
LEC’s, the L’s are the Gasser-Leutwyler LEC’s at NLO,
and the K’s are the EM LEC’s at Oð�emmÞ. �mres

is a pure
lattice-artifact LEC associated with the finite size of the
extra dimension for DWF.

We note from Eq. (4) that masses of mesons� �qq0 made
from degenerate valence quarks q, q0 with equal charges do
not have logarithmic corrections at NLO. This happens for
the SU(2) case as well.
Following Ref. [11], the EM LEC’s can be written

in terms of five independent linear combinations of the
K’s, which is all that can be determined from lattice
calculations,

Y1 ¼ KEr
1 þ KEr

2 � KEr
7 � KEr

8 ; (7)

Y2 ¼ KEr
9 þ KEr

10 ; (8)

Y3 ¼ �KEr
5 � KEr

6 þ 2KEr
10 þ 2KEr

11 ; (9)

Y4 ¼ 2KEr
5 þ 2KEr

6 þ 2KEr
18 þ KEr

19 ; Y5 ¼ KEr
8 : (10)

The EM mass-squared splitting of the pseudoscalar me-
son is defined as �M2 ¼ M2ðe � 0Þ �M2ðe ¼ 0Þ. In
terms of the Yi’s, it becomes

�M2 ¼ 2Ce2

F2
0

q213 � 48e2
C

F4
0

Lr
4q

2
13 ��1 � 16e2

C

F4
0

Lr
5q

2
13�13 � 12e2Y1 �q

2�13 þ 4e2Y2q
2
p�p þ 4e2Y3q

2
13�13

� 4e2Y4q1q3�13 þ 12e2Y5q
2
13 ��1 � 2e2

C

F4
0

1

16�2

�
�14 log

�14

�2
q14 þ �15 log

�15

�2
q15 þ �16 log

�16

�2
q16

�
q13

þ 2e2
C

F4
0

1

16�2

�
�34 log

�34

�2
q34 þ �35 log

�35

�2
q35 þ �36 log

�36

�2
q36

�
q13 � ðq13Þ2e2

16�2
�13

�
3 log

�
�13

�2

�
� 4

�

þ e2�mres
ðq21 þ q23Þ: (11)

Note that Y1 is proportional to the sea quark charges. Since
we work with quenched QED, this LEC cannot be obtained
from our calculation.

We carry out the fit in Sec. IVB 2 with the finite-volume
correction to the chiral logarithms taken into account. The
finite-volume correction to the leading-order chiral loga-
rithms was computed in Ref. [10],

�M2ðLÞ � M2ðLÞ �M2ð1Þ

¼ 1

3

1

16�2F2
0

Rm
n13�13

Mð ffiffiffiffiffiffiffi
�m

p
LÞ

L2
þ 1

3

1

16�2F2
0

Rp
q���13

Mð ffiffiffiffiffiffi
�p

p
LÞ

L2
� 2e2

C

F4
0

1

16�2
q13

�
q14

Mð ffiffiffiffiffiffiffiffi
�14

p
LÞ

L2

þ q15
Mð ffiffiffiffiffiffiffiffi

�15
p

LÞ
L2

þ q16
Mð ffiffiffiffiffiffiffiffi

�16
p

LÞ
L2

�
þ 2e2

C

F4
0

1

16�2
q13

�
q34

Mð ffiffiffiffiffiffiffiffi
�34

p
LÞ

L2
þ q35

Mð ffiffiffiffiffiffiffiffi
�35

p
LÞ

L2

þ q36
Mð ffiffiffiffiffiffiffiffi

�36
p

LÞ
L2

�
� 3

ðq13Þ2e2
4�

�

L2
þ ðq13Þ2e2

ð4�Þ2
�Kð ffiffiffiffiffiffiffiffi

�13
p

LÞ
L2

� 4
ffiffiffiffiffiffiffiffi
�13

p H ð ffiffiffiffi
�

p
LÞ13

L

�
: (12)

MðxÞ is the function appearing in the finite-volume correction to the chiral logarithm induced by the tadpole diagram,

1F0 is normalized such that the physical decay constant is roughly 92 MeV.
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MðxÞ � 4�
Z 1

0

d	

	2
exp

�
� x2

4�
	

�
T ð	Þ;

T ð	Þ �
�
#3

�
0; i

1

	

��
3 � 1; (13)

where #3ðv; 
Þ is a Jacobi-theta function,

#3ðv; 
Þ �
X1

n¼�1
expð�
in2 þ 2�vinÞ:

The other functions and a constant � are given by [10]

� �
Z 1

0

d	

	2
Sð	Þ ¼ 2:837 	 	 	 ; (14)

S ð	Þ � �
��
#3

�
0; i

1

	

��
3 � 1� 	3=2

�
; (15)

H ðxÞ � �
Z 1

0

d	

	3=2
erf

�
x

ffiffiffiffiffiffiffi
	

4�

s �
Sð	Þ; (16)

K ðxÞ � 4�
Z 1

0

d	

	

1

	
ð1� e�ðx2=4�Þ	ÞSð	Þ; (17)

where erfðxÞ is the error function,

erf ðxÞ ¼ 2ffiffiffiffi
�

p
Z x

0
dse�s2 :

B. SUð2ÞL � SUð2ÞR plus kaon

Some time ago Roessl [12] worked out the low-energy
SU(2) Lagrangian of pions coupled to a kaon. Recently, the
RBC and UKQCD collaborations showed that SU(3) chiral
perturbation theory is poorly convergent for quark masses
near the strange quark mass but that SU(2) chiral pertur-
bation theory coupled to a kaon worked well for pions with
masses less than about 400 MeV at NLO [7]. In Ref. [7],
the unitary Lagrangian was extended to the partially
quenched case. Here, we extend both works to include
the EM interactions to the order �emm for the kaon mass,
including the one-loop diagrams proportional to �em. For
the pion mass, we begin with the partially quenched SU(3)
Lagrangian in Ref. [11] and expand in ml=ms.

1. Pions

We derive the SUð2ÞL � SUð2ÞR result for the pion
mass-squared splitting by expanding Eq. (11) in
ðm1; m3; m4; m5Þ=m6, where m6 is the strange sea quark
mass, m1 and m3 are taken as nondegenerate light valence
quark masses, and m4 and m5 the light sea quark masses,

�M2 ¼ 2Ce2

F2
0

q213 � 48e2
C

F4
0

Lr
4q

2
13

�4 þ �5

3
� 16e2

C

F4
0

Lr
5q

2
13�13 � 12e2Y1 �q

2�13 þ 4e2Y2q
2
p�p þ 4e2Y3q

2
13�13

� 4e2Y4q1q3�13 þ 12e2Y5q
2
13

�4 þ �5

3
� e2

3

16�2
�13 log

�13

�2
q213 þ e2

1

4�2
�13q

2
13 � e2

C

F4
0

� 1

8�2
q13

�
q14�14 log

�14

�2
þ q15�15 log

�15

�2
� q34�34 log

�34

�2
� q35�35 log

�35

�2

�
þ e2�mres

ðq21 þ q23Þ: (18)

In Eq. (18) all of the low-energy constants now depend
implicitly on the strange sea quark mass which is fixed (we
rename them below to distinguish them from their SU(3)
counterparts). In addition the Dashen term has absorbed
contributions from the NLO SU(3) LEC’s and the logs
which do not depend on the charges or masses of the up
and down quarks,

2Ce2

F2
0

q213 þ 12e2Y5q
2
13

�6

3
� 2e2

16�2

C

F4
0

q213�6 log
�6

�2

� 48e2
C

F4
0

Lr
4q

2
13

�6

3
: (19)

Including the contributions in pure QCD [7], the pion
mass squared to NLO becomes

M2 ¼ �13

�
1þ 24

F2
ð2Lð2Þ

6 � Lð2Þ
4 Þ�4 þ �5

3
þ 8

F2
ð2Lð2Þ

8 � Lð2Þ
5 Þ�13 þ 1

2

1

16�2F2

�
R�
13�� log

��

�2
þ R1

�3�1 log
�1

�2

þ R3
�1�3 log

�3

�2

��
þ 2Cð2Þe2

F2
q213 � 12e2Yð2Þ

1 �q2�13 þ 4e2Yð2Þ
2 q2p�p þ 4e2Yð2Þ

3 q213�13 � 4e2Yð2Þ
4 q1q3�13

þ 12e2Yð2Þ
5 q213

�4 þ �5

3
� e2

3

16�2
�13 log

�13

�2
q213 þ e2

1

4�2
�13q

2
13 � e2

Cð2Þ

F4

1

8�2
q13

�
q14�14 log

�14

�2

þ q15�15 log
�15

�2
� q34�34 log

�34

�2
� q35�35 log

�35

�2

�
þ e2�mres

ðq21 þ q23Þ: (20)
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The LO LEC’s F and B are the counterparts of F0 and B0

from the SU(3) theory, and the other SU(2) LEC’s are
denoted by an explicit superscript ‘‘(2).’’ Ri

jk is given in
SU(2) partially quenched case as

Ri
jk �

ð�i � �4Þð�i � �5Þ
ð�i � �jÞð�i � �kÞ : (21)

The finite-volume correction to Eq. (20) is given by

�M2ðLÞ � M2ðLÞ �M2ð1Þ

¼ 1

2

�13

16�2F2

�
R�
13

Mð ffiffiffiffiffiffiffi
��

p
LÞ

L2
þ R1

�3

Mð ffiffiffiffiffiffi
�1

p
LÞ

L2

þ R3
�1

Mð ffiffiffiffiffiffi
�3

p
LÞ

L2

�
� 2e2

Cð2Þ

F4

1

16�2
q13

�
�
q14

Mð ffiffiffiffiffiffiffiffi
�14

p
LÞ

L2
þ q15

Mð ffiffiffiffiffiffiffiffi
�15

p
LÞ

L2

� q34
Mð ffiffiffiffiffiffiffiffi

�34
p

LÞ
L2

� q35
Mð ffiffiffiffiffiffiffiffi

�35
p

LÞ
L2

�

� 3
ðq13Þ2e2

4�

�

L2
þ ðq13Þ2e2

ð4�Þ2

�
�Kð ffiffiffiffiffiffiffiffi

�13
p

LÞ
L2

� 4
ffiffiffiffiffiffiffiffi
�13

p H ð ffiffiffiffiffiffiffiffi
�13

p
LÞ

L

�
: (22)

The constant � and various functions are defined in
Eqs. (13), (14), (16), and (17).

2. Kaons

The kaon mass can be obtained from the tree-level
Lagrangian, following Refs. [12,13], by constructing the
kaon from one light and one ‘‘heavy’’ quark and writing
down all operators with the desired symmetries in a
nonrelativistic theory where the power counting is straight-
forward. The needed relativistic Lagrangian is then con-
structed such that in the limit that the kaon is heavy, the
nonrelativistic theory is recovered. This has been done in
the case of QCD to NNLO in Ref. [12] and to NLO in
partially quenched QCD in Ref. [7]. Here we add the order
e2p2 terms induced by the EM interactions. Once the tree-
level Lagrangian is known, the one-loop corrections can be
computed. The Oðe2Þ Lagrangian and details of the one-
loop calculation are given in Appendix B.

The Oðe2p2Þ Lagrangian is quite complicated, with
many operators appearing. While we have listed all pos-
sible operators in Appendix B that contribute, we have not
yet reduced them to a linearly independent set using rela-
tivistic invariance and the equations of motion. Still, this is
enough to give the general quark mass and charge depen-
dence. In the following, this is given by the generic LEC’s

xðKÞ3 � xðKÞ
8 .

From Eqs. (B36), (B39), and (B42), the mass squared of
the kaon is

M2
K ¼ M2 � 4BðA3m1 þ A4ðm4 þm5ÞÞ

þ e2ð2ðAð1;1Þ
K þ Að2;1Þ

K Þq21 þ Aðs;1;1Þ
K q23 þ 2Aðs;2Þ

K q1q3Þ

� e2

ð4�Þ2F2
ððAð1;1Þ

K þ 3Að2;1Þ
K Þq21 þ Aðs;2Þ

K q1q3Þ

� X
s¼4;5

�1s log
�1s

�2
þ e2m1ðxðKÞ

3 ðq1 þ q3Þ2

þ xðKÞ4 ðq1 � q3Þ2 þ xðKÞ
5 ðq21 � q23ÞÞ þ e2

m4 þm5

2

� ðxðKÞ
6 ðq1 þ q3Þ2 þ xðKÞ

7 ðq1 � q3Þ2
þ xðKÞ8 ðq21 � q23ÞÞ þ e2�mres

ðq21 þ q23Þ; (23)

where we have included the explicit chiral symmetry
breaking LEC �mres

, the same as for the pion. Here the

subscript ‘‘1’’ stands for a light valence quark, u or d, and
‘‘3’’ for the strange valence quark (charge). ‘‘4’’ and ‘‘5’’
refer to the u and d sea quarks, respectively. To avoid
confusion we note that LEC’s without superscripts
denote the pure QCD LEC’s of Refs. [7,12] while those
with superscripts are EM LEC’s defined in Appendix B.
The finite-volume correction to Eq. (23) is given in
Appendix B, Eqs. (B40) and (B41).
Notice that the LO ‘‘Dashen’’ term is different than for

the pion: the latter is a single LEC proportional to q213 while
the former consists of three LEC’s and depends on the u, d,
and s charges separately. This is a consequence of the
different chiral symmetries assumed in the two cases.
We remind the reader that we do not keep terms of order

p4 and e4.

III. LATTICE FRAMEWORK

Following Ref. [8], the lattice calculation employs com-
bined QCDþ QED gauge configurations. A combined
gluon-photon gauge link is simply the product of two
independent links, a SU(3) color matrix for the gluons
and a U(1) phase for the photons.

Ux;� ¼ Uð3Þ
x;� � ðUð1Þ

x;�ÞQi ; (24)

whereQi ¼ eqi is the charge of the quark with flavor i. It is
the combined link that appears in the lattice Dirac operator,
in the usual gauge-invariant way. The gluon and photon
links were generated independently in our calculation,
so the sea quarks were not electrically charged. This
quenched QED calculation suffers a systematic error that
is expected to be Oð�em�sÞ from a simple vacuum polar-
ization argument. In chiral perturbation theory, the charged
sea quarks first contribute at Oð�emmvalÞ for the valence
quark massmval, as we have seen in Sec. II. This drawback
can be eliminated with the technique of reweighting
[23–25], which is becoming common in large scale dy-
namical calculations [15–17,26], and is under active inves-
tigation by us [27,28]. In a different context, combined
dynamical simulations have also been performed for the
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first time [29], where the sea quarks are charged from the
beginning.

For the QCD configurations, we use the 2þ 1 flavor
QCD configurations generated with DWF and the Iwasaki
gauge action (� ¼ 2:13) by the RBC and UKQCD collab-
orations [7,17,30]. The lattice sizes are 163 � 32 and
243 � 64. The lattice spacing2 is a�1 ¼ 1:784ð44Þ GeV,
as determined from the� baryon mass on the larger lattice,
and which yields physical volumes ð1:76 fmÞ3 and
ð2:65 fmÞ3, respectively. The domain wall height M5 and
the size of the extra dimension Ls are 1.8 and 16, respec-
tively. The residual quark mass in the chiral limit for pure
QCD is found to be mres ¼ 0:003 148ð46Þ and 0.003 203
(15), for the 163 and 243 lattice sizes, respectively. The
latter is slightly larger than the value 0.003 15(2) deter-
mined in Ref. [7] on a smaller ensemble of configurations.

The ensembles and number of measurements on each
are summarized in Table I. The stopping criterion in the
conjugate-gradient algorithm used to compute quark
propagators was 10�8, the same as in Ref. [7]. To increase
our statistics on some of the ensembles, two or more
different locations of the source are used on each configu-
ration (see Table I). The QCD configurations are separated
by 20 or 40 Monte Carlo time units to suppress the auto-
correlations in them. Our calculation is for the pseudosca-
lar meson at the unitary point ðm1 ¼ m3 ¼ m4 ¼ m5Þ and
the partially quenched point (arbitrary quark mass
combination).

The quenched QED configurations were generated on
the noncompact manifold [2,10]. Here we employ the
Feynman gauge instead of the Coulomb gauge which was
used previously [2] in our two-flavor calculation. Since the
mass is a gauge-invariant quantity, the result should be
consistent within the statistical error, up to the effects of
zero modes. Further, removal of the modes also results in
the satisfaction of Gauss’ Law on the torus [10]. An
advantage of the noncompact QED formalism is that the

Uð1Þ gauge potential A� can be chosen randomly with the

correct Gaussian distribution in momentum space, then
Fourier transformed to coordinate space, so there are no
autocorrelations in the ensemble. Finally, yet another ad-
vantage is that there is no lattice-artifact photon self-
interactions in the action. To couple A� to the fermions,

the noncompact field is exponentiated to produce the

photon link, Uð1Þ
x;� ¼ expðieAx;�Þ, where e ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4��em

p �
0:30286.
Since the QED interaction does not confine, it is possible

that the finite volume may induce a significant systematic
error. We thus do our simulation on both 163 and 243 lattice
configurations with the same lattice spacing. This allows
direct investigation of the finite-volume effect in the mass
spectrum.

IV. RESULTS

In this section we present our results, focusing on the 243

ensembles, for the electromagnetic pseudoscalar mass
splittings (�M2), EM LEC’s in SU(3) and SU(2) chiral
perturbation theory describing the pseudoscalar masses,
and the quark masses. Results from the 163 ensemble are
used for estimating finite-volume effects which are dis-
cussed extensively in Sec. V. Before turning to the results
for �M2, we first describe lattice-artifact electromagnetic
effects induced by the finite size of the fifth dimension of
the DWF used to simulate the four dimensional u, d, and s
quarks.
In the following the notation u �u (d �d) denotes a meson

whose two-point correlation function is made from just the
connected quark diagram using degenerate light quarks
with equal charges, q ¼ 2=3ð�1=3Þ. Such a meson is
neutral, but should not be confused with the �0, which
requires disconnected quark diagrams.

A. Electromagnetic effects in mres

We first calculate the residual mass mres [31–33] from
the pure QCD configurations. Then we consider the resid-
ual mass from the combined QCDþ QED configurations
so that the QED contribution to mres can be extracted.
In the lattice DWF, mres is determined from the ratio

TABLE I. Ensembles of QCD gauge field configurations generated by the RBC and UKQCD collaborations [7,17,30] for � ¼ 2:13
with the Iwasaki gauge action that were used in this work. � is the separation between measurements in molecular dynamics time
units. Nmeas denotes the total number of measurements, and tsrc is the Euclidean time-slice location of the source.

Lat msea mval Trajectories � Nmeas tsrc

163 0.01 0.01, 0.02, 0.03 500–4000 20 352 4,20

163 0.02 0.01, 0.02, 0.03 500–4000 20 352 4,20

163 0.02 0.01, 0.02, 0.03 500–4000 20 352 4,20

243 0.005 0.001, 0.005, 0.01, 0.02, 0.03 900–8660 40 195 0

243 0.01 0.001, 0.01, 0.02, 0.03 1460–5040 20 180 0

243 0.02 0.02 1800–3580 20 360 0, 16, 32, 48

243 0.03 0.03 1260–3040 20 360 0, 16, 32, 48

2This result is slightly larger than the published one, 1.729
(28) GeV, in Ref. [7] because it was determined on a larger
ensemble of lattices. It is also larger than the result of a
combined fit, including new 323, � ¼ 2:25, ensembles [15–
17]. Later, we use the slight difference as a systematic error.
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RðtÞ ¼
hP
x
Ja5qð ~x; tÞ�að0Þi

hP
x
Ja5 ð ~x; tÞ�að0Þi ; (25)

where t is the Euclidean time, Ja5q is a pseudoscalar density

evaluated at the midpoint of the extra dimension, �a

denotes the usual 4d pseudoscalar density, and the super-
script a is a nonsinglet flavor index. The correlation func-
tions in Eq. (25) are computed from wall source, point-
sink, quark propagators.

The residual mass is an ultraviolet, additive shift of the
input, bare quark mass. Because we are interested only in
the EM meson mass-squared splittings, the leading-order
dependence ofmres on the bare quark mass cancels, and we
use a mass-independent residual mass in our later analysis
that can be identified by extrapolating RðtÞ for the unitary
quark masses to mf ¼ 0 with a suitable t average.

Table II shows the numerical result of the residual mass
computed from the QCD configurations alone. In each case,
RðtÞ was averaged over the range 9 
 t 
 Nt=2 for the size
Nt of the lattice in the time direction, after folding the
correlation function about Nt=2. Figure 1 shows the chiral
extrapolation of mres. The residual mass at the chiral limit is
very close between the 163 and 243 lattices. mres is around
0.003, which is comparable to the lightest input sea quark
mass,ml ¼ 0:005, and larger than the smallest valence quark
mass mf ¼ 0:001, so the effect of the explicit violation of

chiral symmetry from finite Ls is not negligible in our calcu-
lation.Ourmeasured values are roughly consistentwith those
found by the RBC and UKQCD collaborations [7,30].

Next we consider the QED contribution to the residual
quark mass. The QED contribution from quark flavor i can
be expressed as

mres;iðQCDþ QEDÞ �mresðQCDÞ ¼ e2C2q
2
i ; (26)

where mres;iðQCDþ QEDÞ means the residual mass com-

puted on the combined QCDþ QED configurations and
mresðQCDÞ, the residual mass computed on the pure QCD
configurations. Both are evaluated at mf ¼ 0 and the

former with physical quark charge qi. C2, which is of order
OðmresÞ, parametrizes the QED contribution to the additive
shift of the quark mass. Although we compute this

correction via the Ward-Takahashi identity for DWF [31],
using a neutral meson made with degenerate, equally
charged quarks, the form of Eq. (26) is completely con-
sistent with a calculation in weak-coupling perturbation
theory, say from the one-loop self-energy Feynman dia-
gram for a quark with charge qi. In our chiral perturbation
theory power counting, the QED contribution to the resid-
ual mass is Oð�emmresÞ and must therefore be included in
our NLO analysis discussed in the next section.
To compute the residual mass and extract the EM con-

tribution via Eq. (26), we use u �u or d �d correlation func-
tions in Eq. (25).3 The total contribution to the meson mass
squared due to explicit chiral symmetry breaking is, as in
the case of pure DWF QCD, just the sum of contributions
from each quark in the meson, modulo higher order than
Oð�emmresÞ corrections. Table III shows the results for
C2 from u �u and d �d correlation functions. They agree
well up to two digits, which implies that the Oð�2

emmresÞ
contribution is quite small. These differences are higher

TABLE II. The QCD residual mass for 163 and 243 lattice
sizes. The data correspond to unitary mass points. The fit range
for RðtÞ [defined in Eq. (25) is 9 
 t 
 Nt=2].

163 243

msea mres mres

Chiral limit 0.0031 48(46) 0.003 203(15)

0.005 N/A 0.003 222(16)

0.01 0.003 177(31) 0.00 3230(15)

0.02 0.003 262(29) 0.003 261(16)

0.03 0.003 267(28) 0.003 297(15)
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FIG. 1. The QCD residual mass for 163 (upper) and 243

(lower) lattice sizes. The data correspond to unitary mass points.
The linear chiral extrapolation to the mf ¼ 0 limit is also shown

on the plot.

3In an earlier paper [2] we mistakenly included an independent
contribution, proportional to qiqj, to the residual mass for the
charged mesons made of quarks with charges qi and qj. This is
clearly inconsistent with flavor conservation and the definition of
a renormalized quark mass defined in perturbation theory.
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order in chiral perturbation theory relative to the one we
work to in this paper, so we neglect them. We note that
C2e

2q2i is the expected size, Oð�emmresÞ. The attained
statistical precision on C2, which is impressive, of course
stems from the fact that mres;iðQCDþ QEDÞ and

mresðQCDÞ are computed on exactly the same set of gluon
configurations, so they are highly correlated, and the QCD
fluctuations cancel between them. In addition, C2 appears
to be insensitive to the volume (see Table III), presumably
because the residual mass arises from the UV, short dis-
tance, regime.

B. Meson mass splittings

The electromagnetic mass splittings are determined
from the pseudoscalar masses computed with e � 0 and
e ¼ 0, using the same gluon configurations. We use the
additional trick of averaging correlation functions over�e,
configuration by configuration [2,34].

In Fig. 2, the improvement due to the �e averaging is
demonstrated for the meson mass-squared splitting. The
vertical axis shows the ratio of the statistical error without
the trick to that with the trick, so that larger values indicate
smaller statistical error for the�e averaging trick. In most
cases there is a large decrease (� 1=10) in the error over the

naive factor of
ffiffiffi
2

p
that would result simply from doubling

of the measurements (dashed line), while the few points
with ratio exactly equal to one correspond to combinations
that are trivially invariant under the change e ! �e. This
procedure corresponds to including the QED configuration
�Ax;� for each Ax;� in the path integral and can exactly

cancel unphysical OðeÞ noise with finite statistics which
would have obscured the physical Oðe2Þ signal of interest,
only the latter of which survives in the infinite statistics
limit. Together, the complete procedure yields mass-
squared splittings with subpercent statistical precision.

The pseudoscalar meson masses are obtained from
single state fits to wall source, point-sink correlation func-
tions with periodic boundary conditions in time with use of
the fit function

Cfitðt� tsrcÞ ¼ A½e�Mðt�tsrcþNtÞ%Nt þ e�MðNt�tþtsrcÞ%Nt�;
(27)

whereM is the ground state meson mass, and tsrc is the time
slice where the source is placed. To improve statistics in

some cases, we average results from two sources (see
Table I). The fitting procedure is done with the standard
�2 minimization (maximum likelihood), and the error on
the mass is obtained by the standard jackknife method.
Since the meson correlation function is symmetric about
themidpoint (from the source) in the time direction, we fold
the data about this point and fit with a time range smaller
than Nt=2. Based on the obtained effective masses (a rep-
resentative example is shown in Fig. 3), for all correlation
functions we chose a fit range of 9 
 t� ts 
 Nt=2.
The pseudoscalar meson masses are tabulated in

Tables XIII and XIV. We have extracted the masses in two
ways, one being from the fits to the correlation functions
using the full covariance matrix and the other being uncor-
related fits following [7,17]. The values of �2=dof for the
covariant fits are roughly one for the 243 ensembles, but
somewhat higher in some cases for the 163 ones and for the
heavier quark masses on both ensembles. Such behavior for
the 163 ensembles was seen in the earlier, pure QCD,
analysis using these configurations, and was attributed to
an inferior gauge field evolution algorithm [30]. An im-
proved algorithm was used to generate the 243 ensemble.
From Tables XIII and XIV the masses and errors deter-
mined with either fit method agree quite well. Our final
analysis is based on the masses from the uncorrelated fits in

TABLE III. C2 (� 103) in Eq. (26), representing the electro-
magnetic contribution to the residual mass. u �u and d �d denote the
type of correlation function used to extract C2.

Ls u �u d �d
163 lattice size

16 2.597(23) 2.532(22)

32 0.309(16) 0.301(16)

243 lattice size

16 2.585(7) 2.519(7)

 0

 2

 4

 6

 8

10

12

14

 0  1  2  3  4
|(q1-q3)/(1/3)|

sqrt(2)

FIG. 2. A comparison of the statistical errors for the meson
mass-squared splitting with and without the �e averaging trick
[2,34]. The vertical axis shows the ratio of the error without the
average to that with the average, so that larger values indicate
smaller statistical error from the �e averaging trick. In most
cases there is a large decrease (� 1=10) in the error over the
naive factor of

ffiffiffi
2

p
that would result simply from doubling of the

measurements (dashed line). The few points with ratio exactly
equal to one correspond to combinations that are trivially invari-
ant under the change e ! �e, i.e., m1 ¼ m3 and q1 ¼ �q3.
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order to be consistent with the analysis in Refs. [7,17] from
which we take the pure QCD LEC’s. The typical statistical
error on themass is at the half of a percent level and smaller.

The meson mass-squared splittings are given by �M2 ¼
M2ðe � 0Þ �M2ðe ¼ 0Þ, and the errors are again com-
puted using a jackknife procedure. As an example, in
Figs. 4 and 5, �M2 for the d �d meson is shown. Only the
unitary points appear in the figure. A full summary of the
mass-squared splittings is given in Tables XV and XVI.
The promised statistical precision is observed. Even though
the errors on the masses themselves are of the same order as
the mass difference, the splitting is statistically well resolved

under the jackknife analysis thanks to the strong statistical
correlation between e ¼ 0 and e � 0.
We pause to compare the observed explicit chiral sym-

metry breaking effects to those expected from the discus-
sion of the residual mass in the previous section. In the
chiral limit, mf ¼ �mresðQCDÞ, and in the absence of EM
induced explicit chiral symmetry breaking (Ls ! 1), the
neutral meson mass squared should vanish (up to �2

em

corrections which we ignore), and so too should the split-
tings. But it is clear from Figs. 4 and 5 that the �dd mass-
squared splitting does not (the same is true for the u �u
meson). Following the discussion in Sec. IVA and from
the result of the pseudoscalar mass squared at the lowest
order in chiral perturbation theory, the shift in the splitting
in the chiral limit should be 2B0C2e

2q2d or 2BC2e
2q2d,

depending on whether we choose SU(3) or SU(2) chiral
perturbation theory. A simple linear fit, also shown in
Fig. 4, suggests this is true. Note that at NLO there are
no logs in the splitting of neutral mesons made from only
connected quark propagators, that is, a charged meson
whose net charge happens to be zero. Further, by making
Ls larger, this lattice artifact should be (exponentially)
reduced, which is also clear from Fig. 4 where for Ls ¼
32 the shift has been reduced by roughly a factor of 10, and
the splitting nearly vanishes. Similar results hold for the �uu
mesons. The result based on the Ward-Takahashi Identity
depends also on the value ofB0 orB, depending on whether
we choose SU(3) or SU(2) chiral perturbation theory,
which introduces some uncertainty. On the other hand,
Figs. 4 and 5 clearly show that this effect is due to finite
Ls chiral symmetry breaking, and that it can be precisely
subtracted from the physical splitting by introducing a new
lattice-artifact LEC to the fit, e2�mres

ðq2i þ q2j Þ. We con-

clude that the explicit chiral symmetry breaking artifacts
induced by finite Ls and QED interactions are precisely
quantifiable at NLO in chiral perturbation theory and that
higher order terms can be safely neglected, so these arti-
facts can be robustly eliminated, just as in the case for pure
(DWF) QCD.
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 0.00015

 0.0002

 0.00025

 0  0.01  0.02  0.03

∆M
2

mf+mres

FIG. 5 (color online). Same as Fig. 4 but for lattice size 243

and Ls ¼ 16.
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FIG. 4 (color online). �M2 for the d �d meson, with Ls ¼ 16
(upper set of line and plots) and 32, 163 lattice size from the
SU(3) fit. The extrapolated values (box) are e2�mres

ðq21 þ q23Þ.
For comparison, we also show the values of B0C2e

2ðq21 þ q23Þ
obtained from the Ward-Takahashi Identity (values are slightly
shifted horizontally to the left for clarity). �mres

is obtained from

the fit range of 0.01–0.02 for Ls ¼ 16 and 0.01–0.03 for Ls ¼ 32.
The error on B0C2e

2ðq21 þ q23Þ comes mostly from the error

on B0.
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FIG. 3. Representative effective masses. Lattice size 243.
msea ¼ 0:005, m1 ¼ m3 ¼ 0:01, q1 ¼ 1=3 and q3 ¼ 0 (upper
points) and msea ¼ m1 ¼ m3 ¼ 0:005, q1 ¼ 1=3 and q3 ¼
�1=3 (lower points). The horizontal lines represent the fit result.
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1. Infinite volume fits

In Figs. 6 and 7, the meson mass-squared splittings are
shown for the unitary quark mass points, for both 163 and
243 ensembles, respectively. For now, we concentrate on
the 243 ensemble, and fit the mass-squared splittings to the
infinite volume, NLO, chiral perturbation theory formulas
described in Sec. II. The formulas require the values for the
pure QCD LEC’s, some of which we have not computed.
The pure QCD LEC’s, including F0, F, B0, B, and the
Gasser-Leutwyler L’s, have been calculated already by the
RBC and UKQCD collaborations from a larger ensemble
of which the present one is a subset. We use these values in
our fits, in a combined super-jackknife analysis so that the
statistical errors on the QCD parameters are fed into our
analysis.

Figure 7 shows the fit to the full SUð3ÞL � SUð3ÞR NLO
formula, which is summarized in Tables IV and V. The
quark mass range in the fit is m1, m3 
 0:01, and the
�2=dof for these uncorrelated fits is about two. �2 degrades
significantly if larger quark mass points are used in the fits.

Only unitary points are shown in the figure for clarity while
all of the (allowed) quark mass and charge combinations
for the mesons have been used in the analysis. For the 243

ensemble, this amounts to 52 data points for m1, m3 

0:01. The charged-meson splittings should not vanish in
the chiral limit, mf ¼ �mres; this is just the LO Dashen

term proportional to �em and the lattice-artifact chiral
symmetry breaking. The neutral meson splittings do not
vanish either due to the latter. The chiral logarithms reduce
the LO Dashen term relative to the value given by a simple
linear ansätz. Recall that the splittings of neutral mesons
made from connected quark diagrams only do not contain
logs at NLO, so their chiral behavior is particularly simple.
Figures 7 and 8 show similar fits for SUð2ÞL � SUð2ÞR-

plus-kaon chiral perturbation theory for the pions and
kaons, respectively. Here we use the same range for the
light quark masses, and for the kaons the valence strange
quark is fixed to either 0.02 or 0.03. �2=dof is similar to the
SU(3) case for the pion and also significantly degrades
when the quark mass range is extended upwards. For the
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FIG. 7. Meson mass-squared splittings. 243 lattice size. Infinite
volume linear fit (upper panel), and infinite volume SU(3) and
SU(2) chiral log fits (lower panel). The fit range of the linear fit is
0.005–0.03. Fit range of chiral log fits is 0.005–0.01. The solid
(dashed) line in the lower panel represents the SU(3) [SU(2)] fit.
Data points correspond to u �d, u �u and d �d mesons, respectively,
from top to bottom. Only unitary points are shown, although all
of the partially quenched points were used in the fit.
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FIG. 6. Meson mass-squared splittings. 163 lattice size. Infinite
volume linear fit (upper panel) and infinite volume SU(3) chiral
log fit (lower panel). The fit range of the linear fit is 0.01–0.03.
Fit ranges of chiral log fits, 0.01–0.03 (solid line) and 0.01–0.02
(dashed line). Data points correspond to u �d, u �u and d �d mesons,
respectively, from top to bottom. Only unitary points are shown,
although all of the partially quenched points were used in the fit.
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kaon fits �2 is small. The total number of data points in the
fits are 52 for the pions and 36 for the kaons. The SU(2)
LEC’s are also summarized in Tables IV, V, and VI.

Before proceeding, we address a subtly in the kaon fits
that was not recognized until after the correlation functions
had already been computed. Our original plan was to use
an SU(3) chiral perturbation theory analysis only, for quark
masses in the range 0.005–0.03, and nondegenerate meson
correlation functions were computed for these masses in all
possible combinations. However, learning first from the
pure QCD analysis [7,15,16], and later from our own, it
became clear that 0.02 and 0.03 were too heavy, and that
SU(2) chiral perturbation theory would be needed to access
the physical strange quark mass regime. We decided to
include a lighter valence mass point, 0.001, to augment our
fits, but since this was a new, separate calculation, only the
mass-degenerate mesons could be computed. Thus, in our
kaon fits, we have only two valence and two sea quark mass
combinations available for the region mu;d 
 0:01. Now
the subtly: it turns out these combinations of quark masses
and charges are not enough to constrain all 10 LEC’s
appearing in Eq. (23). There is one direction in the

multidimensional parameter space that is not linearly in-
dependent from the rest. Fixing any one of the LEC’s to

zero, except Aðs;1;1Þ
5 or Aðs;2Þ

5 , results in a stable fit with the

same �2, but with different values of the LEC’s. While
these fits all agree exactly when evaluated at the data points
used in the fits, they differ elsewhere. There are two ways
to fix this problem of an accidental flat direction in the �2

function at our disposal. First, keeping the same quark
mass range, use the technique of singular-value decompo-
sition [35] (SVD) to determine all 10 LEC’s. Second,
increase the number of sea or valence quark mass points
in the fit, so the parameter directions are all linearly
independent. While treating the (next available) mass
0.02 quark simultaneously as light and strange contradicts
our assumption that ml=ms � 1, nevertheless it allows the
LEC’s to be linearly independent, and only slightly in-
creases �2 which is still small. In practice, we only added
the 0.02 valence quark mass to the kaon fit, keeping the
light sea quark mass 
 0:01. As it happens, the quark
masses determined from these two methods agree well,
giving confidence that the SVD fit procedure, which we use
for our central values, is reliable. Further, in the case where

TABLE IV. The QCD LEC’s from RBC/UKQCD collaboration’s infinite volume fits on 243

lattices with SU(3) and SU(2) PQ�PT [17]. They were computed from a larger ensemble of
lattices than used in [7]. All of the QCD LEC’s are defined at the chiral scale �� ¼ 1 GeV. The

labels in the first column correspond to SU(3) definitions; the analogous LEC for SU(2) is given
in the third column.

SU(3) inf.v SU(2) inf.v

100B0 2.15(11) 2.348(44)

102F0 3.43(19) 4.55(10)

106ð2L6 � L4Þ �2:6ð29:6Þ 2.9(45.3)

104ð2L8 � L5Þ 5.42(29) 4.36(31)

105L4 1.7(5.5) 2.48(89)

104L5 2.02(63) 5.49(47)

103mres 3.131(27) 3.131(27)

a�1ðGeVÞ 1.784(44) 1.784(44)

TABLE V. The SU(3) PQ�PT and SU(2) pion PQ�PT QED LEC’s from fits of the mass-squared splittings measured on the 243

lattices. All of the LEC’s are defined at chiral scale �� ¼ 1 GeV and are given in lattice units. The quark mass range in the fits is

m1;3 
¼ 0:01. ‘‘inf.v.’’ and ‘‘f.v.’’ means infinite and finite-volume fits, respectively. ‘‘SUð3Þ þ phenom’’ refers to a parameter set

presented based on phenomenology and using SU(3) �PT [11]. Labels in the first column correspond to SU(3) definitions. ‘‘Dashen’s
term’’ is the LO result for the mass splitting in the chiral limit.

SU(3) SU(2)

inf.v. f.v. inf.v. f.v. SUð3Þ þ phenom:

107C 2.2(2.0) 9.3(2.4) 18.3(1.8) 32.9(2.3) 41

102Y2 1.63(10) 1.451(92) 1.416(50) 1.301(49) 0.19

103Y3 �11:85ð74Þ �5:37ð70Þ �10:61ð62Þ �4:00ð62Þ 1.25

103Y4 13.4(1.7) 9.7(1.7) 10.6(1.1) 8.3(1.1) 2.17

103Y5 2.06(72) 1.12(74) 1.95(50) 1.61(54) �1:17
103�mres

5.356(98) 5.357(98) 5.355(98) 5.355(98) . . .
Dashen’s term(MeV) 0.40(37) 1.68(39) 1.88(18) 3.38(23) 3.7

�2=dof 2.11(73) 2.12(78) 2.27(78) 2.19(82) . . .
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0.02 data points were used, setting each of the LEC’s to
zero in turn resulted in much bigger �2 values except for

xðKÞ6 � xðKÞ
8 , the ones related to sea quark masses which are

not constrained as well. xðKÞ8 ¼ 0 gave the smallest �2. In

each of these cases the quark masses agreed within statis-
tical errors to the full SVD fit. We use the difference in the
central values of the quark masses from the two procedures
as an estimate of one of the systematic errors due to fitting.

From Table V, we can see a large effect on C going from
SU(3), where it is almost zero, to SU(2) where it is almost
10 times larger. Recall that in the SU(2) theory the con-
tributions of the strange quark terms in the SU(3) theory

are absorbed into Cð2Þ [see Eq. (19)]. This situation is

reminiscent of the pion decay constant in pure QCD com-
puted on these lattices and for the same range of quark
masses; the logs in that case also tend to significantly
reduce the LO contribution over a simple analytic function,
and the physical value [7,15,16]. Here, especially in the SU
(3) case, the effect is even more dramatic. The other pion
electromagnetic LEC’s are roughly the same in both theo-
ries. In the SU(2) case, the size of the NLO EM correction
turns out to be smaller than the LO one, showing compati-
bility with the chiral expansion. Finally, in Table V, we
show LEC’s corresponding to the phenomenological pa-
rameter set presented in Ref. [11]. The fact that the SU(3)
NLO LEC’s computed here (left-most column) do not
agree is not surprising since the LO LEC, C, is clearly
underestimated by a large degree. Note that to compare
values of C, a factor of a�4 needs to be introduced, as well.
We discuss the Dashen term further in Sec. V, after pre-
senting the finite-volume fits.

2. Finite-volume fits

Next we include in our fits the finite-volume corrections
to the chiral logarithms using Eq. (12) for the SU(3) fit, and
Eq. (22) for the pion and the results in Appendix B 2 for the
kaon in the SU(2) fit. We continue to use the pure QCD,
infinite volume, LEC’s from [17]. Since the finite-volume
effects in QCD are very small compared to the QED ones,
we ignore the former. Figure 9 shows the modified fits for
the pions and kaons on the 243 lattice. The LEC’s are given
in Tables V and VI. The largest change by far is in C, the
LO Dashen term, which roughly doubles in the SU(2) case
and increases by a factor of 4 in the SU(3) case. Note, it is
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FIG. 8. Kaon mass-squared splitting and infinite volume SU(2)
kaon fit. The mass of the strange valence quark is fixed at 0.03,
and msea ¼ 0:005. Different lines in the plot correspond to
different charge combinations of the valence quarks.

TABLE VI. Kaon QCD and QED LEC’s extracted from 243 lattice size data. LEC’s are in lattice units. The kaon is composed by one
light- (m1) and one strange- (m3) quark. We choose m1 
 0:01 and m3 ¼ 0:02 or 0.03. The light sea quark is chosen as msea 
 0:01.
The mass of the strange sea quark is fixed at 0.04. The kaon QCD LEC’s are quoted from RBC/UKQCD’s work [17]. �2=dof refers to
the fit using the SVD method [35].

inf.v f.v

mval
s 0.02 0.03 m

phys
s 0.02 0.03 m

phys
s

102M2 4.804(88) 6.89(10) 7.37(36) . . . . . . . . .
101A3 �2:199ð44Þ �2:198ð45Þ �2:198ð46Þ . . . . . . . . .
102A4 �1:89ð45Þ �2:15ð52Þ �2:21ð56Þ . . . . . . . . .

103Að1;1Þ
K �9:1ð1:1Þ �8:9ð1:3Þ �8:8ð1:4Þ �6:4ð1:0Þ �5:8ð1:2Þ �5:7ð1:3Þ

103Að2;1Þ
K 8.29(86) 8.15(99) 8.1(1.0) 7.16(81) 6.92(93) 6.87(99)

102Aðs;1;1Þ
K 0.958(26) 1.254(30) 1.321(64) 1.241(26) 1.577(31) 1.653(70)

103Aðs;2Þ
K �4:22ð20Þ �4:68ð22Þ �4:79ð25Þ �6:74ð20Þ �7:56ð23Þ �7:75ð28Þ

102xðKÞ
3 1.41(32) 1.93(39) 2.05(46) 2.34(35) 3.00(42) 3.15(52)

102xðKÞ
4 4.60(36) 5.06(47) 5.16(50) 3.52(38) 3.83(49) 3.90(51)

101xðKÞ
5 0.376(42) 0.366(51) 0.364(53) 0.361(41) 0.350(50) 0.348(53)

102xðKÞ
6 �0:83ð0:94Þ �0:99ð1:01Þ �1:0ð1:0Þ �0:086ð0:959Þ �0:14ð1:02Þ �0:16ð1:05Þ

102xðKÞ
7 �0:11ð1:82Þ �0:27ð2:00Þ �0:30ð2:05Þ �0:81ð1:82Þ �1:0ð2:0Þ �1:1ð2:0Þ

102xðKÞ
8 �8:28ð47Þ �8:65ð78Þ �8:73ð86Þ �8:23ð47Þ �8:60ð78Þ �8:69ð86Þ

�2=dof 0.4578(52) 0.2869(40) . . . 0.4578(52) 0.2869(40) . . .
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still much larger for the SU(2) fit. This is consistent with
the observed large effect in the charged-meson splitting
compared to the neutral. Fortunately, this huge change does
not greatly affect the values of the quark masses, as we
shall see.

C. Quark masses

Having determined the LEC’s to NLO describing the
pseudoscalar masses in chiral perturbation theory, we now
turn to fixing the physical quark masses at the (arbitrary)
low-energy scale of 2 GeV. First, the bare quark masses are
determined by solving Eq. (4) or Eqs. (20) and (23) eval-
uated at the physical meson masses [4] (in MeV)

M�� ¼ 139:570 18� 0:000 35 (28)

MK0 ¼ 497:614� 0:024 (29)

MK� ¼ 493:667� 0:016; (30)

where only the central values are used in our analysis since
the errors are negligible compared to the lattice results.
Using a�1 ¼ 1:784ð44Þ GeV and the pure QCD nonper-
turbative renormalization constant Zm ¼ 1:546ð2Þð43Þ [17]
computed by the RBC and UKQCD collaborations, MS
light quark masses are given in Table VII, for infinite
volume, finite-volume, SU(3), and SU(2) fits. We have
not included the Oð�emÞ renormalization of the quark
mass from QED interactions. These are similar to those
found in our earlier two-flavor work [2], also using DWF,
but which used a more crude chiral perturbation theory
analysis that did not include logarithms. The strange quark
mass is somewhat lower here, which may be a real flavor-
dependent effect [1,2]. We also note that in the combined
continuum limit analysis mentioned earlier, the RBC and
UKQCD collaborations found that the strange quark mass
is even smaller [15–17]. The average light quark mass is
close to the value determined in pure QCD [7,15,16].

V. SYSTEMATIC ERRORS

In this section we examine the important systematic
errors in our calculation: the chiral extrapolations, finite
volume, nonzero lattice spacing, and QED quenching. In
each case we estimate the size of the effect on the values of
the quark masses and investigate the effect on the LO

TABLE VII. The u, d and s quark masses determined from QCDþ QED interaction on 243 lattices. The values are given in MeV
and theMS scheme at renormalization scale � ¼ 2 GeV. SU(3) or SU(2) mean quark masses from SU(3) PQ�PT or SU(2) PQ�PTþ
kaon theory.

SU(3) SU(2)

inf.v f.v inf.v. f.v.

mu 2.606(89) 2.318(91) 2.54(10) 2.24(10)

md 4.50(16) 4.60(16) 4.53(15) 4.65(15)

ms 89.1(3.6) 89.1(3.6) 97.7(2.9) 97.6(2.9)

md �mu 1.900(99) 2.28(11) 1.993(67) 2.411(65)

mud 3.55(12) 3.46(12) 3.54(12) 3.44(12)

mu=md 0.578(11) 0.503(12) 0.5608(87) 0.4818(96)

ms=mud 25.07(36) 25.73(36) 27.58(27) 28.31(29)
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FIG. 9. 243 SU(2) chiral log infinite volume and finite-volume
fits for pion (upper) and kaon (lower) mass-squared splittings.
Lines correspond to fit results. The fit range is 0.005–0.01. The
solid (dashed) line represents the infinite (finite) volume fit. In
the upper panel, the fit curves are evaluated for degenerate
unitary light quarks. For the lower panel, the curves are eval-
uated for msea ¼ 0:005 and m3 ¼ 0:03. Data points in the plot
correspond to q1 ¼ 2=3 and q3 ¼ �1=3, but all partially
quenched points allowed by the fit range were used in the fit.
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electromagnetic LEC’s. Similar systematic uncertainties
have been given for the pure QCD sector [7,15,16].

To estimate the systematic errors, the change in a quan-
tity is computed under the influence of a change in how that
quantity is computed, for example, by using a different fit
formula. Since the data is the same, or there is significant
overlap, in each case, we compute the change under the
super-jackknife procedure in order to assess its signifi-
cance. Central values of all quantities are quoted for the
finite volume, SU(2) chiral perturbation theory fits which
we believe give the most accurate results. The systematic
errors computed in the following come from comparison to
these central values.

A. Chiral extrapolations

Previous studies have used the difference in analytic and
chiral perturbation theory fits to estimate the chiral ex-
trapolation error that stems from using unphysical heavy
quarks [7,14,15,17,36,37]. One can also estimate the error
in chiral perturbation theory alone by comparing the rela-
tive sizes of LO, NLO, or even NNLO corrections to a
given quantity. For the latter to work, the estimates of the
higher order contributions must be accurate.

It is perhaps not surprising to find that the meson mass-
squared splittings show little trace of the chiral logarithms.
For the mass range of pions in this study, it is well known
that low-energy observables like the meson mass squared
or decay constant exhibit more or less linear dependence
on the quark mass. In Fig. 7, the charged pseudoscalar
splitting appears linear over the range of unitary points
shown in the figure. Nevertheless, the fits to our data do
show that NLO chiral perturbation theory (chiral logs) is
consistent with the data. A similar conclusion was reached
in the pure QCD case [7,15–17]. To NLO in chiral pertur-
bation theory, there are no logs for the neutral mesons
made from connected quark propagators like those studied
here, and indeed the neutral splittings, too, appear to be
quite linear.

We do point out one aspect of the EM logs that leads one
to expect a noticeable affect. They behave like �m logm,
not m2 logm as the pure QCD logs do. A factor of � has
replaced a factor of the quark mass. In fact they are like the
quenched logs in pure QCD in this respect.

The first step in estimating the systematic error is to
determine the fit range, or range of quark masses included
in the fit. The available ranges are summarized in Table I.
In Refs. [7,14–17] it was shown that for the same ensem-
bles used in this work, SU(3) and SU(2) chiral perturbation
theories give sensible fit results for pion masses less than
about 400 MeV, or for bare quark masses satisfying mf 

0:01. It is possible that the range is different, perhaps
larger, for the EM splittings. After all, most of the pure
QCD contributions at LO and NLO completely cancel in
the EM splittings (some of the pure QCD LEC’s survive at
Oð�emmÞ). Wework with uncorrelated fits, though our data

are highly correlated, because there are too many mass and
charge combinations to accurately determine the correla-
tions on this finite statistical ensemble. The uncorrelated
fits have been shown to agree with correlated ones when
the covariance matrix is well determined, and when it is
not, the correlated fits break down [17,38]. As already
mentioned, when the quark mass range is extended up-
wards, for both SU(3) and SU(2) [pion] fits, �2=dof in-
creases noticeably, by more than a factor of 2. Since we use
uncorrelated fits, this �2 is not an absolute test of goodness
of fit, though we expect changes do indicate relative good-
ness of fit. Thus, we stick with the rangem1,m3 
 0:01 for
the light quarks to quote central values and to estimate
systematic errors. One of the systematic errors is the
difference in the central values for the quark masses de-
termined from this restricted range and those values com-
puted from the range m1, m3 
 0:02 for the light quarks.
m1, m3 
 0:01 corresponds to valence pions in the range
250–420 MeV.
For the mass range m1, m3 
 0:01, the most important

change, which is anticipated in Fig. 7, is that the Dashen
term increases significantly when the logs are omitted from
the SU(3) fit. C increases by about a factor of 5, although it
is still small compared to the value one would obtain from
the physical splitting. For SU(2), the situation is much
different; C changes very little, about 2%. Presumably,
the large logs containing the strange quark mass contribute
to the LO term in this case, and the remaining effect of the
light logs is not as important. The higher order terms
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FIG. 10 (color online). The LO and NLO in finite-volume
SU(2) chiral perturbation theory contributions to the EM meson
mass splitting. The dashed line corresponds to the finite-volume
fit result. The data points shown are for charged mesons with
q1 ¼ 2=3 and q3 ¼ �1=3. The lower horizontal line gives the
contribution of the lattice artifact e2�mres

ðq21 þ q23Þ while the

upper horizontal line gives the sum of this contribution and
Dashen’s term (in other words, their difference is just the LO
contribution). The solid line corresponds to the total LOþ
NLOþ e2�mres

ðq21 þ q23Þ contributions based on the fitted,

finite-volume LEC’s, but evaluated with the infinite volume
logarithms. The fit curves are evaluated for degenerate unitary
light quarks.
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change more, but without logs to affect their running, there
is not much sense in comparing the changes.

In Fig. 10 the LO and NLO contributions in finite-
volume SUð2ÞL � SUð2ÞR chiral perturbation theory for
the charged pion mass splittings are shown. At the values
of quark masses used in our calculation, after accounting
for the �mres

contribution, the NLO contributions are about

50–100% of the LO contribution. It is interesting to see
how md �mu is affected at the various orders in chiral
perturbation theory. Using the LEC’s determined in the full
SUð2ÞL � SUð2ÞR-plus-kaon fits, we find that the NLO
contributions increase md �mu by a bit less than 2%.

Taking all the above uncertainties due to fitting into
account, we estimate systematic errors of about four and
zero percent for the up and down, and strange quark
masses, respectively. These are collected in Table VIII.

B. Finite volume

The effect of finite volume on the measured charged-
meson splittings is large, as we have seen. In Fig. 11 the

difference between the measured 163 and 243 EM splittings
is about 15–20%. The LO LEC C changes dramatically, by
about a factor of 2, when the finite-volume corrections at
NLO are included in the chiral perturbation theory fits (see
Table V and Fig. 10). Besides the usual special functions
that replace the infinite volume logs, a large, negative
constant appears in the finite-volume formula, �3�q213=
4�L2 [10] with � � 2:837, which cancels against an en-
hanced value of C.
To estimate how reliable the NLO finite-volume correc-

tions are, one can use the LEC’s from the 243 fits to predict
the finite-volume shift in the 163 splitting. The fit and
prediction are shown in Fig. 11. First, the SU(2) fit agrees
well with the 243 results for mf 
 0:01 which is the quark

mass range used in the fit. For larger masses the fit deviates
significantly from the data and suggests that NLO chiral
perturbation theory is not reliable for these masses. Even
for mf ¼ 0:01, where we may trust NLO chiral perturba-

tion theory, the theory over-predicts the shift on the 163

lattice by about a factor of 2. The NLO LEC’s Y3 and Y5

also have large finite-volume shifts.
From Table VI the shifts in the kaon mass-squared

LEC’s are much smaller, especially the ones representing

the LO Dashen term (Að1;1Þ
K , Að2;1Þ

K , Aðs;1;1Þ
K , and Aðs;2Þ

K ).
Even though some of the LEC’s show large finite-

volume shifts, the ultimate shifts in the quark masses are
smaller. The largest, about 14%, occurs for the up quark
mass. The down quark mass is affected much less, about
3%, and the shift in the strange quark mass is negligible.
From the pure QCD calculations, we know the finite-

volume effects in the 243 meson masses are at about the 1%
level [15–17], and therefore the QED finite-volume cor-
rections dominate.
The finite-volume errors on the quark masses are sum-

marized in Table VIII.

C. Nonzero lattice spacing

Since our calculation has only been done at a single
lattice spacing, we cannot estimate the nonzero lattice
spacing errors directly. However, by now there is much
evidence that these Oða2 þmresaÞ discretization errors are

TABLE VIII. Summary of quark mass systematic errors. Central values quoted from the finite-volume, SU(2), chiral perturbation
theory fit. Masses given in MeV. The quark mass renormalization error comes from the nonperturbative QCD result [17] plus a 1%
error from QED, added in quadrature. Systematic errors are given as a percent (%). The algebraic sign of each change comes from the
difference (quantity under change)—(central value).

Value (stat. error) Fit fv Lat. spacing QED quenching ms quenching Renorm

mu 2.24(10) þ4:02 þ13:50 4 2 . . . 2.8

md 4.65(15) þ3:55 �2:48 4 2 . . . 2.8

ms 97.6(2.9) þ0:23 þ0:07 4 2 2 2.8

md �mu 2.411(65) þ7:77 �17:35 4 2 . . . 2.8

mud 3.44(12) þ2:75 þ2:71 4 2 . . . 2.8

mu=md 0.4818(96) þ5:45 þ16:40 4 . . . . . .

ms=mud 28.31(29) þ2:91 �2:56 4 2 2 . . .
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FIG. 11. Finite-volume effect in the measured EM splittings.
All of the data points have q1 ¼ 2=3 and q3 ¼ �1=3. Circles
and squares correspond to 243 and 163 lattice sizes, respectively.
The solid line is from the finite-volume fit on 243 ensembles. The
dashed line is the theoretical prediction for 163 lattices based on
the LEC’s extracted from 243 finite-volume fit. The fit curves are
evaluated for degenerate unitary light quarks.
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small in pure DWF QCD, and they should largely cancel in
the splittings. Even assuming they do not cancel, there is no
reason to expect they are enhanced over the pure QCD
case. In the first QCD calculation using the 243 ensemble,
it was estimated that scaling errors were at about the 4%
level for low-energy quantities like the pion decay constant
and the kaon [7]. Since then, a new calculation at the
same physical volume but smaller lattice spacing has
shown this estimate was about right, or perhaps a bit
conservative [15–17]. Of course, here we are interested
only in the mass splittings. The pion and kaon masses are
fixed to their continuum values, so they have no scaling
errors. Instead, the lattice spacing errors enter in the LEC’s
and the physical quark masses. Therefore, we assign a
robust 4% scaling error to the quark masses, which will
be eliminated in upcoming calculations on the finer lattice
spacing ensemble [15–17]. This error also encompasses the
uncertainty in setting the lattice scale itself, which as
mentioned earlier differs by about 2� 3 percent from the
scale given in Ref. [7].

The nonzero lattice spacing errors on the quark masses
are summarized in Table VIII.

D. QED quenching

As mentioned our calculation is done in quenched QED
where the sea quarks are neutral. In chiral perturbation
theory, we have neglected terms of order Oð�emmseaÞ,
including logs. From a weak-coupling perturbation theory
perspective in QCDþ QED, we have neglected vacuum
polarization effects at order Oð�em�sÞ. For the pions,
the consequence is that the single (linear combination)
LEC Y1 cannot be determined. For the kaons there are
several LEC’s that cannot be determined [see Eq. (23)].
However, we do note that sea quark charge effects from the
logs can be included a posteriori in our determination of
the quark masses.

Since the LEC’s absorb changes of scale in the logs, one
way to estimate the effect of the missing LEC’s, or counter-
terms, is to mark the change in the quark masses when
these logs are included, or not. This leads to a negligible
change in the quark masses. From Table V, the other EM
LEC’s have magnitudes roughly in the range 0.01 to 0.001.
Setting Y1 at the high end, Y1 ¼ �0:01, the quark masses
again change very little. Of course, the LEC’s calculated
with qsea ¼ 0 will differ from those with qsea � 0, by
Oð�emÞ. This is higher order for all the LEC’s determined

here except C for the pions and Að1;1Þ
K , Að2;1Þ

K , Aðs;1;1Þ
K , and

Aðs;2Þ
K for the kaons. Taking all of the above into account, we

quote a conservative 2% systematic error in our quark mass
determination, stemming from the quenched approxima-
tion to QED.

Of course the above is only a rough estimate, so
presently we are investigating the use of so-called re-
weighting techniques to eliminate the quenching effects
[23–25,27,28,39]. Reweighting is simply the use of ratio(s)

of fermion determinants in observable averages in order to
include the desired dynamical-quark effects. The calcula-
tion of a determinant which is nonlocal in the fields is quite
expensive, so stochastic estimators must be used to make
the calculation tractable. Reweighting in the strange quark
mass to the a posteriori determined physical value has
proved quite useful and efficient in recent 2þ 1 flavor
simulations [15–17,26].

VI. QUARK MASSES

We use finite-volume SU(2) chiral perturbation theory
and the light quark mass range m 
 0:01 to obtain our
central values of the physical quark masses.
The physical strange quark mass is determined from the

kaon mass squared which is an implicit function of the bare
sea and valence strange quark masses, through its LEC’s
which are calculated for fixed valence strange quark
masses 0.02 and 0.03 and fixed sea strange quark mass
0.04. Assuming that the ms dependence is modest in this
region, the physical kaon mass squared is determined from
a linear extrapolation in the valence strange quark mass.
A similar procedure was carried out in [7] where three data
points in the range 0.02–0.04 showed the kaon mass
squared is well approximated by a linear function (it turns
out that the physical strange quark corresponds to about
0.035). Because we have only carried out calculations at a
single strange sea quark mass value of 0.04, the kaon mass
squared cannot be evaluated at the physical strange sea
quark mass. This partial quenching leads to a small system-
atic error that was conservatively estimated in [7] to be 2%
forms which we adopt here. It is added in quadrature to the
total systematic error for ms which appears below. The
systematic error on the light quark masses is about 0.7%
which is negligible compared to the other systematic
errors, so we ignore it.
The statistical errors come from fits underneath a stan-

dard jackknife analysis. The QCD LEC’s come from an
analysis of the extended RBC/UKQCD 243 ensembles; the
results are consistent with those in Ref. [7]. All of the fits
and corresponding LEC’s are analyzed under a super-
jackknife analysis so that statistical errors on all quantities,
from all ensembles, are included. The systematic errors
assigned have been discussed in this section. The mass-
independent quark mass renormalization factor is

ZMS
m ð� ¼ 2 GeVÞ ¼ 1:546ð2Þð43Þ; (31)

which is obtained via nonperturbative renormalization us-
ing the RI=SMOM��

scheme [17,40–44]. The second error

is systematic, including Oðð�aÞ2Þ, which will be removed
when we take the continuum limit in future work (the
Oð�emÞ QED correction to Zm is omitted). The final values
are

mu ¼ 2:24� 0:10� 0:34 MeV; (32)
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md ¼ 4:65� 0:15� 0:32 MeV; (33)

ms ¼ 97:6� 2:9� 5:5 MeV; (34)

md �mu ¼ 2:411� 0:065� 0:476 MeV; (35)

mud ¼ 3:44� 0:12� 0:22 MeV; (36)

mu=md ¼ 0:4818� 0:0096� 0:0860; (37)

ms=mud ¼ 28:31� 0:29� 1:77; (38)

where the first error is statistical, and the second is a total
systematic error, derived by adding the individual errors
summarized in Table VIII in quadrature. We remind the
reader that these central values are obtained from our
SU(2), finite-volume fits on the 243 ensembles.

We note that the up quark mass obtained here is different
from zero by more than 6 standard deviations, which seems
to rule out the mu ¼ 0 solution to the strong CP problem.
However, there is an extensive literature concerning this
scenario to which we refer the interested reader. For a
discussion of extracting the up quark mass by using chiral
perturbation theory, and its consequences, see [45–47]. The
possibility of instanton effects additively shifting the up
quark mass is discussed in many places [48–51]. In [52],
renormalization scheme dependence of the renormalized
quark mass was discussed in the context the isospin break-

ing. The effect vanishes in the (perturbative) MS scheme.
At this point, there seem to be no common consensus on if
there is any nonperturbative contribution, which is related
to the aforementioned instanton effects, and how large it
might be. Our results are potentially susceptible to this
uncertainty, as are all other quark masses renormalized in a
perturbative scheme.

VII. MESON MASS SPLITTINGS

In Table V we give the contribution to the charged pion
mass splitting in the chiral limit, or Dashen’s term.
The physical splitting, given in Eq. (1), is 4.5936
(5) MeV. The SU(3) fit gives a very small value, about
half an MeV. The finite-volume fit dramatically increases
the value, but it is less than half the physical value. The
SU(2) fit gives a bigger value still, and after including
finite-volume corrections, it gives the LO EM correction
to the pion mass difference ðm�� �m�0ÞQED ¼
3:38ð23Þ MeV. Coincidentally, this is about the same value
obtained from the linear fit, 3.22(25) MeV. The value of
m2

�� in the chiral limit, which comes from the LO EM

correction is 929ð64Þ MeV2 and is similar to the values,
using a sum rule and lattice-computed vector and axial-
vector correlation functions in pure QCD, reported in
[53,54]. Our value for ðm�� �m�0ÞQED is roughly consis-

tent with, but two statistical standard deviations smaller

than, the value from phenomenology and SU(3) chiral
perturbation theory reported in [11], 3.7 MeV.
The above suggests that NLO contributions at the physi-

cal quark masses may be as large as 25% of the total pion
mass difference, m�þ �m�0 . Away from the chiral limit,
there are corrections to m�0 that we have not computed in
the lattice calculation (disconnected diagrams), nor in
chiral perturbation theory (logs). However, we can esti-
mate some of them by evaluating Eq. (20) for mu ¼ md ¼
mud, q1 ¼ q3 ¼ qu and averaging it with the case for q1 ¼
q3 ¼ qd

�M 2ðq1; q3;m1Þ � 1
2fM2ðm1; q1; m1; q1Þ
þM2ðm1; q3; m1; q3Þg: (39)

This form can be inferred for the �0 made with degenerate
light valence quarks (m3 ¼ m1) in our current study in
which only the connected valence quark diagram is com-
puted and QED is quenched. We focus on the one-particle
irreducible two-point function ��0ðp2Þ of �0, and pick out
the part depending on the valence EM charges induced
from the connected diagram. ��0ðp2Þ can be divided into a
pure QCD part �QCD

�0 ðp2Þ and a QED correction �QED

�0 ðp2Þ
at order e2,

��0ðp2Þ ¼ �QCD
� ðp2Þ þ �QED

�0 ðp2Þ; (40)

�QCD
� ðp2Þ ¼

�
1ffiffiffi
2

p
�
2
trðð
3Þ2ÞAQCDðp2Þ ¼ AQCDðp2Þ; (41)

�QED

�0 ðp2Þ ¼
�
1ffiffiffi
2

p
�
2
trð
3Q
3QÞD1ðp2Þ þ 2

�
�
1ffiffiffi
2

p
�
2
trðð
3Þ2Q2ÞD2ðp2Þ

¼ 1

2
ðq21 þ q23ÞD1ðp2Þ þ ðq21 þ q23ÞD2ðp2Þ; (42)

where 
a (a ¼ 1, 2, 3) denote the Pauli matrices and
Q ¼ diagðq1; q3Þ. In Eq. (42), the first term originates
from the Feynman diagram in which a virtual photon is
exchanged between two valence quark lines, while a pho-
ton propagates on the same valence quark lines and induces
the second term. Because the functions D1;2ðp2Þ are given
by QCD dynamics weighted by the photon propagator, the
self-energy ��þðp2Þ of the charged pion is also expressed
in terms of these functions

��þðp2Þ ¼ �QCD
� ðp2Þ þ �QED

�þ ðp2Þ; (43)

�QED
�þ ðp2Þ ¼ trð
þQ
�QÞD1ðp2Þ

þ trðð
þ
� þ 
�
þÞQ2ÞD2ðp2Þ
¼ q1q3D1ðp2Þ þ ðq21 þ q23ÞD2ðp2Þ: (44)

From Eqs. (40)–(44), the charge dependence of m2
�0 and

m2
�þ ¼ M2ðm1; q1; m1; q3Þ, to the order relevant to us, is

found as
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M2ðm1; q1; m1; q3Þ ¼ K þ q1q3F1 þ ðq21 þ q23ÞF2;

m2
�0 ¼ K þ 1

2ðq21 þ q23ÞF1 þ ðq21 þ q23ÞF2

¼ �M2ðq1; q3;m1Þ; (45)

where K denotes the QCD part to NLO of chiral perturba-
tion, and F1;2 the Oðe2Þ and Oðe2mlÞ part. The chiral

symmetry as well as QED gauge invariance should
give F1jm1¼0 ¼ �2F2jm1¼0 to reproduce the EM charge

dependence ðq1 � q3Þ2 of the LO EM correction to m2
�þ .

Using Eq. (39) for m2
�0 , we find the LOþ NLO EM pion

mass difference at the physical point to be m�þ �m�0 ¼
4:50ð23Þ MeV. Phenomenology predicts that a small part
of the total NLO correction is due to mu �md � 0, 0.17
(3) MeV [55] and 0.32(20) MeV [56].

For the kaons, the pure EM mass difference is mKþ �
mK0 ¼ 1:87ð10Þ MeV, while the contribution from mu �
md � 0 is �5:840ð96Þ MeV. Here, of course, the result
includes all NLO corrections, and LEC’s from the
finite-volume fit are used. These values are obtained by
taking the SU(2) formula for the kaon mass squared
M2

Kðm1; q1; m3; q3Þ, Eq. (23)
M2

Kðmu;
2
3; ms;�1

3Þ �M2
Kðmd;�1

3; ms;�1
3Þ

¼ �ðEMÞM2
K þ�ðmu�mdÞM2

K þOðe2ðmu �mdÞÞ; (46)

where the contributions to the mass-squared splitting are
defined as

�ðEMÞM2
K ¼ M2

Kðmud;
2
3; mud;�1

3Þ
�M2

Kðmud;�1
3; mud;�1

3Þ; (47)

�ðmu�mdÞM2
K ¼ M2

Kðmu; 0; ms; 0Þ
�M2

Kðmd; 0; ms; 0Þ: (48)

�ðEMÞ=ðmu�mdÞM2
K=ðMK0 þMK�Þ are quoted above. So out

of a physical mass-squared splitting ðMK0Þ2 � ðMK�Þ2 ¼
3902:7 MeV2, about�47ð2Þ% is �ðEMÞM2

K andþ148ð2Þ%
is �ðmu�mdÞM2

K.
The breaking of Dashen’s theorem can also be parame-

trized by �E [57],

�E ¼ M2
Kðm1; q1; m3; q3Þ �M2

Kðm1; q3; m3; q3Þ
M2ðm1; q1; m1; q3Þ �M2ðm1; q3; m1; q3Þ

� 1;

(49)

where m1 is the light quark mass and m3 is the strange.
M2ðm1; q3; m1; q3Þ is used here to represent m2

�0 ; no sig-

nificant change of �E is observed in our numerical study
even when the average (39) is adopted for m2

�0 in place of

M2ðm1; q3; m1; q3Þ. In the SU(3) chiral limit �E ¼ 0 since
the LO Dashen terms are the same in the numerator and
denominator. If the strange quark mass is fixed to its
physical value, then it does not vanish, and can be much
larger than zero, even in the light quark chiral limit. Notice

that�E vanishes trivially in both SU(2) and SU(3) theories
when m1 ! m3.
We show �E for our data in Fig. 12 where the artifact

�mres
ðq2i þ q2j Þ has been subtracted for each value of the

meson mass squared. In the upper panel, fit results are
shown for SU(3). The fit evaluated at the simulated mass
points does a reasonable job of reproducing the data,
though as m3 increases differences emerge. This is not
surprising since only m1, m3 
 0:01 points were used in
the fit, and including larger values yielded significantly
poorer fits. More troublesome is the light quark extrapola-
tion which yields a large value of �E at the physical point,
which can be understood from two primary causes. First,
the numerator is quite large since m3 is evaluated at the
physical strange quark mass, leading to a large Oð�mÞ
correction to the charged kaon mass squared. Second, the
denominator becomes quite small because the LO Dashen
term is quite small in the SU(3) fit (compared to NLO
terms). Both facts, of course, signal a breakdown in SU(3)
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FIG. 12 (color online). Breaking of Dashen’s theorem for the
quenched QED case. The unphysical contribution �mres

ðq21 þ q23Þ
has been subtracted from the data. Data for two values of the
strange quark, 0.02 and 0.03, are shown. The curves correspond
to the SU(3) fits (upper panel) and SU(2) fits (lower panel). The
cyan bands denote the infinite volume extrapolations with 1
standard deviation statistical errors, using the LEC’s extracted
from the finite-volume fits; the sea and strange quark masses are
fixed at their physical values.
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chiral perturbation theory which renders the SU(3) �E
unreliable. As noted in [11], the sea quark charge LEC’s
drop out of �E, and only known logarithms remain.
Adding these to the (cyan) physical curve in Fig. 12
changes it only slightly.

In the lower panel of Fig. 12 we show analogous results
for the SU(2) fits. While the SU(2) fits are more reliable
since the LO contribution is larger compared to NLO, the
latter corrections are still large (recall Fig. 10). As ex-
pected, the fit agrees better with the data points for larger
values of m1, but the extrapolated value at the physical
point and infinite volume is still much larger than the data
points. We find in quenched QED that �E ¼ 0:628ð59Þ
where the error is statistical only. This is much larger than
the value reported in our previous two-flavor paper [2] and
not much smaller than phenomenology and SU(3) chiral
perturbation theory [11]. The main difference is that here
we use full NLO chiral perturbation theory with finite-
volume corrections while in [2] only simple analytic fits
were used. To properly address these large corrections, one
needs to simulate with larger volumes and smaller quark
masses, a project that is now underway.

Perhaps more useful for other pure QCD simulations are
the ‘‘physical’’ values ofm� andmK in pure QCD deduced
from our SU(2) fits with mu ¼ md ¼ mud:

mðQCDÞ
� ¼ 134:98ð23Þ MeV; (50)

mðQCDÞ
K ¼ 494:521ð58Þ MeV: (51)

The small statistical errors result because the physical pion
and kaon meson masses were used to determine the physi-
cal quark masses from our fit.

Finally, based on the quark masses in Eqs. (32)–(34) and
(36), we examine the ratio introduced in Ref. [58],

�quark mass � md �mu

ms �mud

2mud

ms þmud

; (52)

which is equal to

�meson �
ðM2

K0 �M2
K�ÞQCD

M2
K �M2

�

M2
�

M2
K

; (53)

¼ M2
Kðmd; 0; ms; 0Þ �M2

Kðmu; 0; ms; 0Þ
M2

Kðms; 0; mud; 0Þ �M2ðmud;0; mud; 0Þ

� M2ðmud; 0; mud; 0Þ
M2

Kðms; 0; mud; 0Þ
; (54)

up to NNLO in SU(3) ChPT [55]. For SU(3) we obtain

�quark mass ¼ 0:002 01ð3Þ; (55)

�meson ¼ 0:002 01ð3Þ; (56)

while for SU(2),

�quark mass ¼ 0:001 76ð4Þ; (57)

�meson ¼ 0:001 91ð3Þ; (58)

where the errors are statistical only. For SU(3) the values
are quite consistent with each other, while for SU(2) there
is a small difference. In [58], � extracted from � !
�0�þ�� decays is 0.0019(3) while the Oðp6Þ analysis in
[56] gives � ¼ 0:002 60 at ms=mud ¼ 24.

VIII. ISOSPIN BREAKING EFFECTS
ON THE KAON DECAY CONSTANT

In our results the up quark mass is about 35% smaller
than average of the up and down quark masses, mud. In
principle, this isospin breaking effect may cause visible
effects on phenomenologically important quantities when
they are measured with sufficient accuracy. As we saw in
the previous section, a major part of the Kaon mass split-
ting comes from the quark mass difference, mu �md.
Here we examine isospin breaking effects on the Kaon

decay constant, fK. By combining the experimental decay
widths, �ðK ! ��ð�ÞÞ and �ð� ! ��ð�ÞÞ, and f� and
fK, one can extract the corresponding ratio of Cabibbo-
Kobayashi-Maskawa matrix elements [59]. In the latest
global analysis by the FlaviaNet Working Group on Kaon

Decays [60], fKf�
j Vus

Vud
j is obtained from experimental results

with an accuracy of 0.2%. The ratio of the decay constants
used are from their world average of lattice QCD simula-
tions, and is

fK
f�

¼ 1:193ð5Þ ½0:4%�: (59)

We address a question: how far does the value of fK shift
when the light quark mass in the Kaon is changed frommud

to mu? Some lattice determinations of fK use mud as the
light quark mass while the experiments measure decays of
the charged Kaon to obtain fK� , which is made of an up
(and strange) quark. So it is relevant to know if the shift
fKðmudÞ � fKðmuÞ is comparable in size to the total error
on the ratio, 0.4%. We note the analyses of Vus=Vud in
[59,60] (see also [61]) correct for the QED effects of the
decay constants, and we only consider the decay constant
for e ¼ 0 but mu � md in this section.
In Fig. 13, fKðmxÞ obtained by the RBC/UKQCD

Collaboration [7] is plotted as a function of valence light
quark mass mx. The sea and valence strange quark masses
are fixed. The square points are from light sea quark mass
ml ¼ 0:01ð�40 MeVÞ while the circle data are for ml ¼
0:005ð�22 MeVÞ. The curves are from the partially
quenched SU(2) ChPT fits. The upper two curves denote
fKðmxÞ at fixed degenerate sea quark masses ml ¼ 0:01
(upper) and 0.005 (lower), while the doted curve is eval-
uated for unitary quark mass, mx ¼ ml. The lower three,
almost degenerate, curves are for ml ¼ 0:7mud, mud, and
1:3mud.
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The inset magnifies the region close to the physical
point. The filled square is fK for equal up and down quark
masses, ml ¼ mx ¼ mud. When the valence quark mass is
decreased to a 30% smaller value, 0:7�mud, fK decreases
by about 1%, if we simultaneously decrease the light sea
quark masses to 0:7�mud (empty square). This setting of
quark masses (empty square) underestimates the value of
fK in Nature, since the down sea quark mass is also
decreased to 0:7�mud for the empty square.4

The more accurate estimation of fK for nondegenerate
valence up and down quark masses is the empty circle,
where the degenerate sea quark mass is fixed to ml ¼ mud,
and only the valence quark mass is set to the lighter mass,
mx ¼ 0:7mud. We note that the nondegenerate quark mass
effect in the sea sector is suppressed by ðmu �mdÞ2, and
setting degenerate sea quark mass to ml ¼ mud is a good
approximation to estimate the fK shift due to the isospin
breaking in the up and down quark masses. Because of the
(accidental) decrease in the slope of fKðmxÞ around the
physical sea quark mass ml ¼ mud, the difference between
fKðmudÞ and fKð0:7�mudÞ is only about�0:2%, which is
nevertheless sizable compared to the total error of 0.4% in
the current world average of fK=f�.

A similar analysis was done in [57], where fKþ was
properly estimated at mx ¼ mu. An indirect error on fKþ

induced from (their) EM uncertainty in mu=md (� 19%)
was estimated to be�0:07%. So their shift of fK due to the
quark mass difference between mud and mu would be
roughly 0:07=0:19� ðmud=mu � 1Þ � 0:25% from their
value of mu=mud � 0:6. This shift is slightly larger than
our estimation, 0.2%, in part because mu=mud in [57] is
smaller than ours by about 10%.

IX. NUCLEON MASS SPLITTINGS

Isospin breaking also occurs in the nucleon system.
The proton is slightly lighter than the neutron, which
makes the proton a stable particle. In conjunction with
baryon PQ�PT, the lattice simulation helps us understand
the relation between the baryon masses and their quark
content [62].
In Nature, mp �mn ¼ �1:293 321ð4Þ MeV as deter-

mined by experiments, and it is explained by two mecha-
nisms. One is the EM interaction. The proton is a charged
particle, but the neutron is neutral, so the QED interaction
makes the proton heavier. The other is due to nondegener-
ate u, d quark masses. The valence quark content in the
proton and neutron is uud and udd, respectively. So the
proton is lighter than the neutron due to the fact that the d
quark is heavier than the u. Combining these two effects in
our lattice calculations, we can compute the p-n mass
splitting.
For nondegenerate quark masses, we study the splitting

using the pure QCD configurations. The nucleon mass in
two-flavor QCD is given by baryon PQ�PT, to NLO [62],

mp ¼ M0 þ 1
3ð5�þ 2�Þmu þ 1

3ð�þ 4�Þmd

þ 1
2ðmj þmlÞ; (60)

mn ¼ M0 þ 1
3ð�þ 4�Þmu þ 1

3ð5�þ 2�Þmd

þ 1
2ðmj þmlÞ; (61)

wheremu,md are the masses of the valence quarks andmj,

ml are the masses of the sea quarks. The mass difference
between the proton and the neutron is

ðmp �mnÞðmd�muÞ ¼ �1
3ð4�� 2�Þðmd �muÞ: (62)

We note only the sum of sea quark masses, mj þml,

appears in Eqs. (60) and (61) and the difference mj �ml

appears first at NNLO in any observable due to the sym-
metry under switching sea up quark to sea down quark. So
our degenerate sea up and down quark mass is enough to
extract the isospin breaking to NLO (We will ignore pos-
sible contributions of Oðe2ðmu �mdÞÞ).
Next, we test the EM induced mass splitting on QCDþ

QED configurations with unitary (and therefore degener-
ate) mass points. The lowest-order mass difference is
parametrized as

ðmp �mnÞQED ¼ �emðA0 þ A1mudÞ; (63)

where mud ¼ ðmu þmdÞ=2, and the dependence on �em is
made explicit to remind ourselves that the splitting van-
ishes in the absence of QED.
All of the above LEC’s here can be extracted from fits to

lattice data.
We first extract the nucleon masses from the two-point

correlation function. The correlation function measured on

FIG. 13 (color online). Kaon decay constant in pure QCD [7]
computed from the same ensembles as used in this work. The
valence strange quark mass is fixed to 0.03 and the sea strange
quark mass is 0.04.

4We thank C. Sachrajda for pointing this out.
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the lattice with antiperiodic boundary condition in time has
the form [63]:

GðtÞ ¼ ð1þ �4ÞABþe�MBþ t � ð1� �4ÞABþe�MBþðNt�tÞ

þ ð1þ �4ÞAB�e�MB�ðNt�tÞ � ð1� �4ÞAB�e�MB� t;

(64)

where Bþ represents the nucleon state which has positive
parity and B� represents the excited state of the nucleon
which has negative parity. Nt is the time size of the lattice.
Since the mass of the excited state is much heavier than the
ground state, we neglect its contribution. The nucleon and
antinucleon terms left in the correlation function are picked
up by multiplying GðtÞ by the projection operator 1� �4

and taking the trace. Then we average these two terms by
taking t ! Nt � t for the antinucleon to improve the sta-
tistics of our measurements. The �e trick is also used
when QED configurations are included. Finally the nu-
cleon masses are extracted from single state fits to point-
sink correlation functions as

GðtÞ ¼ Ae�Mt; (65)

whereM is the ground state nucleon mass, and Ameasures
the overlap between the nucleon state and the nucleon
interpolation operator.

Initially, nucleon correlation functions were computed
from the same wall source propagators used for the meson
splitting analysis. However, on the 243 ensembles these
exhibited poor plateaus and had poor signals for the EM
neutron-proton mass difference. We then switched to box
sources (of size 163), which gave much better plateaus and
signals, but only on the unitary points because of the
additional computational cost. Thus, for the 163 and 243

QCD configurations the masses come from wall source
correlation functions while for the 243 QCDþ QED con-
figurations, the masses are from box source correlation
functions. The configuration information of the additional
measurements is listed in Table IX. Figure 14 shows rep-
resentative plateaus for the sea quark mass 0.005 ensemble.

The nucleon masses are listed in Tables XVII and XVIII.
They come from a standard �2 minimization with corre-
lated fit, and the error on the mass is from the standard
jackknife method. The results in Table XVII for the unitary
masses and nonzero �em on the 243 ensembles are consis-
tent with the pure QCD results obtained on the same

ensembles reported in Refs. [7,17], except for the ml ¼
0:005 case. The proton and neutron masses are about 3
standard deviations smaller than in the pure QCD case, or
roughly 3%. It is of interest to further investigate how large
the EM effect is on the nucleon masses themselves, as well
as on the mass difference. Of course, in Nature there is no
way to measure the nucleon mass due to QCD alone.
Figure 15 shows the mass difference between the proton

and neutron due to the QED interaction for the unitary
points. If there is no QED interaction and mu ¼ md, then
mn ¼ mp, which is the result of isospin symmetry. When

the QED interaction is included, the proton is heavier than
the neutron, and the mass difference decreases with quark
mass as observed in Fig. 15. The 243 result is larger
than the 163 result, once again signaling finite-volume
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FIG. 14. Proton effective masses, 243 lattice size, ml ¼ 0:005.
The upper panel is for the unitary point and box source. The
lower panel is for a nondegenerate case and wall source.

TABLE IX. Summary of additional configurations used for the box source nucleon calculation on the 243 lattices. QCD gauge
configurations generated by the RBC and UKQCD collaborations [7,17,30]. � is the separation between measurements in molecular
dynamics time units. The Iwasaki gauge coupling is � ¼ 2:13.

Lat msea mval Trajectories � Nmeas tsrc

243 0.005 0.005 900–8000 20 355 0

243 0.01 0.01 1460–8540 40 534 0, 16, 32

243 0.02 0.02 1800–3560 20 534 0, 8, 16, 24, 32, 48

243 0.03 0.03 1260–3020 20 534 0, 8, 16, 24, 32, 48
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corrections. This simulation is on the unitary points, but
mu � md in nature. When we extrapolate ðmp �mnÞQED to

the physical point, we use the average light quark mass
mud, as determined in the previous section. Finally, we find
that ðmp �mnÞQED is about 0.4 MeV (see Table X). From

Fig. 15 there is a visible flattening of the splitting at the
lightest quark mass for the 243 lattice size. Using only the
lightest two quark masses in the extrapolation, we obtain
ðmp �mnÞQED ¼ 0:63ð23Þ MeV. The difference between

the two results is used to estimate the systematic error in
the chiral extrapolation.

Since the photon is not confined, the EM proton-neutron
mass difference could suffer from a large finite-volume
effect. In order to estimate this artifact, we use the
Cottingham formula [9,64],

�mele ¼ 2��m
1

L3

X
q�0

GEðqÞ2
jqj 	

�
2

q2 þ 4m2

þ 1

2m2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4m2

q2

s
� 1

��
; (66)

�mmag ¼ � ��

2m3

1

L3

X
q�0

jqjGMðqÞ2 	
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4m2

q2

s
� 1

� 1

2

1

1þ q2=4m2

�
; (67)

where �mele (�mmag) is the electric (magnetic) contribu-

tion to the nucleon mass m. We evaluate the above
formulae at the physical point, using the dipole form for
the nucleon electromagnetic form factors, Gp

EðQ2Þ ¼
Gp

MðQ2Þ=�p ¼ Gn
MðQ2Þ=�n ¼ GDðQ2Þ, where �pð�nÞ,

are proton (neutron) magnetic moment, and GDðQ2Þ ¼
1=ð1þQ2=�2Þ2 with �2 ¼ 0:71 GeV2. For Gn

EðQ2Þ, we
use the Galster parametrization ofGn

EðQ2Þ ¼ AQ2=ð4m2 þ
BQ2Þ 	 GDðQ2Þ with A ¼ 1:70, B ¼ 3:30 [65]. We obtain

ðmp �mnÞðCott:ÞQED ¼ 0:04 MeV for 163 volume, and ðmp �
mnÞðCott:ÞQED ¼ 0:16 MeV for 243 volume. Since the formula

yields ðmp �mnÞðCott:ÞQED ¼ 0:77 MeV for the infinite volume

limit, the finite-volume artifact corresponds to an under-
estimate of 0.73 MeV and 0.61 MeV for 163 and 243,
respectively. The tendency for the larger volume to corre-
spond to larger ðmp �mnÞQED is qualitatively consistent

with the lattice results presented here.
Next we compute the mass splitting due to nondegener-

ate u and d quark masses, which is expected to switch the
sign of the mass difference, in accord with Nature.
Figure 16 shows the fit of the proton and neutron mass
difference due to nondegenerate u, d quark masses com-
puted on the QCD configurations. The LEC’s and values of
the splitting at the physical point are summarized in
Table XI. Figure 16 confirms that ðmp �mnÞðmd�muÞ is

proportional to md �mu, which is predicted by baryon
PQ�PT [Eq. (62)]. The slope is extracted and the physical
ðmp �mnÞðmd�muÞ is estimated by setting md �mu to its

physical value, again as determined in the previous section.
Our result is in good agreement with the one in Ref. [62].
The quark mass dependence of mp �mn is simple in

baryon chiral perturbation theory [62] to NLO in pure
QCD, as seen in Eq. (60). The leading quark mass depen-
dence for the EM splitting is unknown, so we assume that it
is linear, and at this stage the measured values likely cannot
be used to discern a more complicated form anyway. In
contrast, chiral perturbation theory for the nucleon mass
itself predicts several nonanalytic terms at NLO, and the
careful extrapolation to the physical point is an important
topic of current calculations. Because we have few data
points, and our quark masses are relatively heavy, we do
not attempt such an extrapolation here.
Combining the contributions from the EM inter-

action and nondegenerate u, d quark masses, we give the
physicalp-nmass splitting.We findmp �mn ¼ �1:93ð12Þ
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FIG. 15. The proton-neutron mass difference due to the QED
interaction computed for unitary points. 243 (circle) and 163

(square) lattice sizes. The solid (dashed) line corresponds to a
linear fit to the 243 (163) data points.

TABLE X. Proton and neutron mass difference due to the QED interaction. The LEC’s are
extracted from the nucleon data on the unitary points. ðmp �mnÞQED is given at the physical

quark mass mud determined in this work.

Lattice size 102A0 A1 �2=dof ðmp �mnÞQEDðMeVÞ
163 2.42(95) 1.26(38) 0.002(96) 0.33(11)

243 2.72(55) 1.80(22) 0.7(1.2) 0.383(68)
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and �2:13ð16Þ MeV, for 163 and 243 lattice sizes, res-
pectively, which is larger than the experimental result
(� 1:293 321ð4Þ MeV), but remarkablegiven that compared
to the mass itself, the splitting is a 0.1% effect in Nature. The
errors above are statistical only, and their small size is due to
the facts that the difference is calculated on exactly the same
configurations and with the�e averaging trick.

To estimate the systematic error on the EM splitting
from the chiral extrapolation we take the difference be-
tween the extrapolation using all of the data points (on the
243 lattice) and the lightest two mass points, or roughly
0.3 MeV. The finite-volume effects, while quite noticeable
at the simulated quark masses, are smaller in the quark
mass extrapolated result. To roughly estimate the finite-
volume effect, we consider the difference in the 163 and
243 results which is about 0.05 MeV when all of the data
are used in the fits, and roughly 0.3 MeV if only the lightest
points on the 243 lattice are used. In light of the much

larger artifact predicted by the Cottingham formula, we
take the more conservative estimate of 0.3 MeV. The finite-
volume error on the pure QCD splitting appears to be under
better control, and we simply take the difference of the two
as an additional finite-volume effect, or �0:25 MeV. The
QCD splitting depends somewhat strongly on the value of
mu �md, and given the�20% uncertainty in this quantity,
we estimate the systematic error due to the extrapolation by
varying mu �md over this range. This yields roughly a
0.5 MeV uncertainty. Adding all of these errors in quad-
rature, we find mp �mn ¼ �2:13ð16Þð70Þ MeV. The re-

sult and errors are summarized in Table XII. Clearly further
calculations are needed, at smaller quark masses to im-
prove the extrapolation, with a different lattice spacing to
take the continuum limit, and on a larger volume to im-
prove the infinite volume extrapolation.

X. CONCLUSION

In this paper we have investigated the EM mass split-
tings of the low-lying hadrons from first principles in the
framework of lattice QCDþ QED. Our simulations were
based on the 2þ 1 flavor DWF QCD configurations gen-
erated by the RBC and UKQCD collaborations and
quenched, noncompact, QED configurations generated by
us. The mass splittings could be determined with very high
statistical accuracy since the QCD part of the fluctuations
in the hadron masses largely cancels in the splittings. The
precision is further enhanced by applying our �e trick
[2,34] to cancel OðeÞ noise on each configuration, before
averaging over the QCD ensemble. The statistical errors on
the pseudoscalar splittings are at an impressive sub-one-
percent level, as are the errors on the masses themselves.
The explicit chiral symmetry breaking induced by the

finite extra fifth dimension of DWF was studied in detail
and shown to be under good control. This is important
because the leading Oð�emmresÞ effect is comparable in
size to the physical effects under investigation.
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FIG. 16. The proton-neutron mass difference formu �md � 0
and e ¼ 0. The solid (dashed) line corresponds to a linear fit to
the 243 (163) data points, shown by circles (squares).

TABLE XI. Proton-neutron mass difference due to nondegenerate u, d quark masses, com-
puted on QCD configurations only. ðmp �mnÞðmd�muÞ is calculated at the physical value of

ðmd �muÞ determined in this work.

Lattice size � 1
3 ð4�� 2�Þ �2=dof ðmp �mnÞðmd�muÞðMeVÞ

163 �1:452ð45Þ 1.1(1.2) �2:265ð70Þ
243 �1:612ð92Þ 0.06(24) �2:51ð14Þ

TABLE XII. Estimated result of the proton-neutron mass difference in Nature (systematic
errors as described in the text).

Lattice size mp �mnðMeVÞ Fit error (MeV) Finite vol. error (MeV)

163 �1:93ð12Þ . . . . . .
243 �2:13ð16Þ 0.58 0.39
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We fit the pseudoscalar meson mass-squared splittings to
the theoretical predictions of partially quenched chiral
perturbation theory, including photons, to extract the EM
low-energy constants of the effective theory, up to NLO.
We presented new analytic results for the kaon mass
squared in Sec. II and in Appendix B. The fits were done
to both SUð3ÞL � SUð3ÞR and SUð2ÞL � SUð2ÞR-plus-kaon
theories, the latter being necessary to determine the strange
quark mass [7,14–19]. When using the finite-volume
PQ�PT formulas, we found that the NLO corrections
relative to LO are about 25% for the physical pion masses,
neglectingOð�2

emÞ terms in the�0 mass that come from the
axial anomaly (disconnected graphs) and are expected to
be small [11]. Simple linear fits also work as well as the
complicated NLO chiral perturbation theory ones, as has
been seen in the case of pure QCD [7,15–17]. Indeed, our
data do not show significant curvature, so while they do not
seem to require the presence of chiral logs from a theoreti-
cal point of view, they are consistent with them. The EM
splittings and LEC’s are significantly affected by the finite
volume of the lattice, as expected since the long range
interactions of the photons are not confined. For our
final values, we used the finite-volume formulas for the
chiral logs computed in Ref. [10]. The lattice-extracted,
SUð3ÞL � SUð3ÞR LEC’s were found to be somewhat in-
consistent with the result of the phenomenological analysis
in Ref. [11], although the latter were fit using an ad hoc set
of choices for the LEC’s. This may also be due to a lack of
convergence of SU(3) chiral perturbation theory in the
range of quark masses used here, or finite-volume effects,
or both.

Themasses of the light quarkswere also determined from
our calculation. This is the first time EM interactions have
been included directly in the quarkmasses determined from
2þ 1flavor calculations.We employed the physicalmasses
of the ��, K0 and K� mesons as input to fix the quark
masses in PQ�PT. The SUð2ÞL � SUð2ÞR-plus-kaon theory
was used to quote our final values since the physical strange
quarkmass is outside the range of convergence ofSUð3ÞL �
SUð3ÞR chiral perturbation theory. They are given in Eqs.
(32)–(36), along with statistical and systematic errors. The
down-upmass difference and quark mass ratios are given in
Eqs. (35)–(38). These quark masses, up to EM effects, are
consistent with the pure QCD values given in Ref. [7],
which is not surprising since the pure QCD LEC’s were
taken from an identical analysis of extended ensembles of
configurations [17] used there. Concerning the solution of
the strongCP problem, it is of interest that our value for the
up quark mass is different from zero by many (� 6–7)
standard deviations.

The Dashen term, or LO EM contribution to the pion
mass difference is ðm�� �m�0ÞQED ¼ 3:38ð23Þ MeV in

our calculation, coming from the SU(2) chiral perturbation
theory, finite-volume-corrected fit, which is our most reli-
able one. The error is statistical only. However, the value
from the linear chiral fit agrees within errors. It is also
consistent with the values of m2

�� in the chiral limit re-

cently reported in [53,54], but somewhat smaller than the
value from phenomenology and SU(3) chiral perturbation
theory [11] and the value we reported for two-flavor QCD
in Ref. [2]. This suggests that NLO contributions at the
physical quark masses may be as large as 25% of the total
pion mass difference, and approximating the �0 mass from
the LEC’s computed here, we find the LOþ NLO EM
contribution at the physical point is m�þ �m�0 ¼
4:50ð23Þ MeV. Phenomenology predicts that a small part
of the NLO correction is due to mu �md � 0, 0.17
(3) MeV [55] and 0.32(20) MeV [56]. Similarly, we find
for the kaons that the pure EM mass difference is ðmK� �
mK0ÞQED ¼ 1:87ð10Þ MeV, while the contribution from

mu �md � 0 is �5:840ð96Þ MeV. While these values
are interesting, there is still systematic uncertainty in
them which can only be removed by calculations with
lighter quark masses and larger volumes.
Finally, we also computed the proton-neutron mass

difference, again for the first time in 2þ 1 flavor
QCDþ QED. Our result is somewhat bigger than the
experimental one, but encouraging. We found mp �mn ¼
0:383ð68Þ MeV for the EM mass splitting, and
�2:51ð14Þ MeV from mu � md, both on the larger lattice
(errors are statistical). Part of the systematic error, stem-
ming mainly from finite volume and chiral extrapolations
of the splittings, was estimated. The total splitting was
found to be mp �mn ¼ �2:13ð16Þð70Þ MeV, where the

first error is statistical and the second, part of the system-
atic error. The central value is from the 243 lattice; we have
not attempted either continuum limit or infinite volume
extrapolations. The sign and relative size of the EM effect
compared to the md �mu mass difference effect is as
expected.
In this work, quenched QED configurations were used to

account for the EM interactions of the valence quarks, i.e.,
the sea quarks were neutral in our calculation. The system-
atic error due to this approximation can be removed by the
reweighing method [23,25]. We are now undertaking such
a study. In similar spirit to the most recent RBC/UKQCD
pure QCD calculation [15–17] on a finer lattice ensemble,
a � 0:086 fm, the analysis presented here is being repli-
cated on those ensembles in order to take the continuum
limit. Similarly, calculations on a third set of ensembles
being generated by the RBC and UKQCD collaborations
are ongoing, with a new modified Iwasaki gauge action
[66], to better explore the chiral regime.
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TABLE XIII. Summary of pseudoscalar meson masses obtained from fits to the pseudoscalar two-point correlation functions on the
163 QCDþ QED lattice configurations. Fit range is 9 
 t 
 Nt=2 in each case. msea is the mass of the light quark in the sea sector. m1

and m3 are the masses of the valence quarks. The mass of the strange sea quark is fixed at 0.04. ‘‘cov’’ and ‘‘uncov’’ refer to covariant
and uncovariant fits, respectively.

msea m1 m3 q1ð13Þ q3ð13Þ M (cov) �2=dof (cov) M (uncov) �2=dof (uncov)

0.010 0.010 0.010 0 1 0.2430(14) 1.21(89) 0.2420(16) 0.02(4)

0.010 0.010 0.020 0 1 0.2837(13) 1.39(96) 0.2828(15) 0.03(5)

0.010 0.010 0.030 0 1 0.3196(12) 1.50(99) 0.3188(14) 0.04(6)

0.010 0.010 0.010 0 0 0.2427(14) 1.21(89) 0.2417(16) 0.02(4)

0.010 0.020 0.020 0 1 0.3193(12) 1.55(1.01) 0.3185(13) 0.04(6)

0.010 0.020 0.030 0 1 0.3518(11) 1.62(1.03) 0.3510(12) 0.04(6)

0.010 0.030 0.030 0 1 0.3817(11) 1.65(1.05) 0.3809(11) 0.04(6)

0.010 0.010 0.020 0 0 0.2834(13) 1.39(96) 0.2825(15) 0.03(5)

0.010 0.010 0.020 1 0 0.2836(13) 1.39(96) 0.2827(15) 0.03(5)

0.010 0.010 0.030 1 0 0.3196(12) 1.50(99) 0.3187(14) 0.04(6)

0.010 0.020 0.030 1 0 0.3518(11) 1.62(1.03) 0.3509(12) 0.04(6)

0.010 0.010 0.010 1 1 0.2430(14) 1.22(89) 0.2420(16) 0.02(4)

0.010 0.010 0.020 1 1 0.2838(13) 1.39(96) 0.2828(15) 0.03(5)

0.010 0.010 0.030 1 1 0.3197(12) 1.50(99) 0.3188(14) 0.03(6)

0.010 0.020 0.020 1 1 0.3194(12) 1.55(1.01) 0.3186(13) 0.04(6)

0.010 0.020 0.030 1 1 0.3519(11) 1.62(1.04) 0.3510(12) 0.04(6)

0.010 0.010 0.030 0 0 0.3194(12) 1.50(99) 0.3185(14) 0.04(6)

0.010 0.030 0.030 1 1 0.3818(10) 1.66(1.05) 0.3810(11) 0.04(6)

0.010 0.010 0.010 1 �1 0.2434(14) 1.21(89) 0.2424(16) 0.02(4)

0.010 0.010 0.020 1 �1 0.2841(13) 1.39(96) 0.2832(15) 0.03(5)

0.010 0.010 0.030 1 �1 0.3200(12) 1.50(99) 0.3191(14) 0.04(6)

0.010 0.020 0.020 1 �1 0.3198(12) 1.55(1.01) 0.3189(13) 0.04(6)

0.010 0.020 0.030 1 �1 0.3522(11) 1.62(1.04) 0.3514(12) 0.04(6)

0.010 0.030 0.030 1 �1 0.3821(11) 1.66(1.05) 0.3813(11) 0.04(6)

0.010 0.020 0.020 0 0 0.3191(12) 1.55(1.01) 0.3182(13) 0.04(6)

0.010 0.020 0.030 0 0 0.3516(11) 1.62(1.03) 0.3507(12) 0.04(6)

0.010 0.030 0.030 0 0 0.3814(11) 1.65(1.04) 0.3806(11) 0.04(6)

0.010 0.010 0.020 �2 �1 0.2842(13) 1.40(96) 0.2833(15) 0.03(5)

0.010 0.020 0.010 2 1 0.2844(13) 1.40(96) 0.2835(15) 0.03(5)

0.010 0.010 0.030 �2 �1 0.3201(12) 1.51(1.00) 0.3192(14) 0.03(6)

0.010 0.030 0.010 2 1 0.3204(12) 1.51(1.00) 0.3195(14) 0.03(6)

0.010 0.020 0.020 � 2 �1 0.3200(12) 1.56(1.02) 0.3191(13) 0.04(6)
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msea m1 m3 q1ð13Þ q3ð13Þ M (cov) �2=dof (cov) M (uncov) �2=dof (uncov)

0.010 0.020 0.030 �2 �1 0.3524(11) 1.63(1.04) 0.3515(12) 0.04(6)

0.010 0.030 0.020 2 1 0.3525(11) 1.63(1.04) 0.3517(12) 0.04(6)

0.010 0.030 0.030 �2 �1 0.3823(10) 1.66(1.05) 0.3815(11) 0.04(6)

0.010 0.010 0.010 2 0 0.2437(14) 1.22(89) 0.2427(16) 0.02(4)

0.010 0.010 0.020 2 0 0.2843(13) 1.40(96) 0.2834(15) 0.03(5)

0.010 0.010 0.030 2 0 0.3201(12) 1.50(1.00) 0.3193(14) 0.04(6)

0.010 0.020 0.020 2 0 0.3201(12) 1.56(1.01) 0.3192(13) 0.04(6)

0.010 0.020 0.030 2 0 0.3524(11) 1.63(1.04) 0.3516(12) 0.04(6)

0.010 0.030 0.030 2 0 0.3824(10) 1.66(1.05) 0.3816(11) 0.04(6)

0.010 0.010 0.010 2 1 0.2436(14) 1.22(90) 0.2426(16) 0.02(4)

0.010 0.010 0.010 2 �1 0.2443(14) 1.21(89) 0.2433(16) 0.02(4)

0.010 0.010 0.020 2 �1 0.2849(13) 1.39(96) 0.2840(15) 0.03(5)

0.010 0.020 0.010 2 �1 0.2851(13) 1.39(96) 0.2841(15) 0.03(5)

0.010 0.010 0.030 2 �1 0.3208(12) 1.50(1.00) 0.3199(14) 0.04(6)

0.010 0.030 0.010 2 �1 0.3210(12) 1.50(99) 0.3201(14) 0.04(6)

0.010 0.020 0.020 2 �1 0.3206(12) 1.56(1.01) 0.3198(13) 0.04(6)

0.010 0.020 0.030 2 �1 0.3530(11) 1.63(1.04) 0.3522(12) 0.04(6)

0.010 0.030 0.020 2 �1 0.3532(11) 1.63(1.04) 0.3523(12) 0.04(6)

0.010 0.030 0.030 2 �1 0.3830(11) 1.67(1.05) 0.3822(11) 0.04(6)

0.010 0.020 0.010 �2 0 0.2845(13) 1.39(96) 0.2836(15) 0.03(5)

0.010 0.030 0.010 �2 0 0.3205(12) 1.50(1.00) 0.3196(14) 0.03(6)

0.010 0.030 0.020 �2 0 0.3526(11) 1.63(1.04) 0.3518(12) 0.04(6)

0.010 0.010 0.010 �2 �2 0.2440(14) 1.23(90) 0.2430(16) 0.02(4)

0.010 0.010 0.020 �2 �2 0.2847(13) 1.41(96) 0.2838(14) 0.03(5)

0.010 0.010 0.030 �2 �2 0.3206(12) 1.52(1.00) 0.3197(14) 0.03(6)

0.010 0.020 0.020 �2 �2 0.3204(12) 1.57(1.02) 0.3195(13) 0.04(6)

0.010 0.020 0.030 �2 �2 0.3528(11) 1.64(1.04) 0.3520(12) 0.04(6)

0.010 0.030 0.030 �2 �2 0.3827(10) 1.67(1.05) 0.3819(11) 0.04(6)

0.010 0.010 0.010 �2 2 0.2454(14) 1.21(89) 0.2444(16) 0.02(4)

0.010 0.010 0.020 �2 2 0.2860(13) 1.39(96) 0.2851(15) 0.03(5)

0.010 0.010 0.030 �2 2 0.3219(12) 1.50(1.00) 0.3211(14) 0.04(6)

0.010 0.020 0.020 �2 2 0.3217(12) 1.56(1.02) 0.3208(13) 0.04(6)

0.010 0.020 0.030 �2 2 0.3542(11) 1.63(1.04) 0.3533(12) 0.04(6)

0.010 0.030 0.030 �2 2 0.3841(11) 1.67(1.05) 0.3833(11) 0.04(6)

0.020 0.010 0.010 0 1 0.2521(14) 1.07(84) 0.2528(15) 0.10(12)

0.020 0.010 0.020 0 1 0.2918(12) 1.02(82) 0.2923(13) 0.11(13)

0.020 0.010 0.030 0 1 0.3271(12) 0.94(79) 0.3274(12) 0.10(12)

0.020 0.010 0.010 0 0 0.2519(14) 1.07(84) 0.2525(15) 0.10(12)

0.020 0.020 0.020 0 1 0.3267(11) 1.01(82) 0.3270(11) 0.11(12)

0.020 0.020 0.030 0 1 0.3587(10) 0.97(80) 0.3588(11) 0.09(11)

0.020 0.030 0.030 0 1 0.3881(10) 0.97(80) 0.3882(10) 0.07(9)

0.020 0.010 0.020 0 0 0.2916(12) 1.02(82) 0.2920(13) 0.11(13)

0.020 0.010 0.020 1 0 0.2918(12) 1.03(82) 0.2922(13) 0.11(13)

0.020 0.010 0.030 1 0 0.3270(12) 0.94(79) 0.3273(12) 0.10(12)

0.020 0.020 0.030 1 0 0.3586(10) 0.97(80) 0.3588(11) 0.09(11)

0.020 0.010 0.010 1 1 0.2522(14) 1.07(84) 0.2528(15) 0.10(12)

0.020 0.010 0.020 1 1 0.2919(12) 1.03(83) 0.2923(13) 0.11(13)

0.020 0.010 0.030 1 1 0.3271(12) 0.95(79) 0.3274(12) 0.10(12)

0.020 0.020 0.020 1 1 0.3268(11) 1.02(82) 0.3270(11) 0.11(12)

0.020 0.020 0.030 1 1 0.3587(10) 0.97(80) 0.3589(11) 0.09(11)

0.020 0.010 0.030 0 0 0.3268(12) 0.94(79) 0.3271(12) 0.10(12)

0.020 0.030 0.030 1 1 0.3882(10) 0.97(80) 0.3883(10) 0.07(9)

0.020 0.010 0.010 1 �1 0.2526(14) 1.07(84) 0.2532(15) 0.10(12)
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msea m1 m3 q1ð13Þ q3ð13Þ M (cov) �2=dof (cov) M (uncov) �2=dof (uncov)

0.020 0.010 0.020 1 �1 0.2922(12) 1.03(82) 0.2927(13) 0.11(13)

0.020 0.010 0.030 1 �1 0.3275(12) 0.95(79) 0.3277(12) 0.10(12)

0.020 0.020 0.020 1 �1 0.3271(11) 1.02(82) 0.3274(11) 0.11(12)

0.020 0.020 0.030 1 �1 0.3591(10) 0.97(80) 0.3592(11) 0.09(11)

0.020 0.030 0.030 1 �1 0.3885(10) 0.97(80) 0.3887(10) 0.07(9)

0.020 0.020 0.020 0 0 0.3265(11) 1.01(82) 0.3267(11) 0.11(12)

0.020 0.020 0.030 0 0 0.3584(10) 0.97(80) 0.3586(11) 0.09(11)

0.020 0.030 0.030 0 0 0.3879(10) 0.96(80) 0.3880(10) 0.07(9)

0.020 0.010 0.020 �2 �1 0.2924(12) 1.04(83) 0.2928(13) 0.12(13)

0.020 0.020 0.010 2 1 0.2925(12) 1.03(83) 0.2929(13) 0.12(13)

0.020 0.010 0.030 �2 �1 0.3275(12) 0.95(80) 0.3278(12) 0.10(12)

0.020 0.030 0.010 2 1 0.3278(12) 0.95(79) 0.3281(12) 0.10(12)

0.020 0.020 0.020 �2 �1 0.3273(11) 1.02(82) 0.3276(11) 0.11(12)

0.020 0.020 0.030 �2 �1 0.3592(10) 0.97(80) 0.3594(11) 0.09(11)

0.020 0.030 0.020 2 1 0.3593(10) 0.97(80) 0.3595(11) 0.09(11)

0.020 0.030 0.030 �2 �1 0.3887(10) 0.97(80) 0.3889(10) 0.07(9)

0.020 0.010 0.010 2 0 0.2529(14) 1.08(84) 0.2536(15) 0.10(12)

0.020 0.010 0.020 2 0 0.2925(12) 1.03(83) 0.2929(13) 0.12(13)

0.020 0.010 0.030 2 0 0.3276(12) 0.95(79) 0.3279(12) 0.10(12)

0.020 0.020 0.020 2 0 0.3275(11) 1.02(82) 0.3277(11) 0.11(12)

0.020 0.020 0.030 2 0 0.3593(10) 0.97(80) 0.3595(11) 0.09(11)

0.020 0.030 0.030 2 0 0.3889(10) 0.97(80) 0.3890(10) 0.07(9)

0.020 0.010 0.010 2 1 0.2528(14) 1.08(85) 0.2534(15) 0.10(12)

0.020 0.010 0.010 2 �1 0.2535(14) 1.08(84) 0.2542(15) 0.10(12)

0.020 0.010 0.020 2 �1 0.2931(12) 1.03(83) 0.2935(13) 0.12(13)

0.020 0.020 0.010 2 �1 0.2933(12) 1.03(83) 0.2937(13) 0.12(13)

0.020 0.010 0.030 2 �1 0.3283(12) 0.95(79) 0.3285(12) 0.10(12)

0.020 0.030 0.010 2 �1 0.3285(12) 0.95(79) 0.3288(12) 0.10(12)

0.020 0.020 0.020 2 �1 0.3281(11) 1.02(82) 0.3283(11) 0.11(12)

0.020 0.020 0.030 2 �1 0.3599(10) 0.97(80) 0.3601(11) 0.09(11)

0.020 0.030 0.020 2 �1 0.3600(10) 0.97(80) 0.3602(11) 0.09(11)

0.020 0.030 0.030 2 �1 0.3895(10) 0.97(80) 0.3896(10) 0.07(9)

0.020 0.020 0.010 �2 0 0.2927(12) 1.03(83) 0.2931(13) 0.12(13)

0.020 0.030 0.010 �2 0 0.3279(12) 0.95(79) 0.3282(12) 0.10(12)

0.020 0.030 0.020 �2 0 0.3595(10) 0.97(80) 0.3596(11) 0.09(11)

0.020 0.010 0.010 �2 �2 0.2531(14) 1.09(85) 0.2538(15) 0.10(12)

0.020 0.010 0.020 �2 �2 0.2928(12) 1.04(83) 0.2932(13) 0.12(13)

0.020 0.010 0.030 �2 �2 0.3280(11) 0.96(80) 0.3283(12) 0.10(12)

0.020 0.020 0.020 �2 �2 0.3277(11) 1.03(83) 0.3280(11) 0.11(12)

0.020 0.020 0.030 �2 �2 0.3596(10) 0.98(81) 0.3598(11) 0.09(11)

0.020 0.030 0.030 �2 �2 0.3891(10) 0.97(80) 0.3892(10) 0.07(9)

0.020 0.010 0.010 �2 2 0.2547(14) 1.08(85) 0.2554(15) 0.11(13)

0.020 0.010 0.020 �2 2 0.2943(12) 1.04(83) 0.2947(13) 0.12(13)

0.020 0.010 0.030 �2 2 0.3295(12) 0.96(80) 0.3297(12) 0.10(12)

0.020 0.020 0.020 �2 2 0.3292(11) 1.03(82) 0.3294(11) 0.11(12)

0.020 0.020 0.030 �2 2 0.3611(10) 0.98(81) 0.3613(11) 0.09(11)

0.020 0.030 0.030 �2 2 0.3906(10) 0.98(81) 0.3907(10) 0.07(9)

0.030 0.010 0.010 0 1 0.2505(15) 2.00(1.16) 0.2507(16) 0.16(12)

0.030 0.010 0.020 0 1 0.2901(13) 2.00(1.16) 0.2901(14) 0.12(10)

0.030 0.010 0.030 0 1 0.3256(12) 2.02(1.16) 0.3254(13) 0.10(9)

0.030 0.010 0.010 0 0 0.2503(15) 2.00(1.16) 0.2504(16) 0.16(12)

0.030 0.020 0.020 0 1 0.3249(12) 2.05(1.17) 0.3247(12) 0.10(9)

0.030 0.020 0.030 0 1 0.3570(11) 2.12(1.19) 0.3567(12) 0.09(8)
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msea m1 m3 q1ð13Þ q3ð13Þ M (cov) �2=dof (cov) M (uncov) �2=dof (uncov)

0.030 0.030 0.030 0 1 0.3865(10) 2.20(1.21) 0.3862(11) 0.09(7)

0.030 0.010 0.020 0 0 0.2899(13) 2.00(1.16) 0.2898(14) 0.12(10)

0.030 0.010 0.020 1 0 0.2901(13) 2.00(1.16) 0.2901(14) 0.12(10)

0.030 0.010 0.030 1 0 0.3255(12) 2.02(1.16) 0.3253(13) 0.10(9)

0.030 0.020 0.030 1 0 0.3569(11) 2.12(1.19) 0.3567(12) 0.09(8)

0.030 0.010 0.010 1 1 0.2506(15) 2.00(1.16) 0.2507(16) 0.16(12)

0.030 0.010 0.020 1 1 0.2902(13) 2.00(1.16) 0.2901(14) 0.12(10)

0.030 0.010 0.030 1 1 0.3256(12) 2.02(1.16) 0.3254(13) 0.10(9)

0.030 0.020 0.020 1 1 0.3249(12) 2.06(1.17) 0.3248(12) 0.10(9)

0.030 0.020 0.030 1 1 0.3570(11) 2.12(1.19) 0.3568(12) 0.09(8)

0.030 0.010 0.030 0 0 0.3253(12) 2.02(1.16) 0.3251(13) 0.10(9)

0.030 0.030 0.030 1 1 0.3866(10) 2.20(1.21) 0.3863(11) 0.09(7)

0.030 0.010 0.010 1 �1 0.2510(15) 2.00(1.16) 0.2511(16) 0.16(12)

0.030 0.010 0.020 1 �1 0.2905(13) 2.00(1.16) 0.2905(14) 0.12(10)

0.030 0.010 0.030 1 �1 0.3259(12) 2.02(1.16) 0.3258(13) 0.10(9)

0.030 0.020 0.020 1 �1 0.3253(12) 2.06(1.17) 0.3251(12) 0.10(9)

0.030 0.020 0.030 1 �1 0.3574(11) 2.12(1.19) 0.3571(12) 0.09(8)

0.030 0.030 0.030 1 �1 0.3870(10) 2.20(1.21) 0.3866(11) 0.09(7)

0.030 0.020 0.020 0 0 0.3246(12) 2.05(1.17) 0.3245(12) 0.10(9)

0.030 0.020 0.030 0 0 0.3567(11) 2.12(1.19) 0.3564(12) 0.09(8)

0.030 0.030 0.030 0 0 0.3863(10) 2.20(1.21) 0.3860(11) 0.09(7)

0.030 0.010 0.020 �2 �1 0.2907(13) 2.01(1.16) 0.2906(14) 0.12(10)

0.030 0.020 0.010 2 1 0.2908(13) 2.01(1.16) 0.2908(14) 0.12(10)

0.030 0.010 0.030 �2 �1 0.3260(12) 2.04(1.17) 0.3259(13) 0.10(9)

0.030 0.030 0.010 2 1 0.3263(12) 2.03(1.17) 0.3261(13) 0.10(9)

0.030 0.020 0.020 �2 �1 0.3255(12) 2.06(1.17) 0.3253(12) 0.10(9)

0.030 0.020 0.030 �2 �1 0.3575(11) 2.13(1.19) 0.3573(11) 0.09(8)

0.030 0.030 0.020 2 1 0.3576(11) 2.13(1.19) 0.3574(11) 0.09(8)

0.030 0.030 0.030 �2 �1 0.3872(10) 2.21(1.21) 0.3868(11) 0.09(7)

0.030 0.010 0.010 2 0 0.2513(15) 2.00(1.16) 0.2514(16) 0.16(12)

0.030 0.010 0.020 2 0 0.2908(13) 2.01(1.16) 0.2907(14) 0.12(10)

0.030 0.010 0.030 2 0 0.3261(12) 2.03(1.17) 0.3259(13) 0.10(9)

0.030 0.020 0.020 2 0 0.3256(12) 2.06(1.17) 0.3255(12) 0.10(9)

0.030 0.020 0.030 2 0 0.3576(11) 2.13(1.19) 0.3574(12) 0.09(8)

0.030 0.030 0.030 2 0 0.3873(10) 2.21(1.21) 0.3870(11) 0.09(7)

0.030 0.010 0.010 2 1 0.2512(15) 2.01(1.16) 0.2513(16) 0.16(12)

0.030 0.010 0.010 2 �1 0.2519(15) 2.00(1.16) 0.2521(16) 0.16(12)

0.030 0.010 0.020 2 �1 0.2914(13) 2.00(1.16) 0.2914(14) 0.12(10)

0.030 0.020 0.010 2 �1 0.2916(13) 2.00(1.16) 0.2915(14) 0.12(10)

0.030 0.010 0.030 2 �1 0.3267(12) 2.03(1.16) 0.3266(13) 0.10(9)

0.030 0.030 0.010 2 �1 0.3270(12) 2.02(1.16) 0.3268(13) 0.10(9)

0.030 0.020 0.020 2 �1 0.3262(12) 2.06(1.17) 0.3261(12) 0.10(9)

0.030 0.020 0.030 2 �1 0.3582(11) 2.13(1.19) 0.3580(12) 0.09(8)

0.030 0.030 0.020 2 �1 0.3584(11) 2.13(1.19) 0.3581(12) 0.09(8)

0.030 0.030 0.030 2 �1 0.3879(10) 2.21(1.21) 0.3876(11) 0.09(7)

0.030 0.020 0.010 �2 0 0.2910(13) 2.00(1.16) 0.2909(14) 0.12(10)

0.030 0.030 0.010 �2 0 0.3264(12) 2.02(1.16) 0.3263(13) 0.10(9)

0.030 0.030 0.020 �2 0 0.3578(11) 2.13(1.19) 0.3575(12) 0.09(8)

0.030 0.010 0.010 �2 �2 0.2515(15) 2.02(1.16) 0.2517(16) 0.16(12)

0.030 0.010 0.020 �2 �2 0.2911(13) 2.02(1.16) 0.2911(14) 0.12(10)

0.030 0.010 0.030 �2 �2 0.3265(12) 2.04(1.17) 0.3264(13) 0.10(9)

0.030 0.020 0.020 �2 �2 0.3259(11) 2.07(1.18) 0.3257(12) 0.10(9)

0.030 0.020 0.030 �2 �2 0.3580(11) 2.14(1.19) 0.3577(11) 0.10(8)
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TABLE XIV. Same as for Table XIII, except for lattice size 243.

msea m1 m3 q1ð13Þ q3ð13Þ M (cov) �2=dof (cov) M (uncov) �2=dof (uncov)

0.005 0.005 0.020 �1 0 0.2605(4) 0.92(40) 0.2605(5) 0.07(7)

0.005 0.005 0.030 �1 0 0.2984(4) 0.99(42) 0.2985(5) 0.05(5)

0.005 0.010 0.010 �1 0 0.2393(4) 0.97(41) 0.2393(5) 0.08(8)

0.005 0.010 0.020 �1 0 0.2798(4) 0.94(41) 0.2799(5) 0.06(5)

0.005 0.010 0.030 �1 0 0.3154(4) 0.98(42) 0.3156(5) 0.04(4)

0.005 0.020 0.020 �1 0 0.3153(3) 0.89(40) 0.3154(5) 0.04(3)

0.005 0.020 0.030 �1 0 0.3475(3) 0.91(40) 0.3477(4) 0.04(3)

0.005 0.010 0.030 0 0 0.3152(4) 0.98(42) 0.3154(5) 0.04(4)

0.005 0.030 0.030 �1 0 0.3773(3) 0.91(40) 0.3776(4) 0.04(3)

0.005 0.001 0.001 �1 0 0.1399(6) 1.05(43) 0.1396(7) 0.14(10)

0.005 0.005 0.005 �1 1 0.1912(5) 0.96(41) 0.1912(6) 0.13(10)

0.005 0.005 0.010 �1 1 0.2169(4) 0.95(41) 0.2169(5) 0.10(9)

0.005 0.005 0.020 �1 1 0.2610(4) 0.91(40) 0.2611(5) 0.07(7)

0.005 0.005 0.030 �1 1 0.2989(4) 0.99(42) 0.2990(5) 0.05(5)

0.005 0.010 0.010 �1 1 0.2398(4) 0.97(41) 0.2398(5) 0.08(8)

0.005 0.010 0.020 �1 1 0.2803(4) 0.93(41) 0.2804(5) 0.06(5)

0.005 0.010 0.030 �1 1 0.3160(4) 0.97(42) 0.3161(5) 0.04(4)

0.005 0.020 0.020 �1 1 0.3157(3) 0.88(40) 0.3159(5) 0.04(3)

0.005 0.020 0.030 �1 1 0.3480(3) 0.90(40) 0.3482(4) 0.04(3)

0.005 0.020 0.020 0 0 0.3150(3) 0.89(40) 0.3151(5) 0.04(3)

0.005 0.030 0.030 �1 1 0.3778(3) 0.91(40) 0.3780(4) 0.04(3)

0.005 0.001 0.001 �1 1 0.1405(6) 1.05(43) 0.1402(7) 0.15(10)

0.005 0.005 0.005 �1 �1 0.1907(5) 0.97(41) 0.1907(6) 0.13(10)

0.005 0.005 0.010 �1 �1 0.2165(4) 0.96(41) 0.2165(5) 0.10(9)

0.005 0.005 0.020 �1 �1 0.2606(4) 0.92(40) 0.2606(5) 0.07(7)

0.005 0.005 0.030 �1 �1 0.2985(4) 0.99(42) 0.2986(5) 0.05(5)

0.005 0.010 0.010 �1 �1 0.2393(4) 0.97(41) 0.2394(5) 0.08(8)

0.005 0.010 0.020 �1 �1 0.2798(4) 0.94(41) 0.2799(5) 0.06(5)

0.005 0.010 0.030 �1 �1 0.3155(4) 0.98(42) 0.3157(5) 0.04(4)

0.005 0.020 0.020 �1 �1 0.3153(3) 0.89(40) 0.3154(5) 0.04(3)

0.005 0.020 0.030 �1 �1 0.3476(3) 0.91(40) 0.3478(4) 0.04(3)

0.005 0.020 0.030 0 0 0.3473(3) 0.91(40) 0.3475(4) 0.04(3)

0.005 0.030 0.030 �1 �1 0.3774(3) 0.92(40) 0.3776(4) 0.04(3)

0.005 0.001 0.001 �1 �1 0.1399(6) 1.05(43) 0.1396(7) 0.15(10)

0.005 0.005 0.005 0 0 0.1904(5) 0.96(41) 0.1903(6) 0.13(10)

0.005 0.030 0.030 0 0 0.3771(3) 0.91(40) 0.3773(4) 0.04(3)

0.005 0.001 0.001 0 0 0.1395(6) 1.05(43) 0.1392(7) 0.14(10)

0.005 0.005 0.005 0 1 0.1907(5) 0.96(41) 0.1906(6) 0.13(10)

0.005 0.005 0.010 0 1 0.2164(4) 0.95(41) 0.2164(5) 0.10(9)

0.005 0.005 0.020 0 1 0.2606(4) 0.92(40) 0.2606(5) 0.07(7)

0.005 0.005 0.030 0 1 0.2985(4) 0.99(42) 0.2986(5) 0.05(5)

0.005 0.010 0.020 0 1 0.2798(4) 0.94(41) 0.2799(5) 0.06(5)

0.005 0.010 0.030 0 1 0.3155(4) 0.98(42) 0.3157(5) 0.04(4)

0.005 0.020 0.030 0 1 0.3476(3) 0.91(40) 0.3477(4) 0.04(3)

0.005 0.005 0.010 0 0 0.2161(4) 0.95(41) 0.2161(6) 0.10(9)

0.005 0.005 0.020 0 0 0.2603(4) 0.92(40) 0.2603(5) 0.07(7)

0.005 0.005 0.010 1 0 0.2164(4) 0.95(41) 0.2164(5) 0.10(9)

0.005 0.005 0.030 0 0 0.2982(4) 0.99(42) 0.2983(5) 0.05(5)

0.005 0.010 0.010 0 0 0.2390(4) 0.97(41) 0.2391(5) 0.08(8)

0.005 0.010 0.020 0 0 0.2795(4) 0.94(41) 0.2796(5) 0.06(5)

0.005 0.005 0.010 �2 0 0.2172(4) 0.95(41) 0.2172(5) 0.10(9)

0.005 0.005 0.020 �2 0 0.2611(4) 0.92(40) 0.2612(5) 0.07(7)

0.005 0.005 0.030 �2 0 0.2990(4) 0.99(42) 0.2991(5) 0.05(5)
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msea m1 m3 q1ð13Þ q3ð13Þ M (cov) �2=dof (cov) M (uncov) �2=dof (uncov)

0.005 0.010 0.010 �2 0 0.2401(4) 0.97(41) 0.2402(5) 0.08(8)

0.005 0.001 0.001 �2 0 0.1410(6) 1.04(42) 0.1407(7) 0.15(11)

0.005 0.010 0.020 �2 0 0.2805(4) 0.93(41) 0.2806(5) 0.06(5)

0.005 0.010 0.030 �2 0 0.3161(4) 0.97(42) 0.3162(5) 0.04(4)

0.005 0.020 0.020 �2 0 0.3160(3) 0.89(40) 0.3162(5) 0.04(3)

0.005 0.020 0.030 �2 0 0.3482(3) 0.90(40) 0.3484(4) 0.04(3)

0.005 0.030 0.030 �2 0 0.3781(3) 0.91(40) 0.3784(4) 0.04(3)

0.005 0.005 0.005 �2 1 0.1924(5) 0.96(41) 0.1923(6) 0.13(10)

0.005 0.005 0.010 �2 1 0.2180(4) 0.95(41) 0.2180(5) 0.10(9)

0.005 0.010 0.005 �2 1 0.2181(4) 0.95(41) 0.2181(5) 0.10(9)

0.005 0.005 0.020 �2 1 0.2619(4) 0.91(40) 0.2619(5) 0.07(7)

0.005 0.020 0.005 �2 1 0.2621(4) 0.91(40) 0.2622(5) 0.07(7)

0.005 0.005 0.030 �2 1 0.2997(4) 0.98(42) 0.2998(5) 0.05(5)

0.005 0.030 0.005 �2 1 0.3001(4) 0.98(42) 0.3002(5) 0.05(5)

0.005 0.010 0.010 �2 1 0.2408(4) 0.96(41) 0.2409(5) 0.08(8)

0.005 0.001 0.001 �2 1 0.1419(6) 1.04(42) 0.1416(7) 0.15(11)

0.005 0.010 0.020 �2 1 0.2812(4) 0.92(40) 0.2813(5) 0.06(5)

0.005 0.020 0.010 �2 1 0.2814(4) 0.93(40) 0.2814(5) 0.06(5)

0.005 0.010 0.030 �2 1 0.3168(4) 0.96(41) 0.3169(5) 0.04(4)

0.005 0.030 0.010 �2 1 0.3171(4) 0.97(42) 0.3172(5) 0.04(4)

0.005 0.020 0.020 �2 1 0.3167(3) 0.88(39) 0.3169(5) 0.04(3)

0.005 0.020 0.030 �2 1 0.3489(3) 0.90(40) 0.3491(4) 0.04(3)

0.005 0.030 0.020 �2 1 0.3491(3) 0.90(40) 0.3492(4) 0.04(3)

0.005 0.030 0.030 �2 1 0.3788(3) 0.91(40) 0.3790(4) 0.04(3)

0.005 0.005 0.005 �2 �1 0.1914(5) 0.97(41) 0.1913(6) 0.13(10)

0.005 0.005 0.010 �2 �1 0.2170(4) 0.96(41) 0.2170(5) 0.10(9)

0.005 0.010 0.005 2 1 0.2171(4) 0.96(41) 0.2171(5) 0.10(9)

0.005 0.005 0.020 �2 �1 0.2610(4) 0.92(40) 0.2611(5) 0.07(7)

0.005 0.020 0.005 2 1 0.2613(4) 0.92(40) 0.2613(5) 0.07(7)

0.005 0.005 0.030 �2 �1 0.2989(4) 0.99(42) 0.2990(5) 0.05(5)

0.005 0.030 0.005 2 1 0.2992(4) 1.00(42) 0.2993(5) 0.05(5)

0.005 0.010 0.010 �2 �1 0.2399(4) 0.97(41) 0.2400(5) 0.08(8)

0.005 0.001 0.001 �2 �1 0.1408(6) 1.04(42) 0.1404(7) 0.15(11)

0.005 0.010 0.020 �2 �1 0.2803(4) 0.94(41) 0.2804(5) 0.06(5)

0.005 0.020 0.010 2 1 0.2805(4) 0.94(41) 0.2806(5) 0.06(5)

0.005 0.010 0.030 �2 �1 0.3160(4) 0.98(42) 0.3161(5) 0.04(4)

0.005 0.030 0.010 2 1 0.3162(4) 0.98(42) 0.3164(5) 0.04(4)

0.005 0.020 0.020 �2 �1 0.3159(3) 0.89(40) 0.3160(5) 0.04(3)

0.005 0.020 0.030 �2 �1 0.3481(3) 0.91(40) 0.3483(4) 0.04(3)

0.005 0.030 0.020 2 1 0.3482(3) 0.91(40) 0.3484(4) 0.04(3)

0.005 0.030 0.030 �2 �1 0.3780(3) 0.92(40) 0.3782(4) 0.04(3)

0.005 0.005 0.005 2 0 0.1916(5) 0.96(41) 0.1915(6) 0.13(10)

0.005 0.010 0.005 �2 0 0.2173(4) 0.95(41) 0.2173(5) 0.10(9)

0.005 0.020 0.005 �2 0 0.2615(4) 0.92(40) 0.2615(5) 0.07(7)

0.005 0.030 0.005 �2 0 0.2995(4) 0.99(42) 0.2996(5) 0.05(5)

0.005 0.020 0.010 �2 0 0.2807(4) 0.93(41) 0.2808(5) 0.06(5)

0.005 0.030 0.010 �2 0 0.3165(4) 0.98(42) 0.3166(5) 0.04(4)

0.005 0.030 0.020 �2 0 0.3484(3) 0.90(40) 0.3486(4) 0.04(3)

0.005 0.005 0.005 2 �2 0.1938(5) 0.95(41) 0.1937(6) 0.13(10)

0.005 0.005 0.010 2 �2 0.2193(4) 0.94(41) 0.2193(5) 0.10(9)

0.005 0.005 0.020 2 �2 0.2632(4) 0.90(40) 0.2633(5) 0.07(7)

0.005 0.005 0.030 2 �2 0.3011(4) 0.97(42) 0.3012(5) 0.05(5)

0.005 0.010 0.010 2 �2 0.2421(4) 0.95(41) 0.2421(5) 0.08(8)

TABLE XIV. (Continued)
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msea m1 m3 q1ð13Þ q3ð13Þ M (cov) �2=dof (cov) M (uncov) �2=dof (uncov)

0.005 0.010 0.020 2 �2 0.2825(4) 0.92(40) 0.2826(5) 0.05(5)

0.005 0.010 0.030 2 �2 0.3181(4) 0.96(41) 0.3183(5) 0.04(4)

0.005 0.020 0.020 2 �2 0.3179(3) 0.87(39) 0.3180(5) 0.04(3)

0.005 0.020 0.030 2 �2 0.3502(3) 0.89(40) 0.3504(4) 0.04(3)

0.005 0.030 0.030 2 �2 0.3800(3) 0.90(40) 0.3803(4) 0.04(4)

0.005 0.001 0.001 2 �2 0.1436(6) 1.03(42) 0.1433(7) 0.15(11)

0.005 0.005 0.005 2 2 0.1918(5) 0.97(41) 0.1917(6) 0.13(10)

0.005 0.005 0.010 2 2 0.2175(4) 0.96(41) 0.2175(5) 0.10(9)

0.005 0.005 0.020 2 2 0.2615(4) 0.93(40) 0.2616(5) 0.07(7)

0.005 0.005 0.030 2 2 0.2994(4) 1.00(42) 0.2995(5) 0.05(5)

0.005 0.010 0.010 2 2 0.2403(4) 0.98(41) 0.2403(5) 0.08(8)

0.005 0.010 0.020 2 2 0.2808(4) 0.94(41) 0.2809(5) 0.05(5)

0.005 0.010 0.030 2 2 0.3165(4) 0.99(42) 0.3166(5) 0.04(4)

0.005 0.020 0.020 2 2 0.3162(3) 0.90(40) 0.3164(5) 0.04(3)

0.005 0.020 0.030 2 2 0.3485(3) 0.92(40) 0.3487(4) 0.04(3)

0.005 0.030 0.030 2 2 0.3784(3) 0.93(41) 0.3786(4) 0.04(3)

0.005 0.001 0.001 2 2 0.1413(6) 1.03(42) 0.1409(7) 0.15(11)

0.010 0.010 0.010 0 1 0.2409(3) 2.98(73) 0.2411(5) 0.27(18)

0.010 0.001 0.001 �1 0 0.1414(5) 4.03(85) 0.1419(8) 0.56(31)

0.010 0.010 0.020 0 1 0.2811(3) 2.77(71) 0.2815(5) 0.23(16)

0.010 0.001 0.001 �1 1 0.1421(5) 4.05(85) 0.1426(8) 0.56(32)

0.010 0.010 0.030 0 1 0.3167(3) 2.54(68) 0.3173(5) 0.20(15)

0.010 0.001 0.001 �1 �1 0.1414(5) 4.04(85) 0.1419(8) 0.56(31)

0.010 0.010 0.010 0 0 0.2406(3) 2.98(74) 0.2408(5) 0.27(18)

0.010 0.020 0.020 0 1 0.3165(3) 2.41(66) 0.3169(5) 0.20(15)

0.010 0.001 0.001 0 0 0.1410(5) 4.02(85) 0.1415(8) 0.55(31)

0.010 0.020 0.030 0 1 0.3488(3) 2.18(63) 0.3493(4) 0.18(15)

0.010 0.030 0.030 0 1 0.3786(3) 1.99(60) 0.3791(4) 0.17(15)

0.010 0.010 0.020 0 0 0.2808(3) 2.78(71) 0.2813(5) 0.23(16)

0.010 0.010 0.020 1 0 0.2811(3) 2.77(71) 0.2815(5) 0.23(16)

0.010 0.010 0.030 1 0 0.3166(3) 2.54(68) 0.3172(5) 0.20(15)

0.010 0.020 0.030 1 0 0.3487(3) 2.18(63) 0.3492(4) 0.18(15)

0.010 0.010 0.010 1 1 0.2410(3) 2.97(73) 0.2411(5) 0.27(18)

0.010 0.010 0.020 1 1 0.2811(3) 2.76(71) 0.2816(5) 0.23(16)

0.010 0.010 0.030 1 1 0.3167(3) 2.54(68) 0.3173(5) 0.20(15)

0.010 0.020 0.020 1 1 0.3165(3) 2.41(66) 0.3170(5) 0.20(15)

0.010 0.020 0.030 1 1 0.3488(3) 2.18(63) 0.3493(4) 0.18(15)

0.010 0.010 0.030 0 0 0.3164(3) 2.55(68) 0.3170(5) 0.20(15)

0.010 0.030 0.030 1 1 0.3786(3) 1.99(60) 0.3791(4) 0.17(15)

0.010 0.010 0.010 1 �1 0.2414(3) 2.98(73) 0.2416(5) 0.27(18)

0.010 0.010 0.020 1 �1 0.2816(3) 2.76(71) 0.2820(5) 0.23(16)

0.010 0.010 0.030 1 �1 0.3171(3) 2.53(68) 0.3177(5) 0.20(15)

0.010 0.020 0.020 1 �1 0.3169(3) 2.40(66) 0.3174(5) 0.20(15)

0.010 0.020 0.030 1 �1 0.3492(3) 2.17(63) 0.3497(4) 0.18(15)

0.010 0.030 0.030 1 �1 0.3791(3) 1.99(60) 0.3795(4) 0.17(15)

0.010 0.020 0.020 0 0 0.3162(3) 2.42(66) 0.3167(5) 0.20(15)

0.010 0.020 0.030 0 0 0.3485(3) 2.19(63) 0.3490(4) 0.18(15)

0.010 0.030 0.030 0 0 0.3783(3) 2.00(60) 0.3788(4) 0.17(15)

0.010 0.010 0.020 �2 �1 0.2817(3) 2.74(71) 0.2821(5) 0.22(16)

0.010 0.020 0.010 2 1 0.2818(3) 2.75(71) 0.2822(5) 0.22(16)

0.010 0.010 0.030 �2 �1 0.3172(3) 2.52(68) 0.3177(5) 0.20(15)

0.010 0.030 0.010 2 1 0.3174(3) 2.52(68) 0.3180(5) 0.20(15)

0.010 0.020 0.020 �2 �1 0.3171(3) 2.40(66) 0.3176(5) 0.20(15)

TABLE XIV. (Continued)
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msea m1 m3 q1ð13Þ q3ð13Þ M (cov) �2=dof (cov) M (uncov) �2=dof (uncov)

0.010 0.020 0.030 �2 �1 0.3493(3) 2.17(63) 0.3498(4) 0.18(15)

0.010 0.030 0.020 2 1 0.3495(3) 2.17(63) 0.3499(4) 0.18(15)

0.010 0.001 0.001 �2 0 0.1425(5) 4.07(86) 0.1430(8) 0.57(32)

0.010 0.030 0.030 �2 �1 0.3792(3) 1.98(60) 0.3797(4) 0.17(15)

0.010 0.010 0.010 2 0 0.2418(3) 2.96(73) 0.2419(5) 0.27(18)

0.010 0.010 0.020 2 0 0.2818(3) 2.75(71) 0.2822(5) 0.22(16)

0.010 0.010 0.030 2 0 0.3173(3) 2.52(68) 0.3179(5) 0.20(15)

0.010 0.020 0.020 2 0 0.3173(3) 2.40(66) 0.3177(5) 0.20(15)

0.010 0.020 0.030 2 0 0.3495(3) 2.16(63) 0.3500(4) 0.18(15)

0.010 0.030 0.030 2 0 0.3794(3) 1.98(60) 0.3799(4) 0.17(15)

0.010 0.010 0.010 2 1 0.2416(3) 2.95(73) 0.2417(5) 0.27(18)

0.010 0.001 0.001 �2 1 0.1435(5) 4.09(86) 0.1440(8) 0.58(32)

0.010 0.010 0.010 2 �1 0.2425(3) 2.96(73) 0.2426(5) 0.27(18)

0.010 0.010 0.020 2 �1 0.2825(3) 2.74(71) 0.2829(5) 0.22(16)

0.010 0.020 0.010 2 �1 0.2827(3) 2.74(71) 0.2831(5) 0.22(16)

0.010 0.010 0.030 2 �1 0.3180(3) 2.50(68) 0.3186(5) 0.20(15)

0.010 0.030 0.010 2 �1 0.3183(3) 2.50(68) 0.3189(5) 0.20(15)

0.010 0.020 0.020 2 �1 0.3180(3) 2.38(66) 0.3184(5) 0.20(15)

0.010 0.020 0.030 2 �1 0.3502(3) 2.15(63) 0.3507(4) 0.18(15)

0.010 0.030 0.020 2 �1 0.3503(3) 2.15(63) 0.3508(4) 0.18(15)

0.010 0.030 0.030 2 �1 0.3801(3) 1.97(60) 0.3806(4) 0.17(15)

0.010 0.001 0.001 �2 �1 0.1422(5) 4.07(86) 0.1428(8) 0.56(32)

0.010 0.020 0.010 �2 0 0.2820(3) 2.75(71) 0.2824(5) 0.22(16)

0.010 0.030 0.010 �2 0 0.3176(3) 2.52(68) 0.3182(5) 0.20(15)

0.010 0.030 0.020 �2 0 0.3496(3) 2.16(63) 0.3501(4) 0.18(15)

0.010 0.001 0.001 2 �2 0.1453(5) 4.14(86) 0.1457(8) 0.59(33)

0.010 0.001 0.001 2 2 0.1427(5) 4.09(86) 0.1433(8) 0.56(32)

0.010 0.010 0.010 �2 �2 0.2420(3) 2.92(73) 0.2421(5) 0.26(18)

0.010 0.010 0.020 �2 �2 0.2821(3) 2.73(70) 0.2825(5) 0.22(16)

0.010 0.010 0.030 �2 �2 0.3177(3) 2.51(68) 0.3182(5) 0.20(15)

0.010 0.020 0.020 �2 �2 0.3175(3) 2.39(66) 0.3179(4) 0.20(15)

0.010 0.020 0.030 �2 �2 0.3498(3) 2.16(63) 0.3503(4) 0.18(15)

0.010 0.030 0.030 �2 �2 0.3796(3) 1.98(60) 0.3801(4) 0.17(14)

0.010 0.010 0.010 �2 2 0.2438(3) 2.95(73) 0.2439(5) 0.27(18)

0.010 0.010 0.020 �2 2 0.2839(3) 2.71(70) 0.2843(5) 0.22(16)

0.010 0.010 0.030 �2 2 0.3194(3) 2.46(67) 0.3199(5) 0.19(15)

0.010 0.020 0.020 �2 2 0.3192(3) 2.35(66) 0.3196(5) 0.20(15)

0.010 0.020 0.030 �2 2 0.3515(3) 2.12(62) 0.3520(4) 0.18(15)

0.010 0.030 0.030 �2 2 0.3814(3) 1.95(59) 0.3818(4) 0.17(15)

0.020 0.020 0.020 �1 0 0.3222(3) 1.21(46) 0.3220(5) 0.06(6)

0.020 0.020 0.020 �1 1 0.3227(3) 1.21(46) 0.3225(5) 0.06(6)

0.020 0.020 0.020 �1 �1 0.3222(3) 1.20(46) 0.3220(5) 0.06(6)

0.020 0.020 0.020 0 0 0.3219(3) 1.21(46) 0.3217(5) 0.06(6)

0.020 0.020 0.020 �2 0 0.3230(3) 1.20(46) 0.3228(5) 0.06(6)

0.020 0.020 0.020 �2 1 0.3237(3) 1.20(46) 0.3235(5) 0.06(6)

0.020 0.020 0.020 �2 �1 0.3228(3) 1.19(46) 0.3226(5) 0.06(6)

0.020 0.020 0.020 2 �2 0.3250(3) 1.20(46) 0.3248(5) 0.06(6)

0.020 0.020 0.020 2 2 0.3232(3) 1.18(46) 0.3229(5) 0.06(6)

0.030 0.030 0.030 �1 0 0.3891(4) 1.27(47) 0.3890(4) 0.06(5)

0.030 0.030 0.030 �1 1 0.3896(4) 1.28(47) 0.3895(4) 0.06(5)

0.030 0.030 0.030 �1 �1 0.3891(4) 1.27(47) 0.3890(4) 0.06(5)

0.030 0.030 0.030 0 0 0.3888(4) 1.27(47) 0.3887(4) 0.06(5)

0.030 0.030 0.030 �2 0 0.3899(4) 1.28(47) 0.3898(4) 0.06(5)

TABLE XIV. (Continued)
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TABLE XV. Summary of pseudoscalar meson mass-squared splittings (� 103) obtained from the masses in Table XIII. Lattice size
163.

msea m1 m3 q1ð13Þ q3ð13Þ �M2ð�103Þ (cov) �M2ð�103Þ (uncov)
0.010 0.010 0.010 0 1 0.1210(14) 0.1207(16)

0.010 0.010 0.020 0 1 0.1515(13) 0.1510(14)

0.010 0.010 0.030 0 1 0.1820(14) 0.1812(14)

0.010 0.020 0.020 0 1 0.1532(13) 0.1529(13)

0.010 0.020 0.030 0 1 0.1844(13) 0.1838(12)

0.010 0.030 0.030 0 1 0.1869(13) 0.1865(12)

0.010 0.010 0.020 1 0 0.1222(15) 0.1222(16)

0.010 0.010 0.030 1 0 0.1236(17) 0.1237(17)

0.010 0.020 0.030 1 0 0.1551(13) 0.1549(13)

0.010 0.010 0.010 1 1 0.1596(27) 0.1583(31)

0.010 0.010 0.020 1 1 0.1800(25) 0.1788(28)

0.010 0.010 0.030 1 1 0.2013(27) 0.2001(29)

0.010 0.020 0.020 1 1 0.2005(24) 0.1997(26)

0.010 0.020 0.030 1 1 0.2223(25) 0.2216(26)

0.010 0.030 0.030 1 1 0.2449(26) 0.2444(26)

0.010 0.010 0.010 1 �1 0.3244(43) 0.3245(47)

0.010 0.010 0.020 1 �1 0.3674(43) 0.3675(44)

0.010 0.010 0.030 1 �1 0.4100(44) 0.4095(44)

0.010 0.020 0.020 1 �1 0.4123(42) 0.4120(41)

0.010 0.020 0.030 1 �1 0.4566(43) 0.4558(41)

0.010 0.030 0.030 1 �1 0.5027(43) 0.5015(41)

0.010 0.010 0.020 �2 �1 0.4582(68) 0.4562(75)

0.010 0.010 0.020 1 2 0.5448(57) 0.5416(62)

0.010 0.010 0.030 �2 �1 0.4730(76) 0.4716(82)

0.010 0.010 0.030 1 2 0.6460(59) 0.6421(61)

0.010 0.020 0.020 �2 �1 0.5585(58) 0.5565(61)

0.010 0.020 0.030 �2 �1 0.5747(63) 0.5734(65)

0.010 0.020 0.030 1 2 0.6614(59) 0.6590(59)

0.010 0.030 0.030 �2 �1 0.6797(62) 0.6783(61)

0.010 0.010 0.010 2 0 0.4899(59) 0.4885(65)

0.010 0.010 0.020 2 0 0.4947(61) 0.4944(65)

0.010 0.010 0.030 2 0 0.5002(68) 0.5003(70)

0.010 0.020 0.020 2 0 0.6176(53) 0.6164(52)

0.010 0.020 0.030 2 0 0.6252(55) 0.6244(53)

0.010 0.030 0.030 2 0 0.7513(54) 0.7495(49)

0.010 0.010 0.010 2 1 0.4456(66) 0.4425(75)

0.010 0.010 0.010 2 �1 0.775(10) 0.775(11)

0.010 0.010 0.020 2 �1 0.833(10) 0.834(10)

0.010 0.010 0.020 �1 2 0.920(10) 0.919(10)

0.010 0.010 0.030 2 �1 0.891(10) 0.891(10)

0.010 0.010 0.030 �1 2 1.064(10) 1.061(10)

0.010 0.020 0.020 2 �1 0.9828(97) 0.9820(95)

0.010 0.020 0.030 2 �1 1.0441(98) 1.0426(94)

0.010 0.020 0.030 �1 2 1.1309(99) 1.1283(95)

0.010 0.030 0.030 2 �1 1.1964(98) 1.1934(93)

0.010 0.010 0.020 0 �2 0.6106(54) 0.6086(56)

0.010 0.010 0.030 0 �2 0.7317(57) 0.7284(57)

0.010 0.020 0.030 0 �2 0.7412(53) 0.7389(50)

0.010 0.010 0.010 �2 �2 0.648(10) 0.642(12)

0.010 0.010 0.020 �2 �2 0.728(10) 0.723(11)

0.010 0.010 0.030 �2 �2 0.812(11) 0.807(11)

0.010 0.020 0.020 �2 �2 0.8092(98) 0.805(10)
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msea m1 m3 q1ð13Þ q3ð13Þ �M2ð�103Þ (cov) �M2ð�103Þ (uncov)
0.010 0.020 0.030 �2 �2 0.895(10) 0.892(10)

0.010 0.030 0.030 �2 �2 0.984(10) 0.982(10)

0.010 0.010 0.010 �2 2 1.309(17) 1.310(19)

0.010 0.010 0.020 �2 2 1.480(17) 1.481(17)

0.010 0.010 0.030 �2 2 1.650(18) 1.648(17)

0.010 0.020 0.020 �2 2 1.659(17) 1.658(16)

0.010 0.020 0.030 �2 2 1.835(17) 1.832(16)

0.010 0.030 0.030 �2 2 2.019(17) 2.014(16)

0.020 0.010 0.010 0 1 0.1292(15) 0.1289(16)

0.020 0.010 0.020 0 1 0.1577(13) 0.1575(13)

0.020 0.010 0.030 0 1 0.1874(14) 0.1875(14)

0.020 0.020 0.020 0 1 0.1588(13) 0.1586(13)

0.020 0.020 0.030 0 1 0.1893(13) 0.1893(13)

0.020 0.030 0.030 0 1 0.1913(13) 0.1915(13)

0.020 0.010 0.020 1 0 0.1296(16) 0.1290(17)

0.020 0.010 0.030 1 0 0.1304(18) 0.1299(19)

0.020 0.020 0.030 1 0 0.1601(14) 0.1601(14)

0.020 0.010 0.010 1 1 0.1606(47) 0.1595(34)

0.020 0.010 0.020 1 1 0.1788(29) 0.1779(31)

0.020 0.010 0.030 1 1 0.1990(30) 0.1983(31)

0.020 0.020 0.020 1 1 0.1980(26) 0.1975(27)

0.020 0.020 0.030 1 1 0.2190(26) 0.2188(26)

0.020 0.030 0.030 1 1 0.2410(25) 0.2408(25)

0.020 0.010 0.010 1 �1 0.3563(43) 0.3558(45)

0.020 0.010 0.020 1 �1 0.3957(42) 0.3950(43)

0.020 0.010 0.030 1 �1 0.4366(43) 0.4364(44)

0.020 0.020 0.020 1 �1 0.4370(41) 0.4368(41)

0.020 0.020 0.030 1 �1 0.4797(41) 0.4800(42)

0.020 0.030 0.030 1 �1 0.5243(42) 0.5250(42)

0.020 0.010 0.020 �2 �1 0.4642(78) 0.4615(84)

0.020 0.010 0.020 1 2 0.5478(64) 0.5461(67)

0.020 0.010 0.030 �2 �1 0.4766(85) 0.4740(90)

0.020 0.010 0.030 1 2 0.6457(62) 0.6449(64)

0.020 0.020 0.020 �2 �1 0.5590(63) 0.5578(65)

0.020 0.020 0.030 �2 �1 0.5733(94) 0.5725(67)

0.020 0.020 0.030 1 2 0.6596(59) 0.6593(60)

0.020 0.030 0.030 �2 �1 0.6765(60) 0.6763(60)

0.020 0.010 0.010 2 0 0.5227(61) 0.5212(64)

0.020 0.010 0.020 2 0 0.5240(66) 0.5217(70)

0.020 0.010 0.030 2 0 0.5274(75) 0.5252(78)

0.020 0.020 0.020 2 0 0.6398(54) 0.6392(55)

0.020 0.020 0.030 2 0 0.6453(57) 0.6451(58)

0.020 0.030 0.030 2 0 0.7691(53) 0.7697(53)

0.020 0.010 0.010 2 1 0.4556(75) 0.4531(82)

0.020 0.010 0.010 2 �1 0.847(10) 0.846(10)

0.020 0.010 0.020 2 �1 0.898(10) 0.896(10)

0.020 0.010 0.020 �1 2 0.9822(96) 0.9811(99)

0.020 0.010 0.030 2 �1 0.952(10) 0.950(10)

0.020 0.010 0.030 �1 2 1.1218(99) 1.122(10)

0.020 0.020 0.020 2 �1 1.0376(94) 1.0372(96)

0.020 0.020 0.030 2 �1 1.0954(96) 1.0959(97)

0.020 0.020 0.030 �1 2 1.1819(96) 1.1828(97)

0.020 0.030 0.030 2 �1 1.2440(96) 1.2456(97)
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msea m1 m3 q1ð13Þ q3ð13Þ �M2ð�103Þ (cov) �M2ð�103Þ (uncov)
0.020 0.010 0.020 0 �2 0.6357(54) 0.6349(56)

0.020 0.010 0.030 0 �2 0.7535(56) 0.7538(57)

0.020 0.020 0.030 0 �2 0.7609(53) 0.7612(53)

0.020 0.010 0.010 �2 �2 0.651(12) 0.647(13)

0.020 0.010 0.020 �2 �2 0.723(11) 0.719(12)

0.020 0.010 0.030 �2 �2 0.803(12) 0.800(12)

0.020 0.020 0.020 �2 �2 0.799(10) 0.797(11)

0.020 0.020 0.030 �2 �2 0.882(10) 0.880(10)

0.020 0.030 0.030 �2 �2 0.968(19) 0.968(10)

0.020 0.010 0.010 �2 2 1.436(17) 1.434(18)

0.020 0.010 0.020 �2 2 1.593(16) 1.591(17)

0.020 0.010 0.030 �2 2 1.756(17) 1.755(17)

0.020 0.020 0.020 �2 2 1.757(16) 1.757(16)

0.020 0.020 0.030 �2 2 1.928(16) 1.929(16)

0.020 0.030 0.030 �2 2 2.105(16) 2.108(17)

0.030 0.010 0.010 0 1 0.1292(15) 0.1289(16)

0.030 0.010 0.020 0 1 0.1588(13) 0.1584(14)

0.030 0.010 0.030 0 1 0.1886(13) 0.1882(14)

0.030 0.020 0.020 0 1 0.1599(13) 0.1594(14)

0.030 0.020 0.030 0 1 0.1907(13) 0.1901(13)

0.030 0.030 0.030 0 1 0.1932(13) 0.1924(13)

0.030 0.010 0.020 1 0 0.1291(16) 0.1289(17)

0.030 0.010 0.030 1 0 0.1297(18) 0.1295(19)

0.030 0.020 0.030 1 0 0.1615(14) 0.1610(14)

0.030 0.010 0.010 1 1 0.1590(31) 0.1587(33)

0.030 0.010 0.020 1 1 0.1790(28) 0.1790(30)

0.030 0.010 0.030 1 1 0.1995(28) 0.1998(30)

0.030 0.020 0.020 1 1 0.2008(25) 0.2010(27)

0.030 0.020 0.030 1 1 0.2228(24) 0.2232(26)

0.030 0.030 0.030 1 1 0.2462(24) 0.2465(25)

0.030 0.010 0.010 1 �1 0.3579(46) 0.3569(49)

0.030 0.010 0.020 1 �1 0.3968(44) 0.3955(47)

0.030 0.010 0.030 1 �1 0.4371(45) 0.4354(47)

0.030 0.020 0.020 1 �1 0.4387(42) 0.4367(44)

0.030 0.020 0.030 1 �1 0.4815(42) 0.4788(44)

0.030 0.030 0.030 1 �1 0.5265(42) 0.5232(44)

0.030 0.010 0.020 �2 �1 0.4629(75) 0.4627(80)

0.030 0.010 0.020 1 2 0.5510(71) 0.5504(65)

0.030 0.010 0.030 �2 �1 0.4751(80) 0.4759(86)

0.030 0.010 0.030 1 2 0.6500(59) 0.6499(63)

0.030 0.020 0.020 �2 �1 0.5659(59) 0.5659(63)

0.030 0.020 0.030 �2 �1 0.5824(62) 0.5828(66)

0.030 0.020 0.030 1 2 0.6690(56) 0.6690(60)

0.030 0.030 0.030 �2 �1 0.6889(57) 0.6889(61)

0.030 0.010 0.010 2 0 0.5229(63) 0.5215(68)

0.030 0.010 0.020 2 0 0.5224(66) 0.5213(71)

0.030 0.010 0.030 2 0 0.5247(73) 0.5238(77)

0.030 0.020 0.020 2 0 0.6446(53) 0.6427(56)

0.030 0.020 0.030 2 0 0.6509(56) 0.6489(58)

0.030 0.030 0.030 2 0 0.7767(53) 0.7738(55)

0.030 0.010 0.010 2 1 0.4527(74) 0.4517(80)

0.030 0.010 0.010 2 �1 0.850(10) 0.848(11)

0.030 0.010 0.020 2 �1 0.899(10) 0.896(11)
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TOM BLUM et al. PHYSICAL REVIEW D 82, 094508 (2010)

094508-36



APPENDIX A: TABLES OF HADRON MASSES AND SPLITTINGS

msea m1 m3 q1ð13Þ q3ð13Þ �M2ð�103Þ (cov) �M2ð�103Þ (uncov)
0.030 0.010 0.020 �1 2 0.987(10) 0.984(10)

0.030 0.010 0.030 2 �1 0.950(10) 0.947(11)

0.030 0.010 0.030 �1 2 1.126(10) 1.121(10)

0.030 0.020 0.020 2 �1 1.0424(96) 1.037(10)

0.030 0.020 0.030 2 �1 1.1003(98) 1.094(10)

0.030 0.020 0.030 �1 2 1.1871(97) 1.181(10)

0.030 0.030 0.030 2 �1 1.2503(97) 1.243(10)

0.030 0.010 0.020 0 �2 0.6403(55) 0.6386(57)

0.030 0.010 0.030 0 �2 0.7586(55) 0.7567(57)

0.030 0.020 0.030 0 �2 0.7669(52) 0.7643(54)

0.030 0.010 0.010 �2 �2 0.645(12) 0.644(13)

0.030 0.010 0.020 �2 �2 0.724(11) 0.724(12)

0.030 0.010 0.030 �2 �2 0.805(11) 0.806(12)

0.030 0.020 0.020 �2 �2 0.810(10) 0.811(10)

0.030 0.020 0.030 �2 �2 0.8978(98) 0.899(10)

0.030 0.030 0.030 �2 �2 0.9899(96) 0.991(10)

0.030 0.010 0.010 �2 2 1.442(18) 1.438(19)

0.030 0.010 0.020 �2 2 1.598(17) 1.592(18)

0.030 0.010 0.030 �2 2 1.758(18) 1.751(19)

0.030 0.020 0.020 �2 2 1.765(16) 1.756(17)

0.030 0.020 0.030 �2 2 1.935(17) 1.924(17)

0.030 0.030 0.030 �2 2 2.114(17) 2.101(17)

TABLE XVI. Summary of pseudoscalar meson mass-squared splittings (� 103) obtained from the masses in Table XIV. Lattice size
243.

msea m1 m3 q1ð13Þ q3ð13Þ �M2ð�103Þ (cov) �M2ð�103Þ (uncov)
0.005 0.005 0.020 �1 0 0.1148(11) 0.1147(11)

0.005 0.005 0.030 �1 0 0.1161(15) 0.1166(15)

0.005 0.010 0.010 �1 0 0.129 45(77) 0.129 39(78)

0.005 0.010 0.020 �1 0 0.130 90(92) 0.130 96(87)

0.005 0.010 0.030 �1 0 0.1327(10) 0.1331(10)

0.005 0.020 0.020 �1 0 0.163 04(85) 0.163 35(76)

0.005 0.020 0.030 �1 0 0.166 15(87) 0.166 38(80)

0.005 0.030 0.030 �1 0 0.199 80(86) 0.199 90(80)

0.005 0.001 0.001 �1 0 0.102 28(85) 0.102 35(96)

0.005 0.005 0.005 �1 1 0.3233(22) 0.3226(24)

0.005 0.005 0.010 �1 1 0.3447(23) 0.3440(25)

0.005 0.005 0.020 �1 1 0.3876(27) 0.3878(27)

0.005 0.005 0.030 �1 1 0.4310(31) 0.4325(30)

0.005 0.010 0.010 �1 1 0.3665(24) 0.3662(24)

0.005 0.010 0.020 �1 1 0.4109(27) 0.4114(26)

0.005 0.010 0.030 �1 1 0.4558(30) 0.4572(28)

0.005 0.020 0.020 �1 1 0.4583(29) 0.4592(26)

0.005 0.020 0.030 �1 1 0.5062(30) 0.5074(28)

0.005 0.030 0.030 �1 1 0.5566(31) 0.5578(29)

0.005 0.001 0.001 �1 1 0.2880(23) 0.2889(27)

0.005 0.005 0.005 �1 �1 0.1332(14) 0.1326(16)
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msea m1 m3 q1ð13Þ q3ð13Þ �M2ð�103Þ (cov) �M2ð�103Þ (uncov)
0.005 0.005 0.010 �1 �1 0.1416(14) 0.1414(15)

0.005 0.005 0.020 �1 �1 0.1603(17) 0.1607(17)

0.005 0.005 0.030 �1 �1 0.1818(20) 0.1821(20)

0.005 0.010 0.010 �1 �1 0.1511(14) 0.1512(14)

0.005 0.010 0.020 �1 �1 0.1713(15) 0.1718(14)

0.005 0.010 0.030 �1 �1 0.1936(17) 0.1938(15)

0.005 0.020 0.020 �1 �1 0.1937(15) 0.1940(12)

0.005 0.020 0.030 �1 �1 0.2176(15) 0.2173(13)

0.005 0.030 0.030 �1 �1 0.2425(15) 0.2417(13)

0.005 0.001 0.001 �1 �1 0.1208(18) 0.1202(20)

0.005 0.005 0.005 0 1 0.114 18(75) 0.113 84(82)

0.005 0.005 0.010 0 1 0.129 05(73) 0.128 98(77)

0.005 0.005 0.020 0 1 0.159 17(92) 0.159 54(85)

0.005 0.005 0.030 0 1 0.1903(11) 0.1907(10)

0.005 0.010 0.020 0 1 0.160 32(86) 0.160 69(78)

0.005 0.010 0.030 0 1 0.1920(10) 0.192 46(87)

0.005 0.020 0.030 0 1 0.195 85(90) 0.196 05(79)

0.005 0.005 0.010 1 0 0.114 13(85) 0.113 80(91)

0.005 0.005 0.010 �2 0 0.4624(34) 0.4611(36)

0.005 0.005 0.020 �2 0 0.4653(46) 0.4650(46)

0.005 0.005 0.030 �2 0 0.4705(59) 0.4723(59)

0.005 0.010 0.010 �2 0 0.5232(31) 0.5231(31)

0.005 0.001 0.001 �2 0 0.4156(34) 0.4159(38)

0.005 0.010 0.020 �2 0 0.5290(36) 0.5293(35)

0.005 0.010 0.030 �2 0 0.5365(42) 0.5379(40)

0.005 0.020 0.020 �2 0 0.6568(34) 0.6580(30)

0.005 0.020 0.030 �2 0 0.6691(34) 0.6701(32)

0.005 0.030 0.030 �2 0 0.8028(34) 0.8032(32)

0.005 0.005 0.005 �2 1 0.7671(51) 0.7654(56)

0.005 0.005 0.010 �2 1 0.7947(54) 0.7929(58)

0.005 0.005 0.010 1 �2 0.8391(53) 0.8381(57)

0.005 0.005 0.020 �2 1 0.8519(66) 0.8519(67)

0.005 0.005 0.020 1 �2 0.9837(62) 0.9850(62)

0.005 0.005 0.030 �2 1 0.9102(80) 0.9137(78)

0.005 0.005 0.030 1 �2 1.1305(73) 1.1342(71)

0.005 0.010 0.010 �2 1 0.8683(55) 0.8676(57)

0.005 0.001 0.001 �2 1 0.6851(55) 0.6869(62)

0.005 0.010 0.020 �2 1 0.9291(63) 0.9299(61)

0.005 0.010 0.020 1 �2 1.0165(63) 1.0183(60)

0.005 0.010 0.030 �2 1 0.9910(70) 0.9941(66)

0.005 0.010 0.030 1 �2 1.1670(70) 1.1705(66)

0.005 0.020 0.020 �2 1 1.0848(66) 1.0868(61)

0.005 0.020 0.030 �2 1 1.1539(68) 1.1565(64)

0.005 0.020 0.030 1 �2 1.2421(70) 1.2447(65)

0.005 0.030 0.030 �2 1 1.3172(70) 1.3196(67)

0.005 0.005 0.005 �2 �1 0.3861(35) 0.3846(38)

0.005 0.005 0.010 �2 �1 0.3878(38) 0.3870(41)

0.005 0.005 0.010 1 2 0.4322(33) 0.4321(34)

0.005 0.005 0.020 �2 �1 0.3967(48) 0.3970(49)

0.005 0.005 0.020 1 2 0.5282(38) 0.5299(34)

0.005 0.005 0.030 �2 �1 0.4112(61) 0.4122(63)

0.005 0.005 0.030 1 2 0.6312(46) 0.6322(39)

0.005 0.010 0.010 �2 �1 0.4367(34) 0.4370(34)
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msea m1 m3 q1ð13Þ q3ð13Þ �M2ð�103Þ (cov) �M2ð�103Þ (uncov)
0.005 0.001 0.001 �2 �1 0.3500(42) 0.3489(48)

0.005 0.010 0.020 �2 �1 0.4492(39) 0.4499(36)

0.005 0.010 0.020 1 2 0.5365(36) 0.5381(31)

0.005 0.010 0.030 �2 �1 0.4658(45) 0.4664(42)

0.005 0.010 0.030 1 2 0.6417(40) 0.6425(33)

0.005 0.020 0.020 �2 �1 0.5546(35) 0.5556(29)

0.005 0.020 0.030 �2 �1 0.5758(37) 0.5755(31)

0.005 0.020 0.030 1 2 0.6639(36) 0.6635(29)

0.005 0.030 0.030 �2 �1 0.6878(36) 0.6864(30)

0.005 0.005 0.005 2 0 0.4626(30) 0.4614(32)

0.005 0.005 0.010 0 �2 0.5217(29) 0.5214(30)

0.005 0.005 0.020 0 �2 0.6413(37) 0.6428(34)

0.005 0.005 0.030 0 �2 0.7649(46) 0.7667(41)

0.005 0.010 0.020 0 �2 0.6458(34) 0.6474(31)

0.005 0.010 0.030 0 �2 0.7718(40) 0.7735(35)

0.005 0.020 0.030 0 �2 0.7870(36) 0.7878(32)

0.005 0.005 0.005 2 �2 1.3062(90) 1.3034(99)

0.005 0.005 0.010 2 �2 1.3910(94) 1.388(10)

0.005 0.005 0.020 2 �2 1.561(10) 1.563(11)

0.005 0.005 0.030 2 �2 1.734(12) 1.741(12)

0.005 0.010 0.010 2 �2 1.4780(98) 1.476(10)

0.005 0.010 0.020 2 �2 1.654(11) 1.657(10)

0.005 0.010 0.030 2 �2 1.833(12) 1.839(11)

0.005 0.020 0.020 2 �2 1.844(11) 1.847(10)

0.005 0.020 0.030 2 �2 2.034(12) 2.039(11)

0.005 0.030 0.030 2 �2 2.235(12) 2.240(12)

0.005 0.001 0.001 2 �2 1.1658(95) 1.169(10)

0.005 0.005 0.005 2 2 0.5427(59) 0.5406(64)

0.005 0.005 0.010 2 2 0.5757(59) 0.5753(62)

0.005 0.005 0.020 2 2 0.6498(68) 0.6516(67)

0.005 0.005 0.030 2 2 0.7349(80) 0.7361(79)

0.005 0.010 0.010 2 2 0.6135(57) 0.6142(57)

0.005 0.010 0.020 2 2 0.6934(61) 0.6953(55)

0.005 0.010 0.030 2 2 0.7816(68) 0.7823(60)

0.005 0.020 0.020 2 2 0.7820(59) 0.7834(50)

0.005 0.020 0.030 2 2 0.8764(62) 0.8754(52)

0.005 0.030 0.030 2 2 0.9747(62) 0.9718(52)

0.005 0.001 0.001 2 2 0.4943(70) 0.4920(80)

0.010 0.010 0.010 0 1 0.13426(85) 0.13325(75)

0.010 0.001 0.001 �1 0 0.1044(10) 0.1068(10)

0.010 0.010 0.020 0 1 0.16591(89) 0.16441(80)

0.010 0.001 0.001 �1 1 0.3012(32) 0.3008(35)

0.010 0.010 0.030 0 1 0.19850(99) 0.19621(91)

0.010 0.001 0.001 �1 �1 0.1162(17) 0.1262(20)

0.010 0.020 0.020 0 1 0.169 35(82) 0.166 67(80)

0.010 0.020 0.030 0 1 0.202 33(88) 0.199 32(88)

0.010 0.030 0.030 0 1 0.205 93(92) 0.202 82(90)

0.010 0.010 0.020 1 0 0.137 24(92) 0.134 65(81)

0.010 0.010 0.030 1 0 0.1403(10) 0.136 37(95)

0.010 0.020 0.030 1 0 0.172 74(88) 0.169 31(86)

0.010 0.010 0.010 1 1 0.1581(15) 0.1562(15)

0.010 0.010 0.020 1 1 0.1806(15) 0.1762(15)

0.010 0.010 0.030 1 1 0.2032(17) 0.1975(16)

TABLE XVI. (Continued)
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msea m1 m3 q1ð13Þ q3ð13Þ �M2ð�103Þ (cov) �M2ð�103Þ (uncov)
0.010 0.020 0.020 1 1 0.2022(15) 0.1975(14)

0.010 0.020 0.030 1 1 0.2247(17) 0.2201(15)

0.010 0.030 0.030 1 1 0.2474(19) 0.2439(15)

0.010 0.010 0.010 1 �1 0.3787(25) 0.3767(25)

0.010 0.010 0.020 1 �1 0.4257(27) 0.4218(27)

0.010 0.010 0.030 1 �1 0.4746(30) 0.4675(29)

0.010 0.020 0.020 1 �1 0.4751(27) 0.4691(28)

0.010 0.020 0.030 1 �1 0.5253(29) 0.5170(30)

0.010 0.030 0.030 1 �1 0.5763(30) 0.5672(31)

0.010 0.010 0.020 �2 �1 0.4746(40) 0.4624(38)

0.010 0.010 0.020 1 2 0.5599(37) 0.5508(32)

0.010 0.010 0.030 �2 �1 0.4936(45) 0.4767(44)

0.010 0.010 0.030 1 2 0.6663(38) 0.6543(35)

0.010 0.020 0.020 �2 �1 0.5779(36) 0.5658(33)

0.010 0.020 0.030 �2 �1 0.5968(40) 0.5837(36)

0.010 0.020 0.030 1 2 0.6846(38) 0.6727(34)

0.010 0.001 0.001 �2 0 0.4239(40) 0.4338(41)

0.010 0.030 0.030 �2 �1 0.7039(44) 0.6938(36)

0.010 0.010 0.010 2 0 0.5426(34) 0.5386(30)

0.010 0.010 0.020 2 0 0.5546(37) 0.5441(32)

0.010 0.010 0.030 2 0 0.5671(41) 0.5510(37)

0.010 0.020 0.020 2 0 0.6821(33) 0.6714(32)

0.010 0.020 0.030 2 0 0.6956(35) 0.6819(34)

0.010 0.030 0.030 2 0 0.8275(37) 0.8150(36)

0.010 0.010 0.010 2 1 0.4556(37) 0.4508(35)

0.010 0.001 0.001 �2 1 0.7125(73) 0.7150(80)

0.010 0.010 0.010 2 �1 0.8982(58) 0.8925(58)

0.010 0.010 0.020 2 �1 0.9665(62) 0.9543(60)

0.010 0.010 0.020 �1 2 1.0517(63) 1.0429(63)

0.010 0.010 0.030 2 �1 1.0380(69) 1.0173(66)

0.010 0.010 0.030 �1 2 1.2109(71) 1.1953(70)

0.010 0.020 0.020 2 �1 1.1251(62) 1.1100(64)

0.010 0.020 0.030 2 �1 1.1991(65) 1.1785(68)

0.010 0.020 0.030 �1 2 1.2871(66) 1.2677(70)

0.010 0.030 0.030 2 �1 1.3631(69) 1.3416(71)

0.010 0.001 0.001 �2 �1 0.3431(43) 0.3653(47)

0.010 0.010 0.020 0 �2 0.6685(35) 0.6624(32)

0.010 0.010 0.030 0 �2 0.7980(39) 0.7886(36)

0.010 0.020 0.030 0 �2 0.8131(35) 0.8010(35)

0.010 0.001 0.001 2 �2 1.214(12) 1.216(14)

0.010 0.001 0.001 2 2 0.4768(71) 0.5156(81)

0.010 0.010 0.010 �2 �2 0.6414(61) 0.6339(62)

0.010 0.010 0.020 �2 �2 0.7300(63) 0.7129(61)

0.010 0.010 0.030 �2 �2 0.8197(68) 0.7972(66)

0.010 0.020 0.020 �2 �2 0.8159(61) 0.7970(57)

0.010 0.020 0.030 �2 �2 0.9051(68) 0.8864(60)

0.010 0.030 0.030 �2 �2 0.9947(75) 0.9806(63)

0.010 0.010 0.010 �2 2 1.529(10) 1.519(10)

0.010 0.010 0.020 �2 2 1.716(10) 1.698(10)

0.010 0.010 0.030 �2 2 1.911(12) 1.880(12)

0.010 0.020 0.020 �2 2 1.913(11) 1.887(11)

0.010 0.020 0.030 �2 2 2.112(11) 2.078(12)

0.010 0.030 0.030 �2 2 2.315(12) 2.278(12)

TABLE XVI. (Continued)
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msea m1 m3 q1ð13Þ q3ð13Þ �M2ð�103Þ (cov) �M2ð�103Þ (uncov)
0.020 0.020 0.020 �1 0 0.1752(12) 0.17318(67)

0.020 0.020 0.020 �1 1 0.5002(36) 0.4947(23)

0.020 0.020 0.020 �1 �1 0.2007(22) 0.1978(12)

0.020 0.020 0.020 �2 0 0.7058(48) 0.6976(26)

0.020 0.020 0.020 �2 1 1.1807(83) 1.1680(53)

0.020 0.020 0.020 �2 �1 0.5811(53) 0.5732(28)

0.020 0.020 0.020 2 �2 2.011(14) 1.9905(95)

0.020 0.020 0.020 2 2 0.8104(88) 0.7987(48)

0.030 0.030 0.030 �1 0 0.216 66(88) 0.215 07(66)

0.030 0.030 0.030 �1 1 0.6226(34) 0.6140(24)

0.030 0.030 0.030 �1 �1 0.2442(20) 0.2462(11)

0.030 0.030 0.030 �2 0 0.8709(35) 0.8643(26)

0.030 0.030 0.030 �2 1 1.4670(77) 1.4477(54)

0.030 0.030 0.030 �2 �1 0.7087(44) 0.7108(25)

0.030 0.030 0.030 2 �2 2.502(13) 2.4663(97)

0.030 0.030 0.030 2 2 0.9830(81) 0.9901(44)

TABLE XVII. Proton and neutron masses on unitary points for QCDþ QED configurations. The masses are from size 163 box
source, point-sink correlation functions for both 163 and 243 lattices. The fit range for 163 lattices is 5–10. The fit range for 243 lattices
is 6–11. The �2=dof is from a covariant fit.

Lattice size mf mp �2=dof mn �2=dof

163 0.010 0.7125(57) 0.70(85) 0.7122(57) 0.70(85)

163 0.020 0.7986(40) 1.8(1.3) 0.7982(40) 1.8(1.3)

163 0.030 0.8747(36) 2.2(1.5) 0.8742(36) 2.2(1.5)

243 0.005 0.6477(53) 0.85(94) 0.6474(53) 0.85(94)

243 0.010 0.7121(31) 0.20(46) 0.7118(32) 0.21(46)

243 0.020 0.8065(25) 0.82(92) 0.8060(25) 0.84(93)

243 0.030 0.8871(23) 0.53(72) 0.8865(23) 0.53(72)

TABLE XVIII. Proton and neutron masses on QCD configurations with nondegenerate u, d quark masses. The p-n masses are from
wall source, point-sink correlation functions for 163 and 243 lattices. The fit range for 163 lattices is 5–10. The fit range for 243 lattices
is 7–12. The �2=dof is from a covariant fit.

Lattice size msea mu md mp �2=dof mn �2=dof

163 0.010 0.010 0.020 0.7416(49) 0.59(78) 0.7562(43) 0.83(92)

163 0.010 0.010 0.030 0.7684(45) 0.77(88) 0.7981(36) 1.3(1.1)

163 0.010 0.020 0.030 0.8086(36) 1.7(1.2) 0.8238(33) 2.0(1.4)

163 0.020 0.010 0.020 0.7553(51) 0.88(95) 0.7698(46) 1.5(1.2)

163 0.020 0.010 0.030 0.7825(46) 1.0(1.0) 0.8120(40) 2.4(1.5)

163 0.020 0.020 0.030 0.8230(38) 2.2(1.4) 0.8380(36) 2.9(1.7)

163 0.030 0.010 0.020 0.7721(60) 1.6(1.2) 0.7839(51) 1.3(1.1)

163 0.030 0.010 0.030 0.7988(55) 1.6(1.3) 0.8241(42) 1.2(1.1)

163 0.030 0.020 0.030 0.8361(41) 1.7(1.3) 0.8496(38) 1.7(1.3)

243 0.005 0.005 0.010 0.6676(85) 1.3(1.1) 0.6747(73) 1.0(1.0)

243 0.005 0.005 0.020 0.6992(68) 1.5(1.2) 0.7225(51) 1.0(1.0)

243 0.005 0.005 0.030 0.7279(59) 1.5(1.2) 0.7680(41) 1.2(1.1)

243 0.005 0.010 0.020 0.7225(51) 1.6(1.2) 0.7383(44) 1.4(1.2)

243 0.005 0.010 0.030 0.7502(44) 1.7(1.3) 0.7824(37) 1.7(1.3)

243 0.005 0.020 0.030 0.7928(33) 2.4(1.5) 0.8090(32) 2.5(1.6)

243 0.010 0.010 0.020 0.7304(77) 0.70(96) 0.7461(61) 0.9(1.1)

243 0.010 0.010 0.030 0.7575(71) 0.63(94) 0.7895(48) 1.3(1.2)

243 0.010 0.020 0.030 0.7980(46) 1.0(1.2) 0.8146(40) 1.8(1.5)

TABLE XVI. (Continued)
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APPENDIX B: PARTIALLY QUENCHED CHIRAL
PERTURBATION THEORY FRAMEWORK

The aim of this appendix is twofold: (1) to obtain all
possible terms in the chiral Lagrangian relevant to the kaon
mass squared at order Oðe2Þ and Oðe2p2Þ for the partially
quenched SUð2Þ þ kaon system, and (2) to derive the ex-
pression for the EM correction to the kaon mass squared to
order Oðe2p2Þ. This appendix is compact, mainly summa-
rizing results and defining notation. Much of the machi-
nery, of course, has been worked out before, and we refer
the interested reader to the literature. Here we follow
closely the works in Refs. [10–13]. The new contributions
in this work are Oðe2Þ terms and electromagnetic one-loop
chiral-logarithmic correction to the kaon mass squared. We
also list the Oðe2p2Þ operators relevant to the kaon-mass
squared, which serves as a check of the possible depen-
dence of Oðe2p2Þ corrections on charges and masses.

We begin by reminding the reader of the important
details and notation, then construct the Lagrangian density,
and finally compute the corrections to the kaon mass
squared to the order of our interest.

1. SU(2) pion sector

In the partially quenched system composed of NV va-
lence quarks, NS sea quarks and NV ghost quarks, the field
�ðxÞ representing the Nambu-Goldstone multiplet is the
local coordinate of the coset space G=H (G � SUðNS þ
NV jNVÞL � SUðNS þ NV jNVÞR, H � SUðNS þ NV jNVÞV)
at each x

u½�ðxÞ� � exp

�
i
�ðxÞffiffiffi
2

p
F

�
: (B1)

With the normalization of F such that F ’ 92 MeV, the
LO chiral Lagrangian reads

L QCD;2 ¼ F2

4
hu�u� þ �þi; (B2)

where h; i denotes the supertrace in the partially quenched
light quark sector, whose flavors can be indexed as

I ¼ 1; 	 	 	 ; NV : light valence quark flavors;

I ¼ NV þ 1; 	 	 	 ; NV þ NS: light sea quark flavors;

I ¼ NV þ NS þ 1; 	 	 	 ; 2NV

þ NS: light ghost quark flavors: (B3)

The variables appearing in Eq. (B2),

u� � ifuyð@�u� iR�uÞ � uð@�uy � iL�u
yÞg;

�� � uy�uy � u�yu; � � 2B0M; (B4)

are given in terms of the spurion field M in place of the
ordinary quark mass matrix, and the external fields R�, L�,

which transform under the local chiral rotation
ðgLðxÞ; gRðxÞÞ 2 G as

R� � R0
� ¼ gRR�g

y
R þ igR@�gR;

L� � L0
� ¼ gLL�g

y
L þ igL@�gL;

M � M0 ¼ gRMgyL: (B5)

For

u½�� � u½�0� ¼ gRu½��hððgL; gRÞ;�Þy
¼ hððgL; gRÞ;�Þu½��gyL; (B6)

with hððgL; gRÞ;�Þ 2 H, it turns out that u� and �� trans-

form covariantly with respect to h

A � A0 ¼ hAhy; (B7)

and that LQCD;2 is invariant under the local chiral

transformation.
The high frequency modes of photons coupled to quarks

also generate local interactions in the low-energy effective
Lagrangian of QCD. The coupling of quarks to photons
preserves chiralities;

A�ð �qL��QqL þ �qR�
�QqRÞ; (B8)

where Q represents the charge matrix and takes the form

Q ¼ ediagðquV; qdV; quS; qdS; quV; qdVÞ; (B9)

for two-light flavors. The systematic dependence on these
quark charges can hence be traced back once Q is pro-
moted to a set of Hermitian spurion fields, QR;L, that

transform under chiral rotations as

QL � Q0
L ¼ gLQLg

y
L;

QR � Q0
R ¼ gRQRg

y
R: (B10)

On the other hand, to construct the effective Lagrangian, it
is convenient to define quantities that transform covariantly
by hððgL; gRÞ;�Þ, i.e., as in Eq. (B7)

~Q L � uQLu
y; ~QR � uyQRu: (B11)

Since we will set QL, QR to the diagonal EM charge
matrix Q after constructing the effective Lagrangian, we
impose the chiral-invariant condition

hQRi ¼ hQLi � hQi; (B12)

which reduces just to the charge matrix in the end. The
leading-order (Oðp2Þ �Oðe2Þ) Lagrangian involving
Nambu-Goldstone bosons is thus given by

L�;2 ¼ F2

4
hu�u� þ �þi þ Ch ~QR

~QLi; (B13)

The QED corrections from the low frequency photons can
also be included by coupling the Nambu-Goldstone bosons
to the Uð1Þ-gauge potential A�ðxÞ and by setting the ex-

ternal fields L�, R� along the direction of Q in the end;
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L� ¼ QA� ¼ R�: (B14)

2. The kaon sector

In SU(2) chiral perturbation theory, the strange quark is
treated as being heavy, and hence the kaons are no longer
treated as Nambu-Goldstone bosons. Since the EM charge
of the sea strange quark, sS, differs from that of the valence
strange quark, sV , in our simulation, these together with the
ghost strange quark, ~s, are regarded as constituting the
partially quenched strange sector. Nevertheless, for the
purpose of the analysis of our lattice data, it suffices to
write down the effective Lagrangian with respect to the
kaon multiplet including the valence antistrange quark �sV ,
keeping track explicitly of the dependence on the electric
charges Qs;V , Qs;S (including e) of sV and sS, respectively,
with the low-energy constants having implicit dependence
on the sea strange quark mass. The relativistic form of the
kinetic and mass terms of the kaon multiplet K (U, D
denote constituent quarks)

K �

½UV �sV�
½DV �sV�
½US �sV�
½DS �sV�
½UG �sV�
½DG �sV�

0
BBBBBBBB@

1
CCCCCCCCA
; (B15)

which is subject to the chiral rotation

K � h½�ðxÞ; ðgL; gRÞ�K; (B16)

is given by

L K;kin ¼ r�K
yr�K �M2KyK; (B17)

where M is the LO mass of the kaon and the covariant
derivative r�K is with respect to the Maurer-Cartan form

��

r�K � @�K � i��K;

�� � � 1

2i
fuyð@�u� iR�uÞ þ uð@�uy � iL�u

yÞg:
(B18)

As is well known [67], K is not suitable for the chiral order
counting since that variable also carries the high frequency
modes. The fluctuation is decomposed into the high fre-
quency modes originating from M and the low frequency
modes represented by k � kv

K ðxÞ ¼ eiMv	xkðxÞ; (B19)

where v is a lightlike four-vector. In terms of k, Eq. (B17)
becomes

L K;kin ¼ �iMv�ðkyr�k� ðr�k
yÞkÞ þ r�k

yr�k:

(B20)

The field k carries the momentum of the order p & 4�F�,
M, and the above Lagrangian is OðpÞ. In the succeeding
sections the effective Lagrangian is constructed in terms of
k and is converted to the relativistic form described by K.

3. Oðe2Þ and Oðe2p2Þ Lagrangian for the kaon sector

Having established the partially quenched framework
and notation, we construct the electromagnetic part of the
chiral Lagrangian by writing down all possibleOðe2Þ terms
possessing the symmetries of massless (QCDþ QED) in
the nonrelativistic theory and their relativistic counterparts,
and Oðe2p2Þ terms that can induce the tree-level contribu-
tion to the kaon mass squared.
To this end, Tables XIX and XX list the building blocks

of chiral orderOðp2Þ andOðe2Þ that transform as Eq. (B7).
The definition of various variables appearing in Table XX
are as follows:

k�;� � iððr�kÞky � kðr�kÞyÞ; (B21)

kð��Þ � rð�kr�Þky ¼ 1
2ðr�kr�k

y þ r�kr�k
yÞ;

k½��� � r½�kr��ky ¼ 1
2ðr�kr�k

y � r�kr�k
yÞ; (B22)

k�;�� � ðr��kÞky � kðr��kÞy;
r�� � r�r� þr�r�; (23)

kW; ~Q�� � Wðkky ~Q� � ~Q�kkyÞ: (24)

In Table XIX, u�, for instance, is omitted, as it will not be

used hereafter. Tables XIX and XX includeOðe2Þ terms but
notOðeÞ andOðepÞ, because EM charges are left in pairs in
the low-energy effective theory after the high frequency
photon modes are integrated out.
From Tables XIX and XX, we find that there are 13

Oðe2Þ operators bilinear in kaon fields that are invariant
under chiral, P and C transformations

hkkyAi; WhkkyBi; W1W2hkkyi; (B25)

where W is Qs;V or Qs;S, and

A 2 f ~Q2
ðþÞ; ~QRL;þ; hQi ~Qþ; hQ2i; h ~QRL;þi; ðhQiÞ2g;

B 2 f ~Qþ; hQig;
ðW1; W2Þ 2 fðQs;V; Qs;VÞ; ðQs;V; Qs;SÞ; ðQs;S;Qs;SÞg: (B26)

The relativistic forms of the individual operators are read
from the relation (B19), and Oðe2Þ-Lagrangian density in
the kaon sector is hence given by
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L K;e2 ¼ �Að1;1Þ
K Kyðð ~QRÞ2 þ ð ~QLÞ2ÞK � Að1;2Þ

K hð ~QRÞ2

þ ð ~QLÞ2iKyK � Að2;1Þ
K Kyð ~QR

~QL þ ~QL
~QRÞK

� Að2;2Þ
K h ~QR

~QL þ ~QL
~QRiKyK

� Að3Þ
K hQiKyð ~QR þ ~QLÞK � Að4Þ

K hQi2KyK

� Aðs;1Þ
K Q2

s;VK
yK � Aðs;1;2Þ

K Q2
s;SK

yK

� Aðs;1;3Þ
K Qs;VQs;SK

yK � Aðs;2Þ
K Qs;VK

yð ~QR

þ ~QLÞK � Aðs;3Þ
K hQiQs;VK

yK

� Aðs;3;2Þ
K hQiQs;SK

yK � Aðs;3;3Þ
K Qs;SK

yð ~QR

þ ~QLÞK:
(B27)

There are Oðe2pÞ terms bilinear in kaon fields that are
allowed from the symmetries. All possible terms are ob-
tained from Eq. (B26) by the replacement kky ! v�k

��.
These operators generate noOðe2Þ contribution and chiral-
logarithmic corrections to the kaon mass squared. They,
however, induce Oðe2p2Þ contribution to the kaon mass
squared after the renormalization of the kaon field. We
shall come back to this point in Appendix B 4.

Next we turn to listing Oðe2p2Þ terms that induce the
corrections to the kaon mass squared at the tree level. The
building blocks are those in Tables XIX, XX, and XXI. The
definition of the quantities in Table XXI is as follows:

kW; ~Q�
ð���;� ¼ Wðkð��� ~Q� � ~Q�kð���Þ; (B28)

kW; ~Q��ð1Þ;�ð2Þ;�� ¼ Wðk�ð1Þ;��
~Q� �ð2Þ ~Q�k�ð1Þ;��Þ; (B29)

kW;r�
~Q��ð1Þ;�ð2Þ;� � Wðk�ð1Þ;�r�

~Q� �ð2Þ ðr�
~Q�Þk�ð1Þ;�Þ; (30)

k
W;r��

~Q�
� � Wðkkyr��

~Q� � ðr��
~Q�ÞkkyÞ: (31)

The Oðe2p2Þ terms with no derivatives are

hkkyf�þ; Cþgi; hkky ~Qþ�þ ~Qþi;
hkky ~Q��þ ~Q�i; hkky½��; C��i;
hkkyf��; ~QRL;�gi; hkkyð ~Qþ�� ~Q� � ~Q��� ~QþÞi;
kykh�þCþi; hkkyCþih�þi; hkky�þihCþi;
kykh�þihCþi; hkky ~Qþih�þ ~Qþi;
hkky ~Q�ih�þ ~Q�i; hkky ~QRL;�ih��i;
kykh�� ~QRL;�i; Whkkyf�þ; ~Qþgi;
Whkky½��; ~Q��i; Wkykh�þ ~Qþi;
Whkky�þihQi; Whkky ~Qþih�þi;
Wkykh�þihQi; W1W2hkky�þi; W1W2k

ykh�þi;
(32)

where

C þ 2 fhQi ~Qþ; ~Q
2
ðþÞ; ~QRL;þg;

C� 2 fhQi ~Q�; ~Q
2
ð�Þg:

(B33)

TABLE XIX. Parity (P) and charge conjugation (C) transformation properties for operators at
chiral order Oðp2Þ, Oðe2Þ that do not contain kaon fields and transform as A � hAhy. Under P,
x ¼ ðx0;xÞ transforms to ~x ¼ ðx0;�xÞ.
Building block Definition Order P C

�� Equation (B4) Oðp2Þ ���ð~xÞ ð��ÞT
hQi ~Q� hQið ~QR � ~QLÞ Oðe2Þ �hQi ~Q�ð~xÞ �hQið ~Q�ÞT
~Q2

ð�Þ ð ~QRÞ2 � ð ~QLÞ2 Oðe2Þ � ~Q2
ð�Þð~xÞ �ð ~Q2

ð�ÞÞT
~QRL;� ~QR

~QL � ~QL
~QR Oðe2Þ � ~QRL;�ð~xÞ ð ~QRL;�ÞT

TABLE XX. Parity (P) and charge conjugation (C) transformation properties of operators at
chiral orderOðp2Þ,Oðe2Þ that are bilinear in kaon fields and transform as A � hAhy.W is either
one of Qs;V or Qs;S. Under P, x ¼ ðx0;xÞ transforms to ~x ¼ ðx0;�xÞ.

Definition Order P C

kky Oð1Þ kkyð~xÞ ðkkyÞT
k�;� Equation (B21) OðpÞ k

�
�ð~xÞ �ðk�;�ÞT

kð��� Equation (B22) Oðp2Þ kð���ð~xÞ �ðkð���ÞT
k�;�� Equation (23) Oðp2Þ k

��
� ð~xÞ �ðk�;��ÞT

kW; ~Qþ� Equation (24) Oðe2Þ kW; ~Qþ� ð~xÞ �ðkW; ~Qþ� ÞT
kW; ~Q�� Equation (24) Oðe2Þ �kW; ~Q�� ð~xÞ �ðkW; ~Q�� ÞT
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The Oðe2p2Þ terms with two derivatives that contribute to
the kaon mass squared at the tree level are (��� is the
metric in Minkowski space)

h���kð��ÞAi; h���kþ;��Ai; Wh���kð��ÞBi;
Wh���k�;��

~Q�i; Wh���kþ;��Bi;
W1W2h���kð��Þi; W1W2h���kþ;��i; (B34)

where A, B are the same as in Eq. (B26).

4. EM correction to kaon mass squared

In this subsection, the explicit expression for the Oðe2Þ
and the Oðe2p2Þ chiral-logarithmic correction to the kaon
mass squared is obtained by setting the charge matrices Q
in light flavor partially quenched system as in Eq. (B9),
Qs;V ¼ eqsV and Qs;S ¼ eqsS. The EM contribution to the

Kþ mass squared at order e2 is

ðMe2

KþÞ2 ¼ 2e2ððAð1;1Þ
K þ Að2;1Þ

K Þq2uV þ e2ð2Að1;2Þ
K þ 2Að2;2Þ

K

þ e2Að4Þ
K Þðq2uS þ q2dSÞ þ e2Að3Þ

K ðquS þ qdSÞquV
þ e2Aðs;1Þ

K q2sV þ e2Aðs;1;2Þ
K q2sS þ e2Aðs;1;3Þ

K qsVqsS

þ 2e2Aðs;2Þ
K quVqsV þ e2Aðs;3Þ

K ðquS þ qdSÞqsV
þ e2Aðs;3;2Þ

K ðquS þ qdSÞqsS þ 2e2Aðs;3;3Þ
K quVqsS:

(B35)

In quenched QED this becomes

ðMe2

KþÞ2 ¼ 2e2ðAð1;1Þ
K þ Að2;1Þ

K Þq2uV þ e2Aðs;1Þ
K q2sV

þ 2e2Aðs;2Þ
K quVqsV: (B36)

The Oðe2Þ correction to the neutral kaon mass squared,

ðMe2

K0Þ2, is given by substituting qdV for quV in Eq. (B35).

We next consider the one-loop contribution to kaon mass
squared. The scalar QED Lagrangian density (B17) gives
the correction from the diagrams, in each of which a
photon propagates explicitly, but these contributions are
absorbed by the redefinition of the coefficients in Eq. (B27)
and those of Oðe2pÞ operators in the infinite volume. The
leading EM chiral-logarithmic correction comes only from
the tadpole diagrams induced by Eq. (B27)

ðMlog
K;iÞ2 ¼ � e2

16�2

Að1;1Þ
K

F2
0

X
n: sea

ðq2iV � q2nSÞ�in ln

�
�in

�2

�

� e2

16�2

Að2;1Þ
K

F2
0

X
n: sea

f2qiVðqiV � qnSÞ

þ ðqiV � qnSÞ2g�in ln

�
�in

�2

�
� e2

16�2

� 2Að2;2Þ
K

F2
0

X
n;m: sea;n�m

ðqnS � qmSÞ2�mn ln

�
�mn

�2

�

� e2

16�2

Að3Þ
K NS

�Qþ Aðs;2Þ
K qsV þ Aðs;3;3Þ

K qsS
F2
0

� X
n: sea

ðqiV � qnSÞ�in ln

�
�in

�2

�
; (B37)

where i ¼ u or d, � is the renormalization scale, and

�mn ¼ �m þ �n

2
; �n ¼ 2B0mn;

�Q ¼ 1

NS

X
n: sea

qnS: (B38)

In our simulation, all sea quarks are neutral and the two
light sea quarks are degenerate in mass mðSÞ. Hence,

ðMlog
K;iÞ2 reduces to

ðMlog
K;iÞ2 ¼ �2

e2

16�2

1

F2
0

fq2iVðAð1;1Þ
K þ 3Að2;1Þ

K Þ

þ qiVqsVA
ðs;2Þ
K g�iðSÞ ln

�
�iðSÞ
�2

�
; (B39)

where �iðSÞ � B0ðmi þmðSÞÞ.
There are two types of finite-volume corrections induced

at the one-loop level. The first type is given by the scalar
QED diagrams

�ðMKþÞ2jEM;photonicðLÞ ¼ ðqKÞ2e2
�
�3

�

4�

1

L2
þ 1

ð4�Þ2

�KðmKLÞ
L2

� 4
1

ð4�Þ2
mK

L
H ðmKLÞ

�
; (B40)

where � and various functions are defined in Eqs. (14), (16),
and (17). Another type is the finite-volume correction to the

TABLE XXI. Parity (P) and charge conjugation (C) transformation properties of operators at
chiral order Oðe2p2Þ that are bilinear in kaon fields and transform as A � hAhy.

Definition P C

kW; ~Q�
ð���ð1Þ;�ð2Þ

Equation (B28) k
W; ~Q� ;ð���ð1Þ
�ð2Þ ð~xÞ ð�ð1Þ1Þð�ð2Þ1Þð�1ÞðkW; ~Q�

ð���ð1Þ;�ð2Þ
ÞT

kW; ~Qþ�ð1Þ ;�ð2Þ;�� Equation (B29) k
W; ~Qþ;��
�ð1Þ ;�ð2Þ ð~xÞ ð�ð1Þ1Þð�ð2Þ1ÞðkW; ~Qþ�ð1Þ ;�ð2Þ;��ÞT

kW; ~Q��ð1Þ ;�ð2Þ;�� Equation (B29) k
W; ~Q�;��
�ð1Þ ;�ð2Þ ð~xÞ �ð�ð1Þ1Þð�ð2Þ1ÞðkW; ~Q��ð1Þ;�ð2Þ ;��ÞT

kW;r�
~Qþ�ð1Þ ;�ð2Þ;� Equation (30) k

W;r� ~Qþ ;��ð1Þ;�ð2Þ ð~xÞ ð�ð1Þ1Þð�ð2Þ1ÞðkW;r�
~Qþ�ð1Þ;�ð2Þ ;�ÞT

kW;r�
~Q��ð1Þ ;�ð2Þ;� Equation (30) kW;r� ~Q� ;��ð1Þ;�ð2Þ ð~xÞ �ð�ð1Þ1Þð�ð2Þ1ÞðkW;r�

~Q��ð1Þ ;�ð2Þ;�ÞT
kW;r��

~Q� Equation (31) kW;r�� ~Q�ð~xÞ �ðkW;r��
~Q�ÞT

ELECTROMAGNETIC MASS SPLITTINGS OF THE LOW ... PHYSICAL REVIEW D 82, 094508 (2010)

094508-45



terms (B37), �ðMlog
K;iÞ2ðLÞ, whose expression is obtained

by making the following substitution to each logarithm in
Eq. (B37):

m2 ln

�
m2

�2

�
) MðmLÞ

L2
; (B41)

with MðxÞ in Eq. (13). The finite size scaling effect on the
Oðe2Þ wave function renormalization could induceOðe2p2Þ
correction to kaon mass squared after the renormalization of
the kaon field. The explicit calculation, however, shows that
such effects do not exist.

There are as many LEC’s as Oðe2p2Þ operators in Eqs.
(32) and (B34) participating in the Oðe2p2Þ contribution to
kaon mass squared, while our lattice study here can deter-
mine at best the linear combinations of LEC’s of terms

with the same charge and light quark mass dependence of
order e2m, from the response of the data to the variation of
these parameters in the (QCDþ QED) action. The depen-
dence on those parameters can be read off from Eqs. (32)
and (B34). In effect, Eq. (32) alone leads to the following
form of the charge and mass dependence of the Oðe2mÞ
correction (i ¼ u, d) in quenched QED, as anticipated,

ðMe2p2

K;i Þ ¼ e2miVðxðKÞ
3 ðqiV þ qsVÞ2 þ xðKÞ4 ðqiV � qsVÞ2

þ xðKÞ
5 ðq2iV � q2sVÞÞ þ e2mðSÞðxðKÞ

6 ðqiV þ qsVÞ2
þ xðKÞ

7 ðqiV � qsVÞ2 þ xðKÞ8 ðq2iV � q2sVÞÞ: (B42)

We note thatmiV andmðSÞ are denoted bym1 andm4 ¼ m5,

respectively, in Eq. (23).
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