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In a landscape of compactifications with different numbers of macroscopic dimensions, it is possible

that our Universe has nucleated from a vacuum where some of our four large dimensions were compact

while other, now compact, directions were macroscopic. From our perspective, this shapeshifting can be

perceived as an anisotropic background spacetime. As an example, we present a model where our

Universe emerged from a tunneling event which involves the decompactification of two dimensions

compactified on the two-sphere. In this case, our Universe is of the Kantowski-Sachs type and therefore

homogeneous and anisotropic. We study the deviations from statistical isotropy of the cosmic microwave

background induced by the anisotropic curvature, with particular attention to the anomalies. The model

predicts a quadrupolar power asymmetry with the same sign and acoustic oscillations as found by the

Wilkinson Microwave Anisotropy Probe. The amplitude of the effect is however too small given the

current estimated bound on anisotropic curvature derived from the quadrupole.
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I. INTRODUCTION

If inflation lasted sufficiently long, all curvature scales
imprinted on our Universe by preinflationary physics are
pushed to undetectable distances beyond our current hori-
zon. If, on the other hand, inflation ended soon after the
required amount of accelerated expansion to allow a later
epoch of rich structure formation in our local Universe, this
cosmic amnesia may have been only partial. The largest
cosmological scales observable today would then poten-
tially show traces of the initial conditions for our inflating
Universe, including curvature [1–6], anisotropies [7–9], or
nontrivial topology [10]. This is the setting in which the
scenario we propose can have observational consequences.
While it has often been stated that fine-tuning the amount
of inflation to this extent is unnatural, the landscape para-
digm combined with the difficulty to find long-lasting
inflationary solutions in string theory provide sufficiently
strong counter arguments to take this possibility seriously
[11]. Like the collision of bubbles in scenarios of false
vacuum inflation (see [12] for a status report), it offers a
remote chance to probe the landscape of string theory by
observations.

What are plausible initial conditions for our local infla-
tionary patch in the landscape? Compactification in string
theory is often treated kinematically, as part of the con-
struction of the effective four-dimensional theory. With
four macroscopic plus a number of microscopic compact

dimensions fixed once and for all, the transition between
metastable vacua can be described by the spontaneous
nucleation of bubbles with open homogeneous and iso-
tropic spatial sections [13,14]. The observable consequen-
ces of false vacuum bubble nucleation followed by a brief
period of slow-roll inflation have been studied extensively
in the context of open inflation [2–6] and are well under-
stood by now.
From the dynamical perspective, however, compactifi-

cation becomes a problem of string cosmology, for the
compactified dimensions can spontaneously open up and
become large [15]. This substantially widens the parameter
space for initial conditions of our local Universe, since
there are now alternative channels to populate the land-
scape which can be viewed as transitions between vacua
with differing numbers of macroscopic dimensions. This
was first explicitly spelled out by Carroll, Johnson, and
Randall [16] in the context of dynamical compactification
from a higher dimensional spacetime to our effectively
four-dimensional one. The opposite process, dynamical
decompactification, was studied in [17], and in [18] in a
different context.
Although these previous studies were all concerned with

the (de-)compactification of higher dimensions, there is no
reason to exclude that the three macroscopic dimensions of
our present Universe may themselves be the result of such
a process [19]. This is the starting point of our work.1 It is
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1Shortly before completion of our work, two articles ([20,21])
were posted which have a significant amount of overlap with
ours. We will comment on the similarities and differences at
various places in the main text.
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intuitively clear that decompactification allows the exis-
tence of a preferred direction in the sky if only one or two
directions are compact, and therefore gives rise to aniso-
tropic cosmologies. We specifically consider the case
where two of our macroscopic dimensions are compact.
Before inflation, these dimensions were microscopic, leav-
ing one macroscopic direction which may still play a
preferred role for cosmological observations today if in-
flation was short. As a concrete example, we present a four-
dimensional model with two dimensions compactified on a
sphere by the flux of an Abelian gauge field and a cosmo-
logical constant. The solutions of the Euclidean Einstein-
Maxwell equations with spherical symmetry are well
known. They describe pair creation of charged black holes
in de Sitter space [22–24]. We note that the causal patch
beyond the cosmological horizon in the Lorentzian space-
time is an anisotropic inflating Kantowski-Sachs (KS)
universe.

This initial state can be placed in the broader context of
the landscape in different ways. It can be viewed as an
intermediate phase in a progressive opening up of initially
compact dimensions as described in [18], or as the tempo-
rarily final step in a sequence of transitions starting from a
higher dimensional geometry that triggered the decompac-
tification of two previously compact dimensions. We com-
ment briefly on these scenarios in Sec. II but we will leave
the discussion of further implications for future work.

The remainder of this article is structured as follows. In
Sec. III, the model is introduced and its connection to black
hole pair production is discussed. Sec. IV presents a pre-
liminary exploration of cosmic microwave background
(CMB) signatures in our model, which are due to the
anisotropy of KS spacetime. Owing to the technical com-
plexity of a full analysis, we only consider the perturba-
tions of a test scalar field and outline the qualitative
modifications of CMB temperature anisotropies. With
these results we try to assess some of the observed CMB
anomalies which seem to indicate a violation of statistical
isotropy in our Universe. We conclude and discuss
some directions for further research along these lines in
Sec. V.

II. THE SHAPESHIFTING UNIVERSE

A. Rearrangement of macroscopic dimensions

The hypothesis of a string landscape [25,26] leads to the
following scenario. The effective potential of the moduli
(scalar fields describing the size and shapes of compact
dimensions) possesses local minima, created from the
competing effects of a positive cosmological constant,
the curvature of the compact spaces, fluxes, wrapped
branes, etc., but also presents flat directions. The compac-
tified configurations, which are only metastable as a con-
sequence of gravitational tunneling, may thus open up
[15,18]. Consequently, in the general case the four-
dimensional macroscopic spacetime has one, two, or three

compact spatial dimensions, and is anisotropic (one
exceptional, and interesting case, is the compactification
on a flat torus as in [27], see also [28]).
More precisely, we consider the mechanism where q

dimensions are compactified on a q sphere whose radius
is stabilized using the flux of an appropriate q-form field
[29,30]. Many such gauge fields are available in string
theories, each one coming with its own gauge coupling.
One therefore obtains an entire landscape of possible flux
compactifications [26]. The vacua in this landscape (the
minima of the effective potential) differ in the number of
large dimensions and in the effective value of their vacuum
energy, which is determined by the quantum numbers of
the flux fields.
These vacua are rendered metastable by the possibility

to tunnel through the barriers in the effective potential of
the moduli. In such a process, a bubble is formed contain-
ing a new vacuum configuration, which differs from the
parent vacuum in the values of the fluxes and, possibly, in
the number of compactified dimensions. Elementary tran-
sitions where compact dimensions destabilize and start to
open up (decompactification), and the inverse process
(compactification) have been investigated by [16,18],
respectively. It has been recognized that both processes
can be described with a generic type of instanton, and that
the two different interpretations follow by exchanging the
labels for ‘‘parent’’ and ‘‘daughter’’ vacuum. More gener-
ally, however, a vacuum transition may rearrange the con-
figuration of compact directions in an arbitrary way, such
that it is possible that some dimensions compactify while
others decompactify at the same time.2 We are thus con-
fronted with the interesting possibility of a shapeshifting
universe: some of our macroscopic dimensions may have
been destabilized in the final vacuum transition which
spawned our present Universe and have been opening up
ever since.
The outcome of such rearrangements is that the macro-

scopic space dimensions have a nontrivial topology,
for instance R� S2 corresponding to a KS spacetime, or
H2 � S1 corresponding to Bianchi III (BIII). Schemati-
cally, this history can be described as

dS D � S2 �Md ! KSð4Þ �M0
dþD�2;

where dSD is our effective D-dimensional parent vacuum,
KSð4Þ is the Kantowski-Sachs spacetime describing our

macroscopic Universe, and Md, M0
dþD�2 are additional

compact manifolds. The corresponding Penrose-Carter
diagram is shown in Fig. 1. Owing to the reconfiguration
of the microscopic dimensions, the effective vacuum en-
ergy is changed with respect to the parent vacuum and may
lie in the anthropic window if the usual conditions for the
smallness of incremental changes apply [16,26].

2This has already been speculated in [31].
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B. Description of the model

The dynamics of tunneling processes involving several
interacting fields (the moduli) can be very complicated
(e.g., [32]). Here, however, we are mainly interested in
the geometrical properties of the corresponding instanton.
Furthermore, we will treat the microscopic dimensions in
our present Universe as mere spectators, and therefore we
can effectively work in a four-dimensional description.
The tunneling event describing the decompactification of
two dimensions wrapped onto a two-sphere is then com-
pletely equivalent to the pair creation of charged black
holes. It was already pointed out in [16] that the mecha-
nism of dynamical compactification, using magnetic
fluxes, is in some sense a generalization of the idea of
black hole pair creation. The connection between these
ways of thinking was further elucidated in [31], where
different types of compactifications from a six-dimensional
de Sitter vacuum have been studied.

Ignoring the additional dimensions in our description
comes at the cost of not being able to represent the parent
vacuum correctly, nor making quantitative statements
about the tunneling rates. However, our simplified picture
should accurately capture the essential geometrical prop-
erties of the daughter vacuum. In particular, within our
scenario where two directions are wrapped onto a sphere,
the tunneling process gives rise to a Kantowski-Sachs
universe of topology R� S2.

If the scales comparable to the size of the compact
directions have recently entered our horizon, we may
gather information about the topology of our Universe by

examining, e.g., the temperature correlations in the CMB.
Inflation is still a necessary ingredient in this class of
models in order to dilute the spatial curvature, produce a
phenomenologically viable perturbation spectrum, and
heat up the Universe. However, any detection of the
CMB signatures that we discuss in Sec. IV implies that
inflation ended before they were redshifted too far beyond
the horizon. Whether or not anthropic pressure makes this
parameter range likely is an interesting debate (e.g., [11])
to which we have nothing new to add. For the purposes of
this work, we simply accept it as a plausible possibility.
As the authors of [16] have shown, it is possible to

accommodate a period of slow-roll inflation following
the transdimensional tunneling. In their example, this is
achieved by coupling an inflaton field to the curvature and
flux. It was demonstrated that the tunneling process can
indeed trigger slow-roll inflation by setting free the infla-
ton, which was previously trapped in a minimum by the
configuration of the parent vacuum. In this case, the initial
conditions for inflation are governed by the tunneling
process. In order to simplify our analysis, we do not con-
sider a realistic model for slow-roll inflation and absorb the
inflaton potential energy into the effective cosmological
constant. Thus, in our model � is the sum of the inflaton
energy density and of the observed value of the cosmo-
logical constant.

III. KANTOWSKI-SACHS UNIVERSE FROM
GRAVITATIONAL TUNNELING IN FOUR-

DIMENSIONAL EINSTEIN-MAXWELL THEORY

We now introduce our cosmological model and outline
the links with the pair creation of charged black holes
during inflation. Most of the content of this section is
well known and was originally presented in the context
of black hole pair creation (see, e.g., [22–24] and refer-
ences therein). In our notation and terminology, we closely
follow [24].
We present our model using a unified picture where pair

creation of charged black holes can equivalently be under-
stood as Coleman-De Luccia tunneling between two
different vacua of a lower dimensional effective theory.
We will therefore use both interpretations interchangeably,
depending on which of them is more useful in a particular
situation.
As a starting point we take the action of four-

dimensional Einstein-Maxwell theory,

S ¼ 1

16�

Z
d4x

ffiffiffiffiffiffiffi�g
p ½R½g��� � 2�� F��F

���; (1)

where a cosmological constant �> 0 is included in order
to model inflation in a simple way. R½g��� is the Ricci

scalar of the metric tensor g��, g is the metric determinant,

and F�� is the field strength tensor of an Abelian gauge

field.

FIG. 1. Spacetime diagram of a generic tunneling process
giving rise to a four-dimensional Kantowski-Sachs universe.
The effective D-dimensional parent vacuum is marked as dSD
(left and right edge of the diagram should be identified). In this
region, the two compact directions of our macroscopic universe
approach a constant microscopic radius, as they are stabilized on
S2 by a magnetic flux. In the Kantowski-Sachs spacetime,
marked as KSð4Þ, these directions have destabilized and become

large. Vice versa, there are D� 2 large dimensions in the parent
vacuum which approach a compact microscopic configuration in
our universe. The ‘‘static’’ regions interpolate between the parent
vacuum and our bubble. The interpolation smoothly rearranges
all the moduli fields to their new vacuum configuration. The case
where the parent vacuum shares two large dimensions with our
universe has recently been studied in [21]. In this case, the KSð4Þ
region with topology R� S2 is replaced by a Bianchi III space-
time, which has spatial topology H2 � S1. The familiar result of
an open FRW universe in place of KSð4Þ is obtained if all of our

macroscopic dimensions are shared by our parent vacuum.
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We look for solutions with two of the three spatial
dimensions compactified on a sphere of radius R. The
line element therefore takes the form

d s2 ¼ �abðxÞdxadxb þ R2ðxÞ½d�2 þ sin2�d�2�; (2)

where �ab is the metric of a 1þ 1-dimensional Lorentzian
manifold with coordinates x, i.e., the Latin indices take
values 0 and 1 only.

The gauge field should also respect the symmetries of our
metric ansatz. The magnetic solutions of Maxwell’s equa-
tions are therefore proportional to the volume form of S2,

F ¼ Q sin�d� ^ d�; (3)

where Q is the magnetic charge.
Our next step will be the dimensional reduction of the

theory by integration over the coordinates �, � of S2.
Decomposing the full Ricci scalar R½g��� into con-

tributions from the S2 curvature and from the Ricci scalar
of �ab, hereafter denoted as R½�ab�, the action can be
rewritten as

S ¼ 1

4

Z
d2x

ffiffiffiffiffiffiffiffi��
p �

R2R½�ab� þ 2�abraRrbR

þ 2� 2�R2 � 2Q2

R2

�
; (4)

after an integration by parts has removed second deriva-
tives on R. Variation with respect to R and �ab yields two
coupled second order equations,

1

2
R½�ab�R�hR��RþQ2

R3
¼ 0; (5)

and

2RrarbR� 2�abRhR� �ab�
cdrcRrdR

þ �ab

�
1��R2 �Q2

R2

�
¼ 0: (6)

Following the usual procedure, we now solve the corre-
sponding Euclidean equations with the boundary condi-
tions appropriate to describe a tunneling Riemannian
geometry. In Sec. III B, we consider the nucleated four-
dimensional Lorentzian geometries which contain a KS
spacetime. These solutions describe a universe with two
compact spatial dimensions which are destabilized and
start to grow.

A. Euclidean geometries

A formal analytic continuation to imaginary time takes
the action to its Euclidean counterpart. The Euclidean
equations remain formally identical to the Lorentzian ones
(5) and (6), with the important difference that the metric
�ab now has Euclidean signature (þþ).

We consider all the solutions of the two-dimensional
Euclidean equations which have Oð2Þ symmetry, meaning

that all quantities only depend on the Euclidean distance �
from the symmetry point:

�abdx
adxb ¼ d�2 þ �2ð�Þd’2;

Rð�;’Þ ¼ Rð�Þ: ðEuclideanÞ (7)

Here, the coordinate’ is an angular coordinate with period
2�. We will relate these solutions to the instantons describ-
ing pair creation of charged black holes in de Sitter space.
At the symmetry point � ¼ 0 the Euclidean scale factor

� is zero. The zeros of � are sometimes called ‘‘poles’’
since they may represent the origin of a polar coordinate
system. In this paper, we will also call the symmetry point
� ¼ 0 the ‘‘south pole’’ of the geometry. If � has a second
zero at finite � ¼ �max, we will call this the ‘‘north pole.’’
Regularity of the geometry at the poles requires �0ð0Þ ¼
��0ð�maxÞ ¼ 1, otherwise there will be a conical
singularity.
Using the Oð2Þ-symmetric ansatz, Eqs. (5) and (6) read,

respectively,

�00

�
Rþ R00 þ �0

�
R0 þ�R�Q2

R3
¼ 0; (8)

and

R02 þ 2
�0

�
R0R� 1þ�R2 þQ2

R2
¼ 0: (9)

These two equations can be combined to show that
d ln� ¼ d lnR0, which implies � / R0. This result can be
used to eliminate � in Eq. (9). One finds

2RR00 þ R02 � 1þ�R2 þQ2

R2
¼ 0; (10)

and its first integral

R02 �Q2

R2
þ 2M

R
� 1þ�

3
R2 ¼ 0: (11)

These solutions are indeed the Euclidean analogs of
Reissner-Nordström-de Sitter (RNdS) black holes, where
the constant of integration M is the Misner-Sharp mass.
The positive roots of the potential

VðRÞ � �Q2

R2
þ 2M

R
� 1þ�

3
R2 (12)

correspond to the horizons of the black hole spacetime.
These are, in ascending order, the inner Cauchy horizon Ri,
the black hole event horizon Rb, and the cosmological
horizon Rc. There is also one root at negative R which
has no physical significance.
The number of positive roots can of course be less than

three. For a given � and a sufficiently small Q, there is a
minimal and a maximal value for M at which two roots
exactly coincide, such that VðRÞ has a double root. These
two situations are realized when Ri � Rb and Rb � Rc,
respectively. For the intermediate range of M, all three
roots are distinct. This range for M shrinks as Q increases,
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and at Q ¼ 1=
ffiffiffiffiffiffiffi
4�

p
, all three positive roots coincide for

M ¼ 2=
ffiffiffiffiffiffiffiffiffi
18�

p
. For Q larger than that, or forM outside the

intermediate range, only one positive root exists, and no
instanton of finite action can be obtained. Let us first
examine the cases where M is chosen such that VðRÞ has
a double root.

If Rb and Rc coincide, they designate a minimum of the
potential, see Fig. 2. Hence, there is a solution R ¼
const ¼ Rbð� RcÞ. In this case � ¼ H�1 sinH�, with
H2 ¼ V00ðRbÞ=2. [The easiest way to see this is to write
R ¼ Rb þ 	R and expand Eq. (11) to second order in the
perturbation 	R. The functional form of � then follows
from � / 	R0, and since the amplitude of � is entirely fixed
by the boundary conditions �ð0Þ ¼ 0, �0ð0Þ ¼ 1, it is
independent of the amplitude of the perturbation.] The
Euclidean solution is a sphere with radius H�1. This par-
ticular solution is called the charged Nariai instanton, since
the analytic continuation to Lorentzian signature turns the
S2 � S2, obtained in the full four-dimensional picture, into
a dS2 � S2 (charged) Nariai spacetime.

If, on the other hand, Rb and Ri coincide, they designate
a maximum of the potential. There is again a solution R ¼
const ¼ Rbð� RiÞ, but this time one finds that � ¼
!�1 sinh!�, with !2 ¼ �V00ðRbÞ=2. The geometry is
now a hyperbolic plane H2 instead of a sphere. Since the
hyperbolic plane has infinite volume, this instanton does
not have a finite action. This is the reason why it is usually

not discussed in the context of black hole pair creation. The
spacetime one would get from analytic continuation of this
instanton is AdS2 � S2, again in the four-dimensional
picture. We note that in the two-dimensional picture the
compactification vacuum has negative effective vacuum
energy, and hence the universe is anti-de Sitter. This seems
to be a generic feature of two-dimensional vacua obtained
by flux compactification. However, this does not exclude
the possibility that other compactification mechanisms
may give rise to effective two-dimensional solutions with
positive vacuum energy. Then there would also be two-
dimensional de Sitter vacua which could play the role of
our parent vacuum.
It is evident from Fig. 2 that in the case Rb � Ri, a

second instanton should exist. It is obtained by starting
from R ¼ Rc at the south pole of the geometry. As �
increases,R rolls through the potential well and approaches
R ¼ Rb. However, since Rb is a double root, R reaches this
value only at � ¼ 1. The resulting geometry is a two-
dimensional Oð2Þ-symmetric space which interpolates be-
tween a sphere with Gaussian curvature V00ðRcÞ=2 at the
south pole and a pseudosphere with (negative) Gaussian
curvature V 00ðRbÞ=2 as � ! 1. It is called the ‘‘cold’’
instanton, since it describes pair creation of extremal (and
therefore cold) black holes. The Euclidean action of this
instanton is finite and was computed, e.g., in [24].
Another special class of solutions exists when all three

horizons coincide, Ri � Rb � Rc. Solutions of this type
are called ‘‘ultracold’’. Because they are only obtained on a

single point in parameter space, namely Q ¼ 1=
ffiffiffiffiffiffiffi
4�

p
, we

do not discuss them in more detail.
Let us finally turn to the case where there are three

distinct horizons. Starting again with R ¼ Rc at the south
pole, one can see from Fig. 2 that now R reaches the value
Rb at a finite Euclidean distance � ¼ �max. Imposing
the regularity condition �0ð0Þ ¼ 1 at the south pole, we
see from Eq. (11) and � / R0 that a conical singularity at
the north pole can only be avoided if V 0ðRcÞ � �V0ðRbÞ,
which is only possible forQ< 3=

ffiffiffiffiffiffiffiffiffi
48�

p
and fixes the mass

to M ¼ Q. The instanton obtained this way is regular and
has topology S2, and its action was also computed in [24].
It describes pair creation of nonextremal charged black
holes and is therefore called the ‘‘lukewarm’’ solution. In
the terminology of [16], it corresponds to the ‘‘interpolat-
ing solution’’.
This completes our catalog ofOð2Þ-symmetric solutions

of the two-dimensional Euclidean equations. The luke-
warm solutions are the only ones that we shall consider
in the following, though the precise values of the para-
meters Q and M are not important for our discussion. We
want to point out here that additional compact dimensions
would not change the geometrical properties of the instan-
ton from the two-dimensional point of view. The additional
dimensions would add new moduli fields which compli-
cate the equations, but the Oð2Þ symmetry and the

FIG. 2. Qualitative shape of the potential VðRÞ for three differ-
ent mass parametersM at fixed� andQ, withQ< 3=

ffiffiffiffiffiffiffiffiffi
48�

p
. The

roots of VðRÞ correspond to the three different horizons in a
Reissner-Nordström-de Sitter spacetime. The lower dashed line
(smallest value ofM) shows the special case when the black hole
event horizon Rb and the inner Cauchy horizon Ri coincide
(extremal Reissner-Nordström black hole). This potential may
characterize a cold instanton as well as the H2 � S2 instanton,
which has no finite action. The upper dashed line (largest value of
M) shows the special case when Rb coincides with the cosmo-
logical horizon Rc. This would be characteristic for a ‘‘charged
Nariai’’ instanton. The line in between shows the case when
V 0ðRbÞ ¼ �V 0ðRcÞ, corresponding to a lukewarm instanton.
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two-dimensional topology of the instanton would remain
unchanged.

B. Cosmology in the spacetime of
pair-created charged black holes

In the language of gravitational tunneling, the Euclidean
geometries describe the solution in the classically forbid-
den region of configuration space. A turning-point configu-
ration, i.e., a spacelike hypersurface which contains the
initial data to solve the Cauchy problem in the classically
allowed region, is given by a maximal section of the
instanton, running perpendicular to the circles of constant
� from the south pole to the north pole and back again. On
this surface, which has topology S1 � S2 in the four-
dimensional picture, the Euclidean solution connects to a
classical Lorentzian spacetime. The Oð2Þ symmetry of the
Euclidean �ab carries over to an Oð1; 1Þ symmetry of the
Lorentzian counterpart. Therefore, the metric solution is
simply obtained by formally taking ’ ! it. The line
element then reads

d s2¼��2ð�Þdt2þd�2þR2ð�Þ½d�2þsin2�d�2�: (13)

Using R02 ¼ �VðRÞ � fðRÞ, � / R0, and absorbing the
constant of proportionality into the definition of t, this
can be written in the familiar form of Schwarzschild-type
coordinates,

d s2 ¼ �fðRÞdt2 þ f�1ðRÞdR2 þ R2½d�2 þ sin2�d�2�:
(14)

A causal diagram of the full classical spacetime is shown
in Fig. 3.

Strictly speaking, the analytic continuation only covers
the patch Rb < R< Rc. However, the metric (14) can
simply be extended to allow R> Rc or R< Rb, respec-
tively, IV and II on Fig. 3, in order to cover the entire
physical manifold. In these patches, R is a timelike coor-
dinate (since fðRÞ is negative there), and t is a spacelike
coordinate, so that the metric in manifestly homogeneous
(while it is static in the domain between the horizons).
Furthermore, using R as a time coordinate one obtains a
foliation Rtime � ðR� S2Þspace, which means that the two

patches may be considered as two separate KS universes.
The cosmology of our own Universe is described by the

KS spacetime of region IV. For a general tunneling process
in the landscape of compactifications, region II will be
replaced by a patch containing the parent vacuum, which
may have a number of additional large dimensions,
cf. Fig. 1. Regions I and V then interpolate between the
parent vacuum and our own Universe. We assume that this
does not drastically alter the cosmology in our Universe,
though the early evolution may change somewhat as the
moduli describing our microscopic dimensions settle to
their new vacuum configuration.

The KS spacetime of region IV begins with a big bang
which is a ‘‘pancake’’ singularity where only the scale

factor of the noncompact direction is zero (since R ¼ Rc

at this time). After a short period of curvature domination,
the Universe starts to inflate. In our simple model, inflation
is driven by a cosmological constant and therefore it never
ends. This can be overcome by replacing � by an inflaton
field with appropriate properties. We will assume that the
initial conditions for inflation, which are determined by the
tunneling process, allow for a period of slow-roll inflation
in the newly nucleated universe. Explicit examples for
such a scenario have been constructed in [16]. In this
case, the inflaton will eventually decay and the Universe
will reheat.
We have presented a scenario of gravitational tunneling

in which our Universe would have homogeneous but an-
isotropic spacelike hypersurfaces with topologyR� S2. In
addition to this anisotropic curvature, the expansion is also
anisotropic. The anisotropy of the background is reflected
in observables such as the correlation of multipole coef-
ficients in the CMB. We now present a simplified analysis
of these observable signatures.

IIII

IIVIIV

VIIII

IV
VI

FIG. 3. Penrose-Carter diagram of Reissner-Nordström-de
Sitter spacetime—left and right side (regions II and VII) should
be identified. The line marked �0 shows the location of the
turning-point three-geometry in the diagram. It also contains the
north pole and the south pole of the instanton, labeled NP and SP,
respectively. Regions I and V are the static regions between the
cosmological horizons and the event horizons of the two black
holes. Region II is the interior of the black holes, which make up
a wormhole. It is a Kantowski-Sachs universe evolving from a
big bang at R ¼ Rb to a big crunch at R ¼ Ri. Region IV lies
beyond the cosmological horizons of the black holes. It is
another Kantowski-Sachs universe which has its big bang at
R ¼ Rc and starts to inflate indefinitely due to the presence of a
cosmological constant. Regions III and VI lie beyond the inner
Cauchy horizons R ¼ Ri and exist only in the mathematical
solution, as well as region VII, which would lie in another
universe. In regions I–IV, curves of constant R are sketched as
dashed lines. We have omitted the time-reversed copy of the
diagram below �0, which would be present in a full classical
solution due to time reflection symmetry. After the gravitational
tunneling event has taken place, classical evolution ‘‘begins’’
on �0.
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IV. OBSERVABLE SIGNATURES OF THE
ANISOTROPY IN A KANTOWSKI-SACHS

UNIVERSE

The nontrivial topology and geometry of the background
introduces several changes with respect to Friedman-
Robertson-Walker (FRW) cosmologies. First, because of
the compact dimensions, the power spectrum on large
scales is modified. In the event that the period of inflation
was short, these scales would enter our horizon today.
Second, the theory of cosmological perturbations is more
intricate because scalar, vector, and tensor perturbations
are coupled via the shear (see, e.g., [7,9,33] for related
work in Bianchi I models). Third, the free streaming of the
photons is also anisotropic, i.e., the redshift factor between
the last scattering and today depends on the direction of
observation (an ‘‘anisotropic Sachs-Wolfe effect’’).

These three sources of primary anisotropies cannot be
treated independently in a self-consistent way because they
have a common origin. We will nevertheless examine them
separately by means of the following two simplifications.
First, we will not present the full theory of cosmological
perturbations but only examine the power spectrum of a test
scalar field. Second, we disentangle the ‘‘early’’ from the
‘‘late’’ time effects, that is those resulting from the modi-
fications of the inflationary power spectrum and the aniso-
tropic Sachs-Wolfe effect. This is achieved by assuming
that the expansion rate is isotropic after the end of inflation.

In Sec. IVA, we solve the mode equation of a massless
scalar field in KS spacetime, motivate the choice of the
state, and give an analytic expression of the corresponding
two-point correlation function at equal time. In Sec. IVB,
we project this two-point correlation function onto a sphere
and calculate the corresponding multipole correlators
halma�l0m0 i for l; l0 ¼ 2, 3 and 4. In Sec. IVC, we discuss

the additional corrections introduced by the remaining
sources of anisotropies. In Sec. IVD we examine whether
some of the reported CMB anomalies can be accounted for
by the model.

A. Power spectrum of a massless scalar field
in a Kantowski-Sachs spacetime

We begin by introducing a new set of coordinates in the
inflationary KS universe of RNdS. It is important for the
quantization and the definition of the ground state to work
with a time coordinate which can be continued analytically
beyond the cosmological horizons (into I and Vof Fig. 3).
The following choice satisfies this requirement:

d s2 ¼ H�2½�d
2 þ VðRÞdz2� þ R2½d�2 þ sin2�d�2�;
(15)

where we have introduced the inflationary Hubble parame-

ter, H � ffiffiffiffiffiffiffiffiffi
�=3

p
. In this equation, R should be read as a

function of 
. Note that VðRÞ is positive and plays the role
of a scale factor for the noncompact direction z. As can be

seen by comparing with Eq. (14), the spacelike coordinate
is defined by dz ¼ Hdt, and the (dimensionless) time

coordinate by d
 ¼ HdR=
ffiffiffiffiffiffiffiffiffiffiffi
VðRÞp

. R is thus a growing
function of 
.
Let us consider a minimally coupled massless real scalar

field �,

S � ¼ � 1

2

Z
d4x

ffiffiffiffiffiffiffi�g
p

g��@��@��: (16)

Given a Cauchy surface of the entire spacetime such as �0

on Fig. 3, � and its conjugate momentum are required to
satisfy the canonical commutation relations. We note the
Klein-Gordon product

ðf; gÞ ¼ i
Z
�
d��

ffiffiffiffiffiffi
h�

p ðf�@�g� g@�f
�Þ (17)

and decompose the field into creation and annihilation

operators ayn , an defined by

a n ¼ ðfn;�Þ; (18)

where ffng is a complete family of positive norm solutions
of the Klein-Gordon equation to be specified below.
Following [34], we carry out this program in the following
two steps. First we find the normalized solutions of the
field equation in the KS wedge. Then we analytically
continue the solutions beyond the cosmological horizon
(into regions I and V of Fig. 3) and demand that they be
regular there. This way, we avoid normalizing the solutions
of the Klein-Gordon equation in regions I and V, which
would require the calculation of a complicated integral.
Exploiting the R� S2 symmetry of the spacelike hyper-

surfaces of KS, we introduce the decomposition

�ð
; z; �; �Þ ¼ X
‘;m

Z dkffiffiffiffiffiffiffi
2�

p �k‘mð
ÞeikzY‘mð�;�Þ: (19)

We introduce the rescaled field � ¼ jgj1=4� ¼ RV1=4�,
in terms of which the action reads

S� ¼ 1

2

X
‘;m

Z
dkd


�
_�k‘m

_��
k‘m �

�
k2

VðRÞ þ
‘ð‘þ 1Þ
H2R2

� 1

H2

�
�
V 0ðRÞ
R

� V 0ðRÞ2
16VðRÞ þ

V 00ðRÞ
4

��
�k‘m�

�
k‘m

�
;

(20)

where we have used €R ¼ V0ðRÞ=2H2 and dropped the
boundary term of an integration by parts. We further de-
compose the solutions into

�k‘mð
Þ ¼ ak‘muk‘ð
Þ þ ð�1Þmay�k‘�mu
�
k‘ð
Þ: (21)

where the functions uk‘ satisfy the equation

€uk‘ þ
�

k2

VðRÞ þ
‘ð‘þ 1Þ
H2R2

� 1

H2

�
V 0ðRÞ
R

� V 0ðRÞ2
16VðRÞ þ

V 00ðRÞ
4

��
uk‘ ¼ 0: (22)
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The mode functions defined by (19)–(22) form a complete
family of solutions of the Klein-Gordon equation and are
normalized provided

Im ðuk‘ _u�k‘Þ ¼ 1: (23)

The particular solution of (22) is fixed by demanding that
the analytic continuation of the functions uk‘ to the entire
spacetime is regular on a Cauchy surface, say, �0 of Fig. 3
for definiteness.

In order to carry out this calculation explicitly, we make
the approximation VðRÞ �H2R2 � 1. One may notice that
this corresponds to work with a R� S2 foliation of four-
dimensional de Sitter space (see the Appendix) and one
expects that it is good only if there is a separation of scales
Rc � Rb, Ri. With this approximation, we have Rð
Þ ¼
H�1 cosh
. We can now eliminate R from (22),

€u k‘ð
Þ þ
�
k2 þ 1=4

sinh2

þ ‘ð‘þ 1Þ

cosh2

� 9

4

�
uk‘ð
Þ ¼ 0: (24)

This equation can be solved exactly by substituting s �
sinh2
. The resulting equation is recognized as Riemann’s
differential equation whose general solution can be written
in terms of the hypergeometric function 2F1:

uk‘ ¼ s1=4sik=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsþ 1Þ‘þ1

q
�

�
2F1

�
‘þ ik

2
;
‘þ 3þ ik

2
; 1þ ik;�s

�
Ak‘

þ ð�sÞ�ik
2F1

�
‘� ik

2
;
‘þ 3� ik

2
; 1� ik;�s

�
Bk‘

�
(25)

for ‘ � 1. Here and in the following, we place the branch
cuts such that all functions are analytic in the entire upper
half of the complex plane of s, including the real line but
allowing for isolated singular points. The case ‘ ¼ 0 has to
be treated separately, the general solution in this case is

uk0 ¼ s1=4sik=2
�
2F1

�
ik� 1

2
; 1þ ik

2
; 1þ ik;�s

�
Ak0

þ ð�sÞ�ik
2F1

��ik� 1

2
; 1� ik

2
; 1� ik;�s

�
Bk0

�
:

(26)

The constants of integration, Ak‘ and Bk‘, are fixed by the
conditions of regularity and of normalization.3 To imple-

ment the former, we note that we can cover the static

regions of RNdS (I and V in Fig. 3) by integrating d
 ¼
HdR=

ffiffiffiffiffiffiffiffiffiffiffi
VðRÞp

to values R< Rc. The imaginary part of 

then plays the role of a radial coordinate. In a RNdS
spacetime, we would impose regularity at R ¼ Rb, the
‘‘north pole’’ of the geometry. Since we are using
de Sitter space as an approximation, we instead use this
condition at R ¼ 0, i.e., at the poles of Euclidean de Sitter
space 
 ! 	i�=2. As seen in (24), for ‘ � 1 the solutions
near the poles asymptote to uk‘ � �‘þ1 or uk‘ � ��‘,
where 
 ¼ 	ið�=2� �Þ. The second solution is not nor-
malizable and is therefore excluded from the physical
spectrum. Expanding the solution (25) around s ¼ �1,
one sees that it remains regular if the constants of integra-
tion fulfill the relation

Bk‘ ¼ �Ak‘

�ð1þ ikÞ�ð‘�ik
2 Þ�ð‘þ3�ik

2 Þ
�ð1� ikÞ�ð‘þik

2 Þ�ð‘þ3þik
2 Þ : (27)

For ‘ ¼ 0, we impose

duk0
dR

��������R¼0
¼ 0 (28)

such that the derivative is continuous at the poles. The
constants of integration in (26) are therefore related by

Bk0 ¼ �Ak0

�ð1þ ikÞ�ð�1�ik
2 Þ�ð1� ik

2 Þ
�ð1� ikÞ�ð�1þik

2 Þ�ð1þ ik
2 Þ
: (29)

Using these relations, one can show that the normalization
of the Wronskian, Eq. (23), implies

jAk‘j2 ¼ 1

kðe2�k � 1Þ ; (30)

including the case ‘ ¼ 0. This fixes the vacuum mode
functions up to an irrelevant overall phase.
The two-point correlation function (at equal time) is

finally given by

h�ð
; 0; 0; 0Þ�ð
; z; �; 0Þi

¼ X
‘

ð2‘þ 1Þ
16�2

Z
dk

juk‘j2
R2

ffiffiffiffiffiffiffiffiffiffiffi
VðRÞp P‘ðcos�Þe�ikz; (31)

where we used homogeneity of space to shift one of the
points to the origin of the coordinate system (z ¼ 0,
� ¼ 0), and the rotational symmetry of S2 to set the
azimuthal coordinate � of the second point to zero. We

call juk‘j2=R2
ffiffiffiffiffiffiffiffiffiffiffi
VðRÞp

the ‘‘power spectrum’’. It becomes
time independent at late time 
 ! 1,

juk‘j2
R2

ffiffiffiffiffiffiffiffiffiffiffi
VðRÞp ! H2j�ð‘þik

2 Þj2
2ðk2 þ ð‘þ 1Þ2Þj�ð‘þ1þik

2 Þj2 � P k‘; (32)

for ‘ > 0, and

3In a first preprint of this paper we used a state corresponding
to the solutions �e�ik�, with d� ¼ d
=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V½Rð
Þ�p

a conformal
time coordinate. We see from the limiting form of Eq. (24) near
the horizon, i.e., 
 ! 0, that they correspond to Ak‘ ¼ 0. Some
of the integrals in (40) are, however, infrared divergent for that
spectrum. This infrared contribution dominated the (truncated)
integrals and was responsible for a different scaling of the
corrections reported there ( / r instead of / r2). We wish to
thank M. Salem for helpful correspondence concerning the
appropriate definition of the vacuum state.
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juk0j2
R2

ffiffiffiffiffiffiffiffiffiffiffi
VðRÞp ! H2 tanh�k2

kþ k3
� P k0; (33)

for ‘ ¼ 0. These results are most conveniently obtained by
taking the limit s ! 1 of Eqs. (25) and (26), and noting

that R2
ffiffiffiffiffiffiffiffiffiffiffi
VðRÞp ! H�2s3=2.

B. Multipole coefficients

The CMB anisotropies are described by the two-point
correlation function on the two-dimensional intersection of
the past light-cone of the observer with a constant time
hypersurface. Anisotropic expansion during the matter
dominated era causes an angular dependent redshift but
for simplicity we shall neglect this additional corrections to
the standard angular power spectrum in this section.
Namely, we evaluate the two-point correlation function
given in the previous section on a surface at fixed comov-
ing distance and calculate the correlations between the
multipole coefficients halma�l0m0 i. Our approximation

amounts to assume that the post-inflationary phase of
expansion is isotropic,

d s2 ��dt2 þ R2ðtÞ½dz2 þ d�2 þ sin2�d�2�: (34)

We can choose the coordinate system so that the observer
is at the origin (z ¼ 0, � ¼ 0). The direction of observation

n defines a point (z ¼ rz 
 n, � ¼ r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ðz 
 nÞ2p

on the last
scattering surface, where z is the unit vector pointing along
the z direction, and r is the comoving radius of the last
scattering surface,

r ¼
Z t0

trec

dt

RðtÞ ’
3:5
_Rðt0Þ

¼ 3:5
ffiffiffiffiffiffiffiffiffiffiffi
�curv

p
; (35)

see the Appendix for the definitions. We also record the
relation between the ratio r and the number of e-folds of
inflation. Since the shear is small, the radius of the last
scattering surface is in the first approximation equal to its
value in isotropic cosmologies lLSS ’ 0:5H�1

0 . Let us define

the origin of the number of e-folds as the instant where the
radius of the compact directions R is of the order of the
Hubble radius today H�1

0 ’ R. If inflation lasts Nextra > 0
additional e-folds, this radius is eNextra larger. Hence,

r ¼ lLSS
R

’ 0:5e�Nextra : (36)

A long period of inflation therefore corresponds to r � 1.
The correlations between the multipole coefficients are

given by

halma�l0m0 i¼
Z
d�d�0YlmðnÞY�

l0m0 ðn0Þh�ðn;rÞ�ðn0;rÞi:
(37)

Before we start to calculate, we note that some of them
vanish by invariance under point-reflection, which is a
symmetry of the KS model. The two-point function in
the above expression is indeed even under parity and the
correlations between multipole coefficients of opposite
parity, i.e., such that lþ l0 is odd, vanish identically.
Parity is also a symmetry of the Bianchi III models
considered in [20,21], which explains why they also find
no correlations for the multipole coefficients where lþ l0
is odd.
We now introduce intrinsic spherical coordinates ð#;’Þ

on the last scattering surface. For simplicity, we choose the
polar axis aligned with the z direction such that z 
 n ¼
cos#. As we have already seen in the previous section,
homogeneity of space guarantees that the two-point func-
tion in the above equation only depends on two parameters:
the separation along the flat direction z, given by rðcos# �
cos# 0Þ, and the angle � subtended by an arc on the compact
dimensions, that is cos� ¼ cosðr sin#Þ cosðr sin#0Þ þ
sinðr sin#Þ sinðr sin#0Þ cosð’� ’0Þ, as some simple geo-
metric considerations show. In order to simplify our
expressions, we will use the identity

P‘ðcos�Þ ¼ 4�

2‘þ 1

X‘
n¼�‘

Y�
‘nðr sin#;’ÞY‘nðr sin#0; ’0Þ:

(38)

Using Eq. (31), the multipole correlations in terms of these
intrinsic coordinates become

halma�l0m0 i ¼
Z

d�d�0X
‘

Z
dkYlmð#;’ÞY�

l0m0 ð#0; ’0ÞP kl

4�

� X‘
n¼�‘

Y�
‘nðr sin#;’ÞY‘nðr sin# 0; ’0Þe�ikrðcos#�cos#0Þ:

(39)

Since KS spacetime is axially symmetric around the z
axis, and since our choice of intrinsic coordinates respects
that symmetry, the coefficients alm with different m are
uncorrelated. One can show this explicitly by integrating
out the angles ’ and ’0,

halma�l0m0 i ¼ 	mm0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2l0 þ 1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl�mÞ!
ðlþmÞ!

ðl0 �mÞ!
ðl0 þmÞ!

s Z �

0
sin#d#

Z �

0
sin# 0d# 0 Z dkPlmðcos#ÞPl0mðcos#0Þ

�X
‘

P kl

2‘þ 1

16�

ð‘�mÞ!
ð‘þmÞ!P‘mðcosðr sin#ÞÞP‘mðcosðr sin# 0ÞÞe�ikrðcos#�cos#0Þ: (40)
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We calculate the remaining coefficients halma�l0m0 i numeri-
cally. We compare these results with the statistically
isotropic case of a flat FRW universe with a Harrison-
Zel’dovich spectrum

halma�l0m0 iiso ¼ H2

2�

1

lðlþ 1Þ	ll0	mm0 : (41)

This expression is obtained by computing the vacuum
expectation value in the Bunch-Davies vacuum using the
flat slicing of de Sitter space.

We present our results in the following form:

halma�l0m0 i ¼ H2

2�
	mm0 ð	ll0 þ 	Cll0mmÞ

�max

�
1

lðlþ 1Þ ;
1

l0ðl0 þ 1Þ
�
; (42)

and give the coefficients 	Cll0mm in Table I for the case
r ¼ 0:5, which corresponds to �curv ’ 0:02, see Eq. (35).
The scaling of the coefficients 	Cll0mm with r is illustrated
in Fig. 4. Our findings are the following. First, the ampli-
tude of the corrections is suppressed by r2 / �curv. In the
limit of a long period of inflation, r ! 0, i.e., when the
observer only has access to scales much smaller than
the radius of S2, the anisotropies become unobservable.
Second, as already pointed out the correlations vanish by
parity for lþ l0 odd. This result does not depend on our
choice of coordinate system. Third, the amplitude of the
corrections is largest for l ¼ l0, and generally decreases
with growing jl� l0j. It is also noteworthy that the ampli-
tude, at fixed jl� l0j, is almost independent of l, which
means that the correlations extend uniformly up to
arbitrarily high multipoles. Fourth, for l ¼ l0, them depen-
dence of the corrections obeys

	Cllmm ¼ 	Cll00

�
1� 3m2

lðlþ 1Þ
�

(43)

to a good approximation. As a result, the corrections cancel
in the averaged multipole

Cl �
X
m

halma�lmi
2lþ 1

¼ H2

2�

1

lðlþ 1Þ : (44)

Fifth, from Eq. (35) we deduce

	Cll00 ’ �curv: (45)

A mild dependence on l of the prefactor is possible.
We emphasize two remarkable properties of these

spectra. The first one is the scale invariance of the power
spectrum, and, in particular, the absence of an infrared
cutoff which one could have naively expected from the
asymptotic form of the power spectrum (32) and (33) at
k ! 0 or by analogy with closed FRWmodels. The second
is the fact that, as we already pointed out, at a given value
of l, the anisotropy manifests itself by a redistribution
of the power amongst the various alm according to the
‘‘sum rule’’ X

m

	Cllmm ¼ 0: (46)

TABLE I. Relative deviations from a flat Friedman-Robertson-Walker cosmology of the
multipole correlations. The numerical results are for r ¼ 0:5. Solid convergence was achieved
for the leading digit only. We found that for the nonzero entries 	Cll0mm0 is roughly proportional
to r2, cf. Fig. 4.

	Cll0mm m ¼ 0 m ¼ 1 m ¼ 2 m ¼ 3

l ¼ 2, l0 ¼ 2 þ0:02ð40Þ þ0:01ð16Þ �0:02ð48Þ -

l ¼ 2, l0 ¼ 3 0 0 0 -

l ¼ 2, l0 ¼ 4 �0:005ð4Þ �0:005ð0Þ �0:003ð3Þ -

l ¼ 3, l0 ¼ 3 þ0:02ð29Þ þ0:01ð62Þ �0:00ð04Þ �0:02ð69Þ
l ¼ 3, l0 ¼ 4 0 0 0 0

0.1 1
10

-4

10
-3

10
-2

10
-1

FIG. 4. Amplitude of the anisotropic correction to the multi-
pole correlators for different values of r (three examples). We
found a scaling consistent with 	Cll0mm0 / r2, as indicated by the
dashed lines.
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In Sec. IVD, we show how Eqs. (43) and (46) translate
into observables (the so-called bipolar coefficients).
Eqs. (43)–(46) and Table I are the central results of this
section.4

In [21], a table similar to our Table I can be found for a
Bianchi III model. The deviations due to anisotropy are
controlled in that case by the comoving radius of the last
scattering surface, �? in their notation, and scale like �2

? /
�curv. Their table and ours are remarkably similar,5 the
only difference appears to be the overall sign of the cor-
rections. It is tempting to conjecture that this is related to
the opposite sign of the curvature of Bianchi III models as
compared to KS models. Note as well that Eq. (43) then
should hold for both cases, as seems to be implied also by
Fig. 3 of [21]. The resulting cancellation of the corrections
when taking the sum over m was, however, not reported
in [21].

C. Corrections to the Sachs-Wolfe effect

Our analysis of anisotropic signatures was simplified in
two respects. First, we only consider a test field. Without a
detailed analysis, it is hard to determine whether the theory
of cosmological perturbations in KS spacetime would give
primordial spectra qualitatively different from the ones of
perturbed FRW spacetimes, besides the ones already found
for test scalar fields. We leave this question for future work.
Our second simplification is that we neglected the aniso-
tropic redshift after last scattering. In a KS spacetime, this
effect is controlled by the ratio of the shear, 	, to the
isotropic expansion rate H (see the Appendix for the
definitions). This ratio decreases during inflation but grows
again during radiation and matter domination, so that it
becomes significant only at small redshifts z ¼ Oð1Þ.
These late-time effects are thus determined by the value
of the ratio

� ¼ 	0

H0

: (47)

To get a handle on the additional corrections brought by
the anisotropic redshift of photons since last scattering,

note that this effect has two origins in our model. One is
caused by the anisotropic expansion and the second by the
curvature of the homogeneous surfaces. To see the effect of
the anisotropic expansion alone, consider a Bianchi I
model ds2BI ¼ �dt2 þ a2ðtÞdx2 þ b2ðtÞðdy2 þ dz2Þ. The
null geodesic equation is readily solved and gives the
temperature distribution in the direction ð#;’Þ

TBIð#;’; tOÞ ¼ Tem

�
x2

a2em
þ y2 þ z2

b2em

��1=2
; (48)

where Tem is the temperature of the Planck spectrum at the
time of emission, and the Cartesian coordinates ðx; y; zÞ are
related to the intrinsic coordinates on the unit sphere by
x ¼ sin# cos’, y ¼ sin# sin’, and z ¼ cos#. The quad-
rupole character of this distribution is obvious (recall that
when written in Cartesian coordinates, the spherical har-
monics of weight l are homogeneous polynomials of de-
gree l). We conclude that the anisotropic Sachs-Wolfe
effect takes the form

�
	T

T

�
BI
��

3

�
1þ Xm¼2

m¼�2

Oð�ÞY2mð#;’Þ
�
þ . . . (49)

where � is the gravitational potential in the Newtonian
gauge and the ellipsis stands for the corrections from the
velocity potential of matter and the integrated Sachs-Wolfe
term, both of which receive similar quadrupolar modula-
tions. Inserted into the expression (37) of the correlation
functions, this quadrupole generates additional correla-
tions between the halma�l0m0 i with l0 ¼ l, l	 2.

The non Euclidean character of the surface of homoge-
neity in KS spacetimes is responsible for additional cor-
rections to the geodesic equation. As a result, the
temperature distribution cannot be written in closed form
as in the simple expression (48). Nevertheless, inspection
of the geodesic equations is sufficient to show that these
corrections scale with � as one could expect. Indeed, the
null component of the momentum is given by

dp0

d

¼ 	

�
�2e4� �p2

z þ e�2�

�
�p2
� þ

�p2
�

sin2�

��
(50)

where � ¼ R
t 	 and �pz;�;’ are integration constants.

A detailed calculation of the bolometric flux, which
includes all of these corrections, was done in [20] for
Bianchi III spacetimes. It can easily be adapted to the
Kantowski-Sachs spacetime and confirms the qualitative
results we have just derived. Moreover, it is noteworthy
that the diagonal corrections 	Cllmm retain the same para-
metric form (43) and therefore verify the sum rule (46), as
can be seen from Eq. (47) of [20], with the use of their
equations (B1) and (B3). Since we expect that both early
and late modifications of the power spectra add at leading
order in �curv, the total correction should therefore also
verify Eqs. (43) and (46).

4We also note that because of the sum rule (46), the corrections
to the (cosmic) variance of the estimator Ĉl �

P
mjaobslm j2=ð2lþ

1Þ are only quadratic in �curv. Indeed with use of Eq. (43) one
obtains

Var ½Ĉl� ¼ 2C2
l

2lþ 1

�
1þ 1

5

�
4� 3

lðlþ 1Þ
�
	C2

ll00

�
;

where it is still assumed that the field is Gaussian.
5It is worth pointing out that their calculations differ signifi-

cantly from ours. While we calculated the integrals (40) numeri-
cally, the authors of [21] made a series of approximations to
simplify the corresponding expression [their Eq. (4.33)] before
resorting to numerics. The agreement between our results and
theirs, where they overlap, gives a good indication that these
approximations, rather hard to justify rigorously, are correct.
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D. CMB anomalies

We now ask whether the correlations of the multipole
coefficients we have computed in the previous sections can
account for some of the anomalies found in the CMB (see
[35,36] for recent reviews and references). We can, in fact,
discuss bothKSandBIIImodels because theyhave important
features in common and therefore make very similar predic-
tions. Moreover, although we have not calculated explicitly
the corrections from the recent history of the Universe, we
saw that the parametric form Eq. (43) holds for both, and
therefore for the total correction of the CMB spectra.

Here we make no statement regarding either the cold
spots, which would require an analysis far beyond the
scope of this paper, or the alignment of the dipole and
quadrupole with the ecliptic, which is unlikely to have a
cosmological explanation.

Also, from the scale invariance of the primordial power
spectrum, and, in particular, the absence of a cutoff (see
Eq. (44)) we conclude that the KS and BIII models seem
unable to explain the lack of power at large scales (of the
quadrupole and of the correlation function) and the dispar-
ity between odd and even values of l. However, the quad-
rupole receives a nonstochastic contribution in anisotropic
models which, in a complete calculation, may have a num-
ber of different sources (see Sec. IVD1 for further details.)

TheKSandBIIImodels can, however, in principle account
for the alignment of the quadrupole and octopole and the
quadrupolar power asymmetry. A statistical analysis reveals
that the effect of anisotropy on the alignment is not signifi-
cant. On the other hand, we find good indications that the
quadrupolar asymmetry can be explained by the KS model,
but not by BIII. However, as we now explain the amount of
anisotropic curvature needed to produce a signal with the
observed amplitude, �curv ’ 10�2, is probably inconsistent
with the nondetection of aCMBquadrupole at the same level.

1. The quadrupole moment and the bound on curvature

In anisotropic models, the late-time expansion couples
multipoles l and lþ 2 [20]. The quadrupole thus receives a
nonstochastic contribution from the monopole propor-
tional to T0�curv. Given a model with a scale invariant
power spectrum of amplitude 	T=T0 � 10�5, and in the
absence of other sources of quadrupolar anisotropy, the
value of anisotropic curvature is thus expected to be [37]

�curv & 10�4: (51)

For the purpose of model building we note that, through the
relationships (35) and (36), it implies a lower bound on the
duration of inflation, Nextra * 2:7. Moreover, we will see
that this bound, if correct, is too stringent for the model to
account for the quadrupolar asymmetry in the CMB.

It is, however, important to stress that this bound is a
rough estimate obtained under the assumption of adiabatic
perturbations [37]. A detailed calculation might show this
estimate to be too naive, since compensations might occur

between the Doppler, proper Sachs-Wolfe and integrated
Sachs-Wolfe terms in a KS and BIII universe, as is the case
in, e.g., open inflation scenarios [38,39]. Moreover, a mix-
ture of adiabatic and isocurvature perturbations presum-
ably also modifies the bound (51). Thus one must bear in
mind that Eq. (51) depends on the details of the model and
might be too stringent.

2. Alignment of the quadrupole and octopole

We study the problem of the alignment with the help of
the so-called multipole vectors [40]. The two quadrupole
vectors define a plane whose normal v is obtained by taking
the cross-product of the two vectors. Similarly, all possible
pairings of the three octopole vectors define three different

planes, with normals wð1Þ, wð2Þ, wð3Þ. One says that the

octopole is planar when the three wðiÞ are almost collinear,
and one says that the quadrupole and octopole are aligned
when they are also almost collinear with v.
The degree of alignment is measured by the statistics

S � 1

3

X
i

jv 
 wðiÞj (52)

A large value of S indicates an alignment. The observed
value (taken from the Doppler-corrected internal linear
combination map, WMAP seven-year data, see [41]) is
SILC7 ¼ 0:736.6

For a Gaussian and statistically isotropic distribution of
alm we found that only about 1% of the realizations have a
value of S larger than SILC7. According to [35], this ‘‘re-
markable degree of alignment’’ lacks a compelling theo-
retical explanation. Unfortunately, we will now show that
the class of KS and BIII models do not provide one.
For each model and each set of parameters, we generated

106 independent realizations of a quadrupole and octopole.
To this end, the coefficients alm are treated as independent
(remember that the correlations between quadrupole and
octopole vanish) Gaussian random variables with zero
mean7 and variance halma�lmi given in Eq. (42). For each

6In order to be able to compare our results with others, we
followed the general practice where the vectors v and wðiÞ are not
normalized. The use of normalized vectors instead affects the
significance level by an order of magnitude. It was argued that
the effective weighting introduced by non normalized vectors
accounts for ‘‘how well’’ the plane is defined by the two vectors
of the cross product, a badly defined plane being one where the
angle between these vectors is small (since the norm of the
vector is proportional to the sine of this angle) [36]. This position
is untenable, because a plane is geometrically defined by two
noncollinear vectors. Hopefully, the bias introduced by the
weighting is less important for the relative statistical signifi-
cance, i.e., when comparing two models, than it is for the
absolute statistical significance, i.e., for a given model.

7Since the late-time expansion in anisotropic models couples
multipoles l and lþ 2 [20], the quadrupole receives a nonsto-
chastic contribution from the monopole proportional to T0�curv.
We limit however our analysis to whether the correlations of the
primordial spectrum can themselves favor an alignment.
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realization, we calculate the corresponding multipole vec-
tors from the coefficients alm using the algorithm of [42],
and compute from them the value of S. We set 	C3300 ’
	C2200, as indicated from our Table I, and with the use of
(43) we then study how the distribution of S varies as a
function of the single parameter 	C2200 ’ �curv.

For both KS and BIII spacetimes (that is for either sign
of 	C2200), the mean of the distribution shifts towards
larger values, indicating a tendency of the quadrupole
and octopole to align. However, the distribution of S turns
out to be fairly robust. In particular, the mean value and
variance of S change very little. For instance, in KS the
mean value of S increases by only �1% for 	C2200 ’ 0:4.
The effect is about twice as large for BIII. The skewness
depends more strongly on 	C2200, and, in particular, on its
sign. It increases for 	C2200 < 0 (BIII) and decreases for
	C2200 > 0 (KS). For 	C2200 ’ 	0:2 the skewness
changes by�20% in both cases. As a result of the increase
of both the mean and skewness, the number of realizations
which exceed the threshold SILC7 in BIII is increased by
�ð5%; 18%; 62%Þ for 	C2200 ’ ð�0:1;�0:2;�0:4Þ, while
it hardly changes for KS. The number of realizations
nevertheless remains of the same order of magnitude as
in the isotropic case.

In conclusion, we find that the modified multipole cor-
relations in KS and BIII are unable to account for the
alignment of the quadrupole and octopole at a statistically
significant level.

3. Quadrupolar power asymmetry

A practical way to check whether the two-point corre-
lation function Cðn;n0Þ is invariant under rotation is to
consider its representation in the basis of the total angular
momentum operator of eigenvalues L and M (sometimes
referred to as bipolar spherical harmonics [43]). Using the
‘‘bra-ket’’ notation, we have

hn;n0jCi ¼ X
l;l0;L;M

NL
ll0A

LM
ll0 hn;n0jll0;LMi; (53)

where we follow the normalization convention chosen by
the WMAP team [35] in order to facilitate comparison:

NL
ll0 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2lþ 1Þð2l0 þ 1Þ

2Lþ 1

s
hl; 0; l0; 0jll0;L0i: (54)

The ALM
ll0 are the sum over m and m0 of the halma�l0m0 i

weighted by the appropriate Clebsch-Gordan coefficients.
Since the eigenstates jll0;LMi generate a (2Lþ 1)-
dimensional representation of the rotation group, the con-
dition that C is statistically isotropic reads

CðRn;Rn0Þ ¼ Cðn;n0Þ 8 R 2 SOð3Þ
, ALM

ll0 ¼ 0 8 L > 0; (55)

where R is an arbitrary rotation. If some of the ALM
ll0 are

nonzero for L ¼ 1, the CMB temperature presents a dipole

modulation. If some coefficients are nonzero for L ¼ 2, the
temperature is modulated by a quadrupole as, for example,
we found for the late-time effects Eq. (49) (see the appen-
dix of [35] for other illustrations).
Note that the ALM

ll0 are in general not independent of the

choice of a coordinate system. The WMAP team uses a
preferred coordinate system in which all coefficients with
M � 0 are consistent with zero. In KS spacetime this
coincides with the coordinate system we use in our
calculations.
With the use of Eq. (43) we find that A00

ll ¼ Cl and

A20
ll ¼ Clffiffiffi

5
p

�
4� 3

lðlþ 1Þ
�
	Cll00: (56)

There is no dipole modulation because of the parity sym-
metry of the background which entails vanishing correla-
tions for l0 ¼ l	 1. The important remark concerning (56)
is that these coefficients are proportional to Cl. Therefore
they should exhibit acoustic oscillations as well.
The WMAP team found that A20

ll � �2A20
l�2;l. As illus-

trated in the appendix of [35], this relation occurs when the
anisotropy does not induce any correction to the average
power spectrum but only redistributes the power amongst
the alm. So we expect to find it in our model. Having
calculated the correlations only up to l ¼ 4, we can only
check the relation for that value. From our Table I we
obtain A20

24 ’ �0:001�H2=ð2�Þ. With 	C4400 ’ 	C3300

we find indeed that A20
44 � �2A20

24.

In conclusion, the anisotropy in the KS and BIII models
shows all of the characteristic features found in the WMAP
data. In particular, the appearance of the acoustic peak in
the A20

ll naturally follows from such models. The predic-

tions of the models however differ in the sign of the bipolar
coefficients A20

ll which is determined by the sign of the

curvature. We find that KS predicts the correct sign.
Unfortunately, if the bound on anisotropic curvature (51)

is correct, the predicted amplitude is 2 orders of magnitude
too small. Indeed, from Fig. 16 of [35], we get A20

ll =Cl ’
4� 10�2, which according to expression (56) corresponds
to 	Cll00, and therefore �curv, of the order of a few per-
cents. However, as we recalled in Sec. IVD1 the aniso-
tropic curvature has another effect: it adds a nonstochastic
component to the quadrupole of the order of T0�curv

[20,37], which leads to the bound �curv & 10�4. With a
value of the anisotropic curvature in that range, the quad-
rupolar anisotropy cannot be accounted for by the model.

V. SUMMARYAND CONCLUSIONS

In the landscape of string theory, vacua with differing
numbers of macroscopic dimensions and topologies are
connected by tunneling events. In this paradigm, our
Universe has been produced as the last step in a potentially
long chain of events, by tunneling from a parent vacuum
with a greater, equal, or smaller number of macroscopic
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dimensions. Like [20,21] which appeared when our work
was near completion, we consider the latter case. Our
approach differs in the specific model under examination
and in its embedding into a cosmological scenario, which
we dubbed the ‘‘shapeshifting universe.’’ Specifically, we
take the example of a spacetime where two of our current
macroscopic dimensions are compactified on a two-sphere
by a magnetic flux.

The existence of a long-lived parent vacuum with two
macroscopic dimensions, while all others are stably com-
pactified, is not a necessary requirement for this scenario.
All we need is a precursor with two of our four large
dimensions compactified while other, currently compact,
directions may well have been macroscopic. This allows a
direct connection of anisotropic cosmologies produced by
decompactification with the vast possibilities of transdi-
mensional vacuum transitions described in [16,31] and,
furthermore, admits histories with greatly varying effective
values of �. In one particular possible scenario, our parent
vacuum was a dSD � S2 spacetime with higher �eff and
different compact directions than our Universe, connected
to ours by a combined spontaneous compactification of
D� 2 dimensions which are now small and decompacti-
fication of the S2. We have not explicitly constructed the
instanton describing this shapeshifting event but we know
of no reasons why it should not exist. It is also plausible
that models can be constructed where inflation is triggered
by the transition, as described in [16].

This line of investigation raises a number of new and
interesting questions. In the context of the cosmological
measure problem, the contribution of regions with different
numbers of macroscopic dimensions and transitions in
between is still largely unexplored (see [16,21,31] for
some ideas). We hope to return to this question in future
work. From the phenomenological point of view, on the
other hand, decompactification offers a concrete frame-
work for parameter studies of anisotropic cosmological
models. Our ability to detect statistical anisotropy hinges
on the assumption of a sufficiently short period of inflation,
which again may find some justification in the string theory
landscape. Given the observational constraints, a small but
nonzero window for anisotropic curvature remains (see,
e.g., [20]). Precisely how strong the constraints already are,
and how much can be gained by combining future large-
scale galaxy surveys and CMB data, can only be answered
by a more detailed investigation of the cosmological sig-
natures of models like the one proposed here. It is also
interesting to note that having embedded the anisotropic
universe model in a more complete scenario of quantum
tunneling, where the KS spacetime corresponds to only a
wedge of a large spacetime, solves the ambiguity in the
ground state (compare with the discussions of [7,9]).

Our preliminary analysis of the deviations from statisti-
cal isotropy of the CMB shows the following trends. Some
of the off-diagonal correlations halma�l0m0 i, which vanish in

the isotropic case, are now nonzero. Because of the invari-
ance under point-reflection of the background, the corre-
lations with l and l0 of different parities vanish. The
nonzero correlations receive contributions from both
the inflationary phase and the recent expansion of the
Universe. Both scale as �curv in the observations. The
central results are the Table I and the Eqs. (43) and (46).
We showed that as a direct consequence of this, and in
contrast to Bianchi III models, the Kantowski-Sachs mod-
els predict a quadrupolar modulation in the CMB with all
the features observed in the data, namely, the sign of the
bipolar coefficients ALM

ll0 , their acoustic oscillations, and a

particular relation between them. To obtain the observed
amplitude requires, however, an anisotropic curvature at a
level of �curv ’ 10�2, which is incompatible with the
bound derived from the value of the quadrupole, namely
�curv & 10�4. We briefly argued that this bound could be
mitigated. The price to pay is unfortunately an increased
complexity of the model, which we leave for future work.
We conclude that the model in its present, most simple,
form is unable to account for any of the anomalies.
As an additional line for future investigation we mention

the generation of primordial magnetic fields. Since KS
spacetimes are not conformally flat, we indeed expect
that long wavelength magnetic fields are produced from
vacuum fluctuations during inflation, without recourse to
noncanonical couplings of masses. This generation could
perhaps be sufficient to explain the primordial magnetic
fields necessary to seed galactic dynamos.
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APPENDIX: KANTOWSKI-SACHS SPACETIMES

A. Geometry

We collect some useful properties of KS spacetimes
[44]. They are (locally) homogeneous, that is they are
invariant under an isometry groupGwhich acts transitively
on the spacelike hypersurfaces (i.e., for two points x and y,
there exists an isometry g 2 G such that g 
 x ¼ y). The
group has four parameters and admits a three-parameter
subgroup isomorphic to SOð3Þ. The Killing vectors
therefore verify the Lie algebra ½Xi; Xj� ¼ �ijkXk with
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i ¼ 1, 2, 3 and ½X4; Xi� ¼ 0. Moreover there exists locally
a coordinate system ðt; z; �; �Þ which diagonalizes the
metric,

ds2 ¼ �dt2 þ a2ðtÞdz2 þ b2ðtÞðd�2 þ sin2�d�2Þ; (A1)

where z is the coordinate of the flat direction, and ð�;�Þ are
the intrinsic coordinates on a two-sphere. Then X4 ¼ @=@z
and Xi are the familiar generators of the rotation group.
Because of the spherical symmetry, and since it is not
conformally flat, KS is of Petrov type D. The principal
null directions are in the plane ðt; zÞ.

It is good to make a pause here and compare with the
perhaps better known Bianchi classes. Bianchi classes I, V,
VII, and IX have a universal covering with constant spatial
curvature. Bianchi class I is probably the most studied
anisotropic space to date because it has locally Euclidean
spatial sections [7–9,45]. Classes II, IV, and VIII do not
have an obvious cosmological application. Finally, class III
resembles closest KS spacetimes. The spatial metric is

ds2BIII ¼ �dt2 þ a2ðtÞdz2 þ b2ðtÞðd�2 þ sinh2�d�2Þ:
(A2)

Like in KS spacetime, the orbits are two-dimensional. At
first sight, the only difference between KS and BIII is the
sign of the curvature, the topology of the spacelike hyper-
surfaces of BIII being R� H2. But the metric is deceptive
for one can show that the isometry group of BIII admits a
second three-parameter subgroup whose orbits are three
dimensional, which is not the case if the two-dimensional
orbits have a positive curvature (see in particular [46] for
details). In that sense, BIII and KS spacetimes form two
distinct classes. Note finally that BIII spaces can be com-
pactified by identifying points on the spacelike surfaces
with respect to a discrete subgroup of G, yielding a multi-
connected space, for instance a torus [47].

B. Evolution

Returning to KS spacetimes, the spatial sections are
described by the Ricci scalar 3R ¼ 1=b2 and the intrinsic
curvature tensor is Ki

j ¼ 1
2h

ik@thkj ¼ diagð�;�;�sin2�Þ,
with � ¼ _a=a and � ¼ _b=b. Its trace, the local expansion
rate in the frame (A1), is K ¼ �ijKij ¼ �þ 2�. The

shear, �i
j ¼ Ki

j � 	i
jK=3 ¼ 1

3 diagð�2	; 	; 	Þ with

	 ¼ �� �, characterizes the anisotropy of the expansion.
Einstein’s equations with a perfect fluid are

2��þ �2 þ 1

b2
¼ Ttt ¼ � (A3)

2
€b

b
þ �2 þ 1

b2
¼ �Tzz ¼ �pz (A4)

€a

a
þ

€b

b
þ �� ¼ �T�� ¼ �T�� ¼ �p� (A5)

and the Bianchi identities are

_�þ K�þ �pz þ 2�p� ¼ 0: (A6)

We can combine the first three equations to obtain equa-
tions for the local expansion rate and shear

1

3
ðK2 � 	2Þ þ 1

b2
¼ �; (A7)

_K þ K2

3
þ 2

3
	2 ¼ � 1

2
ð�þ PÞ; (A8)

_	þ K	þ 1

b2
¼ 0; (A9)

where we note P ¼ pz þ 2p�.
The autonomous system formed by these equations has

been analyzed in [48] and the possible singularities were
described. Assuming the equation of state pi ’ ��, the
case relevant for our inflationary model is a pancake sin-
gularity, i.e., a ! 0 and b ! cte for t ! �1, where only
the noncompact direction grows in the first stage domi-
nated by curvature. The physical variables behave as 3R�
K2=3� 	2=3� �. Once inflation starts, the curvature term
1=b2 in Eq. (A7) becomes negligible and the universe
becomes effectively isotropic and asymptotes to de Sitter
space, a� b� eHt. To see this, use (A7) to eliminate 	2

from (A8) and write K ¼ 3 _�=� to get €�=� ¼ 2�=3 ’
cte. Hence, K ’ cte ¼ 3H and � ’ �0 coshðHðt� t0ÞÞ.
Finally, substitution of this solution in (A9) or (A7) gives
	 / e�2Ht. In view of this solution, it is reasonable to
expect that inflation is an attractor solution as in isotropic
cosmologies.
The asymptotic behavior translates as follows in the

coordinate system (14). For large enough R, fðRÞ ’ 1�
�R2=3 becomes a good approximation and (14) coincides
with the static de Sitter metric

ds2 ¼ �ð1�H2R2Þdt2s þ ð1�H2R2Þ�1dR2

þ R2½d�2 þ sin2�d�2�; (A10)

de Sitter space indeed admits a foliation R� S2 obtained
simply by extending (A10) to the region where R is time-
like, R> Rc � H�1, followed by an obvious change of
coordinates which puts then the metric in the form

d s2 ¼ �dt2 þ sinh2Ht

H2
dz2 þ cosh2Ht

H2
ðd�2 þ sin2�d�2Þ:

(A11)

Cosmological models based on de Sitter space are usually
studied in foliations of a Friedman-Robertson-Walker type,
i.e., which are both homogeneous and isotropic, either
closed, open, or flat. This choice is not available in the
spacetime of black hole pairs because symmetry dictates
that homogeneous fields are functions of R, and therefore
homogeneous slices are slices of constant R.
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From the previous results, we can assume that reheating
is an isotropic process, and therefore the CMB is such that
pz ¼ p� ¼ �=3. The equation of conservation of the en-
ergy (A6) is then solved trivially � / ��4. From Stefan’s
law we get that a surface of constant temperature is

T ¼ cte , � ¼ cte , t ¼ cte (A12)

Since 	 � 1, Eqs. (A7) and (A8) with the terms 	2

neglected are the familiar Friedman equations. For an equa-
tion of state p ¼ ð�� 1Þ�, we thus get in the first approxi-
mation a� b� t2=3�. The general solution of Eq. (A9) is

	 ¼ 	0

�
�0

�

�
3 þ 1

ab2

Z t

t0

dt0aðt0Þ � 3�

3�þ 2
t1�4=3�:

(A13)

The last approximation is obtained after substituting the
solutions of a and b previously found and noticing that the
homogeneous solution is subleading. We could then use
(A13) to iterate an asymptotic expansion for a, b and 	.
Thus during matter domination, the ratio of the shear to the
isotropic expansion rate grows like

	

H
� t2=3 ��: (A14)

This can be re-expressed in terms of the curvature parameter
defined by

�curv ¼ 1

b2H2
� t2=3: (A15)

The relation with the parameter r of Eq. (35) follows from
their respective definitions: r ¼ lLSS=R is the radius of the
last scattering surface in the units of the radius of S2, and
�curv ¼ ðlH0

=RÞ2 is the square of the Hubble length in those
units. The relation (35) follows from the proportionality of
lLSS and lH0

.

We note finally that these results are readily adapted to
the Bianchi type III since only the sign of the curvature
term 1=b2 changes. By contrast in Bianchi I, where the
spatial hypersurfaces are Euclidean, only the first term on
the right-hand side of (A13) is present, and (A14) is

replaced by 	=K ���3=2.
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