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Massive scaling limit of the B-deformed matrix model of Selberg type
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We consider a series of massive scaling limits m; — oo, ¢ — 0, limm;q = A; followed by
my — 00, A3 — 0, limmyA; = (A,)*> of the B-deformed matrix model of Selberg type (N, = 2,
Ny = 4) which reduce the number of flavors to Ny = 3 and subsequently to Ny = 2. This keeps the
other parameters of the model finite, which include n = N; and N = n + N, namely, the size of the
matrix and the “filling fraction.” Exploiting the method developed before, we generate instanton
expansion with finite g, €, to check the Nekrasov coefficients (N, = 3, 2 cases) to the lowest order.
The limiting expressions provide integral representation of irregular conformal blocks which contains
a 2d operator limﬁq) /DO ([4 d7:ebed @ )ne(1/D0d@:  and is subsequently analytically

continued.
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L. INTRODUCTION

There has already been an ample amount of literature on
the Seiberg-Witten prepotential for the cases when massive
flavors are present. Just restricting our attention to the
SU(2) case, a partial list includes [1-9]. In particular,
Refs. [4,5] compute the prepotentials of lower flavors as
decoupling limits of those of higher flavors.

In the recent intense activity on the conjectured equiva-
lence between the (irregular) conformal block and the
Nekrasov partition function [10-14] (for partial proof,
see [15,16]), the discussions of these decoupling limits
are further advanced and augmented to contain the pa-
rameters g, €, of genus expansion and quantization and
are derived both from the 2d — 6d perspective of the
Riemann surface [17] and from the Shapovalov form
[18-20].

Somewhat separately, the relevance of the B defor-
mation of the one-matrix model [21] and that of the
more general quiver matrix model [21,22] to the above
equivalence have been noted. At the planar level, both
the spectral curve of the one-matrix model [21] and
that of the quiver matrix model [22] are shown to be
isomorphic to the corresponding Seiberg-Witten curve
written in the Witten-Gaiotto form [23,24]. (To check
the decoupling limits at the planar free energy, see
[25].)

The connection between the conformal block and the
B deformed matrix model becomes firmer through the
Dotsenko-Fateev integral representation [26-29]. In par-
ticular, the first few Nekrasov coefficients are derived
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and the 0Od — 4d dictionary has been established in
[29]. See also [30-38]. This representation permits
rigorous treatments for arbitrary values of g, and
€. In this paper, we will consider a series of massive
scaling limits which reduce the number of flavors to
Ny =3 and subsequently to N, =2, using the tech-
nology established in [29]. The way in which these
limits are taken is different from that considered on
the basis of the Shapovalov form [18,20]. The limiting
expressions provide integral representation of irregular
conformal blocks which contains a 2d operator
limﬁ:e(l/z)al"’(o):(fg dz:ebgqb(z):)n:e(1/2)az¢(q): and s

subsequently analytically continued.

A similar consideration at higher (say 5) point confor-
mal block yields interesting chiral 3- and 4-point functions
to study.

In the next section, we briefly recall [29]. In Sec. III, we
take the massive scaling limit to the three flavor case and
generate its first expansion coefficient. In Sec. IV, we
subsequently take the limit to the two flavor case and
generate its first expansion coefficient. In the Appendix,
the contour deformations assumed in Secs. III and IV are
justified.

II. REVIEW OF GENERIC 4-POINT CONFORMAL
BLOCK REPRESENTED BY SELBERG
TYPE MATRIX MODEL

The Dotsenko-Fateev multiple integral is an integral
representation of the generic 4-point conformal block
Flgle; Ay, Ay, As, Ay, A)). In [29], we have managed to
put this into the form of the perturbed double-Selberg
matrix model. Renaming the same quantity as F as

Zpert—(Selberg)?» W€ have obtained
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Zpert (Selberg)> = 4 7(1 - q)(l/z)az‘“(n/ dx,)

N
X [Tt = wpees(a = g e

=1
2 NR 1

X1 _XJ|2bE(nf d)’J)
J=170

Nr
X TTores1 = ypbees(l = gy, )bee
J=1

< TI

]§[<J§NR

< 1

1<I<J=N,

Ny Ng
— y, % 1‘[ [10 =gy @D
I=1J=1

Here n := N; and Ny := N — n are originally the number
of the screening operators we put between 0 and ¢ and
between 1 and oo, respectively. The remaining parameters
are related to those of the original conformal block by ¢ =

1= 6Q%, Qp =bg — (1/bg), A; = (1/4a(a; —20Q¢),
AI = (]/4)a1(a1 - 2QE) A]SO,
g + Ay + a3 + ay + 2(NL + NR)bE = ZQE, (22)
1
ag . =§a1a2+NL+NLbE(a1+a2)+NL(NL l)b%
2.3)
The Selberg integral is denoted by
N ool
sv(Br. B2 = (I1 [ an)
=170
N
[T =xppt [ =l @4
I=1 1=I<J=N

The Selberg integral (2.7) is convergent [39] and equals

Sn(B1, B2 y)

_ l—[F(l HIB +(G=DYT(B+ (i —1y)
FA+YE(B1+ B+ (N+j=2)y)

.25

when N is a positive integer and the complex parameters
above obey

Re B, >0, ReB, >0,
(2.6)
Rey > — mm{1 Repy Rep, }
N'N—-1N-1

The perturbed double-Selberg model (2.1) has a well-
defined ¢ expansion if
Re (bEal) > _1,

(i=1,2734), 2.7)
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Re(b2) > — {L’LyRe(bEal)‘F I Re(bay) + 1
Ny Ngp Np—1 N, -1
NR —1 NR —1
and |¢g] < 1.
Let

Z(Selberg)z(bE;NL’ @y, a; Ng, ay, asz)

= Zsetverg (b3 N, @1, @2)Zseipers (D3 Ng, @y, @3)
= SNL(] + bEal, 1+ bEaz, b%)

X Sy (1 + bpay, 1 + bpas, bl). 2.9)

Averaging with respect t0 Zsejperays Zselberg(NV1), and

ZSelberg(NR) is denoted by <<'”>>NL,LR5 <<>>NL and
(- + *))n,- respectively.

The g expansion of the perturbed double-Selberg model
is a special case of that of the more general perturbed
Selberg model and is exactly calculable. Consider the
following function:

Zpenfselberg(ﬁl’ :82’ Y {gi})

= Sx(B1, Bo y)((exp(i Weeig))) . @10

where the averaging is with respect to the Selberg integral
(2.4) and

Wix; g) @2.11)

(o]
=D g
i=0

Let us expand the exponential of the potential into the Jack
polynomials

N
exp( 3 Wei{e) = TP @, @12

=1 X
Here P(Al/w(x) is a polynomial of x = (x|, - - -, xy), and
A= (A}, Ay, -+ +) is a partition: A; = A, = --- = 0. Jack

polynomials are the eigenstates of

N
9 \2 X, +x\ 0 P
(vza) +7 2 =)o o)
X7 X1 Xy axl aXJ

=i 1=I<J=N
(2.13)
with homogeneous degree |A| = A; + A, + -+ and are
normalized such that for dominance ordering
P(Al/y)(x) =m,(x) + Z ay,m,(x). (2.14)

n<A

Here m,(x) is the monomial symmetric polynomial.

Let A’ be the conjugate partition of A, i.e., whose
diagram of partition is the transpose of that of A along
the main diagonal. Then the Macdonald-Kadell integral
[40-42] implies that
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1/ Bt W=Dy (N+1—i)y)y,
(P My ];! BrtBat N -1,

1
X ; ; . (2.15)
(,-,QA(M—JHM—IH)V)

where (a),, is the Pochhammer symbol:

(a),=ala+1) - (a+n—1), (a)g = 1.

Computation of (2.10) reduces to that of the expansion
coefficients C(Ay)(g).

An important relation established in [29] is the 0d-4d
version of the relation proposed by Alday-Gaiotto-
Tachikawa. It reads

(2.16)

- +
bpNp, =4 mz’ bgNg= -2 m3’
8s 8s
1
a1=—(m2—m1+6), a2=—(m2+m1),
S s
1 1
as =_(m3 + m4), ay =—(m3 — Ny + 6). (217)
S N
AISO, bE = el/gs and € = €] + €r, (l/bE) = _62/gs'

These relations convert the seven parameters of the matrix
model

bg, Np, a;, @), Ni as a3 (2.18)

under the constraint (2.2) into the six unconstrained
parameters of the N =2 SU(2) gauge theory with
N, =4:

f

gs, gsy gs’ gs) gs’ 8s

III. THE LIMIT m; — oo: FROM N, =4 TO Ny =3

First, let us consider the limit m; — co, ¢ — 0, keeping
A5 = m,q finite. Because of the left-right reflection sym-
metry, this limit is equivalent to the limit m, — o0, g — 0,
with myq fixed. Without loss of generality, we therefore
restrict ourselves to the former one. Let g3 := A3/g,.
Under this limit, the parameters a3, a4, bg, Ny, Ny are
unchanged and

limga; = —gqj3, limga, = gs. 3.1
q—0 q—0
Note that
2m, +
0t =€ (3.2)
8s

remains finite in this limit. This is why we take the limit
m; — oo instead of m, — oo, But in the naive limit m; —
00 0f Zperi—(selberey (2.1) diverges since Re(bgary) — —oo
which is in the outside of the parameter region (2.7).'
Hence, we should modify the multiple integral (2.1)
before taking the limit.

"For simplicity, we assume that by is real and positive.
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In order to examine this limit, we first rescale the inte-
gration variables x; as z; = gx;:

a o ara N
ZPert—(Selbﬁ:rg)2 = q(l/Z) ! 2(1 - Q)(l/z) 2 3(l-llil fg dZ])

AL Al belay+ar) [ 4
<o) (G
J=170 =1 9

X l_[ |z — 2,1
I=I<J=N,

1)b5a2(1 . ZI)bEa3

X l_[ DN (| ypas(1 — gy e

x T )’J|2bzl_L[l_R[< —Zl> E-
1§1<jsNR 1J=1

The multiple integral part can be written as follows:

(3.3)

Vel il bpas+2b2N, b b
(]_[f dy/><1>(y)]_[yj 1 =y )P (1 — gy, )P
J=170 J=1

X l_[ ly; =y, 1%,

1=I<J=Ny

(3.4)

where

@(y):z(ll'[f dz,)rlzbE(a,mz)( i l)hﬁaz(] e
x T _ZJ|2b2ﬁﬁ< —z,) £ 3s)

151<JSNL 1J=1

We assume that by using a certain contour integral, the
integration path [0,g] can be converted to some
path C’q2:

(3.6)

O(y) = C(q)(]lAL_L[1 fcz, dz;) e

Here C(gq) is a constant which also depends on other
parameters. Justification of this assumption is given in
the Appendix.

In the limit ¢ — 0,

3}1%0() ( f dz’)

e b
X l_[Z?E(Ol]‘HIz) exp<_§_%>(1 _ Z[)bEa3

=1
X n — 7))k l_L[”l_R[]( - z,)zbz.

1S1<JSN[

(3.7)

In the original variable x;, this contour C;, corresponds to the
contour C, in the Appendix.
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Therefore, we have
q*(l/z)alaz(] — q)*(l/z)az%

7Z® = lim
C(q)

q—0

Z pert—(Selberg)?

Ne N,
( f dZ[)(l_[ [ dyj> l_[ Z?E(al +a) exp(-
J=170 =1

X n Vi (= y)Pe exp(=begsyy) [
J=1

= (bE‘B){AT(Il_[ [ sz)l_[WbFa' - T

I<I<J=N,

PHYSICAL REVIEW D 82, 085031 (2010)

)2b§

bEfB)(l _ Z[)bEa3
9|

N, Ng

lyr — ys 12k X l_[ n(l = s

l_[ (Zl

I=I<J=N,

-z

1=I<J=Ng

R 1 R

bra pe

wp — WJ)2b2<I I ];) d)’J>I I)’JE (1 = yy)hees
J=1 J=1

s fh( bpgy\bees £ th Th (O bpgsy
% l—[ ly, — y, 2% n(l - E_) ; l‘[ e—brasys l‘[ n( £ f) (3.8)
1=I<J=Ng =1 Wi J=1 =1J=1
|
Here we have changed z; = bpq;/w; and Let
bpa, = —2—2(N, — 1)b% — bgla; + a;), (3.9 il al
w (o= WPE = bl e G9) (.= ([T [ )TTwf e TT Gwy =y
1=17/¢C =1 1=I<J=N
6= N, + bgNg(a, + ;) + N (N, — 1)b%. (3.10) (3.12)
Using the 0d — 4d dictionary, we find Now we have
a, =<2 Gy 20 = (bpg) Ty, (1 + bray, bp)
- X Sy (1 + byas 1+ byas D((TT(1 - 225"
The contour C for w; is shown in Fig. 1. Ni EC EX TF <<Ilj[1< w, )

The radius of the arc around the origin of this contour C
is assumed to be greater than 1. Then, on the contour C, it
holds that |w;| > 1. Hence, this multiple integral can
serve as a well-defined generating function of the g3
expansion.

Without specifying the integration contours, the large
N limit of this type of ensemble average was studied in

X l_[e brqzy, l_[ l_R[

=1J=1

() N, 0

L

where the averaging ((- - -})N;‘, ~, is with respect to Ty, (1 +
bray, b3)Sy (1 + bgay, 1 + bras, by).
Recall that x; = bgpqs/(qw;) = bym,/(g,w;). By tak-

[25]. ing the limit of the Macdonald-Kadell formula, we have
J
(a/63) gr\l (cat+tm+eli-—1)+el—1)
" = (£2) . . | — G4

) w=\a) Il eee—ain-at- e - i 0 — et
Here P( /b E)(l/ w) is the Jack symmetric polynomials in
{1/W1}1s1sNL and A’ is the conjugate partition of A.

Im wy

\\Re .

FIG. 1. Integration contour C.

First expansion coefficient

Let us consider the following Az expansion:

al brqs\Pees
ﬂ(3)(qu3) = <<n<] — 7) l_[ e brgsyy
=1 wr J=1
Ni Ng b 22 0
ECI%)’J) >> _ ¢ 20
X =1+ ASAL.
l_[lJl_[l< N}, Ng {gl T

(3.15)
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We have
Ny 12 Ng
-2 5o
! 8s 1:21 Wil I'nN; 8s E;yl Ng
1 /)& b2 i
—-2— — b >> . 3.16
SN (20, e
By using
Neoq beN,  (a — m,)
b2 » ECL — 2 3.17
<< 121 wil [N ay (e — 2a) ( )
<<b % y >> _ bpNg(bpNg — Qp + ay)
EJ:] / Ny (a3 + ay+2bpNg —20p)
_ (atmya+my)
= c2ate (3.18)
we have
240 = (a + my)(a + msy)(a + my)
! 2a(2a + €)g?
_ (a —my)(a — m3)(a — my) (3.19)

2a(2a — €)g?

This is equivalent to the first Nekrasov function Z*¢* for
SU(2) with N, = 3.

IV. THE LIMIT m4 — oo: FROM Ny =3 TO Ny =2

Next, we consider the limit m, — o0, A3 — 0, keeping
(A,)? := myA; finite. Note that in this limit g5 =
A;/g, — 0. Let g, := A,/g,. Under this limit,

lim a3q3 = ¢3, lim ayq3 = —q3, 4.1
q;—0 q;—0

and the following combination of the parameters
2m2 + € 2m3 + €

s s

remain finite and by, N;, Ny are unchanged.
Recall that

N, N, .
(bpqs) 73 = (l—[[ dw;) l_[ whEdg=wi
1=17¢C =1
2 NR 1
X l_[ wp — Wj)zbﬁ‘(n [ dYJ)
I=I<J=N, J=170
1)b5a3 l_[

X L bp(az+ay) 1 _
ﬂ Yy v,
J= I=I<J=Ng

N,
bra R
% l—[( qu3) [ e teo
J=1
Ny Ng

% l—[ l—[< bEl]3)’1>

=1J=1

4.2)

2
|)71 - )’J|2hE

(4.3)
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By setting y, = bpas/u,, we have

(bpgs)~7Z0= (bEQ'S)éJ<n11v:Ll Je dw,) I, wysfe™
Ne oo
X l_[ (w; — WJ)ZbZE(n f d“J)
I=I<J=N, J=1" beas
bra bpas
X EQy 1
l_[ (bEa’3 ) l_[

1=I<J=Ng

X l_L[( quS)me l_[ e beasy,

(u; — “J)zbé

Np N 262
113“%
x ( Dk ) (4.4)
l_ll Jl_[1 wily
where
bpay = —2 — bg(as + as) — 2(Ng — Db, (4.5)
&' := Ng + bpgNg(as + a,) + Ng(Ng — 1)b%.  (4.6)
Note that
+2
a, =512 4.7)
8

As in the first limit (from N, = 4 to 3), we assume that the
integration over u; in the path [bgas, 0] can be converted
into a contour integral over a certain path Cj,. When
converting all u; integrals, we denote an overall constant

C'(beqs).
We also assume that
7@ = lim (brpqs) “(bpas)™®

43—0 C'(bgq;)
l_[ (wy — WJ)Qbi’

N

= (l_L[f a’w,)l_[w?‘gﬁ”efW
1=17C I=1 I=I<J=N,
( fduj>nuh5a4 Uy l_[

(u; — “1)2}]‘2€

I=I<J=Ng
“[leo- 5 [ew(-527)
<T(- )

Hence,

7O =Ty (1 + bgay, b2)Ty, (1 + bpéy, b2)
N 0N N 2
L b R b
y <<l—[ exp(—( £92) )l—[ exp(—( £92) )
1=1 Wi/ g=1 “r
N, Ng
xT1 ]_[(1

brq»)*\2%
_ (beqn) ) >> . 4.9)
I=17J=I Wity NN
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Here the averaging ((- - -))y: n: is with respect to Ty, (1 +
bray, b})Ty, (1 + bray, b).

(a+my+e(i—1)+e(—1)
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Also. we have the formula for the average of the Jack

2
symmetric polynomials PE\l/hE)(l/u) of {1/u;}i=j=n,:

1

5 2
(" oy, = (- £)" 11
(i,/)EA

First expansion coefficient

Let us consider the following A, expansion:

AD(bpq,) = <<l—[e p( (bpgn)? )

-2

lN—R[ (1 B (b5612)2)2”12€>>
J=1 Wity Np.Ni

=1+ Y AFAP.
=1

Ng
<1
J=1
A
<1
=1
“4.11)

We have

ﬂ 2 _

I -,
—H{EINAE D).,

By using (3.17) and

(g, 22
J=1 Wil INy ay

we find

(4.12)

(a + my)
(e + 2a)’

(4.13)

Im Ln+1

e —|40

Qat+eteli—D+e(— DI —i+1)—el—j)

1+ie 4p/—|—2is

(4.10)

[
(a + my)(a + my)
2a(2a + €)g?

(a — my)(a — m3)
2a(2a — €)g?
(4.14)

which is the first Nekrasov function for SU(2) with
N, = 2.
f

2
AP =
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APPENDIX: GENERALIZATION OF INTEGRAL
REPRESENTATION OF IGURI

In this Appendix, we obtain the analytic continuation of
the Selberg average as multiple complex contour integrals
where we can take our limits. We employ a method similar
to that used in [43].

First, we introduce some definitions. In this Appendix,
we study complex integrals along four paths specified at
Figs. 2 and 3. The symbol C, denotes the contour shown in
Fig. 2 (left). The symbol Cj ;; stands for a path composed
of the segments connecting x =0 = 01 and x =1 = Oi.
See Fig. 2 (right). The symbol C , 1s defined by subtracting
Cio,17 from C,: ép ‘= C, = Co1]- See Fig. 3 (left). The
symbol j)p stands for a tadpole-type path specified at
Fig. 3 (right). Let us introduce a symbol representing an

FIG. 2.  x,.; plane is illustrated. The wiggly lines are cuts of (I)(O) with N = 3. The left figure shows a contour C,. Note that this
contour does not get across the cuts of (I)(O) We denote by Cj ;] the path appearing in the right figure.
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=
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Im Tn+1

g

0 r1 Rexpp
)

FIG. 3. x,.; plane is illustrated. The wiggly lines are cuts of @5\?) with N = 3. A path @p is illustrated in the left figure. This path is
obtained by C, — C[y 1. A path D, is illustrated in the right figure. As a matter of convenience, we introduce parameter z. z + 0i and
z — 0Oi are the starting point and the end point of D(p’, z), respectively.

ordering along the path C, by <. We mean by x < y that y
is ahead of x along the path. To complete the definition of
<, weregard 1 —0—0i and 1 + 0 — 0i as the starting
point and the end point of C,, respectively. The symbol

(I)x') represents an integral kernel used in this Appendix:

@%‘)(,81,,32, Yix)i= (l_[ ;1211 _x1|.32*1)
I=1

(00

n+1=I<J=N

><< l_[ |x,v—xj|27)

1=i<J=n
Dy(B1, B, yix) =DV (By, By, 3 ).

The reason why we employ the complicated term (1 —
j—;)z“’(—xj)zy instead of (x; — x,)?7 is that this term has

following good properties:
(B e (A
y X

(27 > Argx > Argy = 0),

(AD)

(A2)

2y
(1) o= wer) @)
y
Let f(x) = f(x, x5, - * *, xy) be a holomorphic function
in the region excluding x € (1, +o0) and be invariant under
the permutations of xi, x,, - - -, xy. For the sake of conve-

nience, we introduce the symbol s(z) that stands for

s (z) := sinwz. (A4)

Second, we show the following equations:
N

<f[1 /C’p dx;)qDE\?)(x)f(x) = (n RESIEIY M)

= s(y)

N
Xf1+o-< <ox <1+0_0.<ndx1>¢§8)(@f(x), (A5)

1=1

N

- s(y)

N
% ./-1+0‘> > >1—0—0'<l_[ dx}>q)§8)(X)f(X)‘ (A6)

=1

Let Sy be the symmetric group of degree N. We define the
action of o € Sy on a symmetric function g(x) as follows:
(2 g(xl) Xo, =0, )CN) = g(xa(l): XO'(Q)J T, xU'(N))‘ (A7)

Equation (A5) can be written as

N
l—[ dx,)a' . @g,])(x)f(x)

=y [1+0i5x,5---5xN51+0—01(,_1

= (ﬁ eimI=N) 5(7’1))

e s(y)

N
Xf (ndxl)(bg\(,))(x)f(x).
140i<x, <Xy <1 +0—0i \J_]
(A8)

Let p, ; be a transposition and @, be a cyclic permutation
defined as follows:

jo(k=1i)
pi,j(k) =1i (k=) , (A9)
k (k#1))
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k (k<n)
@, (k) = {N 1 (k=n). (A10)
k—1 (k>n)
Note that
W, = PN+IN " PNN-1""""" Pntin (A1D)
Equation (A2) implies
Pii+1 " q)%))(xl, X, L Xy) = 67277i®§\?)(x1, X, "ty Xy)
(I14+0iLx - <Lxy=X1+0-0i). (A12)
Furthermore, introduce
SV i={c €SyrileN+1)=N+1}  (Al3)

k+1

O'ESH]/IJrOKXI'( XX+ X1+0-0i

k+1
,;Ukezsk '/.1+01<x1< X1 J1+0— Ol(l—[
k+
— Z —2miy(n—1) Z
n=1 o‘ES"

k+1
(i), ooy cano
1+0i<x; X =04 X 1+0-0i

e s(y)

Thus, (AS5) is proven. Equation (A6) is shown by the same
proof.
Third, we show

ein’y([*N) )

(“ [ s Jo o = @N(f! ERNE

N
X (]‘[ /C dx,>c1>§8)(x) £(x). (A18)
=1 14
Now, we consider the case
0=x=x" " =x, =1, (A19)

k+1

PHYSICAL REVIEW D 82, 085031 (2010)

Note that
SN+1 = U(S%+1 : ’lD'n), (A14)
@ = (SN+1 *w)ﬁ(&’l\,+1 wj) (i #)), (A15)
where
SNy o, ={o @, €ESyrlo €Sy} (Al6)

Now, we employ the mathematical induction on N to show
(AS). If N =2, (AS5) is obvious. Suppose that if N = k,
(AS5) is true. For N = k + 1, we obtain

(l‘[ dx)or - &, ()7

de)O'k w, q)(O) 1(x)f(x)
1

k+1
[ (1‘[ dx,)ak o0 (0 ()
1+0iXx; < 24 K1 +0—-01

k+1
(A17)

1+0ix,», X xy1+0—-01 (A20)
The n points xy, * - -,

consider

x, lie on the segments Cj ;). Let us

[C W)(ﬁl, B, Vi x)f(x)dx, 41. (A21)

This integral vanishes as there is no singularity in the
region enclosed by this contour. Converting the integral
over C[O, 1 into that over the segment (0, 1) on the real axis,
we obtain

0= _I:e*i7r31<'/-xl +€*2i77'y /Xz +ef4i77'y jx3 4+ oo+ e*2ni7r'y jl>
0 Xy Xy Xy

. X . X . X . 1
- 617731(]()1 +e2”77[ ’ +e4”77/ Tt ez”””/[ )]CDX’“)(B], Ba, v; x) f(x)dx, 4
X X X,

+ <f t+--t / )(Dg\’;)(ﬂl’ BZ! y;x)f(x)dxn+]'
1+0i=x,412x,42 Xy =2x,+1X1-0i

Here, the phase factors appear due to the replacement
@ (n) (I) (n+1)

Let us 1ntegrate the above expression over
X1, ", Xy X0, * " 0, Xy, keeping the ordering (A19) and

(A22)

(A20). In this formula, the integrals over the real axis can
be converted into those over the region 0 = x| = -+ =
Xpp1 =1 and 14+0iZx,, X ZxyX1+0-01
by the appropriate interchange of x;’s. The remaining

085031-8
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integrals can also be converted into those over the region
O=sx=---=x,=land 1 +0i x4 - Zxy =X
1 + 0 — 0i. We obtain

_2is((n + D)y)s(B; + ny)

s(y) 0=x,=-=x,, sl1+Oiﬁxn+25"'ﬁx,\,$l—0i<1_l

j;Oles-nSx,,Sl1+0i5xn+1S"'ﬁxN$1—0i<1_1

where we use the following formula:

s((n + Dy)s(By + ny)
s(y) '

D s(Br +2jy) = (A24)
J=0

Using (A23) repeatedly and (AS5), we obtain (A18).
Fourth, we show

(f[l [ dx)oi s

() M

N
X (]‘[ f dx,)q>;5’>(x) £(x). (A25)
1=1 Y Co
Consider
[ OB B v s a26)
with the ordering (A20) and
1+0ixx = =xy=1-0-0i (A27)

We follow the proof of (A18) but this time not converting
the integral over Cjg ;) into that over the segment (0, 1) on
the real axis. By using (A5) and (A6), we obtain

(f[1 [C )2 (01 ()

= (—1)N(f[l / N dx,)<1>§3>(x>f<x).

Now, we derive (A25) from (A18).
Fifth, we prove

(A28)

N oo
<11j[1/0 dx))®y(B1, B, v3x)f(x)

eiﬂ'y([*N)

:(é)N(f!m)(f! fm/p,n"“)

X ®O(1 = B, — By —2(N — 1), B, wc)f( ) (A29)

1
X

N
[Tdx )0 (B, B y:) ),

PHYSICAL REVIEW D 82, 085031 (2010)

N
[Tdu )0 (81, b vif )

(A23)

By the transformation x — 1/x, we obtain

(llf[l Lﬂ dx]>q)N(B1, Ba, v;x)f(x) = (Il]j _[i)(l/p,l) dx,)

Xy (1= By — By —2(N—1)7, B, y;x)f(%), (A30)

where f(1) is obtained by replacing x; by 1/x; in f(x) and
D, /p,- 18 defined by Fig. 3. In obtaining the above equation,
we have used (A3) with x = 1 and convert the variable
X; to xy+1—7. By using (A18), we have (A29). Notice
that this formula holds independently of the radius
parameter p.

_Let us consider the limit of (A29) as 1/p — 0. Then,
D(1/p, 1) reduce to —Cp;}. Suppose that f(1/x) is
holomorphic function at x € (0, 1). Then, we can apply
(A25) to (A29) and obtain

(f[l fo 1 dxl)q)N(BI: Ba, v: x)f(x)

= Cy(B), B, 7)@11 fol dXI)

X DO(1 = B, = By — 2N — Dy, B, v;x)f(i),
(A31)

where

8Bt Bt N —1—1)y)
Cn(B1, B2 7) 11:[1 s(B, + (N —D)y)

(A32)

The above formula has been shown by Iguri [43].
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