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Ginsparg-Wilson relation on a fuzzy 2-sphere for adjoint matter
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We formulate a Ginsparg-Wilson relation on a fuzzy 2-sphere for matter in the adjoint representation of

the gauge group. Because of the Ginsparg-Wilson relation, an index theorem is satisfied. Our formulation
is applicable to topologically nontrivial configurations as monopoles. It gives a solid basis for obtaining
chiral fermions, which are an important ingredient of the standard model, from matrix model formulations
of the superstring theory, such as the IIB matrix model, by considering topological configurations in the
extra dimensions. We finally discuss whether this mechanism really works.
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I. INTRODUCTION

Matrix models are a promising candidate to formulate
the superstring theory nonperturbatively [1,2], and they
indeed include quantum gravity and gauge theory. One
of the important subjects in such studies is to connect
these models to phenomenology. Spacetime structures
can be analyzed dynamically in the IIB matrix model [3],
and four dimensionality seems to be preferred [3,4].
Assuming four-dimensional spacetime is obtained, we
next want to show the standard model of particle physics
on it. A crucial issue for it is to realize chiral fermions,
which also ensures the existence of massless fermions.
Without chiral symmetries, quantum corrections would
induce mass of order of the Planck scale in general.

A way to obtain chiral spectrum in our spacetime is to
consider topologically nontrivial configurations in the ex-
tra dimensions." Owing to the index theorem [8], topologi-
cal charge of the background provides the index of the
Dirac operator, i.e., the difference of the numbers of chiral
zero modes, which then produce massless chiral fermions
in our spacetime. Generalizations of the index theorem to
matrix models or noncommutative spaces are, however,
mostly formulated in spaces with an infinite size, and it
is widely believed that topological charges cannot be de-
fined in a system with finite degrees of freedom.

The situation is similar to the lattice gauge theories,
where the theory is defined on a finite number of lattice
points. There a problem to properly define the chiral sym-
metry and the index theorem arises due to the doubling
problem [9]. The problem has been solved successfully by
introducing Dirac operators satisfying a Ginsparg-Wilson
(GW) relation [10]. While all the gauge field configurations
are continuously connected and there seems to be no room
for defining separate topological sectors, the configuration
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"Having this mechanism in mind, we analyzed dynamics of a
model on a fuzzy 2-sphere and showed that topologically non-
trivial configurations are indeed realized [5]. Models of four-
dimensional field theory with fuzzy extra dimensions were
studied in [6,7].
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space becomes disconnected by introducing the admissibil-
ity condition and the various topological sectors can then be
realized [11].

The ideas of using the GW relation were applied to
matrix models or noncommutative geometries. In
Ref. [12], we have provided a general prescription to
construct a GW Dirac operator with coupling to back-
ground gauge fields. As a concrete example, a GW Dirac
operator on a fuzzy 2-sphere [13] was given.” As topologi-
cally nontrivial configurations, 't Hooft—Polyakov (TP)
monopole configurations were introduced [15,16], and an
index theorem for those backgrounds was formulated by
introducing a projection operator [17]. This index theorem
was further extended to general configurations, which
enabled us to define all of the topological sectors in a
single theory [17,18].

While our formulation has been given so far to fermionic
fields with the fundamental representation of the gauge
group, the matrix models of superstrings, such as the 11B
matrix model, have fermions with the adjoint representa-
tion. It is then desirable to provide formulations for the
adjoint matter. Since it is a highly delicate problem to
formulate GW relations in each concrete case, we will
study it in this paper. We further extend our formulation
to configurations where the U(3 k,) gauge symmetry is
broken down to [],U(k,), which seem phenomenologi-
cally interesting.

The formulations using the GW relation provide a firm
foundation for studying the above mentioned mechanism
of obtaining chiral fermions by embedding topological
configurations in the extra dimensions. Indeed, the GW
relation ensures the existence of chiral zero modes against
any perturbations since the index is a topological quantity.
However, one should study carefully whether the chiral
zero modes in the extra dimensions really give chiral
spectrum in our spacetime. By considering TP monopole-
type configurations, where the gauge symmetry is broken

2A GW Dirac operator without gauge field backgrounds was
given earlier in [14].
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down to a smaller one, bifundamental fermions are ob-
tained from an adjoint one, but fields with the conjugate
representations arise in pairs. Whether they give chiral
spectrum in our spacetime in total is a problem and will
be also discussed in this paper.

In Sec. II, we formulate the GW relation for matter in the
adjoint representation of the gauge group. In Sec. III, we
introduce TP monopole configurations and provide the
index theorem for those backgrounds. We then extend it
to general configurations in Sec. IV. We study configura-
tions with U(Y, ,k,)/[1,U(k,) in Sec. V. In Sec. VI, we
discuss whether topological configurations in the extra
dimensions really provide chiral fermions in our space-
time. Section VII is devoted to conclusions and discus-
sions. In Appendix A, we show calculations for taking the
commutative limits of the Dirac operator and the topologi-
cal charge. In Appendix B, we study general configurations
with U} ,k,)/T1,U(k,). In Appendix C, we study the
charge conjugation and the Majorana condition in ten
dimensions in detail.

II. GW RELATION ON FUZZY S?
WITH ADJOINT MATTER

In this section, we provide a GW Dirac operator and an
index theorem for matter in the adjoint representation of
the gauge group, by following the general prescription
given in [12].

Noncommutative coordinates of a fuzzy 2-sphere are
given by x; = aL;, where « is a noncommutative parame-
ter, and L; is the n-dimensional irreducible representation
matrix of the SU(2) algebra. One then has the relation

(x)? = a®71 1, = p°1,, where p = ay/(n> — 1)/4 ex-
presses the radius of the sphere. The commutative limit is
taken by @ — 0, n — oo with p fixed.

In our formulation of the GW relation, we first define
two chirality operators as’

H
-, H=oAf-, @D
(H,)?
A H
r=—  H=0dgA+_, (2.2)
V(H))?
with covariant coordinates
Ai = Li + pa;. (23)

The superscript R (L) in AR (AL) means that this operator
acts from the right (left) on matrices: A“M = AM, ARM =
MA. The matrices o; are the Pauli matrices acting on the
spinor indices, and the matrices a; in (2.3) represent the
gauge fields. U(k) gauge symmetry is introduced by taking

’In the case of fundamental matter, we took I' = a(o,LF — 1)
instead of (2.1), where a = 2/n is a noncommutative analog of
the lattice spacing. I" was identical with (2.2).
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L;=L;®1; and a; = aft* in (2.3), where *’s are
the generators of U(k) and a?’s are functions of the
coordinates L;.

The gauge transformation for the fermionic fields ¢ in
the adjoint representation is given by

y — UyUT,

where U is U(nk) matrices. The gauge field a; is trans-
formed as a; — Ua,UT + %(UL,-UJr — L;), so that the co-

variant coordinate A; is transformed as

Ai i UAZUT

(2.4)

(2.5)

Hence, both I'yy and f‘gb are transformed covariantly as
'y — UTyUT and fw — UwaT, where a relation
(AB)Ryy = BRAR Y = yAB was used.

The chirality operators (2.1) and (2.2) satisfy

rt=r, = re=rr=1 (2.6)

In the commutative limit, both I" and " become the chi-
rality operator on the commutative 2-sphere, y = n;o;,
where n; = x;/p is a unit vector.

We then define a GW Dirac operator as

DGW = _Clilr(l - Ff),

where a = 2/n is a noncummutative analog of the lattice
spacing. By the definition, a GW relation

2.7

is satisfied. Hence, the index, i.e., the difference of the
numbers of the chiral zero modes, is given by the trace of
the chirality operators as

index (Dgw) = 37T + 17, (2.9)

where T r is the trace over the whole configuration space,
that is, over the spinor index, the gauge group space, and
the matrix space representing the coordinates. Since the
definition of I' and I’ depends on the gauge fields a;, the
right-hand side (rhs) of (2.9) is a functional of the gauge
field configurations. It also takes only integer values. It
then gives a noncommutative generalization of the topo-
logical charge of the gauge field backgrounds. Thus,
Eq. (2.9) gives an index theorem on the fuzzy 2-sphere.

In the commutative limit, the GW Dirac operator (2.7)
becomes

as will be shown in Appendix A. Here £; = —i€;;x;0; is
the derivative operator along the Killing vectors on the
sphere, d; is the adjoint operator of a;, i.e., ;¥ = [a;, ],
and P;; = 6;; — n;n; is the projector to the tangential
directions on the sphere. The gauge fields a; can be decom-
posed into the tangential components on the sphere a} and

the normal component ¢ as

a; = €n;ay, ¢ = na, (2.11)
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=4 a; = —eijknjafc + i’ll'(,b. (212)

The normal component ¢ is a scalar field on the sphere.
The operator (2.10) is the Dirac operator of the adjoint
matter on the commutative 2-sphere without a coupling to
the scalar field ¢. The absence of the Yukawa coupling is
reasonable since such a coupling would violate the chiral
symmetry on the sphere and contradict with the GW
relation.

The commutative limit of the topological charge, the rhs
of (2.9), becomes

1 . dQ
5Tr[r + 17— —p? [E tr(€;jniFij)

+ p2 /g tr(eijknkFij)’ (213)
as shown in Appendix A. Here tr is the trace over the gauge
group space, and the field strength F;; is defined as
F;j = 9;a; — 9;a; — i[a], a’] with a] given in (2.11). The
first and the second terms on the rhs of (2.13) come from
THI] and T[], respectively. Each term gives the
integral of the 1st Chern character on the commutative
2-sphere. They cancel each other and vanish for any gauge
field configurations, which is appropriate since we now
consider the adjoint matter.

In summary, our formulation manifestly has the gauge
invariance and the SO(3) Poincare invariance on the
fuzzy 2-sphere. Because of the GW relation, the index
theorem (2.9) is satisfied, and the topological charge, the
rhs of (2.9), takes only integer values. The commutative
limits of the chirality operators, the Dirac operator, and the
topological charge have the correct forms.

III. TP MONOPOLE CONFIGURATIONS

As topologically nontrivial configurations in the U(2)
gauge theory on the fuzzy 2-sphere, the following configu-
rations were provided [15,16]:

Lgn—m) )’

(n+m)
(¥

where A; is the covariant coordinate (2.3), and Lgnim) are
the (n £ m)-dimensional irreducible representations of the
SU(2) algebra. The m = 0 case corresponds to two coin-
cident fuzzy 2-spheres, whose effective action is the U(2)
gauge theory. The cases with general m correspond to two
fuzzy 2-spheres with different radii. They correspond to
the TP monopole configurations with magnetic charge
—|m|, where the U(2) gauge symmetry is broken down
to U(1) X U(1)
For the m = 1 case, (3.1) is unitarily equivalent to

3.1

Ti
5
Comparing with (2.3), the gauge field is

A=L"el,+1,8 (3.2)
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1 T;

—1, ® . (3.3)
P

a; = 2

By taking the commutative limit and making the decom-
position (2.11), we obtain

al.a = l € N:

p ija'tj

(3.4)

1
i ¢a = ; Ng,
which is precisely the TP monopole configuration [16].
We now define projection operators P™) to pick up the
n = |m|-dimensional spaces that the operator (3.1) acts. It
is written as

PE =L1=71), (3.5)
with
2 2+ m?—1
T = (Al2 _rrm ) (3.6)
n|m| 4
m (1,,
=—( : 3.7
i ) G-D

Since T commutes with the chirality operators and the
Dirac operator, the index theorem (2.9) is satisfied in each
space projected by P(*) as

index (PLPERDGy) = 1T PELPERT + 1],
(3.8)

where the superscript L (R) means that the operator acts
from the left (right) on matrices as before. The * signs in
P and PMIR do not necessarily coincide. Each sign
combination picks up one of the following blocks in the
fermionic field ¢ in the adjoint representation:

v = l/,(++) l/,(+*)

w(—+) lp(——)
for m >0, if we decompose ¢ into the blocks in the
same way as (3.1). The signs in (3.9) should be reversed

for m <O0.
For the backgrounds (3.1), the rhs of (3.8) becomes

(3.9

| . 0 for 1), (=),
—THPOLPORT+T)]=1 —2|m| for y*+7),
2 2lm|  for =),

(3.10)

as shown by the following calculations: For (3.1), the
chirality operator I" becomes

2 1
f = <n+m (0- LU+ E)

(o L ) )
(3.11)

Since the terms with o - L vanish after taking the trace, we
obtain
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T H{POLPERE] = Try [P - Trg[PER]
1
s |m|2(n * [ml) - (n = [ml)

= 2(n = |ml),

(3.12)

where Tr; ,, is the trace over the space on which A and o;
act, and Try, is the trace over the space on which Af act.
The = sign in the last line refers to that in P8, Similarly,
we can show

T APHLPERT] = —2(n + |m]), (3.13)

where the = sign in the rhs refers to that in P‘)L. By
adding (3.12) and (3.13), we obtain (3.10).

We now give an interpretation for (3.10). In the repre-
sentation (2.3), (3.6) is written as

2 2
T= —(p{Li, a;} + p*a? — m_)
n|m| 4

In the commutative limit, 7 becomes %(ﬁ where ¢ is

(3.14)

the scalar field defined in (2.11). It is also normalized as
T? = 1,,. Then, T corresponds to a normalized scalar
field. Recalling that the TP monopole configuration breaks
the SU(2) gauge symmetry down to U(1), T is the genera-
tor of this unbroken U(1), the electric charge operator of
the unbroken U(1). [The U(1) of U(2) = SU((2) X U(1) is
ignored since it is decoupled in the commutative limit.]
By the gauge symmetry braking SU(2)/U(1), fields with
various electric charges of the unbroken U(1) arise.
Equation (3.8) gives the index theorem for each field.

For instance, ") in (3.9) is in the adjoint representa-
tion of the unbroken U(1) with electric charge +1/2, and it
has a vanishing index. On the other hand, ¥ ) is in the
bifundamental representation of the unbroken U(1) with
charge +1/2 and —1/2, that is, the fundamental represen-
tation with charge +1. It therefore has the index —2|ml|.
Although the whole fermionic field ¢ has a vanishing
index since it is in the adjoint representation, the field in
each projected block can have nonzero index. As was
shown in (2.13), topological charge is an analog of the
Ist Chern character, which is proportional to the electric
charge of the matter. Then, *~) and (=), having the
opposite electric charge, have the opposite topological
charge and the opposite index.

We finally give two comments. First, we can define a
topological charge multiplied by the electric charge,
such as

liécrr[(TL _TRYT + )], (3.15)
so that contributions from the blocks in (3.9) do not cancel
but are added. By using the result (3.10), (3.15) becomes
—|m| for the backgrounds (3.1), which agrees with the
topological charge of the TP monopoles. We will develop
this argument further in the next section.
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Second, as seen above, fermions in the conjugate repre-
sentations under the unbroken gauge group have opposite
indices if one considers topological configurations in two
dimensions, or more generally, in 2 (mod 4) dimensions.
We can then expect that by embedding these configurations
in the extra dimensions, chiral spectrum is obtained in our
spacetime in low energy effective theory. We will discuss
this issue in Sec. VL.

IV. GENERAL CONFIGURATIONS
WITH U(2)/U(1)*

We now extend the formulation in the previous section
to general configurations where the U(2) gauge group is
broken down to U(1) X U(1) through the Higgs mecha-
nism, i.e., a nonzero vacuum expectation value of the scalar
field. This will enable us to survey the whole configuration
space with all topological sectors.

Since the definition of the electric charge operator 7 in
(3.6) was specific to the backgrounds (3.1), we first gen-
eralize it as

(A — =5t
[(A:) =51

This is valid for general configurations A; unless
the denominator has zero modes. For the configurations
(3.1), T' reduces to the previous one (3.7). For general
configurations

T = 4.1)

@i =1,  (TP=1

are satisfied. The commutative limit of 77 becomes the
normalized scalar field as

(4.2)

T'—2¢' =241, 4.3)
where ¢’ is normalized as ¥, (¢'*)? = 1.
We next define modified chirality operators as
T/R, T

I = u 4.4)

{T/R’ 1“}2
['" = TRT, (4.5)
I =T"T, (4.6)

. {1 T}
I = 4.7)

, {T’L, f}z
where T and T" are defined in (2.1) and (2.2). The super-
script R (L) in T'R (T'") means that this operator acts from
right (left) on matrices. The chirality operators satisfy the
relations

=0y, Hr=0, C2=@)2=1  @8)
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rpt=r, @Hr=r, @CPp=a0)y=1. 9
Since the chirality operators are weighted by the electric
charge operator T’, the commutative limits of I'". and ",
become 7y, = iRy, and those of I' and [ become
¥, = tly. Here 1 is the electric charge operator of the
unbroken U(1) gauge group, the superscript R (L) means
that the operator acts from right (left) in the gauge group
space, and y =n - o is the chirality operator on the
2-sphere.
We then define modified GW Dirac operators as

Dl = —a 'T(1 - T'I"Y), (4.10)

D)= —a”'T}(1 — TITY)).

By definition, these Dirac operators satisfy GW relations

4.11)

I'D. + DI =0, (4.12)
I''D, + D/T = 0. (4.13)
Then, index theorems
index (D) = T, + 1], (4.14)
index (D)) = YT AT} + 1], (4.15)

are satisfied as well. By using the rhs of (4.14) and (4.15),
we can also define a topological charge

1%ﬂ[r; S A (4.16)
which is a generalization of (3.15).

For the configurations (3.1), since the generalized elec-
tric charge operator (4.1) reduces to the previous one (3.7),
we can calculate the rhs of (4.14) and (4.15) as we did
below (3.10), giving

LTAT, + 1] = 4lml, 4.17)

LTHT, + 1] = —4lml. (4.18)
In (3.10), #*7) and ) have index —2|m| and 2|ml|,
respectively. However, since the chirality operators I", and
f", are multiplied by —1 for * ), we obtain (4.17).
Equation (4.18) is obtained similarly. From (4.17) and
(4.18), the topological charge (4.16) becomes —|m|, as
expected since (3.15) gave —|m)|.

In the commutative limit, the GW Dirac operator (4.10)
becomes

D, — {298 (o, L + D)} + 329, poPjjak
—12¢%, po,P;ak},

where the superscript R (L) means that the operator acts

(4.19)

from right (left) in the gauge group space: ¢'® = ¢/4(Q) X

(@1 etc. In the ¢*(Q) = (0,0, 1) gauge, (4.19) becomes

PHYSICAL REVIEW D 82, 085019 (2010)

=3 1L 2\L
3)\R 3T 1 (1) 2 (1)
('T) (0i£i+ 1 +p0’,P,J(aj?+aj > +aj 3

(4.20)

— /
- Dr,com’

where 7 means the adjoint operator of 73. This Dirac

operator indeed has the adjoint coupling of the unbroken
U(1) gauge field a?. It also satisfies a chiral relation

{D}com ¥71 =0, (4.21)

with y. = (73)R+y the chirality operator multiplied by the
unbroken U(1) charge, as expected from the GW relation
(4.12). The same arguments hold also for Dj.

Our remarkable result is that, by the same calculations in
(2.13), the commutative limit of the rhs in (4.14) becomes

2
%T’”[F; + F:] — _48p777' '[dQGijk}’li(d)/aF}lk

- 6abc¢/a(Dj¢/)b(Dk¢/)C);
where Fj = Fo 7%/2 is the field strength defined as Fy =
d;a) — 8ka} — i[a}, a}], and D ; is the covariant derivative
defined as D; = 9; — i[a}, ], with a; given in (2.11). As
T r) gave the second term in the rhs of (2.13), T r(1)
gives a similar term, but with Trg(1) = 2n replaced by
Trg(T'®) ~ 2m, giving an extra 1/n factor. Then, T r(1")
does not contribute to the commutative limit. On the other
hand, 7 r(I".) gives a similar term as the first term in the rhs
of (2.13), but with the 7'F in the same trace. Moreover, as
shown in Ref. [18], the denominator in (4.4) yields the
second term on the rhs of (4.22).

Similarly, we obtain

(4.22)

1 1 p2 a fra
ETI"[F; + F?] — 48777' fdQe,,knl(g{)' F]k

- 6abc¢/a(Dj¢l)b(Dk¢/)c)-

Equations (4.22) and (4.23) are precisely the topological
charge given by ’t Hooft [19], multiplied by +4, respec-
tively. Since each of (4.22) and (4.23) has contributions
from ") and "), and their electric charge is twice
the usual case, the result is multiplied by +4.

(4.23)

V. CONFIGURATIONS WITH U} ,k,,)/T1,U(k )
We now consider configurations as follows:

L e,
L e,

L' e,
5.1

where the gauge symmetry U(Y/_, k

b1 p), which the con-
figurations A; = L; ® 1 Sk, would have, is broken down
p=1"r
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to ﬁ: y U(k,). They are a generalization of the configu-
rations (3.1) with U(2)/U(1)?. They are phenomenologi-
cally attractive since they have gauge group close to that of
the standard model.* Such configurations are also used for
embedding fiber bundles in matrix models [21]. We here
study whether index theorems can be formulated in these
backgrounds as before.
We then define projection operators as

O rtok,
(5.2)

npkp

h
g=p+1 ngky

for p = 1, ..., h, which pick up the pth block with dimen-
sions n,k,. Since the projection operators (5.2) commute
with the chirality operators and the Dirac operator, the

index theorem (2.9) is satisfied in each projected space as

index (PLPRDgy) = 1T PLPR(T + 1] (5.3)

Pt q

forl = p,q = h.Here T, [, and Dgyw are defined in (2.1),
(2.2), and (2.7), and the superscript L (R) means that the
operator acts from the left (right).

For the backgrounds (5.1), the rhs of (5.3) becomes

LT PLPRT + 1)) = —k

by following the same calculations below (3.10). For & = 2
and k; = k, = 1, this reproduces the previous result (3.10).
Since the field projected by P4 and PX is in the bifunda-
mental representation (k,, q) of the unbroken gauge group
U(k,) X Ul(k,), its index is multiplied by k ,k,.

We can also extend the formulation to general configu-
rations. As in (4.1), we define electric charge operators of

the unbroken U(1)’s as

oky(n, —n,), (5.4)

(Ai)2 - Cp

YA = ¢, P

T, = (5.5)

for p =1,..., h — 1. The numbers c,, are taken between
2 _ 20—
n 1 4
p >Cp >pT,
4

where we assume n; >ny > - -
tions (5.1), T}, becomes

Iso n
q= _]lz .

They are the generators of U(1)’s contained in the unbro-
ken gauge group [[,U (k,). Note that there exist the grand
unified theory monopoles when a simple gauge group is
broken down to a smaller group containing U(1) factors.

> ny,. For the configura-

(5.6)

A phenomenological study based on such configurations was
given in [20].
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We then define modified chirality operators as (4.4)—(4.7),
for each T;, with p =1,..., h — 1. GW Dirac operators,
GW relations, and index theorems are defined as (4.10)—
(4.15). As we show in Appendix B, the commutative limits
of the GW Dirac operators and the topological charges
have similar forms as (4.19)—(4.23).

VI. EMBEDDINGS IN IIB MATRIX MODEL

As we mentioned in the Introduction, when topologi-
cally nontrivial configurations are embedded in the extra
dimensions in the matrix model formulations of super-
string theory, such as the IIB matrix model, chiral fermions
can be obtained in our spacetime. In this section, we
discuss whether this mechanism really works or not.

A. M* X X" C M**"

Let us first consider general cases, theories in (4 + n)-
dimensional Minkowski space M*'”, compactified to
n-dimensional space X" with Euclidean signature, while
M?* is our spacetime with Lorentzian signature. We then
embed n-dimensional topological configurations in X”. In
particular, we assume configurations of the TP monopole
type, where the gauge symmetry is broken down, which
yields fields that are in the conjugate representations under
the unbroken gauge group. We now denote them as (")
and ", which correspond to ¢ and ") in (3.9).

For n =2 (mod 4), as we mentioned at the end of
Sec. 111, topological charge becomes an analog of the /th
Chern character with [ = n/2 an odd integer, which gives
") and ") opposite indices. We denote the correspond-
ing chiral zero modes as wﬁ? and z//([), where the subscripts

R and L stand for the chirality. [Choosing zp(L’) and wg)
instead would give the identical results below.] Taking
spinors ¢ in M* as well, we obtain four possible Weyl
spinors as follows:

or ® Iy, ©.1)
oL ® ), 6.2)
oL ® Py, (6.3)
or® U}). (6.4)

The spinors (6.1) and (6.2) are in the charge conjugate
representations to each other. So are (6.3) and (6.4). Here
one should note that Weyl spinors in Lorentzian and
Euclidean spaces are as shown in Table I.

If we consider chiral theories in M**" originally, (6.1)
and (6.2) are chosen. [Choosing (6.3) and (6.4) would give
the identical results.] Since ¢ in (6.1) and ¢; in (6.2) are
in the different representations of the gauge group, we
obtain chiral spectrum in M*, although we have a doubling
of (6.1) and (6.2). If we further impose the Majorana
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TABLE I. Weyl representations of SO(d — 1, 1) and SO(d).
Sod—-1,1) S0(d)

d =0 (mod 4) Complex Self-conjugate

d =72 (mod 4) Self-conjugate Complex

condition in M**", which is possible for 4 +n =2
(mod 8), (6.1) and (6.2) are identified and the doubling
problem is resolved.

On the contrary, for n = 0 (mod 4), topological configu-
rations give ) and ' the same index. We denote the
corresponding chiral zero modes as ¢§§) and ¢§§). Taking
spinors ¢ in M* as well, we obtain

PR ® iy, 6.5)
oL@ iy, (6.6)
oL ® iy, (6.7)
PR ® Uiy 6.8)

The spinors (6.5) and (6.6) are in the charge conjugate
representations. So are (6.7) and (6.8). If we consider chiral
theories in M**" originally, (6.5) and (6.8) are chosen.
Since ¢p in (6.5) and ¢ in (6.8) are in the conjugate
representations of the gauge group to each other, we are
left with nonchiral spectrum in M*. Even if we consider the
Majorana fermions in M**” instead, we obtain a nonchiral
spectrum in M*.

B. M* X §% X §? in IIB matrix model

We now move to the IIB matrix model. The action of the
IIB matrix model is given by

1
SIIBMM = — - TI'(Z [AM: AN][AM’ AN]

+ 30Ty, 0]), (©9)
where A,, is a ten-dimensional vector, ¢ is a ten-
dimensional Majorana-Weyl spinor’ and they are also
traceless Hermitian matrices. Since the action is written
in terms of the commutators, matter in the adjoint repre-
sentation appears naturally.

As an application of what we studied about the fuzzy
2-sphere in this paper, let us consider a compactification
to M* X 8> X 8% and an embedding of the following
configurations:

>They are Wick rotated to the SO(10) vector and spinor. In this
paper, however, we use Lorentzian notation, such as M 10 since
we discuss spinors.
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A =X, @1,

y23 nn+nn2’
L(”)®]1
A=18 Lo ,
n
2®]1 (6.10)
1 1®L(»n%)
A=10| ' ,

2
1,,0L]"

where u = 0,1,2,3,i =4,5,6,and j = 7,8,9. x, is our
spacetime background. Either commutative backgrounds
as [x,,x,] =0 or noncommutative backgrounds as
[x,,x,] = i6,, can be considered.®

The second factor in (6.10)” represents monopole con-
figurations wrapping around S? X S%. The off-diagonal
blocks of matter, ™) and ") in (3.9), are in the
conjugate representations of the unbroken gauge group.
We now write them as ¢ and 7. Since the topological
configurations in four-dimensional S? X 2 give ) and
" the same index, we denote the corresponding chiral
zero modes as 1//55) and wﬁj).

We now introduce the following Dirac gamma matrices
in M9, which are suitable for M* X §% X §2:

F#=7M®]12®]12®0'3,

Fi=]14®0-i®]12®0-1’ (611)

Fj=ﬂ4®]12®0'j®02,

where vy, is the gamma matrices in M?*. The second and the
third factors act on spinors on S? X S2, such as the chiral
zero modes 1,//%) and ¢§§). Besides the spinors ¢ in M*, we
should also introduce spinors y on which the final factor
acts. We then obtain the following possible Weyl spinors:

©r® Pl ® xg, oL ® Yy 8 i (6.12)
018 Yy ® xp, ©r® Uy ® Xp. (6.13)
or® Yl ® X1, 0L ® Y ® xg, (6.14)
oL ® Y ® xg, or® Uy ® xi. (6.15)

The two spinors in (6.12) are in the charge conjugate
representations to each other. So are those in (6.13),
(6.14), and (6.15). We show it in detail in Appendix C.

SFluctuations around the background (6.10) provide matter
fields. Expansions of the action (6.9) give superficially renorma-
lizable theories, but with nonlocality such as noncommutativity.
The maximal supersymmetry possessed by the IIB matrix model
might suppress peculiar properties caused by the nonlocality,
such as the UV/IR mixing.

7Similar backgrounds were studied in [7,22].
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Since the IIB matrix model has the ten-dimensional
Majorana-Weyl spinor, we now impose these conditions.
By the Weyl condition, (6.12) and (6.13) or (6.14) and
(6.15) are chosen. By the Majorana condition, the two
spinors in (6.12), (6.13), (6.14), and (6.15) are identified.
We still have two spinors, however. We then obtain non-
chiral spectrum.

There are two reasons why we could not obtain chiral
spectrum. First, since we now consider four-dimensional
topological configurations, the zero modes of the same
chirality, 1//55) and ¢f§§>, are obtained. As the case M* X
X* C M® gave nonchiral spectrum in M*, now the first
spinor in (6.12) and the second spinor in (6.13) necessarily
arise and give nonchiral spectrum.

Second, the remainder two dimensions M'0/(M* X
§2 X S?) interrupt. In the gamma matrices (6.11), the ten-
dimensional chirality operator becomes

Fll :’)/5®]]2®]12®0'3. (6]6)
Then, evenif I';; = + is imposed, both (ys, o3) = (+, +)
and (ys, o3) = (—, —) are allowed. For instance, the first
spinor in (6.12) and the first spinor in (6.13) appear.

Actually, the chirality on §? X S2, i.e., whether one takes
«pﬁ? and ¢§§) or z/f(Lr) and 1//([), gives no difference.
Moreover, the chirality on each §? is irrelevant. While
the chirality operator on S?is y = n - o, the gamma matrix
in the direction normal to S? is also y;, = n - o, and their
product gives Yy, = 1, in (6.16). Then, even if one con-
siders a chiral mode on S2, either yiy = + 4 or yiy =
— 1, it gives no effect on (6.16).

VII. CONCLUSIONS AND DISCUSSIONS

In this paper, we provided the GW Dirac operators and
the index theorems on the fuzzy 2-sphere for matter in
the adjoint representation of the gauge group. We extended
our formulation to topologically nontrivial configurations,
such as the TP monopoles, the general configurations
with  U(2)/U(1)>, and the configurations with
U(X,k,)/T1,U(k,). We can also extend it to fuzzy §? X
52, §? X 8% X 82, and so on. The topological charge de-
fined on fuzzy (S?)’ in this way gives us a noncommutative
generalization of the /th Chern character on (S?)/, as was
shown in [22] for the fundamental matter. We will report on
it in a separate paper.

We then studied the embeddings of topological configu-
rations in higher dimensional matrix models, such as the
IIB matrix model, and discussed whether chiral spectrum is
really obtained in our spacetime. The formulations using
the GW relation gave a firm foundation to such studies.
The GW relation indeed ensures the existence of chiral
zero modes against any variations since the index is a
topological quantity. As a practical advantage, we can
calculate exact chiral zero modes, not approximate ones.
Unfortunately, however, we could not obtain chiral
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spectrum by the M* X §? X §? embeddings in the IIB
matrix model. We now discuss how to resolve this
problem.

One may consider decoupling dynamically one of the
fields ¢p ® ¢§§) ® xr and ¢ ® z//g) ® xg- (See, for in-
stance, Ref. [23].) By introducing strong coupling inter-
actions, such as four-Fermi interactions, to only one of
them, confinement may take place, which makes all the
composites massive and decoupled. The other partner re-
mains chiral and massless. However, introducing those
interactions seems artificial and unnatural from the view-
point that we derive everything from the IIB matrix model,
though it is allowed for formulating chiral gauge theories
on the lattice as in [23].

A simple way to obtain chiral spectrum in our spacetime
is to consider topological configurations in the entire extra
six dimensions, as we studied M* X X® C M'9 in Sec. VL.
Coset space constructions, which cause the ‘“‘remainder”
dimensions, are not suitable for it. Torus is possible to
construct in the same way as we did in this paper.® Six-
dimensional curved spaces can be described within six
matrices in the formulation given in [28]. One may also
consider situations similar to the intersecting D-branes
[29], where one has no remainder dimensions normal to
all of the D-branes which are intersecting to one another.
By T-duality, those situations are essentially equivalent to
the above ones. We can also consider orbifolds in six
dimensions [30,31]. Imposing orbifold conditions plays
the same role as the topological configurations giving the
index. We will report on these studies in future
publications.

While we assumed the specific backgrounds in this
paper, we can in principle analyze whether such configu-
rations are realized dynamically, as we did in the analyses
for the spacetime structures in the IIB matrix model and in
the analyses for the fuzzy spheres. From such studies, we
might be able to find that the standard model or its exten-
sion is obtained as a unique solution from the IIB matrix
model or its variants. Or, more complicated structures of
the vacuum, such as the landscape, might be found, but
with the definite measure which enables us to discuss
entropy. Anyway, the matrix models make these studies
possible.
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APPENDIX A: COMMUTATIVE LIMITS OF DIRAC
OPERATOR AND TOPOLOGICAL CHARGE

In this Appendix, we take the commutative limits of the
Dirac operator and the topological charge, and provide
(2.10) and (2.13). While similar calculations were given
in [12,16] for T r[I'], a coefficient becomes slightly differ-
ent in this case, and the calculation of T[] is also
instructive for that of 7 r[I']. We then show both calcu-
lations in a self-contained manner.

By substituting (2.3) into (2.2), we obtain

Hl=a"LL+%+pa'-aL, (AD)
n2

(H))? = Z + p(LE, aF} + ie;po[LE, ajL-] + o - ab)
+p*(o-a"), (A2)

and

I'=a(o-LL + I+ po-at) —id*po - LH{LE, ot}

fakl+o-at

+ plo- alY: = JaplLE, at)

—1a*pG + po - ab){LE, ak} + O(n™3),

= % Similarly, by substituting (2.3) into (2.1), we

—3a*po - L (i€ o [LE

(A3)

with a
obtain

I'=a(o LR —1+ po-af)—id*po - LR{LE, af

—id*po - LR(ie;jo0[LE, af] — o - a®

_ %azp{LR ak?)
alf} + 0n3).

For the commutative limit of the Dirac operator (2.7), it is
enough to take terms up to order n~ ' in (A3) and (A4). We
then easily obtain (2.10).

For the commutative limit of the topological charge, the
rhs of (2.9), however, we should take terms up to order n >
in (A3) and (A4), since 7T r gives a contribution of order n>.
We first consider 7~ r[f]. Taking the trace over the spinor
index, we obtain

2
’Tr’li; - a3p<L£ieijk[L{‘, at]+ Lfaf

+ plo - af)?

—1ap(=L+ por - aPULE, (Ad)

T r[f] =

+ lpE,/kLLa akb + = {L i})], (AS5)
where T 7' is the trace over the whole configuration space
without the spinor index. It is rewritten as 7 1 =
try tr, trptr, , where tr; is the trace over the space on which
LE act, tr,, is the trace over the space on which the gauge
group generators ()¢ act, and so on. In the commutative
.. . a0

limit, 1 tr; (M*) is replaced by [ M(Q;), and L trg(MF)
by [‘m" M(Qpg). Then, T7 n? f% X
f dﬁf tr, tr, . It then follows that

becomes
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dQ, dQR

trtLtrtR(2n + 2p%€;n! F )

T — ]

dQ
== 2nk2 + 2p2 '[E tr(Eijkn[ij): (A6)

where Fy; = 9;a’; — 9;a; — i[a}, a}] with a} givenin (2.11).

In the last line, we used a simple expression tr = tr, tr;,.
Similarly, we obtain

2
Tl = ’Tr’[— - a3p(Lfi€ijk[L§’ af] - Lfaf

. 1
+ipeyLRataf — {LE, af )] (A7)

and then

dQ;, [dQ
TrIr]— ,[477: [ 47TR tr, tr, (—2n — sze,-jkanﬁ)

= —2nk* — 2p? f@ tr(€; xn; Fjp). (A8)
dar

Because of the relation [AR, BR] = —[A, B]R, there arose

the minus sign in front of the field strength F ik in (AS),

compared with (A6). Adding (A6) and (AS8), we finally

obtain (2.13).

APPENDIX B: GENERAL CONFIGURATIONS
WITH U(3 ,k,)/T1,U(k,)

In this Appendix, we study formulations for general
configurations with U(¥. ,k,)/T1,U(k,). In particular, we
show that the commutative limits of the GW Dirac opera-
tors and the topological charges have similar forms as
(4.19)—(4.23).

As we mentioned at the end of Sec. V, for each electric
charge operator T;] with p =1,..., h — 1, given by (5.5),
we define modified chirality operators I7,,, F;r, I‘;,,, and
F;,l by (4.4)—(4.7). We then define modified GW Dirac
operators D/, and D;l by (4.10) and (4.11). They satisfy
the GW relations as (4.12) and (4.13), and the index
theorems as (4.14) and (4.15).

We now study the commutative limits. Following (4.3),
we write the commutative limits of the electric charge
operators 7', as

— 20}, = qus/ata (B1)
where 1 are the generators of the gauge group U (Zﬁzl k).
Because of (T)? = 1,

1
D opppit = )
a,b

(B2)
should be satisfied at the commutative level as well. The
rhs is the identity operator in the gauge group space and the
coordinate space of the sphere. Then, unlike the U(2) case,
¢ = (1,0,...,0) gauge does not exist in general, though
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we have gauges where all of ¢/’ are constant and indepen-
dent of the sphere coordinate ().

The commutative limit of the GW Dirac operator D/,
becomes

D;:r_)%{zd)mr (O-L + 1)} + %{2¢ pO’PU J}

— {20 poiPyalh, (B3)

as (4.19). The superscript R (L) means that the operator
acts from right (left) in the gauge group space d)’R =

Q) ()R, etc. In the gauges ¢/ () = ¢, where ¢/
are constant, (B3) becomes

2¢ KoL + 1+ poPija ]) — ¢ypoiPy; ]{t“ IR

(B4)

= N/
- Dpr,com-

This Dirac operator has the adjoint coupling of the unbro-
ken U(1) gauge field Y, ;,“a]“-(t”)R(f“). It also satisfies a
chiral relation

{Dpr.com Vprt =0, (BS)

where y),, = 2¢/y is the chirality operator multiplied by
the unbroken U(1) charge. The same arguments hold also
for D',

As (4.22) and (4.23), the commutative limits of the
topological charges become

! ; p? o

— fabe® (D;},)" (D)), (B6)

| , )
ST + ] — 2k f de (B FY,
- fabc (D d’ )b(Dk¢/ ) ) (B7)

where k = Z _1 k, and f. are the structure constants
of UX!_, p) The field strength Fj = F§ ¢ is defined
as Fy = dja; — da’; — ila’, a;], and the covariant
derivative D; is deﬁned as D;=9; — z[a ], with a}
given in (2. 11) In the gauges gb (Q) , where ¢

are constant, the integrand of (B6) and (B7) indeed gives
the Abelian flux in the unbroken U(1) direction

Z’(ajaff - aka}”).

We finally give a comment. We here obtained the 7 — 1
topological charges T [T, + 17, Jwith 1 = p =h — 1,
while we had@ones (8.3)for1 = p < g = h. The lack
of information is covered by defining chirality operators

{T/R 1“}

VTR T 2

I, =Tk (BS)
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. { T'L T}
', = — T}, (BY)
TTANE
and GW Dirac operators
D,, = —a”'T, J=10, ,,q) (B10)

for 1 = p, g = h — 1. They satisfy GW relations and then
index theorems
= %’Tr[l“;,,q + F;,,q],

index (D), , (B11)

which indeed provide W topological charges. While
T r(I", ,) and T r(I‘;,’q) vanish for the U(2)/U(1)? case of
Sec. IV, they give nontrivial results in the present case of

U, kp)/T1,Ulky)

APPENDIX C: CHARGE CONJUGATION

In this Appendix we show that the two spinors in (6.12)—
(6.15) are in the charge conjugate representations to each
other. We also show that the Majorana condition in ten
dimensions can be written as the decomposition into each
subspace, as in the Weyl condition.

We first introduce unitary matrices B; and B, acting on
SO(9, 1) spinors, which satisfy

B\I'yB ' = ()"

= _(FM)*,

forM =0, ...,9.(We follow the notation in Appendix B.1
in [32].) For the representation of gamma matrices (6.11),
they are written as

(ChH

B,I'yB; (C2)

B, =BY®0,® 0,80, (C3)
Bz B()®0'2®0'2®0'1, (C4)
where B(14) and B(24) satisfy
BYy, (B = ~(y,)" (C5)
By, (B = (y,)". (C6)

The charge conjugation of SO(9, 1) spinors is defined as
{C=B7'C, (&)

for either B = B, or B = B,.
For the gamma matrices (6.11), the chirality operator in
M0 is written as

M=y, ®1,80;3 (C8)
where the chirality operator in M* is
Ys = TiY0Y172Y3 (€9

As usual,

085019-10



GINSPARG-WILSON RELATION ON A FUZZY 2-SPHERE ...

BT B! = (') (C10)
is satisfied for both B, and B,, while
BWys(BH) ™1 = —(ys)* (C11)

is satisfied for both B(14) and B(24). Then, the Weyl spinor in
M is self-conjugate and that in M* is complex.
We may define a chirality operator in the second and the

third factors in (C8) as
[RXR) = 1, @ 1,. (C12)

We can also define chirality operators in this space as

) =pn.-gen- o, (C13)
I =n-oel,, (C14)
I =1,@n- 0. (C15)
The charge conjugation matrix in this space is
A= () ® o) (C16)

for either (C3) or (C4). The Weyl spinor in terms of the
chirality (C12) is self-conjugate because

AF(R3><R3)A—1 — (1“(R3><R3))* (C17)

is satisfied. That of (C13) is self-conjugate:
ATEXS) A1 = (TS*X D), (C18)

and those of (C14) and (C15) are complex:
ATSIA~! = —(T)), (C19)

We should also define a chirality operator in the fourth
factor in (C8) as

e = g, (C20)
The charge conjugation matrix in this space is
A =g, AV =0, (C21)

for (C3) and (C4), respectively. For either A(f) or A(f), the
Weyl spinor is complex because

AOTE(AE)=1 = —([)*, (C22)

It follows from (Cl11), (C18), and (C22) that the two
spinors in (6.12)—(6.15) are in the charge conjugate repre-
sentations to each other.
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In the remainder of this Appendix, we discuss the
Majorana condition. The Majorana condition in ten
dimensions

(={(C=B\¢
can be imposed since B*B =1 is satisfied for either
B = B, in (Cl) or B = B, in (C2).

By decomposing the spinor as

(=90 y®y

the Majorana condition (C23) with B, in (C4) is written as

(C23)

(C24)

ey ey =BYo®Ay @AYy (C25)
This is satisfied by imposing the conditions
ot =+BYo, (C26)
Y =AY, (C27)
X =*AYY, (C28)

where the three signs should satisfy (*)(X)(x) = +.
Since (BY)*BY =1 and (AY)*A) =1 are satisfied,
(C26) and (C28) can be imposed. While the reality condi-
tion, the Euclidean version of the Majorana condition,
cannot be imposed on the SO(3) spinors, which are in
the pseudoreal representation, the product of two pseudor-
eal representations is real. This trick is used in (C27),
where A*A = 1 is satisfied.

Similarly, the Majorana condition (C23) with By in (C3)
is written as

ey ey =BYo@Ap @Ay (C29)

This is satisfied by imposing the conditions
o' x =+BYoeAly, (C30)
Yt = =AY, (C31)

where the two signs should satisfy (*)(%) = +. The trick
of doubling the pseudoreal representations is used twice, in
(C30) and in (C31).

We therefore find that the Majorana condition in ten
dimensions can be written as the decomposition into each
subspace: (C26)—(C28), or (C30) and (C31). Although
these decompositions were not used directly in the present
paper, they are useful when we study the Majorana condi-
tion in each subspace.
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