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A cornerstone of the loop quantum gravity program is the fact that the phase space of general relativity

on a fixed graph can be described by a product of SU(2) cotangent bundles per edge. In this paper we show

how to parametrize this phase space in terms of quantities describing the intrinsic and extrinsic geometry

of the triangulation dual to the graph. These are defined by the assignment to each face of its area, the two

unit normals as seen from the two polyhedra sharing it, and an additional angle related to the extrinsic

curvature. These quantities do not define a Regge geometry, since they include extrinsic data, but a looser

notion of discrete geometry which is twisted in the sense that it is locally well-defined, but the local

patches lack a consistent gluing among each other. We give the Poisson brackets among the new variables,

and exhibit a symplectomorphism which maps them into the Poisson brackets of loop gravity. The new

parametrization has the advantage of a simple description of the gauge-invariant reduced phase space,

which is given by a product of phase spaces associated to edges and vertices, and it also provides an

Abelianization of the SU(2) connection. The results are relevant for the construction of coherent states

and, as a byproduct, contribute to clarify the connection between loop gravity and its subset corresponding

to Regge geometries.
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I. INTRODUCTION

Spin network states are the building blocks of loop
quantum gravity. They provide a basis of the kinematical
Hilbert space which diagonalizes some geometric opera-
tors, such as surface areas. The resulting discrete spectra,
with minimal excitation proportional to the Planck length,
are a landmark of the whole approach. In spite of the key
role played in the theory, spin network states lack a low-
energy physical interpretation. How can we bridge from
the Planck scale quantum geometry they describe, to a
smooth and classical three-dimensional (3D) geometry?
To answer this question, one is interested in the construc-
tion of coherent states, namely, superpositions of spin net-
works peaked on classical geometries labeling the phase
space of the theory. The phase space of general relativity is
parametrized by a canonically conjugated pair ðgab; KabÞ,
the metric and extrinsic curvature of a three-dimensional
spacelike manifold, or equivalently by ðEa

i ; A
i
aÞ, the triad

and SU(2) connection used in loop gravity. Therefore a
coherent state for loop gravity should be a superposition of
spin networks peaked on ðEa

i ; A
i
aÞ, with small fluctuations.

After an early attempt with the weave states [1], an
extensive approach to this question has been developed
by Thiemann and collaborators [2–4]. While the weave
states only approximate either the connection or the triad
field, Thiemann’s coherent states are peaked on both with

small fluctuations. The states are superpositions of spin
networks with the same graph, and are properly labeled by
a point in the discrete phase space of loop gravity associ-
ated to the graph. Thiemann’s states fulfill a number of
important properties, including reproducing some aspects
of the classical Hamiltonian constraint. On the other hand,
the spin foam graviton calculations [5,6] and recent
progress in the spin foam formalism [7–14] suggest a
different approach to the question, where one attempts at
describing a classical phase space point in terms of
quantities referring to discrete geometries, e.g., areas and
dihedral angles, as opposed to holonomies and fluxes. To
make this idea work, one needs (i) to show that the
complete phase space of the theory can be described by
the candidate labels, and (ii) to construct explicitly the
associated coherent states and show that they satisfy
the right properties, such as peakedness and (over)
completeness.
In this paper we focus on step (i). So although our final

goal has to do with the quantum theory, here we deal
entirely with the classical theory. The results of the paper
will be fundamental to take step (ii). In a forthcoming
paper [15], we will construct explicitly the coherent states
and compare them with Thiemann’s and with the ones
conjectured in the spin foam graviton calculations, in
particular, the ones recently appeared in [16] which bear
similarities with our approach.

A. Phase space of loop gravity

The continuum phase space of loop gravity is defined by
the Ashtekar-Barbero connection Ai

a and the triad field E
a
i ,

satisfying the Poisson algebra
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fAi
aðxÞ; Eb

j ðyÞg ¼ ��i
j�

b
a�

ð3Þðx; yÞ; (1)

where � is the Immirzi parameter. The connection with the
Arnowitt-Deser-Misner phase space of general relativity is
established thanks to the fact that the Ashtekar-Barbero
connection splits as

Aa ¼ �aðEÞ þ �Ka 2 suð2Þ; (2)

where �ðEÞ is the canonical slice of the spin connection
and K the extrinsic curvature. Thanks to this key splitting,
(1) reduces to the Arnowitt-Deser-Misner Poisson brack-
ets, and the classical theory to general relativity for the
metric associated to E.

An important step towards quantization is the smearing
of the algebra (1). This is done through the introduction of
a graph � embedded in the spatial manifold, and replacing
ðAi

a; E
a
i Þ by a pair ðge; XeÞ 2 SUð2Þ � suð2Þ on each edge.

These variables represent the connection and triad, respec-
tively, as holonomies, ge ¼ P exp

R
e A where P denotes

the path-ordered product, and fluxes Xe ¼
R
e� ðgEÞaNad

2S
where e� is the dual face to the edge, with normal Na and
infinitesimal coordinate area d2S and g is the parallel
transport from one fixed vertex to the point of integration
on a path adapted to the graph. Since SUð2Þ � suð2Þ ffi
T�SUð2Þ, we see that the phase space of loop gravity on a
fixed graph is the direct product of SU(2) cotangent bun-
dles. The complete phase space of the theory is recovered
taking the union over all possible graphs [17].

Usually, the new variables ðge; XeÞ are seen as a distri-
butional version of the continuum geometric interpretation.
However, one might wonder whether there exists also
an interpretation of these variables in terms of discrete
geometries. In particular, an interpretation which would
include the equivalent of the splitting (2) with a clear
separation between intrinsic and extrinsic geometry, and
possibly, a nice description of the gauge-invariant reduc-
tion of the phase space. This is the question we address
here, with the viewpoint that this alternative approach
gives a new insight on the theory which can turn out to
have useful applications.

The idea of labeling the states of loop gravity, at least at
the gauge-invariant level, in terms of (some notion of)
discrete geometries is not new: indeed long ago Immirzi
[18] suggested a connection with Regge calculus as the
analogue for loop gravity of the lattice description of QCD.
The connection we find is however not with Regge geome-
tries, but with a looser notion of discrete geometry, which
we dub twisted.1 As we will see, twisted geometries are
locally well-defined, but the local patches lack a consistent
gluing among each other. Specifically, unlike Regge cal-
culus where the geometry is given by edge lengths [20], our
twisted geometries are described by the assignment to each

triangle of its oriented area, two unit normals as seen from
the two polyhedra sharing it, and an additional angle
related to the extrinsic curvature. Our description holds
for both the kinematical and the gauge-invariant phase
spaces. The difference between the two is captured by a
natural closure condition satisfied or not by the labels.
Furthermore, we will exhibit in [21] an intriguing relation
between this description and twistors, thus completing the
motivations for the name.
The motivation for these labels comes from the coherent

intertwiners introduced in [8] (for earlier ideas, see also
[22]) and further developed in [13], which have proved
useful to construct the new EPR-FK-LS spin foam
models [9,10], and crucial to study their semiclassical limit
[12–14] and n-point correlations [6]. Recall that a standard
spin network assigns half-integers je to each edge of its
graph, and an additional half-integer, called intertwiner,
on each vertex. This forms a complete basis in the
Hilbert space of loop gravity on a fixed graph, L2ðG�Þ ¼
�jeð�vH ~|vÞ. The idea introduced in [8] is to label each

n-valent vertex, by n unit vectors in R3, instead of the
n� 3 intertwiners. The next key step is the understanding
that the labels of the n-valent vertex can be restricted to
satisfy a certain closure condition (see below) without
losing any information [13,14]. This results in 2ðn� 3Þ
labels allowing a geometric interpretation of the states in
terms of convex polyhedra [23,24]. With this motivation in
mind, we consider the classical system of these labels,
namely, areas and normals. What we show in this paper
is that these data can be extended to describe the intrinsic
as well as extrinsic geometry of a triangulation dual to
the graph.

B. Area-angle variables

Consider an oriented graph �, and for simplicity let us
first take it four-valent, so that it is dual to a triangulation.
As we will see this restriction can be relaxed without
changing our conclusions, but it keeps the discussion
more focused. Assign a real number je 2 R to each
edge, representing the oriented area of the dual triangle,
and four unit vectorsNeðvÞ 2 R3 to each vertex, represent-
ing the normals to the four triangles in the dual tetrahedron.
The whole graph carries the direct product space

Paux
� � �eRe �v Pv; Pv � �e: e�vS

2
e; (3)

where we used the fact that unit vectors define an element
on the two-sphere S2. We call this space auxiliary for
reasons that will become clear in the following. Notice
that by virtue of our assignment, each edge is labeled
by je and two unit vectors. Calling s the source vertex
and t the target vertex of an edge e, we denote them Ne ¼
NeðsÞ and ~Ne ¼ NeðtÞ. We can use this notation to factorize
the space as

Paux
� ¼ �eP

aux
e ; Paux

e ¼ S2e � S2e � Re: (4)

1The fact that Regge geometries only form a subset of the phase
space of loop gravity has already been pointed out by Dittrich and
Ryan [19]. We will come back to this point in Sec. VA.
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The variables associated to each edge of the graph are thus
a triple ðNe; ~Ne; jeÞ. Can we use these variables to define a
notion of (discrete) metric? Long ago [20] Regge showed
that a metric on a triangulation is uniquely defined (up to
isometries) assigning the edge lengths. Hence, what we
need are suitable conditions permitting to reconstruct the
edge lengths from our variables. As it turns out, one needs
two types of conditions, called closure and gluing con-
straints. The closure constraint is defined on each vertex by

C~|v �
X
e�v

jeNeðvÞ ¼ 0: (5)

When the closure is satisfied, the variables ðje; NeðvÞÞ in
the constrained space

Tet ~|v ¼ fNeðvÞ 2 PvjC~|v ¼ 0g (6)

define the geometry of a flat tetrahedron (for a 4-valent
vertex) embedded in R3. The geometry is unique up to
rotations, and it is useful to introduce the space S~|v of

shapes of a tetrahedron, i.e., the space of closed normals
modulo rotations,

S~|v � Tet~|v=SUð2Þ: (7)

At fixed areas, the space is two-dimensional and it can be
parametrized by two (nonopposite) dihedral angles �ee0 ¼
arccosðNe 	 Ne0 Þ [25]. It is also known [13,26] that (a) this
space is a symplectic manifold isomorphic to S2, and
(b) the SU(2) orbits in Tet~|v are generated precisely by

(5); hence S~|v can be obtained imposing the closure con-

straint and dividing out by the action of the gauge trans-
formation it generates. This symplectic reduction is
denoted by the double quotient S~|v ¼ Pv==C~|v .

Considering the space (3) on the whole graph, we can
apply the symplectic reduction by C ¼ Q

vC~|v , and impose

the closure condition on each node. The result is

K � � Paux
� ==C ¼ �eRe �v S~|v : (8)

What is remarkable here is the fact that the closure con-
straint can be imposed explicitly and locally at each vertex.
This result will play an important role later on.

The constrained space K� of oriented areas and angles
defines a precise classical 3D geometry on each tetrahe-
dron. The next step is to ensure that the individual tetrahe-
dra glue together to form a consistent geometry on the
whole triangulation. By construction, two neighboring tet-
rahedra induce different geometries on the shared triangle,
with same area but different shape in general. To match the
shapes one needs additional gluing constraints [27], which
involve only the dihedral angles�ee0 , and are local on each
pair of tetrahedra.2 Together, the closure and gluing con-

straints guarantee that a unique set of edge lengths, and
thus a Regge geometry, can be reconstructed from the areas
and angles ðje; �ee0 Þ [27].
A similar construction can be generalized to vertices of

arbitrary valency, but the description of the discrete
geometry is now more intricate. As shown in [23], each
n-valent vertex can be thought of as a flat convex polyhe-
dron with n faces. This polyhedron is such that the polygo-
nal decomposition of its 2D boundary possesses only
trivalent vertices, but the boundary faces are not neces-
sarily triangular. There is a phase space of shapes like (7)
associated to the n vertex, this time 2ðn� 3Þ-dimensional,
which is still a symplectic quotient generated by the
closure condition, and whose geometrical data can be
used to label the quantum states [13,23,26]. Hence, the
n-valent case is well understood at the level of the closure
constraints and the space of shapes of the polyhedron. On
the other hand, a deeper analysis is still needed, in particu-
lar, concerning a suitable generalization of the gluing
constraints.
This discussion shows how to reconstruct a discrete

metric from the area-angle variables. The new question
we address in this paper is more ambitious: can we relate
the area-angle variables not only to a Regge geometry, but
to the full phase space of loop gravity? As we recalled
above, also the loop phase space takes a form factorized on
edges; thus one can directly look at the edge contributions,
respectively, Paux

e and T�SUð2Þ. A quick comparison shows
immediately that a positive answer to our question is far
from obvious: Paux

e has one less dimension, a different
topology, and does not seem to carry any information about
the connection. If areas and angles are complete geomet-
rical data, we should be able to reconstruct a notion of
local frame, and the corresponding rotations mapping
one local frame onto the next. Where is the information
on such rotation?

C. Twisted geometries

To address the question, consider two adjacent vertices
and the edge connecting them. The five variables
ðNe; ~Ne; jeÞ represent the area of the triangle and its nor-
mals in the two frames sharing it. The crucial presence of
two normals allows us to write down a natural compatibil-
ity condition for a finite connection ge as the group element
rotating one normal into the other, i.e.,

Ne ¼ RðgeÞ ~Ne: (9)

This equation can be solved for ge 2 SUð2Þ, with R the
rotation matrix in the adjoint representation. The connec-
tion ge so introduced defines a notion of parallel transport
by which the normal Ne of the triangle in the frame of its
‘‘source’’ tetrahedron is mapped into the frame of its
‘‘target’’ tetrahedron. This rotation is the answer to our
question.

2Or equivalent constraints written in terms of the normals,
derived in [13] and called Regge constraints. Similar constraints
appear in [14], but although they are also called Regge con-
straints, they are in fact slightly stronger than the ones in [13].
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However, notice that (9) does not fully determine ge,
because it gives only 2 independent equations: RðgeÞ is
determined up to rotations along the ~N axis. Namely, if

�ge is a solution, then geðNe; ~Ne; �eÞ ¼ �gee
�e

~Ni
e�i is also a

solution, for an arbitrary angle � 2 ½��;�
. Here and in
the following we use the SU(2) fundamental representa-
tion, with generators �i ¼ �i�i=2, where �i are the Pauli
matrices. One can easily find a solution to the compatibility
condition (9) by constructing first a group element ne
rotating �3 into Ni

e�i, which is RðneÞ�3 ¼ Ni
e�i, and simi-

larly ~ne for ~Ne. Once ne, ~ne are found, the most general
solution of the compatibility condition is

geðNe; ~Ne; �eÞ ¼ nee
�e�3 ~n�1

e : (10)

We see that in order to uniquely define a connection
associated to ðNe; ~NeÞ, we need an additional angle per
edge, �e.

The above equation is also the key to recover a version
of the splitting (2) on a fixed graph. To that end, consider
the projection of (2) along an infinitesimal edge direction
‘ae , with Ae � Aa‘

a
e , �e � �a‘

a
e , and Ke � Ka‘

a
e . One can

always perform an SU(2) gauge transformation u that
diagonalizes the extrinsic curvature elements, Ke ¼
�eu�3u

�1. Then (2) reads

Au
e ¼ �u

e þ ��e�3; (11)

where �u
e ¼ u�1�euþ u�1deu. We propose to look at the

decomposition of ge in (10) as the discrete version of (11),
where the gauge-transformed spin connection �u amounts
to the knowledge of ðNe; ~NeÞ. It follows that in a general
gauge, this pair contains information about both intrinsic
and extrinsic geometry. We will come back to this point
in Sec. V.

In retrospect, such a splitting also explains our incapac-
ity to interpret purely geometrically the data labeled by
ðje; Ne; ~NeÞ, caused by the shape-matching problem raised
earlier. This is because in general these data represent
information about both intrinsic and extrinsic geometry;
thus any attempt to interpret them purely in terms of
intrinsic geometry is bound to fail. Out of this 5 degrees
of freedom three should be purely interpretable as some
intrinsic geometrical property of the 3D slice, while the
other two carry information about the extrinsic geometry.
The extra angle �e is the missing ingredient necessary in
order to reconstruct the third component of the extrinsic
curvature tensor.3

Including this additional angle, the space of variables
associated with an edge of the graph is 6-dimensional,
ðNe; ~Ne; je; �eÞ. Accordingly, we define the extended space

P� ¼ �ePe; Pe ¼ S2e � S2e � T�S1e; (12)

where we used the obvious isomorphism of Re � S1e with
T�S1e, the cotangent space to a circle. We dub this even-
dimensional space of oriented areas, normals, and extrinsic
geometry the space of twisted geometries, given the lack of
the required constraints to read a Regge geometry off these
variables.
The edge component Pe of the space of twisted geome-

tries has on a given edge the same dimensionality of
T�SUð2Þ. The first results of this paper are that P� is a
presymplectic manifold, and that there exists a reduction
�P� of P� such that4

(i) �P� is a phase space, in which ðje; �eÞ are conjugate
variables;

(ii) as a phase space, it is globally symplectomorphic to
the non–gauge-invariant phase space of loop quan-
tum gravity on a fixed graph,

�P � ffi �eT
�SUð2Þe:

Our construction turns out to be very similar to the
early attempt by Immirzi [18], which our work
develops and extends.
Following the discussion of the previous section,
one can also consider the closure constraints on
the extended space �P�. This gives a notion of closed
twisted geometries associated to the space

S� ¼ �eT
�S1e � S~|v ; (13)

with S~|v the space of shapes of the polyhedron

corresponding to the valency of the vertex. Our third
result is that

(iii) S� is presymplectic, and its reduction �S� is sym-
plectomorphic to the gauge-invariant space of loop
quantum gravity,

�S � ffi �eT
�SUð2Þe==SUð2ÞV� ; (14)

where V� is the total number of vertices in the
graph, and as above the double quotient means
imposing the Gauss law constraints at each vertex
and dividing out the action of the SU(2) gauge
transformation it generates.

Twisted geometries are thus particularly useful because
they naturally parametrize also the gauge-invariant
phase space: the only thing to take into account is the
closure condition on the labels, and this can be imple-
mented going from the normals to suitable cross sections
[23,24]. The result (13) implies that the parametrization in
terms of twisted geometries factorizes the gauge-invariant
phase space of gravity as a product of phase spaces asso-
ciated with edges and vertices. This Abelianization of the

3The same angle and a similar construction were studied by
Immirzi [18]; see more on this in Sec. III B. Furthermore, an
angle that plays a similar role to � is introduced in a covariant
context by Dittrich and Ryan [19] and by Bonzom [28]. In these
works, the four-dimensional normals to the tetrahedra are used,
instead of the three-dimensional normals to the triangles as here.

4A manifold is presymplectic if equipped with a closed but
possibly degenerate 2-form�. The reduction is then the quotient
by the kernel of �.
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gauge-invariant phase space of loop gravity is a remarkable
consequence of our parametrization. It provides a classical
analogue to the well known factorization of the SU(2) spin
network Hilbert space associated with a graph as a sum
over intertwiner spaces, �je ( �v H ~jv

).

The goal of the next sections, II, III, and IV, is to
demonstrate in a precise manner the claims (i), (ii), (iii).
This is the bulk of the paper, which means that both the
non–gauge-invariant and the gauge-invariant phase spaces
of loop gravity can be parametrized in terms of a notion
of discrete geometry. These twisted geometries are then
candidate labels for full coherent states of the theory. These
results are the starting point for the construction of new
coherent states which will appear in [15].

Finally in Sec. V, we will come back to one of the initial
questions, how we can separate the intrinsic from the
extrinsic metric using the twisted geometries parametriza-
tion. We will also comment on the relation between twisted
geometries and the construction of a phase space for
Regge calculus investigated by Dittrich and Ryan [19], in
particular, commenting on �e and the four-dimensional
dihedral angles.

II. PHASE SPACE OF TWISTED GEOMETRIES

Consider the edge space

P � S2 � S2 � T�S1; (15)

with variables ðN; ~N; j; �Þ, where we dropped the label e
everywhere to simplify the notation. Given the Cartesian
factorization of P� in (12), the claims (i) and (ii) follow
trivially if we can prove a symplectomorphism to T�SUð2Þ.
To establish this result, we will proceed in three steps:

(1) We show that there is a natural and in fact unique
Poisson structure on (15) which extends the Poisson
structure of each factor of the Cartesian product.

(2) We show that the 2-form �P associated to the
Poisson brackets is degenerate on the co–
dimension one manifold j ¼ 0. P is thus a presym-
plectic manifold, which turns out to be reducible.
The reduction, namely, the quotient space in
which we divide by the kernel of �P, �P �
P=Ker�P is a genuine symplectic manifold, and
thus a phase space.

(3) The key result is that there exists an isomorphism
which is also a symplectomorphism such that

�P=Z2 � T�SUð2Þ; (16)

where the Z2 identification is given by

�: ðN; ~N; j; �Þ ! ð�N;� ~N;�j;��Þ:
This map is a symplectomorphism; therefore the
quotient by it is still a symplectic manifold.

Before continuing, let us fix our conventions. Given a
symplectic 2-form � we define the Hamiltonian vector

field X̂f associated with a function f via iX̂f
� ¼ �df,

and we will often refer to f as the Hamiltonian of X̂f. The

Poisson brackets are defined as

ff; gg ¼ iX̂g
iX̂f

� ¼ �ðX̂f; X̂gÞ ¼ X̂fðgÞ: (17)

A. Poisson structure

Our starting point is that each factor of the Cartesian
product (15) is a symplectic manifold on its own:
(i) A cotangent bundle T�S1 has symplectic 2-form

�T�S1 ¼ d� ^ dj, and Poisson bracket f�; jg ¼ 1.
(ii) A 2-sphere S2R of radius R has symplectic 2-form

given by the area form �S2 ¼ �R sin�d� ^ d�,
where � and � are the polar and azimuthal
angles, and the sign depends on the orientation.
The Poisson bracket is conveniently given in
terms of the components of the unit vector
N ¼ ðcos� sin�; sin� sin�; cos�Þ, as fRNi; RNjg ¼
�	ijkRN

k. Notice that the radius R is a ‘‘Casimir,’’

i.e., Poisson-commutes with � and �: fNi; Rg ¼ 0.
We extend the above brackets to P taking the two

spheres in (15) to have radius j and opposite orientations,5

and such that the bracket between N and ~N vanishes: This
means that we have the following brackets,

fjNi; jNjg ¼ 	ijkjN
k; fj ~Ni; j ~Njg ¼ �	ijkj

~Nk;

fNi; ~Njg ¼ 0; (18a)

f�; jg ¼ 1; fNi; jg ¼ 0; f ~Ni; jg ¼ 0: (18b)

We still have to choose the brackets between � and N, ~N.
Let us give them in terms of a certain function L: S2 ! R3,

f�; jNig � LiðNÞ; f�; j ~Nig � Lið ~NÞ: (18c)

We claim that there is a choice of Li, unique up to canoni-
cal transformations, such that the Poisson algebra closes
and P is locally symplectomorphic to T�SUð2Þ. As we will
see, the Lie algebra function L is also uniquely determined
by geometric considerations.
Notice that independently of the relation to T�SUð2Þ, the

request that (18) closes as an algebra already constrains
largely the form of Li. First, we have

jNiL
i ¼ jNif�; jNig ¼ 1

2
f�; j2g ¼ jf�; jg ¼ j; (19)

which gives the normalization condition L 	 N ¼ 1.
Second, from the Jacobi identity

f�; fjNi; jNjgg þ fjNi; fjNj; �gg þ fjNj; f�; jNigg � 0

(20)

we get the following coherence identity,

5This is just a choice for later convenience. One could also
take the same orientation, as is done in [21].
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fjNi; LjðNÞg � fjNj; LiðNÞg � 	ijkL
kðNÞ: (21)

Similarly, we need Lð ~NÞ 	 ~N ¼ 1 and

fj ~Ni; Ljð ~NÞg � fj ~Nj; Lið ~NÞg � �	ijkL
kð ~NÞ; (22)

where the minus sign is caused by the reversed orientation
in (18a).

The normalizations and coherence identities satisfied
by L will turn out to be enough to guarantee the closure
of the algebra. Furthermore, we will also prove that these
conditions admit a unique solution, up to canonical
transformations. These are shifts � � �� 
ðNÞ, with
the other variables unchanged, and induce LðNÞ �
LðNÞ þ fjN;
ðNÞg. In fact, we will see that if L and L0
are two solutions of TrðLNÞ ¼ 1 and (21), then there al-
ways exists a function 
ðNÞ on the sphere such that

L0iðNÞ ¼ LiðNÞ þ fjNi; 
ðNÞg: (23)

This shift trivially preserves the normalization condition,

L0iNi ¼ LiNi þ NifjNi; 
ðNÞg ¼ 1þ 1

2j
fj2; 
ðNÞg ¼ 1;

(24)

as well as (21). Up to these canonical transformations,
there is a unique Poisson structure on P such that its
projection on each factor S2j and T

�S1 is the canonical one.
To prove this claim, we now construct explicitly the

solution L. This requires the Hopf map, a standard tool
of differential geometry which we review below.

B. Hopf map

The Hopf map is a projection �: S3 ! S2, such that
every point on S2 comes from a circle on S3.
Since SUð2Þ ffi S3 and S2 ffi SUð2Þ=Uð1Þ, where U(1) is
the diagonal subgroup generated, for instance, by �3, the
map can be defined in terms of group elements. In the
fundamental representation of SU(2) as 2-by-2 unitary
matrices, the Hopf map reads

�: SUð2Þ ! S2 g � NðgÞ ¼ g�3g
�1:

The vector NðgÞ is manifestly invariant under g � g
 ¼
ge
�3 ; thus it is a function of two variables only. To be
more explicit, we parametrize g with two complex num-
bers z0 and z1 as follows,

g ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijz0j2 þ jz1j2
p �z0 z1

��z1 z0

� �
: (25)

A direct calculation then gives

NðgÞ ¼ g�3g
�1 ¼ 1

1þ jzj2 ½ð1� jzj2Þ�3 � z�þ � �z��


¼ i

2ð1þ jzj2Þ
jzj2 � 1 2z

2�z 1� jzj2
 !

; (26)

where z � z1=z0, and we introduced �� ¼ �1 � i�2. The
expert reader will recognize z � z1=z0 as the Hopf map for
the stereographic projection of S2 from the hemisphere
with z0 ¼ 0.
This result shows that SU(2) can be seen as a bundle

(the Hopf bundle) over S2 with a U(1) fibre. On this bundle
we can define a section, that is, an inverse map

n: S2 ! SUð2Þ N � nðNÞ
such that �ðnðNÞÞ � N, given by

nðNðzÞÞ � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jzj2p ½1þ iz�þ � i�z��


¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jzj2p 1 z

��z 1

 !
: (27)

This section associates an SU(2) element n to each point of
the 2-sphere, the latter parametrized by the stereographic
projection z. For instance taking the projection from the
south pole, we have z ¼ � tan�2 e

�i� in terms of the famil-

iar polar coordinates ð�;�Þ. The choice (27) is clearly not
unique, and any n
 � ne
�3 defines an alternative section.
In the rest of the paper, we will work extensively with the
section nðNðzÞÞ defined by (27). With abuse of notation, we
will use simply n to refer to it, and we will interchangeably
consider n as a function of N or as a function of NðzÞ,
hence z, even if we do not explicitly write the argument of
n. We will also write the Hopf map simply as N ¼ n�3n

�1.

C. Geometric action on the Hopf section

Let us fix some conventions about SU(2). The
suð2Þ algebra generators are �i ¼ �i�i=2 and satisfy
½�i; �j
 ¼ 	ijk�

k. We introduce a cyclic trace TrðXYÞ �
�2 tr1=2ðXYÞ, for any ðX; YÞ 2 suð2Þ, where tr1=2 is

the trace in the fundamental representation. Tr gives a
positive pairing, invariant under adjoint action, such that
Trð�i�jÞ ¼ �ij. We can then identify suð2Þ with R3 via

Xi � TrðX�iÞ, and TrðXYÞ ¼ XiY
i.

Next, an element N 2 S2 is a unit vector in R3, and we
have a natural action of the group SU(2) by rotations.
This action is given, once we represent the 2-sphere as
embedded into the Lie algebra suð2Þ, via the coadjoint
representation. Hence we can associate to an algebra ele-

ment X 2 suð2Þ a vector field X̂ on S2, and its action on
functions on the sphere is given by

L X̂fðNÞ ¼ d

dt
fðe�tXNetXÞjt¼0; (28)

whereLX̂ � iX̂dþ diX̂ denotes the Lie derivative and i the
interior product. For linear functions we have

L X̂N ¼ �½X;N
: (29)

Viewing S2 as a symplectic manifold, the action of SU(2)
on it is Hamiltonian; i.e., by explicit calculation one can
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verify that X̂ is an Hamiltonian vector field—associated
to the function hXðNÞ � jTrðNXÞ, and the above Lie
derivative is obtained from the Poisson bracket between
N and hX,

fhX;Ng ¼ �S2ðX̂; N̂Þ ¼ �½X;N
 ¼ LX̂N: (30)

This Hamiltonian action can be used to write the coherence
identity (21) as an identity involving Lie derivatives:
contracting (21) with Xi and Yj, we get

L X̂LY �LŶLX ¼ L½X;Y
; (31)

where LX � TrðLXÞ is the component of L along the
algebra element X.

We are now interested in the action of the algebra on
the Hopf section (27). That is, we want to define the Lie
derivative on nðNÞ, in such a way that the section is
preserved. Let us first notice that

LX̂NðnÞ ¼ ðLX̂nÞ�3n�1 þ n�3ðLX̂n
�1Þ

¼ ½ðLX̂nÞn�1; NðnÞ
: (32)

Comparing this to (29), we deduce that

ðLX̂nÞn�1 ¼ �X þ NðnÞFXðNÞ; (33)

where FXðNÞ is a function on the sphere and NðnÞFXðNÞ
commutes with the algebra element NðnÞ. We see that F
acts as a connection in preserving the Hopf map section
under Lie derivative. Remarkably, this connection turns
out to satisfy precisely the normalization and coherence
identity required for the above function L. Therefore we
can identify L as the section-preserving connection, which
gives it a clear geometrical meaning. This key result is
established thanks to the following lemma.

Lemma.
There is a unique function L: S2 ! suð2Þ that we call

the ‘‘Lagrangian,’’ such that

Tr ðLdnn�1Þ ¼ 0 and TrðLNÞ ¼ 1; (34)

explicitly given by

LðzÞ ¼ �3 � z

2
�þ � �z

2
��: (35)

The Lagrangian appears in the Lie derivative of the Hopf
map section nðNÞ,

L X̂n ¼ ð�X þ NLXÞn; (36)

and it satisfies the key coherence identity

L X̂LY �LŶLX ¼ L½X;Y
: (37)

Finally, the general solution to this identity satisfying the
normalization condition is given by

L0 ¼ Lþ d
; (38)

where 
 is an arbitrary function on the sphere.6

Proof. The first part of the lemma amounts to simply
solving the system (34). We can do so using the definition
(26) of NðnÞ, and computing the right-invariant 1-form of
the section (27),

dnðzÞnðzÞ�1 ¼ i

1þ jzj2 fð�zdz� zd�zÞ�3 þ dz�þ � d�z��g:
(39)

Explicitly evaluating (34) leads to the unique solution (35).
To prove the second part of the lemma, we take the

interior product of an arbitrary vector field X̂ with the
defining expression (34). Recalling that by definition of
Lie derivative, ðLX̂nÞn�1 ¼ iX̂ðdnn�1Þ, we have

0 ¼ iX̂ TrðLdnn�1Þ ¼ TrðLðLX̂nÞn�1Þ
¼ �TrðLXÞ þ FX TrðLNÞ ¼ �LX þ FX; (40)

where we used (33) and the normalization condition.
Hence FX ¼ LX and (36) is obtained.
Finally, to prove (37) we first observe that

LX̂ðdnn�1Þ ¼ iX̂ðdnn�1 ^ dnn�1Þ þ d½ðLX̂nÞn�1

¼ ½�X þ NLX; dnn

�1
 þ dð�X þ NLXÞ
¼ NdLX � ½X; dnn�1
; (41)

where we used the definition of Lie derivative in the first
equality, (36) in the second, and dN ¼ ½dnn�1; N
 in the
third. Therefore,

0 ¼ LX̂TrðLdnn�1Þ ¼ TrððLX̂L� ½L; X
Þdnn�1Þ þ dLX:

(42)

Then, by taking the interior product of this relation with Ŷ
we get

L ŶLX ¼ TrððLX̂L� ½L; X
ÞðY � NLYÞÞ
¼ LX̂LY � L½X;Y
 þ LYfTrðLX̂LNÞ

� TrðL½X;N
Þg
¼ LX̂LY � L½X;Y
 þ LYLX̂ TrðLNÞ; (43)

and since the last term vanishes, we obtain the coherence
identity (37).
Notice that the latter also ensures that (36) verifies

the consistency condition for Lie derivatives, namely,
LX̂LŶ �LŶLX̂ ¼ L½X̂;Ŷ
.
Let us now suppose to have another solution L0 to

the coherence identity and the normalization condition
TrðL0NÞ ¼ 1. If we define the 1-form � �
�TrðL0dnn�1Þ, we see that

�X � iX̂� ¼ �TrðL0ðLX̂nÞn�1Þ ¼ L0
X � LX (44)

is a solution of the coherence identity as a sum of two
such solutions. This, together with the definition of the
differential iX̂iŶd� ¼ LŶ�X �LX̂�Y þ �½X;Y
, implies

that d� ¼ 0. Since H1ðS2Þ, the first homology group of6Here (38) is just a coordinate-independent version of (23).
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the sphere, is trivial, this means that there exists a function

 such that � ¼ d
, and thus L0

X ¼ LX þLX̂
. Finally,
TrðL0NÞ ¼ 1 follows as in (24). This proves the gauge
freedom (38), which can be written as anticipated above in
(23) using the Hamiltonian action (30). j

The gauge freedom (38) has a very simple geometric
origin: it corresponds to a change of section n � n
 �
ne
�3 with 
 ¼ 
ðNÞ a function on the sphere. Indeed,

ðLX̂n

Þðn
Þ�1 ¼ ðLX̂nÞn�1 þ NLX̂


¼ �X þ NðLX þLX̂
Þ; (45)

namely, L

X ¼ LX þLX̂
 is the Lagrangian preserving the

new section n
.7

The same Lagrangian (35) can be taken also for the
sphere with negative orientation, as we did in (18c). This
is because the reversed orientation can be obtained with
the map n � n	, 	 ¼ i�2, which does not affect the first
condition in (34). Hence the reversed orientation simply
amounts to N � �N, L � �L and the sign of the bracket
is preserved.

From now on, we use the notation L to refer exclusively
to (35). The above lemma proves that the Lagrangian Li ¼
TrðL�iÞ, i.e., the section-preserving connection,8 satisfies
the normalization condition LiNi ¼ 1 and coherence iden-
tities (21) and (22). Concerning the latter, the minus sign
on the right-hand side of (22) is included automatically in
the right-hand side of (37): as we change the orientation of
the sphere, we also change the sign of the commutator
½X; Y
. These are the necessary conditions to the closure of
the algebra discussed earlier. To complete the proof that the
Poisson algebra (18) closes, we now exhibit the symplectic
2-form, and discuss its properties.

D. Symplectic potential

It is convenient for the following to introduce the sym-
plectic potential �, or canonical 1-form, such that � ¼
�d�. In the case of the cotangent bundle to the circle, the
symplectic potential is jd�, and the Hamiltonian vector

fields are |̂ ¼ �@�, �̂ ¼ @j. In the case of a 2-sphere of

radius j, say, with right-handed orientation, we can use the
Hopf section to write the potential as

�S2ðNÞ ¼ jTrðNdnn�1Þ ¼ jðcos�� 1Þd�; (47)

as one can easily verify using (26) and (39). The associated
2-form reads

�S2 ¼ �d�S2 ¼ jTrðNdnn�1 ^ dnn�1Þ
¼ j sin�d� ^ d�; (48)

and as already discussed in Sec. II C, the Hamiltonian

vector fields are the X̂’s generating the adjoint action
(29), and associated to X 2 suð2Þ. Indeed, using our
section-preserving Lie derivative (36), we can verify that

iX̂�S2 ¼ jTrðN½ðLX̂nÞn�1; dnn�1
Þ ¼ jTrðX½N; dnn�1
Þ
¼ �jdNX; (49)

where NX � TrðNXÞ. In other words, X̂ is a Hamiltonian
vector field with Hamiltonian the linear function hXðNÞ ¼
jNX on the sphere.
Let us now come to the Poisson algebra (18) of the

twisted geometries, and discuss its symplectic 2-form
�P ¼ �d�P. By inspection, we see from the brackets
(18a) and (18b) that �P should contain �T�S1 and two
�S2 with radius j and opposite orientations. Remarkably,
�P turns out to be simply a sum of the elementary sym-
plectic potentials of each factor in the Cartesian decom-
position P ¼ S2 � S2 � T�S1,

�P � �S2ðNÞ þ�S2ð ~NÞ þ�T�S1ðj; �Þ
¼ jTrðNdnn�1Þ � jTrð ~Nd~n~n�1Þ þ jd�: (50)

That is, we claim that the brackets (18) are given by

�P ¼ �d�P

¼ jTrðNdnn�1 ^ dnn�1Þ � jTrð ~Nd~n~n�1 ^ d~n~n�1Þ
� dj ^ ½d�þ TrðNdnn�1Þ � Trð ~Nd~n~n�1Þ
: (51)

To show it, we first need to compute the Hamiltonian
vector fields on P. To avoid confusion with the vector fields
on S2 and T�S1 previously introduced, we denote the new

ones �f, where f ¼ j, �, hX � jNX, and ~hX � j ~NX, and

such that i�f
�P ¼ �df. For j � 0, these are given by

�hX ¼ X̂ � LXðNÞ@�; �~hX
¼ � ~̂X � LXð ~NÞ@�; (52a)

�| ¼ �@�; �� ¼ @j þ 1

j
d½L;N
 þ 1

j
½dL; ~N
: (52b)

Here X̂ and d½L;N
 are the vector fields (28) generating the
adjoint action on the sphere labeled by N, associated,
respectively, with the algebra elements X and ½LðNÞ; N
.
Similarly, ~̂X and ½dL; ~N
 are the vector fields (28) generating
the adjoint action on the sphere labeled by ~N, associated,
respectively, with the algebra elements X and ½Lð ~NÞ; N
.
Proof. To check (52a), we first notice that for a constant

X we have

7An interesting example (see [21]) is 
ðNðzÞÞ ¼ �2 argðzÞ,
which gives in components

~LiðzÞ ¼ LiðzÞ � fjNi; 2 argðzÞg ¼ ð�z�1;��z�1;�1Þ
� �Lið�1=�zÞ:

8The name ‘‘Lagrangian’’ comes from the fact that L is the
generator of vertical shifts in the bundle S2 � Uð1Þ. That is under
a finite rotation the section n is corrected by the ‘‘action’’

R
L:

nðe�XNeXÞ ¼ e�XnðNÞe�3
R

1

0
LXðe�uXNeuXÞdu: (46)

This formula is the integral version of (36).
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iX̂�P ¼ �dðjNXÞ þ LXðNÞdj: (53)

Since i@��P ¼ dj, (52a) follows. The computation for �~hX

is similar up to a sign due to the reversal of the orientation.
To check ��, we first evaluate

i@j�P ¼ �d�� TrðNdnn�1Þ þ Trð ~Nd~n~n�1Þ: (54)

Then,

id½L;N

�P ¼ jTrð½N; ½L;N

dnn�1Þ þ djTrððN� LÞ½L;N
Þ

¼ jTrððTrðLNÞN� LÞdnn�1Þ ¼ jTrðN dnn�1Þ;
(55)

where we have used again (36) and in the last equality the
defining property of the Lagrangian. A similar calculation
shows that

i
½cL; ~N


�P ¼ �jTrð ~N d~n~n�1Þ; (56)

thus (52b) follows. j
Comparing the Hamiltonian vector fields (52) to those of

T�S1 or S2 on their own, we see that the only differences
are the pieces depending on the Lagrangian L, which are
generated by the last two terms of (51), the ones mixing the
circle and the spheres. From the viewpoint of the symplec-
tic potential (50), the only origin of the mixing is the choice
of radius of the sphere.9 Using these vector fields and
properties such as (53) and (55), it is straightforward
to check that we recover the Poisson brackets (18), with
Li ¼ TrðL�iÞ. For instance,

f�; jg ¼ �Pð��; �jÞ ¼ 1;

f�; jNig ¼ �jNið�Þ ¼ ���ðjNiÞ ¼ LiðNÞ: (57)

The Poisson structure (18) that we introduced on P can
be now studied through the symplectic 2-form (51). In
particular, the Jacobi identity and closure of the algebra
can be proved deriving the Maurer-Cartan equation satis-
fied by this symplectic potential. We leave this demonstra-
tion to the interested reader. More important is the issue of
the invertibility of �P, because to be a proper symplectic
manifold, a space needs to be equipped with a closed and
nondegenerate 2-form. Now, �P is trivially closed, as it
descends from a local symplectic potential. However, it is
degenerate at j ¼ 0. Since �P fails to be nondegenerate
everywhere, P is only a presymplectic manifold, in the
terminology of Souriau [29].

A symplectic manifold can then be obtained in two
ways. The first way is to simply consider a new space P�
with j � 0. The second is to reduce the presymplectic
manifold by the kernel of�P, i.e., to consider the quotient

manifold �P � P=Kerð�PÞ. The latter is a symplectic mani-
fold, with nondegenerate 2-form given by�P projected on
�P. It is this second way that leads to a symplectic manifold
globally isomorphic to T�SUð2Þ, and that we now describe
in detail.
Taking the quotient means dividing by the equivalence

class p
 p0 where p0 ¼ eD̂p, with D̂ 2 Kerð�PÞ and p,
p0 2 P. The first thing to do is thus to identify the vectors
generating the kernel of �P. As seen, the kernel has
support at j ¼ 0; thus we are looking for the vector fields
whose interior product with �P is proportional to j, and
which leave us on this submanifold. The set of such vector
fields is given by

D̂ X � �hX � �~hY
; with Y ¼ g�1Xg; (58)

where g ¼ ne��3 ~n�1 is the group element rotating N into
~N ¼ g�1Ng. Indeed, using the fact that NX ¼ ~NY , the
interior product with the symplectic 2-form computes to

iD̂X
�P ¼ �dðjNX � j ~NYÞ � jTrð ~NdYÞ (59)

¼ �jTrð½N;X
dgg�1Þ; (60)

which vanishes at j ¼ 0.
Next, to find the equivalence class generated by the

vector fields, we notice that they rotate jointly the vectors

N and ~N: D̂XðNÞ ¼ �½X;N
, D̂Xð ~NÞ ¼ �g�1½X;N
g.
Furthermore, this rotation is such that it preserves the
group element g ¼ ne��3 ~n�1, since

D̂ Xg ¼ �Xgþ gY ¼ 0: (61)

Therefore the equivalence relation between p 2 P and

p0 ¼ eD̂p 2 P is ðN; ~N; 0; �Þ 
 ðN0; ~N0; 0; �0Þ with N and
~N jointly rotated, and � translated in such a way as to
preserve g ¼ ne��3 ~n�1. Dividing by this equivalence rela-
tion means that the two 2-spheres sitting at the boundary
are identified, and one is left with a 3-sphere parametrized
by N and �.
We conclude that the coordinates of �P � P=Ker�P span

P� ¼ S2j � S2j � T�S1 for j � 0, and S3 for j ¼ 0. The two

symplectic manifolds P� and �P clearly differ in their
topology. The difference is captured by the homotopy
group, which is U(1) for P�, and trivial for �P.10

Finally, let us point out that the symplectic potential is
invariant under the Z2 transformation

ðN; ~N; j; �Þ ! ð�N;� ~N;�j;��Þ: (62)

This is implemented on the Hopf section by n ! n	
and ~n ! ~n	, with 	 ¼ i�2. It is easy to see that this

9This almost-diagonal form of the symplectic potential has a
deeper origin which will be investigated in further studies, and it
is crucial for the quantization of this phase space.

10This difference has implications at the quantum level [15],
where it implies that there is an ambiguity in the quantization of
P�, labeled by an angle in U(1) [30], while the quantization of
the reduced space �P is unique and amounts to fix this angle to 0.
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transformation leaves �P invariant since dðn	Þðn	Þ�1 ¼
dnn�1. Hence (62) is a canonical transformation, and both
P�=Z2 and �P=Z2 are still symplectic manifolds.

This concludes the construction of the phase space of
twisted geometries. We have shown that P� and �P, as
well as their reductions by (62), are symplectic manifolds.
Their closed, nondegenerate symplectic 2-forms are given
by the relevant projections of �P. Specifically, �P is given
by P� completed by a 3-sphere sitting at j ¼ 0. In the next
section, we prove that �P=Z2 is nothing new: it is isomor-
phic to the standard phase space used in loop quantum
gravity.

III. SYMPLECTOMORPHISM
WITH SU(2) PHASE SPACE

A Lie group G is a manifold, and as for any manifold, a
symplectic structure can be associated to its cotangent
bundle, T�G. Let us recall the basics of this construction,
referring the reader to the literature [31,32] for the details.

A. SU(2) cotangent bundle

The Lie algebra g ffi TeG is isomorphic to the set of
right-invariant vector fields on G.11 A right-invariant vec-
tor field in the direction of X 2 g, which we denote rL

X,
acts on functions on the group as the left derivative

rL
XfðgÞ �

d

dt
fðe�tXgÞjt¼0: (63)

Under the adjoint transformation g � gXg�1, we obtain
the right derivative

rR
XfðgÞ �

d

dt
fðgetXÞjt¼0 ¼ �rL

ðgXg�1ÞfðgÞ: (64)

The map from the vector fields to elements X of the algebra
is provided by the algebra-valued, right-invariant 1-form
dgg�1, which satisfies

iX̂ðdgg�1Þ ¼ ðLX̂gÞg�1 ¼ �X: (65)

The set of right-invariant 1-forms is isomorphic to the dual
algebra g�; thus the cotangent bundle trivializes as T�G ¼
G� g�.

To study functions on T�G, recall that each element X 2
g determines a linear function hX on the dual algebra g�.
Let us fix from now on G ¼ SUð2Þ, and take the trace
TrðXYÞ � �2 tr1=2ðXYÞ introduced earlier. With this ad-

invariant positive pairing we can define the linear action as
hXðY�Þ ¼ TrðXYÞ and identify suð2Þ and its dual suð2Þ�.
Thanks to this identification we can parametrize suð2Þ�
directly with elements X of the algebra. The 6-dimensional

cotangent bundle T�G is then trivialized by the following
symplectic potential [31,32],

G� g� ! T�G; ðg; XÞ � � ¼ TrðXdgg�1Þ: (66)

The symplectic 2-form computes to

� ¼ �dTrðXdgg�1Þ
¼ 1

2
Trðd ~X ^ g�1dg� dX ^ dgg�1Þ (67)

where we have introduced ~X � �g�1Xg. From the sym-
plectic 2-form one gets the following Poisson brackets,

fhY;hZg¼h½Y;Z
; fhY;fðgÞg¼rL
YfðgÞ; ffðgÞ;hðgÞg¼0:

(68)

Proof. Let us identify suð2Þ with R3, via Xi ¼
Trð�iXÞ ¼ h�iðXÞ. Consider then the following vector field
on T�G,

Ŷ � rL
Y þ ½X; Y
i @

@Xi : (69)

This vector field is such that

iŶ� ¼ �TrðXYÞ; (70)

L Ŷ� ¼ Trð½X; Y
dgg�1Þ � TrðX½Y; dgg�1
Þ ¼ 0: (71)

Therefore

iŶ� ¼ diŶ��LŶ� ¼ �dTrðXYÞ; (72)

that is, (69) is the Hamiltonian vector field of hYðXÞ, and
fhY; hZg ¼ �ðŶ; ẐÞ ¼ �iẐdhY ¼ h½Y;Z
:

Next, the Hamiltonian vector field of a function fðgÞ on
the group is

f̂ ¼ �rL
i f

@

@Xi ; (73)

since

if̂� ¼X
i

rL
i f Trð�idgg�1Þ � �df:

It is then easy to see that two functions on the group,
say, fðgÞ and hðgÞ, have a vanishing Poisson bracket,

�T�GðX̂f; X̂hÞ ¼ 0. Finally,

fhY; fg ¼ �iŶdf ¼ iX̂f
dhY ¼ rL

Yf: (74)

j
We see from the brackets (68) that the Poisson action of

hYðXÞ generates left derivatives. Similarly, the right deriva-

tive f~hX; fðgÞg ¼ rR
YfðgÞ is generated by the action of

~hYðXÞ � TrðY ~XÞ. Finally, the two Hamiltonians commute:

fhY; ~hZg ¼ 0.

11The group acts on itself by either left or right multiplication.
Both actions can be used to get an isomorphism of vector fields
with the Lie algebra, and to trivialize the cotangent bundle. Here
we choose the right multiplication, but a similar construction can
be carried over choosing the left multiplication.
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B. Symplectomorphism

The key to construct the isomorphism is the Hopf map
(26) introduced above. We consider the two sections nðNÞ
and ~nð ~NÞ such that N ¼ n�3n

�1, ~N ¼ ~n�3~n
�1. Then, we

define the map

ðN; ~N; j; �Þ ! ðX; gÞ: X ¼ jn�3n
�1 (75a)

g ¼ ne��3 ~n�1; (75b)

which implies that ~X � �g�1Xg ¼ �j ~N. The map is
two-to-one, as the two configurations ðN; ~N; j; �Þ and
ð�N;� ~N;�j;��Þ give the same pair ðX; gÞ, and it can
be inverted in each branch provided jXj � 0:

j ¼ �jXj; N ¼ � X

jXj ;
~N ¼ �g�1Xg

jXj ;

� ¼ �Trð�3 logðn�1g~nÞÞ:
(76)

The map then gives an isomorphism

P�=Z2 ffi T�SUð2Þ n fjXj ¼ 0g; (77a)

where the Z2 symmetry is the identification (62) of the two
configurations with opposite signs all over. Furthermore,
the isomorphism extends trivially to an isomorphism

�P=Z2 ffi T�SUð2Þ; (77b)

since we have already shown that the two spaces coincide
at the origins j ¼ 0, X ¼ 0, where both are given by a
3-sphere.

What we want to prove next is that the isomorphism
(77) is also a symplectomorphism, namely, it preserves the
Poisson structure of the symplectic spaces. As we now
show, this is a direct consequence of the identification of
the two symplectic potentials (50) and (66).

Proposition. The map (75) provides an invertible sym-
plectomorphism between the phase space �Pe with Poisson
brackets (18) and T�SUð2Þ with Poisson brackets (68).

Proof. A straighforward calculation gives

�T�G ¼ TrðXdgg�1Þ
¼ jTrðn�3n�1ðdnn�1þnd��3n

�1

�ne��3 ~n�1d~n~n�1e���3n�1ÞÞ
¼ jTrðNdnn�1Þþ jd�� jTrð ~Nd~n~n�1Þ ¼�P: (78)

The identification of the two potentials is up to the Z2

symmetry (62), which as already discussed leaves �P

invariant. j
Let us make some remarks.
(i) Even if the proof is straightforward, it is instructive

to check the symplectomorphism at the level of
Poisson brackets. To that end, it is convenient to
use the identification of suð2Þ with R3 via Xi ¼
Trð�iXÞ, and write the Poisson brackets (68) of linear
functions on T�SUð2Þ in the simple form

fXi;Xjg¼	ijkX
k; fXi;gg¼��ig; f ~Xi;gg¼g�i:

(79)

The first Poisson brackets in (79) can be immediately
verified using the Poisson brackets (18a) in the defi-
nitions (75a). The second Poisson bracket can be
verified as follows. Using (75a) and (75b), we have

fXi; gg ¼ fjNi; ne��3 ~n�1g
¼ fjNi; nge��3 ~n�1 þ nfjNi; e��3g~n�1; (80)

where we used the fact that N and ~N have vanishing
Poisson bracket. The first bracket in the right-hand
side of (80) gives the action of the algebra on the
Hopf section, which we computed above in (36),

fjNi; ng � L�̂in ¼ ð��i þ NLiÞn: (81)

Concerning the second term in (80), we have from
(18c),

nfjNi; e��3g~n�1 ¼ nfjNi; �g�3e��3 ~n�1 ¼ �LiNg:

(82)

Putting these two together we get the desired result,

fXi; gg ¼ ð��i þ NLiÞg� LiNg ¼ ��ig: (83)

Let us also check the action of ~X, the third bracket of
(79). We have

f ~Xi; gg ¼ f�j ~Ni; ne��3 ~n�1g
¼ �nfj ~Ni; �g�3n�1g� ne��3fj ~Ni; ~n�1g: (84)

Using (18c) the first term gives LiNg, whereas the
second bracket computes to

fj ~Ni; ~n�1g ¼ �~n�1fj ~Ni; ~ng~n�1 ¼ �~n�1ðL��̂i ~nÞ~n�1

¼ �~n�1ð�i � ~NLiÞ: (85)

Using the fact that g ~N ¼ Ng, we obtain

f ~Xi; gg ¼ LiNgþ gð�i � ~NLiÞ
¼ g�i � LiðNg� g ~NÞ ¼ g�i: (86)

Finally, one could similarly proceed to check that
functions of g commute, although the direct compu-
tation via Poisson bracket is more intricate.

(ii) In the course of this work, we realized that the same
decomposition (78) of the T�SUð2Þ symplectic po-
tential was considered long ago by Immirzi [18].
Here we recover the same result; thus our work on
twisted geometries turns out to develop and extend
ideas already present back then. In particular, a
crucial remark is the following: in [18] it is argued
that the extrinsic curvature should be wholly carried
by the extra angle that we denote �e, and that this
leads to an obvious difficulty, since �e does not
have enough degrees of freedom to characterize a
discretization of the full extrinsic curvature. The
criticism is well-posed, and its solution lies in the
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fact that part of the extrinsic curvature is carried by
the variables N and ~N, as already anticipated in the
introduction. We will come back to this important
point below in Sec. V.

Let us summarize where we stand. In this section, we
have introduced the phase space �P with Poisson brackets
(18), and showed that it is symplectomorphic to T�SUð2Þ.
The symplectomorphism extends straightforwardly to the
whole triangulation, so we conclude that

�P � � �e
�Pe=Z

2 ffi �eT
�SUð2Þe: (87)

The symplectomorphism (87) allows us to give a com-
pletely new parametrization of the kinematical phase space
of loop quantum gravity on a fixed graph as the space of
twisted geometries. This result answers the question raised
in the introduction, and shows that there is a natural dis-
crete geometry associated with the space of holonomy-
flux variables: this space can be written in terms of areas,
normals, and an Abelian ‘‘connection’’ � 2 S1, which can
be thought of as the modulus of the extrinsic curvature
gauge-fixed as in (11). Notice that this discrete geometry is
not a Regge geometry, in particular; it is discontinuous
because the shapes of the triangles do not match in general.

IV. ABELIANIZATION OF THE GAUGE-
INVARIANT PHASE SPACE

The description of the kinematical phase space of loop
gravity in terms of the discrete, discontinuous twisted
geometries is particularly useful when one works at the
gauge-invariant level. To fix ideas, let us consider a closed,
4-valent graph. For this, the familiar relation 2E ¼ 4V
between the total number of edges and that of vertices
holds. Then, the Hamiltonian reduction of the phase space
gives a dimensionality of 6E� 6V ¼ 2Eþ 2V, which is a
pair of conjugate variables for every edge, and a pair of
conjugate shape parameters for every vertex. More gener-
ally, one expects 2 variables for each edge, and 2ðn� 3Þ
variables for each n-valent vertex. The question is then
how to conveniently extract this set of variables from the
initial ðge; XeÞ of the kinematical space. As we now
discuss, twisted geometries give an explicit answer.

The gauge-invariant phase space of loop gravity is ob-
tained imposing the Gauss law constraint at each vertex,
and then dividing out the action of the SU(2) gauge trans-
formation it generates,

�S � � �eT
�SUð2Þe==SUð2ÞV� : (88)

Here V� is the total number of vertices in the graph. In
order to impose the Gauss law, there is one important
aspect that we need to recall. The kinematical space is
given by the assignment of the holonomy-flux variables
ðge; XeÞ on a fixed, oriented graph and under reversal
of the orientation of an edge, g�e ¼ g�1

e and X�e ¼
�g�1

e Xege � ~Xe. Since we are trivializing T�SUð2Þ with
right-invariant vector fields, the latter property means that

under reversal of the orientation we get the left-invariant
one. Thanks to this fact, the Gauss law can be defined as
Cv :¼ P

ejsðeÞ¼vXe þP
ejtðeÞ¼v

~Xe ¼ 0 at each vertex.

Notice the ‘‘nonlocal’’ nature of the quotient in (88):
each edge subspace is affected by the two vertices it
connects. This is the complicated feature that our new
parametrization (75) simplifies, since we assign to every
edge two unit vectors, Ne to the source vertex and ~Ne

to the target vertex, and the relation X�e ¼ �g�1
e Xege is

automatically taken into account. Then the Gauss law can
be imposed, and the quotient by SUð2ÞV� can be taken, at
each vertex separately. Furthermore, through the map (75),
the Gauss law coincides with the closure constraint [13]
(see also [14]), Cv :¼ P

ejsðeÞ¼vjeNe �
P

ejtðeÞ¼vje ~Ne ¼ 0.

Therefore the procedure amounts exactly to the symplectic
reduction already discussed in Sec. I B.
In detail, consider the presymplectic kinematical

space (12), parametrized by the twisted geometries. We
can factorize it as a product over edges and vertices,
analogously to what we did with (3) for the initial area-
angle space:

P� ¼ �eT
�S1 �v ð�e�vS

2
je
Þ: (89)

We now identify the Gauss law with the closure condition,
and take the symplectic quotient locally at each vertex. As
already discussed in Sec. I B, this amounts to imposing the
classical closure condition (5) and to dividing by the SUð2Þ
rotations it generates. The result on each vertex is the space
of shapes of the polyhedron, S~|v � �eS

2
e==SUð2Þ, which

is a 2ðn� 3Þ-dimensional phase space itself [13,23,26].
On each edge, although the closure does not affect the �e

directly as a constraint, it does as the generator of SU(2)
transformations, since

f�e; C
i
sðeÞg ¼ LiðzeÞ; f�e; C

i
tðeÞg ¼ �Lið~zeÞ: (90)

This double action on each �e has the role of shifting the
Hopf sections. Hence, the reduction requires a gauge-
fixing of the choice of Hopf sections in the �e variable.
Let us assume that the graph is such that this fixing can be
done globally without ambiguities.12 Then, denoting �0

e the
gauge-fixed variables, we obtain

12A more complicated question is on the other hand to find a
gauge-invariant reduction of the �e variables. To understand the
problem, consider first the simple example of a single edge
closed on itself, . In this degenerate case, the unique closure
C ¼ jN � j ~N ¼ 0 implies only the two conditions ~N ¼ N, i.e.,
~z ¼ z. It is then straightforward to see from (90) that f�; Cg
vanishes on shell; hence �g:i: � � is a gauge-invariant variable.
However, this vanishing would be lost had we chosen a non-
matching section between n and ~n. In other words, although we
are free to choose the sections of the Hopf bundle at the
kinematical level, imposing the gauge-invariance removes this
freedom. Hence, finding a gauge-invariant angle �g:i:

e requires
also finding a consistent choice of sections throughout the graph.
We leave this issue open for future studies.
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S� ¼ �eT
�S1 �v S~|v : (91)

This is a factorization of the presymplectic gauge-invariant
phase space in terms of a 2-dimensional phase space
assigned to each edge, and a 2ðn� 3Þ-dimensional phase
space assigned to each n-valent vertex. The procedure is
then completed as before, dividing by the kernel of the
gauge-reduced symplectic 2-form. This results in a sym-
plectic space �S� isomorphic by construction to the gauge-
invariant phase space (88); namely, we obtain (13).

This decomposition shows that the gauge-invariant
space is described by closed twisted geometries, and fac-
torizes as a product of phase spaces associated with edges
and vertices. This factorization offers a classical analogue
to the decomposition L2ðG�Þ ¼ �jeð�vH ~|vÞ of the gauge-
invariant Hilbert space on a fixed graph of the quantum
theory. In particular, closed twisted geometries realize
explicitly the counting described earlier: 2 variables per
edge and 2ðn� 3Þ per vertex. The edge variables are still
the Abelian pairs ðje; �0

eÞ, whereas the vertex variables are
suitable cross ratios parametrized by n� 3 complex vari-
ables Zv [13,23]. For instance in the 4-valent case, the
space of shapes of the tetrahedron is two-dimensional and
can be conveniently parametrized by a complex variable
defined as the cross ratio of the stereographic complex
coordinates parametrizing the 4 points on the spheres
meeting at v. Therefore the gauge-invariant phase space
can be fully parametrized by Abelian complex labels,

S� ¼ fZe; Zvg; (92)

where Ze � je þ i�0
e is the complex coordinate associated

with edges.
This complete factorization and the related

Abelianization of the loop quantum gravity gauge-
invariant phase space is the most remarkable property of
the new parametrization introduced here. It will play a key
role in the quantization of this phase space and in the
construction of coherent states [15].

V. ON THE SEPARATION BETWEEN INTRINSIC
AND EXTRINSIC GEOMETRY

We now want to come back to the interpretation of the
variables ðNe; ~Ne; je; �eÞ as extrinsic and intrinsic geomet-
rical data. Thus far, the interpretations of je as the oriented
area of the face dual to e, and of �e as the norm of
the extrinsic curvature integrated along e, are clear. The
question to resolve concerns the interpretation of Ne and
~Ne, and the separation between intrinsic and extrinsic
geometry.

The connection between ðge; XeÞ and the intrinsic Ea
i ðxÞ

and extrinsic Ki
aðxÞ geometry is easily done in the contin-

uum limit, where ge ’ 1þ Ae, Xe ’ Ee, and

1

�
TrðXedgeg

�1
e Þ ’ 1

�
Ee
i dA

i
e: (93)

From this � ¼ �d� ¼ 1
� dA ^ dE, and the familiar

brackets of loop gravity follow,

fAi
e; E

e0
j g ¼ ��i

j�
e0
e : (94)

Finally, using

Ai
a ¼ �i

aðEÞ þ �Ki
a; (95)

one recovers the Poisson bracket in Arnowitt-Deser-

Misner variables, fKi
e; E

e0
j g ¼ �i

j�
e0
e .

Here on the other hand we are interested in this separa-
tion in terms of some discrete quantities functions of
the twisted geometries, without taking the continuum
limit. Namely, we want to determine two functions of the
twisted geometries, AeðN; ~N; j; �Þ and EeðN; ~N; j; �Þ,
which satisfy properties like (93) and (95) without taking
the continuum limit.
To that end, let us first of all define Ae simply as the

Lie algebra element whose exponential gives the holon-
omy of the connection (75b), ge � eAe . Then, let us inves-
tigate what combination of Ne, ~Ne can be identified as
purely intrinsic geometry, i.e., the combination which
(i) Poisson commutes with itself, and (ii) is dual to Ae.
Using the fact that

dgeg
�1
e ¼ Jð�adAe

Þ 	 dAe; (96)

with JðxÞ � ð1� e�xÞ=x and adY 	 X � ½Y; X
, we can
write the symplectic potential associated with each edge
as follows,

�Pe
¼ 1

�
TrðXedgeg

�1
e Þ ¼ 1

�
TrðjeNeJð�adAe

Þ 	 dAeÞ

¼ 1

�
TrðEedAeÞ; (97)

where

E e � jeJðadAe
Þ 	 Ne: (98)

This clearly identifies the intrinsic geometry variables,
since it satisfies

E�e ¼�Ee; fEe;Ee0 g ¼ 0; fEi
e;A

j
e0 g ¼ ��ij�e;e0 :

(99)

As desired, these variables Poisson commute with each
other.
The next step is to identify what is the discrete analogue

of the extrinsic curvature; namely, we want to introduce
further discrete quantities � and K such that

A � �þ �K: (100)

This step is more involved, and our argument will be less
conclusive. We have already argued in Sec. I C that one can
always choose a gauge such that (95) reduces to (11), and
thus �e should be seen as the modulus of �Ke in this gauge.
From this, we would like to infer that for � ¼ 0 also K and
K vanish, so that
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e�e ¼ ne~n
�1
e : (101)

This would allow us to identify the finite version of the spin
connection � in terms of the twisted geometries. However,
there is a subtlety: recall in fact that there is a gauge

ambiguity n ! ne
ðNÞ�3 in the choice of the section. So
what we mean by the above formula is that we expect that
there exists a choice of section ne, ~ne (this choice might be
different for different edges) such that the above interpre-
tation holds. What this section is can be worked out ex-
plicitly [14] in the case when the data satisfy the gluing
constraints. What section one should choose in the case
when these constraints do not hold is not clear, but for the
discussion we assume that there is such a choice.

Next, notice that we can write

ge ¼ nee
�e�3 ~n�1

e ¼ ne~n
�1
e e�e

~Ne ¼ e�ee�e
~Ne : (102)

At this point we use the decomposition of exponentials

eXeY ¼ eXþJ�1ðadXÞðYÞþoðY2Þ; (103)

where J�1ðxÞ ¼ x=ð1� e�xÞ, to get

e�ee�e
~Ne ¼ e�eþ�eJ

�1ðad�e Þ	 ~Neþoð�2
eÞ: (104)

We have

J�1ðad�Þ 	 ~N ¼ J�1ðad�Þead� 	 N ¼ J�1ð�ad�Þ 	 N:

(105)

Thus from (100) we have the identifications

� ¼ lnðn~n�1Þ; �K ¼ �J�1ð�ad�ÞðNÞ þ oð�2Þ:
(106)

Summarizing, under the assumptions (i) of a decomposi-
tion (100) at the discrete level, and (ii) that there exists a
consistent choice of section realizing (101), we are able to
identify a combination of twisted geometries describing
purely the extrinsic curvature K, given for small curvature
by the second term in (106). This shows, in particular, that
the vectorsNe and ~Ne contain information on both intrinsic
(98) and extrinsic (106) geometry.

Although this discussion is preliminary and needs to
be further developed, the important message is clear: the
vectors Ne and ~Ne, and thus the fluxes, carry information
on the extrinsic curvature. This is also the reason why the
fluxes do not commute in loop gravity, because ultimately
they capture information not only about the intrinsic metric
but also about the extrinsic curvature (see also discussion
in [33]).

A. Gluing conditions and Regge phase space

We have shown that twisted geometries describe a no-
tion of discrete geometry associated to the kinematical
phase space of loop gravity, whose intrinsic part is carried
by ðje; Ne; ~NeÞ, and extrinsic part by ð�e; Ne; ~NeÞ. A similar
separation can be made also after the closure condition is
imposed over the whole graph, i.e., in the space of closed
twisted geometries corresponding to the gauge-invariant

phase space of loop gravity. This reduced space still
describes discontinuous metrics, because of the shape-
matching problem discussed in Sec. I B. As already pointed
out, this problem is caused simply by the fact that
ðje; Ne; ~NeÞ carry information about both intrinsic and
extrinsic geometry, and thus it cannot be purely interpreted
in terms of a three-dimensional discrete geometry.
At this point, one might also wonder what happens if the

shapes are made to match. To make the shapes match and
the geometries continuous, one needs to add gluing con-
straints along the lines discussed in Sec. I B. Since the
reduction by the gluing constraints of areas and normals
alone corresponds to Regge calculus, the reduction of
the closed twisted geometries gives a notion of phase
space for Regge calculus, described by the (now continu-
ous) piecewise-flat Regge metrics, and their extrinsic
curvature.
As these constraints provide a further restriction than

the Gauss law, such a Regge phase space is smaller than the
gauge-invariant loop gravity phase space on a fixed
graph �S�, a point already made in the literature [19,34].
This should not come as a surprise: each configuration of
holonomies and fluxes in �S� corresponds to infinite pos-
sible continuous metrics, but in general none of these
will be piecewise flat. Such characterization requires
additional conditions, which, thanks to the twisted geo-
metry parametrization of the gauge-invariant phase
space, are manifestly identified precisely by the gluing
constraints.
It would be interesting to carry this program of addi-

tional reduction further, in particular, to study the relation
of our angles �e to the natural variables carrying extrinsic
curvature in Regge calculus, namely, the four-dimensional
dihedral angles �e (these are the angles between the two
normals to the tetrahedra sharing the triangle e embedded
in the four-dimensional spacetime). We leave this issue
open for the moment, but we point out that preliminary
conclusions can be drawn from work in the spin foam
formalism [13,14,28]. There emerges, at least for the sim-
ple triangulation corresponding to the boundary of a 4
simplex, an explicit relation between an angle like �e

and the dihedral angle, the relation depending on the
immersion of SU(2) into the covariant group and thus on
the Immirzi parameter.
Furthermore, the construction of a phase space for

Regge calculus has been investigated by Bahr, Dittrich,
and Ryan [19,35] (see also [36]). Their approach differs
from ours in being covariant and related to a specific
action; thus, for instance, they use a covariant
(Euclidean) SO(4) Poisson structure, and four-dimensional
normals to tetrahedra. However, there are important points
in common, such as the basic role of the area-angle vari-
ables and the introduction of an angle like �e to encode the
connection degrees of freedom, analogue of our (10).
Because of this, we expect a contact between the Regge
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phase space they introduce, and the one that can be ob-
tained imposing the gluing conditions on the closed twisted
geometries.

VI. CONCLUSIONS

In this paper we presented a new parametrization of the
phase space of loop quantum gravity on a fixed graph in
terms of quantities describing the intrinsic and extrinsic
geometry of a three-dimensional triangulation dual to the
graph. The parametrization is based on a symplectomor-
phism between the holonomy-flux variables, living in the
SU(2) cotangent bundle associated with each triangle, and
a set of geometric quantities, the twisted geometries, that
can be interpreted as an assignment to each triangle of its
oriented area, two unit normals as seen from the two
polyhedra sharing it, and an additional angle related to
the extrinsic curvature which parametrizes the transforma-
tion between the two frames. The Poisson brackets among
these variables are given by Eqs. (18), and have an inter-
esting geometric interpretation in terms of a Lie derivative
preserving the Hopf section on the sphere.

Initial motivation for these variables comes from the
study of coherent intertwiners [8,13], the construction
of the new spin foam models [8–10,28], spin foam gravi-
ton calculations [5,6], and area-angle Regge calculus
[19,27,35]. Here we showed how the variables suggested
by these different approaches can be coherently put to-
gether to give a new parametrization of the phase space
of loop gravity. The main novelty allowing us to realize
this program is the presence of an angle �e per edge,
which contains information about the extrinsic curvature
and is essential to reconstruct a parametrization of a dis-
crete version of the classical phase space of general
relativity.

What this parametrization means is that there is a natural
discrete geometry associated with the holonomy-flux var-
iables. The peculiarity of this twisted geometry is to be
discontinuous, since each triangle has in general a different
shape when seen from the two polyhedra sharing it. The
geometries can be made continuous imposing suitable
gluing constraints, not present in the loop approach, which
effectively reduce them to piecewise-flat Regge geome-
tries. This shows that the Regge geometries are a subset of
the phase space of loop gravity, a point already made in the
literature [19,34]. On the other hand, the description in
terms of twisted geometries has an intriguing relation to
twistors [21].

A useful property of the parametrization is that the
geometric interpretation of holonomies and fluxes given
holds for both the kinematical and the gauge-invariant

phase spaces of loop gravity. The difference lies in the
simple closure conditions being satisfied or not by the
variables. When they are satisfied, the variables can be
conveniently reduced to a pair of conjugate variables per
edge and 2ðn� 3Þ variables per vertex. This result
provides an Abelianization of the gauge-invariant
phase space analogue to the decomposition L2ðG�Þ ¼
�jeð�vH ~|vÞ of the quantum theory. This new parametri-

zation and especially the Abelianization provide a direct
and simple route towards quantization of the loop quantum
gravity phase space in terms of coherent states labeled
by the twisted geometries. This will be the subject of a
followup work [15].
It should be remarked that similar ideas had been inves-

tigated by Immirzi [18]. In particular, he had already
considered the same symplectomorphism, but was worried
by how restrictive it looks to describe the extrinsic curva-
ture purely in terms of (his equivalent of) �e. As we
showed in this paper, the problem does not exist, because
the extrinsic geometry is not fully captured by �e, but also
contained in the normals Ne and ~Ne. Our construction also
clarifies the fact that the flux operators Xe satisfying the
relation X�e ¼ �g�1

e Xege carry both intrinsic and extrin-
sic geometry. It is therefore not appropriate to think of
them as providing information only about the boundary
metric, at is usually done in the loop quantum gravity
literature. It also explains why this set of operators does
not commute, a property that would be puzzling had they
been purely intrinsic.
Finally, we also considered the problem of constructing

discrete variables, functions of the twisted geometries,
corresponding to purely intrinsic and purely extrinsic ge-
ometry, and thus representing the original classical algebra.
Such a construction can be viewed as a discrete analogue of
the decomposition A ¼ �þ �K, which is the cornerstone
of the equivalence between SU(2) gauge theory and grav-
ity. We proposed here an explicit construction which relies
on some assumptions, and we believe it would be useful to
further investigate this problem, in order to fully control
the separation at the discrete level of the intrinsic and
extrinsic geometry contained in the sphere variables Ne

and ~Ne.
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