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We propose a method for constructing Yukawa terms for noncommutative SO(10) and Eq GUTs when

these GUTs are formulated within the enveloping-algebra formalism. The most general noncommutative
Yukawa term that we propose contains, at first order in ##”, the most general Becchi-Rouet-Stora invariant
Yukawa contribution whose only dimensionful parameter is the noncommutativity parameter. This
noncommutative Yukawa interaction is thus renormalizable at first order in 6*”.
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L. INTRODUCTION

The SO(10) and Eg GUTs, which were introduced [1-3]
in the mid 1970’s, are the most popular GUTs in four
dimensional space-time. They incorporate right-handed
neutrinos in the fermionic multiplets and realize the idea
of family unification—each standard model family snugly
fits into an irreducible multiplet, in addition to gauge
coupling unification. These theories can be made super-
symmetric to achieve gauge coupling unification after
crossing the desert [4,5] but may also —at least in the
SO(10) case—Ilead to nonsupersymmetric unification, if
intermediate symmetry breaking scales (oases are thus
created in the desert) are introduced between the electro-
weak scale and the GUT scale [5,6]. In view of all the
results obtained so far, and reviewed in [4,5], that GUTs
may be relevant in the understanding of the data which will
come out of the LHC is a thought that one cannot be rid of
easily. This is a thought that is also prompted by the fact
that SO(10) and E¢ GUTs arise naturally F theory [7].

More than a decade [8,9] has gone by since it became
clear that field theories on noncommutative space-time—
which are named noncommutative field theories—are to be
considered in earnest. The formulation of noncommutative
gauge theories, which are deformations of ordinary theo-
ries with simple gauge groups in arbitrary representations,
demanded the introduction of the enveloping-algebra for-
malism [10-12]—a formalism which may find stringy
accommodation in F theory [13]. The main feature of
this formalism—see Ref. [14] for a review—is that both
noncommutative gauge fields and infinitesimal noncom-
mutative gauge transformations take values on the univer-
sal enveloping algebra of the corresponding Lie algebra
and are functions of the ordinary gauge fields, these func-
tions defining the corresponding Seiberg-Witten maps. The
formulation of a noncommutative generalization—called
the noncommutative standard model—of the standard
model demands the use of the enveloping-algebra formal-
ism, if no new particles are introduced—for noncommuta-
tive generalisations of the standard model outside the
enveloping-algebra formalism see Refs. [15—17]. The non-
commutative standard model was put forward in Ref. [18],
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and a fair amount of phenomenological consequences—
which might be tested against the data from the LHC—
have been drawn from it, Refs. [19-23] to quote only a
few—the reader may wish to find further information in
Ref. [24]. Renormalizability [25-29], anomaly freedom
[30,31], and existence of classical solutions [32-34] are
other issues which have been studied for noncommutative
gauge theories formulated within the enveloping-algebra
formalism.

The general procedure to construct the noncommutative
counterpart of the ordinary SO(10) GUT within the
enveloping-algebra formalism was laid down in
Ref. [35]—see also Ref. [36]. However, the relevance in
its phenomenological applications—footprints of a non-
commutative space-time may be found at the LHC—of
the Yukawa and Higgs sectors of this theory demands that a
detailed analysis and construction of these sectors be car-
ried out. At this point, we would like to stress that, against
all odds, theories which contain the fermionic and gauge
sectors—but have no Higgses—of the noncommutative
SO(10) and E¢ GUTs are one-loop renormalizable at first
order in the noncommutativity parameter—see Ref. [37].
So, it is a pressing issue to carry out a detailed construction
of the first-order-in-6 Yukawa and Higgs sectors of these
theories, if the renormalizability properties of phenomeno-
logical relevant noncommutative GUTs are to be studied.
In this paper, we shall remedy this state of affairs and
propose a new strategy to construct the noncommutative
counterparts of the ordinary SO(10) andE4 Yukawa terms
that are renormalizable at first order in the noncommuta-
tivity parameter. The ideas introduced here will be cer-
tainly of help in the construction of the Higgs potential of
noncommutative SO(10) and Eg GUTs, but its construction
will not be tackled here, since it is very involved and surely
deserves to be carried out separately.

The layout of this paper is as follows. In Sec. II, we put
forward our procedure to construct noncommutative
Yukawa terms for SO(10) and E4 GUTs. In Sec. III, we
work out our noncommutative Yukawa terms at first order
in the noncommutativity parameter taking into account the
symmetry properties, under the exchange of the fermionic
multiplets, of the invariant tensor that occur in the ordinary
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Yukawa terms. Section IV is devoted to the discussion of
redundant Yukawa terms. In Sec. V, we state our
conclusions.

II. NONCOMMUTATIVE YUKAWA
TERMS FOR SO(10) AND Ej

In ordinary SO(10) and Eq GUTs the fermionic degrees
of freedom are given by three fermionic field multiplets
Waag—f = 1,2, 3, labels the three fermionic families of the
GUT. For each “ A” and “f,” ¢ 44r, @ = 1, and 2, denote,
respectively, the components of a left-handed Weyl spinor,
here we follow the conventions of Ref. [38]; whereas for
each “a” and f the index A labels the components of the
fermionic multiplet carrying certain—the 16 for SO(10)
and the 27 for E¢—irreducible representations of the GUT
gauge group. The ordinary Becchi-Rouet-Stora (BRS)
transformations of ¢, are defined as follows:

SWany = iAW o,

sAYy = iAlAL, @.1)

() _
Aap = A" 24p,

where 24, stands for a generic generator of the gauge
group in the representation furnished by the fermionic
multiplet of each family. We shall denote by ¢; the com-
ponents of a generic Higgs multiplet which couples in the
Yukawa terms to the fermions of our theory. We shall
assume that this multiplet carries an irreducible represen-
tation of the GUT gauge group. The BRS transformation of
¢; is given by

(@)
sh; = iA; ¢,

A = AP, 2>

AP = Am,
where M; denotes a generic generator of the GUT gauge
group in the irreducible representation supplied by the
Higgs multiplet. As is well known, for SO(10), ¢; will
transform under either the 10 or the 120 or the 126,
whereas the 27, the 351/, and the 351 are the representa-
tions that may carry the Higgs multiplets in a Yukawa term
of the E¢ GUT.

The ordinary Yukawa Y©% term for the gauge groups
SO(10) and Eq reads

Y ord) = ]d“xyff/CAiBJ’Xflﬁasf/% (23)

where Y,y denotes the Yukawa couplings and Cy;p is a
group invariant three-index tensor, i.e.,

3 4cCeip + CajpMé + CpjeSép =0, (2.4)
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where iﬁc = 3¢,. For later convenience, we have ex-
pressed Y©) in terms of the A component of the transpose
of the fermionic multiplet ¢ §: :,ij'f = (Lﬁ}‘)T—of course,
{pf{f = %y The ordinary gauge transformations act on
¢ on the right by means of the transpose matrix. Hence,
the BRS variation of ijf reads

S{LaAf = i&anX(Blf:\)’

~ - . ~( ) ~
S = iR,

) -, (2.5)
Apa = A“%pa,

S = (397,

Let us now introduce the following fields: ¢,p, ¢/
and i ,4;p, which are defined as follows

ba = CainPis

bisr = $iCaie (2.6)
l/faAif’ = Caip l/faBif’-

To construct noncommutative versions of Y©d in

Eq. (2.3), we shall find it useful to have Y©9 expressed

in terms of the fields ¢ 4z, z,bl‘?;;f, and ¢ g
y(lord) = y(ord) = f d4xyff’ J’ f{f¢AB 1 aBf's
Ve = Yo = [ ablyp iy by
y?’“” = y(ord) = / d4xyff’ lZ’ f{f‘/f ozAif’d’i:

(2.7)

where, for later convenience, we have introduced (5,»,
which is the “i”component of the transpose of the
Higgs multiplet: ¢ = (¢)T. The fields ¢ 45, fﬂl?'j;f, and
W anip do not carry irreducible representations of the
GUT gauge group, but they carry the very same number
of physical degrees of freedom as do ¢;, J;gf, and ¢ a5,
respectively. The BRS transformations of ¢ 4p, 1]/3; 7, and

l/faAif/ are
_ _./'\*(1//) _ /\(l//)
shap iAjc Pcp — iPacAcs,
Ta - ¥(P) T a -7 a ()
S‘/fiBf = _lAij ¢jBf - “/’in)‘c%:
i i Ay

(2.8)
SY qnip = _i&wc) Vacip —

In our notation, XEJ@ = A;‘f). The BRS transformations in
the previous Eq. are a by-product of the BRS transforma-
tions in Egs. (2.2), (2.5), and (2.1) and of C,;z being, as
shown in Eq. (2.4), a group invariant tensor.

It can be seen [35] that the naive noncommutative
version of Y©9 as defined in Eq. (2.3) would not do,
since, on the one hand, the * product is noncommutative
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and, on the other hand, the fact that the noncommutative
gauge transformations are valued on the universal envel-
oping algebra of the Lie algebra yields the conclusion
that Eq. (2.4) only leads to gauge invariance at zero
order in the noncommutative parameter. By the naive
noncommutative version of y("fd), we mean the
expression

/d4xyffrCA,»B\i’Xf * \I’an/ * (I)i’

where ‘i’j{f, W,pp, and ®; are defined in terms of the
ordinary fields by means of the standard—see Eq. (3.3)
in Ref. [12]—Seiberg-Witten maps. However, if we in-
clude in our formalism the notion of hybrid Seiberg-
Witten map introduced in Ref. [39], one can naturally
associate a noncommutative Yukawa term to each yﬁ,"fd) ,
n=1, 2, 3, in Eq. (2.7). We shall see that the three
noncommutative Yukawa terms so obtained are not equal
to one another, so our most general noncommutative
Yukawa term will be the sum of them all.

To obtain the noncommutative version of Y% in
Eq. (2.7), one first introduces three noncommutative fields
‘if‘jf, ®,5, and \Ifan«, which are, respectively, the non-
commutative counterparts of the ordinary fields fpgf, b ap,

and ¢ ,pp in yﬁ"“”. The noncommutative fields are func-
tions of the ordinary fields and 6#” that solve the Seiberg-
Witten map equations and go to its ordinary counterpart as
6#*7 — (. To define the Seiberg-Witten map equations, one
first introduces the noncommutative BRS transformations
of ‘iff{f, ®,p, and Vg

sncq’zf = i\I,Cvi * Ag/f/l)’ Snc\I}an' = ZAE';@ * \I,aCf”

SnC(I)AB = _lAI(;pC) * (I)CB - iq)AC * A(C@,
N N NIV

(2.9)

Let us stress that we have defined the noncommutative BRS
transformation of Wj, by acting, via the * product, with

]\gﬁ) on the right of \ifj{f. Hence, by deﬁr~1iti0n, the non-

commutative gauge transformations act on W4 » on the right.

We shall see below that this right action makes the non-

commutative Yukawa term gauge invariant, and it is to be

compared with the noncommutative BRS transformation of

W57, which is defined by left action with the * product.
The Seiberg-Witten map equations, which give

\IIZf[dflzb)r P 0m], Dyplal’, all’, dap 047,

\I,an’[an«‘M) l’bng/’ HMV]’

Agﬁ)[d%), AW 6»v]  and Ag@[aﬁb), AW, grr]
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as a function of their arguments, are the following:

Sne Ag//lx) = SA%A)’
s‘i’f{f,

= SCI)AB.

anAgi) = SAS_’;Z/,\)r

Snc Wi = ucVapp = sWapp,  (2.10)

She (I)AB

The symbol s denotes the ordinary BRS operator defined in
Egs. (2.1), (2.2), (2.5), and (2.8), along with

sa\lly = 0, A0 + i@l A0, allly = auShs
sa%)B = GM/\XPB) - i[a%), AT, p, aiiQB = a% 24
2.11)

Recall that 33 = 24 ,.

Solutions to the Seiberg-Witten map equations in
Eq. (2.10) can be obtained as formal powers series in
6#7. Up to first order, these solutions, which define the
corresponding Seiberg-Witten maps, read

A = T+ pomrtad), 5,05, + 062)

A = A2 = L0 all, 0,0 Wl + O(6P)

Wy = By = 50700 Vil
+ %0#%}@&%,3&(;’,;; +0(6%),

Qup = bap + %Hﬂydiﬁcayd’w + ieﬂydiﬁcd%)gd’m;
#3070, bacallly + 507 dcallpally
+ éewa;‘@cgbwa(jglg + 0(6?),

Vops = Yapy — %awa%caﬂ Pacy

i
4 0 A e, + O0°). (2.12)

Notice that @,z is defined by a hybrid Seiberg-Witten
map, a notion which was put forward in Ref. [39].

We are now in the position to introduce and—using
Eq. (2.12)—compute up to first order in 6#” the noncom-

mutative counterpart, y(f‘C), of yg"“‘) in Eq. (2.7):
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(nc) _ d4 (1) \ira *x®,,xW
y1 XY rp X Af AB aBf'
:fdz‘xv(flf)/CAiBJ/de)il//an’
+ s~ 5)0 Y Can Db D bap )

fo{ By

— YCria) 0 i f e acy + O(6?),

(2.13)
where (D, ‘/’f)A 0,5 — ilsaln (Do) =
dyapy — ia oy and fi) =0, — 9,40 -

() () (nc)

ila,’, a,’’]. It is apparent that Y|'” is invariant under
the noncommutative BRS variations defined in Eq. (2.9).

Next, we define the noncommutative counterpart, yg“C), of
©) in Eq. (2.7):

() _ / dxY DD x Uy Wy, (214)

where

vji

=, - Eewa $;all) + efw(/; aNa + 062,

~(9) (6) ~() 7
iy = ¢:Bf+ Lonra A9y ‘prfJr gura ik ¥ sy

1 S () W W)
+§9W6 d/icfallléB + ewﬂszfachancg

i ~
5 04 A ety + O,

WVeopr = Waayr — —9’” %)ca W acy

Flomddtyus, v o, @is)

with @) = a4 ns, MG = M4,

fields in the previous equation are solutions to the follow-
ing Seiberg-Witten map equations:

_ X () e _
zAij *‘I'jBf

The noncommutative

Ve, *x AY) =5, 0%, = 505,

ZASB@ * \IraCf’ = Snc\I'ran’ = S\Ijan,,
l(i)J * AE?) = Snc(i)i = Séi,

’.AX#C) * A(C“/};) = SnchpC) = SASﬂC)’

— A * A = 5, A = sALY, (2.16)

where

A(¢) /\(lf’) +49,uv{a(¢) 9 A((b)} 4 0(02)

1
Ag@ /\(w) 4 H,U,V{afuw)’ aI/)‘(,’b)}BC + 0(92))
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with ngs) = XM {j- To check that the Seiberg-Witten maps
in Eq. (2.15) are solutions to Eq. (2.16), one needs the
following results:

wis = 2.17)

a\?) = (¢) (@) ()7,
sa =0, A7 —ilag”, A,
(¢) _
where a,,;; = aj,;;Mj;.

By using the results in Eq. (2.15), one obtains the 6
expansion of y‘“) in Eq. (2.14):

(nc) - fd4 yff/CAzBlszfd) bagp

fd4 ( ) YD Caip(D 0 )ai( Dy ap)s

Jl- e

+ Y0 Cri) 08 b5 f e W acy + O(6?).
(2.18)

In obtaining the previous result, the following equation is
of much help:

f,LLVACCClB + CAjBf/,LI/jl + CA’Cf,uVCB 0. (219)
Notice that f(w) 9, aW — d,a ~(‘/’) + l[a('/’) (zﬁ)] and
(¢) =d, (d’) -9 a(¢) — z[aw (¢)] Equation (2.19),

() (¢)

and s1m11ar equations involving a, ' and a,’, follow

from Eq. (2.4).
Finally, we shall introduce the noncommutative version

1) of YO in Eq. (2.7)

(2.20)

3) \jra
v = fd4x TASTER VAL

The fields in the previous equation are given, at first order
in 6, by the following expressions:

Ir o T a 1 a =) via () ~()
\IIAf = ‘rZ’Af - 50‘“’8# ‘/foauBA + - 9” ‘/’ CrucsvBa
+ 0(6?),

a,u,v ~(¥)

Worip = Wonip + 5 > a, 49 YaBis

~(¢') ~ (4 (¢)
+ - 4 ’u,ABaI/BC"/ICKleI + = 0# a 'J’aA]f’aV/l

+ 1 lﬂaAkf'aiLk)J (V(fl) + 20*‘” a’) lpaij’a%t?
+ 0(6%),

1
O = = S0 ao, b+ 0*” iy + 06
(2.21)
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The Seiberg-Witten maps in the previous set of equations
are solutions to

i‘i’gf * A%) = snc‘i'ﬁf = s‘i’ﬁf,

—iAY % W oip = Wik A = 5,0V
= S‘I'aAif’,

AN * D) = 5, = 5D,

SR A = s Al = A,

iIND *x A =5, A = sA,

(2.22)

if

1
A((b) A(¢) 1 BMV{a'(j’)’ avA(¢)}ij + 0(02)y

- - 1 } .
AW = X + ZefW{aﬁK’), 9,4 + 0(62).

Now, substituting the Seiberg-Witten maps in Eq. (2.21)
in Eq. (2.20), one gets

y(;’c) = [d4Xy(f3f)'/CAiB lzgquilpan’
fd“ ( )ﬁf‘yy@)CAiB(DMZ?)Ad’i(DMMf')B

[w() VO Cuis

+ y.g"fCBiA)QW@lfo’ff%)Bclﬁacﬂ + 0(67).
(2.23)

We have found no reason to discard any of the Y™,
n =1, 2,3, 1in Egs. (2.13), (2.14), and (2.20), respectively,
as a valid noncommutative Yukawa contribution; we then
conclude that our noncommutative Yukawa term Y is
the sum of the three of them:

y(nc) = y(lnc) + y(znc) + ygnc)'

Using the expansions in Egs. (2.13), (2.18), and (2.23), one
can show that the most general functional which is linear in
6*”, contains one ¢; and two 44y, involves the deriva-
tives of these fields, has no dimensionful parameter other
than 6#”, and whose BRS variation vanishes, is given by
the first order in # contribution to Y™ above. Hence, the
noncommutative Yukawa interaction introduced in
Eq. (2.24) is renormalizable at first order in ##”, a property
not to be overlooked.

(2.24)

III. TAKING INTO ACCOUNT THE INDEX
SYMMETRY PROPERTIES OF C,4;

Let ¢; in Eq. (2.3) carry an irreducible representation of
SO(10), and let C ;5 be the invariant tensor also in Eq. (2.3).
Then, the Clebsch-Gordan decomposition [40] of the
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16 @ 16 representation of SO(10) leads to the conclusion
that Cy;5 = Cpia. if ¢, carries either the 10 or the 126 of SO
(10), and that Cy;5 = —Cpia, if ®; transforms under the 120
of SO(10). Analogously [40], that for Es we have
27@®27 = 27 351), @ 351,, implies that C,;z =
Cpia When the Higgs field is in either the 27 or the 351’ of
E¢ and C4;3 = —Cpis When ¢; carries the 351 of Eg.

That in our case Cy4;p has well-defined symmetry prop-
erties under the exchange of A and “B”’ leads to simplified
expressions for Y in Eq. (2.24). Indeed, if Cy;5
Egs. (2.13), (2.18), (2.23), and (2.24) yield

Y o) = [d4x ff’CAzl.’B‘//Af‘ZS Vapy + [d x( )
X (=Y + YR

+ y? ?S))el“/cAlB(D Uadi(Dyop)p

4 (1,as) (2,5)
oy
B y‘(f;}?))H#VCAlB(,b lpAffMVBC,’Z/aCf/ + 0(62)’

() — q(Ls) (2.5) Bs) qylns) (n,as)
wherey yff, +yff, +yf, y dyff, de-
note, respectlvely, the symmetric and antlsymmetric parts
of y<"> with regard to the indices f, f’. y<">,, n=1,2,3

were introduced in Egs. (2.13), (2. 14) and (2.20).
Similarly, when C4;5 = —Cpia, Eq. (2.24) boils down to

nc) — (as) < :
Y (o) = fd“x ff/CAiBwAf(ﬁiw“Bf/ + fd4x(§)
_a(Ls) (2,5)
X ( yff’ * yf '
+ y?ﬁ))HWCAiB(D V)adiDybar)s

4 YO 4 Y2
o fo{ g v

y?fas))ewcmﬁbi lzfﬁff%)gc Vacy + 0(6?),

= Cpia>

where y(fa;/) = y;lffls) + y(fzf?s) + y(3 as).

IV. REDUNDANT CHOICES

Recall that ‘i’,%f is the noncommutative counterpart of
) ips In Eq. (2.6). The reader may rightly ask whether a
new Yukawa term can be obtained by making the following
choice—to be compared with the definition in Eq. (2.16)—
for the noncommutative BRS transformations of \ifﬁgf:

sac Wiy = =W, * AP — A« B @)
Notice that this is a noncommutative generalization of the
BRS transformations, in Eq. (2.8), of z,llf;;f. Also notice that

we go back to snc‘i’fjgf in Eq. (2.16) when we change the
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order in which the A’s and ‘Ifﬁ; ¢ occur in Eq. (4.1). Since
the way in which the contracted indices occur in Eq. (4.1) is
a little odd, we shall rename the objects in that equation as
follows:

= \Ifla

A (D) — AND)
iBf’ Aij = Aj;

Jr a (W) — A1)
iBf ji ACB = AB? .
In terms of the fields we have just introduced, Eq. (4.1)

reads

sacWigte = =iV x ALY —iARD < Wi, (4.2)
This equation is to be supplemented with
1(p) _ A N() (o)
Snel\ji = IAGT R AT 43)

w0 = iKY % KA,

if we want s;. =

Let us next introduce @’ and \i’;im-/ as the new non-

/ =
aBf’

1 - the latter entering the ordinary Yukawa term in

Eq. (2.3). The BRS transformations of @ and W, are
defined as follows:

commutative counterparts of the ordinary ¢; and U

X __ T X . /i
SncWhar = iWips * Apa, Spc P = lAi§'¢) * P,

(4.4)
Now, it is plain that
fe) — f A Y * Wk D) (45)

is invariant under noncommutative BRS transformations if
the fields in it are solutions to the following Seiberg-Witten
map equations:

Snclp//:}/ - s\i,//:)}/’
Spe Pl = sP/, anA;(i¢) = sA;»(i‘ﬁ),

snc[\gg) = S]\gg)’

sncqfixBif = SW;Bif’
(4.6)

where the action of the noncommutative BRS operator s,
is defined in Egs. (4.2), (4.3), and (4.4), and the ordinary
BRS operator s is given in Egs. (2.1), (2.2), (2.5), (2.8),
(2.11), and (2.17). However, the Yukawa term in Eq. (4.5) is
not a new Yukawa term, but it is the Yukawa term in
Eq. (2.20). Indeed, notice that i) the Seiberg-Witten map
equations in Eq. (4.6) are those in Eq. (2.22), and ii) that at
6#7 = 0 the solutions to Eq. (4.6) must satisfy

P60 =0]= 5,

\IfixBif[e =0]= ‘Z’aiBf = JfaAfCAiB!
Po=0]=¢, Ao =0]=2"7,
Ao = 0] = A\,
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Then, the fact that C,;3 = *£Cp;4—see previous section—
leads to ¢ ,4Caig = £Cpia ¥ aay = = ¥ opip, Which com-
bined with i) and ii) above implies that

Ir/e — \pa
e, =g,

Af! Vopir = = Vanis,

(I): - (I)i’
“4.7)

where \i’f{f,, W pis» and P; are the solutions to Eq. (2.22),
whose first-order-in-6 expansions are displayed in
Eq. (2.21). Finally, by substituting Eq. (4.7) in Eq. (4.5),
one recovers Eq. (2.20). We thus conclude that the Yukawa
term in Eq. (4.5) is redundant.

Analogously, if the fields W4, and ®4g—which are,
respectively, the noncommutative counterparts of the ordi-
nary fields ¢ 4, and ¢4 in Eq. (2.6)—are defined so that
their noncommutative BRS transformations are given by

Snc\PaAif’ = _i\IIaCif’ * AX@ - lAyf)) * \PaAjfl’

sne®ap = —iPcg * ALY — iAY) * Dy, (48

one may show that no new Yukawa terms arise out of them.
Indeed, proceeding similarly as we did above, one may
show that W 4; ¢ and ® , 5 transforming as in Eq. (4.8) yield
YU and Y, respectively. Y is given in Eq. (2.14),
and yﬁ‘“) was introduced in Eq. (2.13).

A last remark, the two A’s in the noncommutative BRS
transformations of ®,p, ‘ifﬁ;f, and W, cannot both
occur in the BRS transformation on the same side of the
corresponding field, for then s2. will not vanish when
acting on those fields, which in turn will render mean-
ingless the Seiberg-Witten map equations for @ 4p, ‘I’f};f,
and W, ;p—recall that s> =0 if s is the ordinary BRS

operator.

V. CONCLUSIONS

We have seen in this paper that noncommutative Yukawa
GUT terms can be constructed in a natural way by applying
the enveloping-algebra formalism to ordinary fields— 4,
¢Z;*Bf, and ¢4 in Eq. (2.6), which transform under
reducible representations of the gauge group, but which
involve the very same number of physical degrees as the
ordinary irreducible multiplets they are made out of. Let us
stress that in the noncommutative case, in sharp contrast
with ordinary case, Yukawa terms cannot be constructed in
general—and in particular for SO(10) and Ec—by apply-
ing the Seiberg-Witten map to ordinary irreducible multip-
lets, so other procedures such as the one put forward in this
paper are needed. Our procedure, which takes advantage of
the notion of hybrid Seiberg-Witten map introduced in
Ref. [39], yields a renormalizable Yukawa term at first
order in 6, thus paving the way—in view of the results in
Ref. [37]—to constructing renormalizable noncommuta-
tive SO(10) andEg GUTs, at least at first order in 8#”. Of
course, the next challenging issue is to define a noncom-
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mutative Higgs potential which deforms the already in-
volved—see, e.g., Refs. [41,42]—ordinary GUT Higgs
potential. This, although certainly feasible within the non-
commutative GUT formalism of Ref. [35] with help from
the ideas presented in this paper, is a much involved piece
of research and deserves a separate study. Let us finally
point out that Egs. (2.13), (2.14), and (2.20) generalize
naively to higher space-time dimensions, so the procedure
introduced in this paper to construct Yukawa terms may be

PHYSICAL REVIEW D 82, 085020 (2010)

of help in formulating GUTs in higher dimensional non-
commutative space-times [13,43,44].
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