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APC, 10 rue Alice Domon et Léonie Duquet, 75205 Paris Cedex 13, France and Université Paris-Diderot,
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Motivated by their effect on the gravitational wave signal emitted by cosmic strings, we study the

dynamics of kinks on strings of different tensions meeting at junctions. The propagation of a kink through

a Y junction leads to the formation of three ‘‘daughter’’ kinks. Assuming a uniform distribution of the

incoming wave vectors at the junction, we find there is a significant region of configuration space in which

the sharpness of at least one of the daughter kinks is enhanced relative to the sharpness of the initial kink.

For closed loops with junctions we show this leads to an exponential growth in time of very sharp kinks.

Using numerical simulations of realistic, evolving cosmic string loops with junctions to calculate the

distribution of kink amplitudes as a function of time, we show that loops of this kind typically develop

several orders of magnitude of very sharp kinks before the two junctions collide. This collision, or other

effects such as gravitational backreaction, may end the proliferation.

DOI: 10.1103/PhysRevD.82.083524 PACS numbers: 98.80.Cq, 11.27.+d

I. INTRODUCTION

In recent years there has been a revival in the study of
cosmic strings and cosmic superstrings, motivated largely
by the realization that cosmic superstrings can form as a
by-product of brane inflation (see, e.g., [1–5] for reviews).
Of crucial importance is the fact that their observational
signatures may provide a unique window on string theory.
Hence much work has been dedicated to studying the
evolution of cosmic superstring networks (see, e.g.,
[6–11]) and to determining, e.g., their gravitational wave
signatures [12–15], which may be detectable by future
experiments such as LISA.

The properties of cosmic superstrings differ in at least
three ways from those of standard cosmic strings, whose
evolution and observational signatures have been studied
in depth for over 30 years. First, a network of cosmic
superstrings contains different types of strings, each with
a different tension: fundamental F strings; D1-branes or D
strings; and ðp; qÞ strings which are a bound state of p F
strings and q D strings. Second, a network of cosmic
superstrings is thought to contain numerous Y junctions,
namely, points at which F and D strings meet to form the
bound state ðp; qÞ string. Finally, whereas the intercommu-
tation probability for standard cosmic strings is P ¼ 1, this
is much reduced for cosmic superstrings [16]. Indeed, for
the collision of two F strings, 10�3 & PF & 1, whereas for
the collision of twoD strings, 0:1 & PD & 1. When strings
of different types (such as an F string and a D string)
collide, they cannot intercommute due to flux conserva-
tion. In certain cases [17,18] they form a bound state string
with two corresponding Y junctions.

Earlier studies on the detectability of standard cosmic
strings through their gravitational wave emission have
recently been partly generalized to cosmic superstrings
[12–14]. In these papers cosmic superstrings were modeled
as usual cosmic strings, but with a reduced intercommuta-
tion probability P � 1. However, until now, the effects of
junctions and bound states, as well as the implications of
having strings with different tensions, have not been taken
into account.
In this and in a companion paper [19], we study the

effect of junctions on the gravitational wave burst emission
from cosmic string networks [20]. It is well-known that
gravitational radiation from cosmic string loops is domi-
nated by the lowest frequency modes (which are a multiple
of the fundamental frequency for loops without junctions)
[21]. Superimposed on the stochastic background of gravi-
tational waves they generate are high frequency bursts
emitted at cusps and kinks [22]. Kinks, in particular, radi-
ate as they propagate along a string and through a junction,
and when they interact with other kinks [23]. Cusps on the
other hand are punctual in time, but generate bursts with a
higher amplitude.
For cosmic strings without junctions, cusps provide the

dominant contribution to the gravitational wave (GW) burst
signal. In [24] cusps have been argued to be a generic
feature on strings with junctions as well. More recently,
however, it has been shown [25] that since cosmic super-
strings evolve in a higher dimensional space-time, cusps
may be very rare events and furthermore those cusps which
are formed are rounded off, hereby significantly reducing
their GW burst signal.
For this and other reasons we focus on kinks in this

paper. On a loop with no junctions, the number of kinks is
constant, fixed by the initial configuration of that loop.
However, for a loop containing junctions this is no longer
the case. Such loops evolve nonperiodically in time, and as
we will see, the number of kinks on them increases rapidly:
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kinks proliferate. Here we calculate how the number of
large amplitude (that is, very sharp) kinks proliferates as
the loop evolves, since these will turn out to dominate the
GW signal from kinks on loops with junctions [19].

The paper is organized as follows. In Secs. II and III,
we focus on the interaction between a kink and a single
junction. (That is, we do not as yet consider closed loops—
this is done in Secs IV and V.) In Sec. II we use the
dynamical equations of motion for strings with junctions
derived in [17] to show that when a kink propagates
through a Y junction, it leads to the formation of three
‘‘daughter’’ kinks (one reflected, and two transmitted). For
a specific junction configuration for which the whole evo-
lution can be solved analytically, we show explicitly that
the amplitude of the daughter kinks may be larger than that
of the original ‘‘parent’’ kink [26]. In Sec. III we generalize
this discussion by considering arbitrary junction configu-
rations. More specifically, we take a uniform distribution of
incoming waves at the junction and of incoming kink
amplitudes and show that, in a significant region of con-
figuration space, the amplitude of at least one of the
daughter kinks is larger than that of the parent kink.

In Secs. IV and V we study the evolution of the number
of sharp kinks on closed loops with junctions. In Sec. IV,
we consider a simplified model of a loop with junctions
that does not take into account the complicated dynamics
of the loop itself, and we argue that the number of large
amplitude kinks increases exponentially with time. Finally,
the dynamics of the loop is taken into account in Sec. V,
where we show that this dynamics generally further en-
hances the proliferation of sharp kinks. Our conclusions
are presented in Sec. VI.

II. PROPAGATION OF A KINK
THROUGH A JUNCTION

In this section, following [17], we first review the equa-
tions of motion for three semi-infinite Nambu-Goto strings
of tensions �1, �2 and �3 which meet at a Y junction. A
consequence of these equations is that the propagation of a
kink through a Y junction results in the production of three
daughter kinks: a reflected kink as well as two transmitted
kinks. We also define kink amplitude (or sharpness), and
analytically study—in the simplest case of an initially
static junction—the amplitude of the daughter kinks, show-
ing that in some cases these can be amplified relative to the
incoming kink.

A. Description of the system

We work in flat space-time with signature ð� þþþÞ,
and use the standard conformal-temporal gauge so that
each string is described by its spatial coordinates xjð�; tÞ,
where t coincides with Lorentz time and the subscript j
labels the different strings. The gauge constraints can
then be written as (with 0 and _ standing for derivatives
with respect to � and t, respectively)

x 0
j � _xj ¼ 0; (1)

x 02
j þ _x2

j ¼ 1: (2)

The action describing the combined system of three semi-
infinite strings meeting at a junction has been analyzed in
[17]. Away from the junction the wavelike equation of
motion for each string has solution

x jð�; tÞ ¼ 1

2
ðajðuÞ þ bjðvÞÞ; (3)

where

u ¼ �þ t; v ¼ �� t; (4)

and where a02j ¼ b02
j ¼ 1 in order to satisfy the gauge

constraints. Each string is bounded by the junction located
atXðtÞ ¼ xiðsiðtÞ; tÞ. One can therefore let� take values in
the interval ]�1; sjðtÞ].
As explained in [17], the initial conditions for _xj and

x0
j at t ¼ 0 determine ajðuÞ and bjðvÞ for u � sjð0Þ and

v � sjð0Þ. A set of coupled differential equations describ-

ing the physics at the junction then enables one to deter-
mine the evolution of sjðtÞ as well as the outgoing waves

a0jðsjðtÞ þ tÞ in terms of the incoming waves b0
jðsjðtÞ � tÞ

(which are determined by the initial conditions since
_sj � 1). In particular, let

�1 ¼ �2 þ�3 ��1 � 0; (5)

M1 ¼ �2
1 � ð�2 ��3Þ2 ¼ �2�3 � 0;

c1ðtÞ ¼ b0
2ðs2ðtÞ � tÞ � b0

3ðs3ðtÞ � tÞ; (6)

and circular permutations, as well as

� ¼ �1 þ�2 þ�3: (7)

Then the equations of motion imply energy conservation at
the junction

�1 _s1 þ�2 _s2 þ�3 _s3 ¼ 0: (8)

One also has

�jð1� _sjÞ
�

¼ Mjð1� cjÞ
M1ð1� c1Þ þM2ð1� c2Þ þM3ð1� c3Þ

(9)

and

a0jðsjðtÞ þ tÞ ¼ 1

1þ _sj

�
ð1� _sjÞb0

jðsjðtÞ � tÞ

� 2

�

X3
k¼1

�kð1� _skÞb0
kðskðtÞ � tÞ

�
(10)

which determines the outgoing wave on string j in terms of
the inward moving waves. The last term in (10) is propor-
tional to the velocity of the junction:
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_X ¼ � 1

�

X3
k¼1

�kð1� _skÞb0
kðskðtÞ � tÞ: (11)

From (10) it follows that if one of the strings has a kink
propagating towards the junction, i.e., one of the functions
b0
jðvÞ has a discontinuity, then all a0jðuÞ acquire a disconti-

nuity when the kink reaches the junction. The presence of
the junction therefore increases the number of kinks in the
system from 1 to 3. We refer to the three newly formed
kinks as ‘‘daughter kinks.’’

Furthermore, Eq. (10) also implies that for essentially all
initial conditions fixed at t ¼ 0, say, the subsequent
evolution always generates kinks. Indeed, from Eq. (10)
and for t ¼ 0þ, a0jðsjð0ÞþÞ on string j is determined by

the weighted sum of all b0
kðskð0Þ�Þ. The latter are fixed

by the arbitrary initial conditions and independent of the
a0kðskð0Þ�Þ. Their sum therefore yields a vector a0jðsjð0ÞþÞ
which is generally different from a0jðsjð0Þ�Þ. Therefore a0j
will be discontinuous [27] at u ¼ sjð0Þ, leading to a kink

t ¼ 0þ. Hence the presence of junctions essentially im-
plies the existence of kinks, which therefore will not need
to be introduced by hand in our simulations below.

B. Amplitude and transmission coefficients

Kinks on cosmic strings are sources of gravitational
wave bursts: a kink emits bursts throughout its propagation
on the string [22], and also when it encounters another kink
or when it crosses a junction [23]. However, the GW signal
emanating from kinks on a network of strings is deter-
mined not only by their number, but also by their ampli-
tudes. The kink amplitude can be defined as follows.

Consider a kink moving towards a junction [i.e., a dis-
continuity of b0

jðvÞ at v�]. The amplitude of all GW bursts

associated with kinks is proportional to the components of
[22,23] � b0

jðvþ� Þ
1� n � b0

jðvþ� Þ �
b0
jðv�� Þ

1� n � b0
jðv�� Þ

�
: (12)

Both denominators in (12) are generically comparable and
of order 1, because the direction of emission n is a priori
uncorrelated with b0

jðvþ� Þ and b0
jðv�� Þ, and therefore (12) is

of order kb0
jðvþ� Þ � b0

jðv�� Þk. We define the kink amplitude

or sharpness by

A½b0
j� ¼

1

2
kb0

jðvþ� Þ � b0
jðv�� Þk ¼ j sinð�=2Þj; (13)

where � is the angle between b0
jðv�� Þ. The factor of 1=2 is a

normalization factor so that 0 � A½b0
j� � 1. We adopt an

analogous definition of the sharpness of an outward moving
kink on string j characterized by a discontinuity in a0jðuÞ.

At first sight one might expect the daughter kinks to have
smaller amplitudes than the incoming kink. However,
this is not the case. In particular energy conservation at
the junction, Eq. (8), does not constrain the amplitude of

the transmitted kinks [29]. Indeed the derivatives in (8)
suffer a discontinuity when a kink hits the junction, and
these therefore undergo a sudden jump.
It will also be useful to define the following transmission

coefficients Cj. For instance, consider a kink that propa-

gates towards the junction on string 1 [i.e., b0
1ðvÞ has a

discontinuity at v1�] and reaches the junction at t�, with
v1� ¼ s1ðt�Þ � t�. Then each function a0jðuÞ acquires a

discontinuity at uj� ¼ sjðt�Þ þ t�. We define

Cj ¼
A½a0j�
A½b0

1�
; (14)

where the amplitudes are given by Eq. (13).

C. Example: Static junction

To conclude this section, we illustrate the production of
daughter kinks with an example that can be worked out
analytically.
The strings of tension�1 and�2 ¼ �3 are taken to be in

the (x, y) plane at all times, and the initial configuration
considered is shown in the left-hand panel of Fig. 1. String
1 lies along the x axis, and strings 2 and 3 subtend an angle
c with respect to the y axis, chosen such that the junction
is initially static. There are two kinks on string 1, both of
which propagate towards the junction (they are disconti-
nuities in b0

1). Once both kinks have propagated through
the junction, the angles between the strings at the junction
are again the same as initially and hence the junction is
again static. However, all three strings now have outward
moving kinks on them as shown in the right-hand panel of
Fig. 1. The amplitude of the outgoing kinks can be calcu-
lated as follows.
Let

k 1 ¼ ð�1; 0Þ; k�
1 ¼ �ðcos�; sin�Þ;

k2 ¼ ð�;��Þ; k3 ¼ ð�; �Þ; (15)

where � 2 ½��;�� is a free parameter and we have
defined

0 � � � �1

2�2

� 1; � �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� �2

p
: (16)

FIG. 1 (color online). Propagation of two kinks through an
initially static junction. Initial (left) and final (right) configura-
tion of the system.
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Hence the angle c ¼ arctanð�=�Þ. Then the initial condi-
tion corresponding to Fig. 1 is given by

a01ðuÞ ¼ k1;

a02ðuÞ ¼ k2; and a03ðuÞ ¼ k3 if u � 0;

b0
1ðvÞ ¼

8<
:
k1 if � L � v � 0

k�
1 if � L� ‘ � v � �L

k1 if v � �L� ‘;

b0
2ðvÞ ¼ k2 and b0

3ðvÞ ¼ k3 if v � 0:

From (3) it now follows that for string 1 and for
v 2 ½�L� ‘;�L�,

x0
1 ¼ cosð�=2Þðcosð�=2Þ; sinð�=2ÞÞ;
_x1 ¼ sinð�=2Þðsinð�=2Þ;� cosð�=2ÞÞ:

(17)

Thus the physical angle to the x axis made by the segment
of string 1 between the two kinks is �geo ¼ �=2. It moves

with velocity sinð�=2Þ towards the junction.
From the equations of motion (6)–(10) one can analyti-

cally determine the evolution of the system, since the b0
j

are piecewise constant functions. The evolution consists of
three distinct phases:

(i) t 2 ½0; L�:
The solutions of cj in (6), substituted into (9), yield

_sj ¼ 0 on each string. Thus (11) implies the junction

is indeed static: _X ¼ 0 [17]. The outgoing waves are
determined by (10): a0jðuÞ ¼ kj for u 2 ½0; L�.
Hence during this phase, the segment between the
two kinks propagates towards the junction with ve-
locity j sinð�=2Þjwhile the rest of the system remains
static. This phase ends when t ¼ L, because then
s1ðt ¼ LÞ � L ¼ v ¼ �L so the scalar products
cjðtÞ [which depend on b0

1ðs1ðtÞ � tÞ] change.
(ii) t 2 ½L; t��:

During this phase the segment between the two
kinks crosses the junction and b0

1 ¼ k�
1 . The time

t� is the solution to s1ðt�Þ � t� ¼ �L� ‘. Beyond
this time, b0

1 changes back to k1 again. From (9) we
find that the _sj are constant and equal to

_s 1 ¼ �ðcos�� 1Þ
� cos�þ ð1þ �þ �2Þ ; (18)

_s 2 ¼ ð1� cos�Þ�2 � � sin�ð1þ �Þ
� cos�þ ð1þ �þ �2Þ ; (19)

_s 3 ¼ ð1� cos�Þ�2 þ � sin�ð1þ �Þ
� cos�þ ð1þ �þ �2Þ ¼ �ð _s1 þ _s2Þ:

(20)

Thus sjðtÞ ¼ _sjðt� LÞ, so that t� ¼ Lþ ‘
1� _s1

. The

functions a0j can then be obtained from (10); for

instance,

a 0
1ðuÞ ¼

1

1þ �2 þ 2� cos�
ð�ð1þ �2Þ cos�

� 2�; �2 sin�Þ;

u 2
�
L; Lþ 1þ _s1

1� _s1

�
:

(21)

Finally Eq. (11) determines the constant velocity of
the junction during this time interval:

_X ¼ 1

1þ �þ �2 þ � cos�
ð�ðcos�� 1Þ; ð1

þ � sin�ÞÞ: (22)

(iii) t > t�:
The configuration at the junction is now exactly the
same as during the first phase. That is, _sj ¼ 0 on

each string and a0jðuÞ ¼ kj for u > Lþ 1þ _sj
1� _s1

. Now,

however, there is a segment between two kinks on
each string and it propagates away from the junc-
tion as depicted in the right panel of Fig. 1.

Calculation of the transmission coefficients (14) when
the first kink encounters the junction yields

C1ð�; �Þ ¼ ð1� �Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� cos�þ �2 þ 1

p � 1; (23)

C2ð�;�Þ
¼ 2�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1þ�þ2�2Þþ�ð1��Þcos��ð1þ�Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1��2

p
sin�

q ;

(24)

C3ð�; �Þ ¼ C2ð��; �Þ: (25)

In Fig. 2 we plot the transmission coefficients [30] for
different values of the string tensions in the allowed range
0 � � ¼ �1=2�2 � 1. One sees that, in this particular
example, the reflected kink on string 1 always has a smaller
amplitude than the incoming kink, though the reduction in
amplitude is generally rather weak for incoming kinks on
the lightest string.
By contrast, the transmitted kinks can be amplified.When

all tensions are equal (� ¼ 1=2), this occurs for a rather
broad set of (static) junction configurations. However, for
� ! 0 (that is, when strings 2 and 3 are heavy compared to
string 1), we find C2 > 1 only in a limited range of �. In this
regime, it is in fact straightforward to understand the posi-
tion of the peak. From (10) it follows that the amplitude
A½a0j�—and hence the transmission coefficient Cj—is large

when after the kink has crossed the junction, the correspond-
ing _sj ! �1. Equation (19) predicts that, for small �, this

occurs on string 2 when sin� ¼ 1 or � ¼ �=2, as is indeed
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the case in Fig. 2. Away from its sharp peak, C2 	 � for
small �, as can be seen from Eq. (24). Finally, for �	 1, C2

is always close to 1 even though slight amplification can
occur in a broad range of �.

We should stress that the above discussion is limited to
the specific junction configuration of Fig. 1. We now turn
to arbitrary junction configurations.

III. DISTRIBUTIONS OF
TRANSMISSION COEFFICIENTS

In this section we aim to gain intuition on the distribu-
tions of transmission coefficients characterizing the propa-
gation of kinks through junctions in a more generic
context. Namely, we study the statistical properties of the
Cj using an underlying uniform distribution of junction

configurations. We would like to answer the following
question: is amplification frequent or not?

To specify the configuration of the junction just before
the arrival of the incoming kink as well as the amplitude of
the kink, one needs four incoming unit vectors. We con-
sider a kink moving towards the junction on string 1,
specified by a discontinuity in b0

1ðvÞ at v1�. Let t� be the
time when the kink reaches the junction. Then the ampli-
tudes of the transmitted kinks depend on b0

1ðvþ
1�Þ, b0

1ðv�
1�Þ,

b0
2ðs2ðt�Þ � t�Þ and b0

3ðs3ðt�Þ � t�Þ, for which we will use

the more concise notation b0þ
1 , b0�

1 , b0
2 and b0

3. Equation

(10) then yields

a 0�
1 ¼ P�

1 b
0�
1 �Q�

1;2b
0
2 �Q�

1;3b
0
3; (26)

a 0�
2 ¼ P�

2 b
0
2 �Q�

2;3b
0
3 �Q�

2;1b
0�
1 ; (27)

a 0�
3 ¼ P�

3 b
0
3 �Q�

3;1b
0�
1 �Q�

3;2b
0
2; (28)

where

P�
i ¼

�
1� _s�i
1þ _s�i

��
�i

�

�
; Q�

i;j ¼
�
2�j

�

��1� _s�j
1þ _s�i

�
(29)

and the _s�j are given by Eq. (9). Using Eqs. (26)–(28), the

transmission coefficients Cj can be obtained from (14).

Our aim here is to determine their probability distributions.
Here we focus on the case of equal tensions. Unequal
tensions are studied in Appendix A.
The configuration of the junction just before the

arrival of the kink is specified by the unit vectors b0�
1 , b0

2

and b0
3. We assume for now that these are independent,

with uniform distributions on the unit sphere. We also
assume a flat distribution in the incoming kink, namely,
a uniform distribution on the unit sphere for b0þ

1 (and,

in particular, independence of b0þ
1 of the other unit

vectors) [31].
Given these assumptions, we numerically calculate the

distributions of the transmission coefficient by drawing a
large number (typically N ¼ 3
 107) of random configu-
rations at the junction in order to estimate the various
statistical quantities of interest.

A. Marginal distributions pðCjÞ
We are in the first place interested in the joint distribu-

tion pðC1; C2; C3Þ from which one could determine, for
example, the probability for several kinks to be amplified at
the same time. However, as a warm-up, we show in Fig. 3
the marginal distributions pðCjÞ, for the case of equal

tensions �j ¼ 1. These distributions pðCjÞ have a large

tail where Cj > 1, indicating that both the reflected and

the transmitted kinks can be amplified in a significant
part of configuration space. Indeed, PðC1 > 1Þ ¼ 0:11,
PðC2 > 1Þ ¼ 0:19 ¼ PðC3 > 1Þ.
However, as expected from the static example of

Sec. II C, the marginal distributions depend significantly
on the ratios of string tensions. In Appendix A we discuss
the distributions for various other sets of tensions, includ-
ing several limiting cases where, using the smallness of
some of the coefficients (29), analytic arguments can
explain certain features of the distributions.

FIG. 2 (color online). Transmission coefficients C1 and C2 as functions of � for three different ratios of tensions �1 and �2.
The tension �3 of the third string is taken to be equal to �2 in all three cases.
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B. Simultaneous amplification of
transmission coefficients

In order to understand how the total number of
large amplitude kinks on strings containing Y junctions
changes in time, one really needs the joint distribution
pðC1; C2; C3Þ which contains information about the corre-
lations between the different transmission coefficients.

The simplest question to ask involving correlations
between the Cj is the following: when a kink reaches a

junction, what is the probability that at least one of the
three daughter kinks is amplified (so at least one of the
Cj > 1)? This probability may well be significantly larger

than that suggested by the tails of the individual daughter
kink distributions discussed above. In the case of equal
tensions �i ¼ 1 corresponding to Fig. 3 we find

Pðat least one amplificationÞ ¼ 0:43 for �j ¼ 1: (30)

Amplification is therefore not such a rare event, and hence
we have a first hint that the number of large amplitude
kinks may grow significantly in a system in which the
total number of kinks increases due to the presence of Y
junctions.

In a similar way, the probability of having at least two
simultaneous amplifications is

Pðat least two amplificationsÞ ¼ 0:07 for �j ¼ 1: (31)

Again those probabilities are not negligible and such
events can contribute importantly to the enhancement of
the number of large amplitude kinks in an interconnected
network [33]. In the table below, we summarize the am-
plification probabilities for the different sets of tensions
considered here and in Appendix A.

C. Joint distribution pðC1; C2; C3Þ
Even though there is a significant region of configuration

space in which the amplitude of at least one of the daughter
kinks is enhanced relative to the amplitude of the initial
kink, it is important to know whether the amplitude of the
remaining kinks is typically significantly reduced in such
events. Figure 4 shows two-dimensional slices through the
joint distribution pðC1; C2; C3Þ for four different values of
C1, again with �j ¼ 1. (Note that the grey scale differs

from one panel to the next.) The horizontal and vertical
axes label C2 and C3 respectively.
The joint probability distribution exhibits the following

important features:

Tensions PðC1 > 1Þ PðC2 > 1Þ PðC3 > 1Þ
P (at least

1 amp)

P (at least

2 amp)

�1 ¼ 0:1, �2 ¼ 1, �3 ¼ 1 0.12 0.01 0.01 0.12 0.004

�1 ¼ 1, �2 ¼ 0:1, �3 ¼ 1 0.01 0.19 0.19 0.65 0.006

�1 ¼ 1:9, �2 ¼ 1, �3 ¼ 1 0.12 0.47 0.47 0.93 0.11

�1 ¼ 1, �2 ¼ 1:9, �3 ¼ 1 0.01 0.49 0.01 0.19 0.004

�1 ¼ 1, �2 ¼ 1, �3 ¼ 1 0.12 0.19 0.19 0.43 0.07

�1 ¼ 1, �2 ¼ 1:2, �3 ¼ 1:4 0.10 0.11 0.15 0.31 0.65

(i) The top left-hand panel of Fig 4 shows that there is a
sharp peak where all transmission coefficients take
small values, Cj � 1.

(ii) The remaining three panels are for values of
C1 � 0:2. They have a clear concentration of events
on a arc-shaped line, as well as events off that line at

values of C2 	 C3. These latter events saturate
around C2 	 C3 & 1 for C1 > 1.

(iii) The arc-shaped lines finish on two ‘‘amplification
tails’’ corresponding to values of C2 or C3 larger
than 1. There are no events for which C2 � 1 and
C3 � 1 simultaneously.
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FIG. 3. Marginal distributions pðCjÞ of the transmission coef-
ficients Cj for equal tensions �j ¼ 1 and a uniform distribution

of junction configurations. The average values are hC1i ¼ 0:49,
hC2i ¼ 0:72, hC3i ¼ 0:72.
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Based on the above properties of the joint distribution
one can conclude that the bulk of the transmission events
falls in one of the following categories:

(i) All daughter kinks have drastically reduced
amplitudes.

(ii) All daughter kinks have slightly reduced
amplitudes.

(iii) The amplitude of the reflected kink is significantly
reduced, one transmitted kink is amplified and one
is slightly reduced.

(iv) The reflected kink is amplified and the amplitude of
the transmitted kinks is comparable to the ampli-
tude of the incoming kink.

We note, in particular, that the amplification of one of
the daughter kinks does not imply that the amplitudes of

the remaining daughter kinks are small. In fact, except for
the first kind of transmission—which is not considerably
more frequent than the others (see Fig. 3)—the amplitude
of the scattered kinks is never strongly suppressed. This
indicates that amplifications, combined with the rapid
growth of the total number of kinks in a system with
junctions, lead to a large number of ‘‘large amplitude’’
kinks. The next section is devoted to a quantitative study of
this phenomenon.

IV. PROLIFERATION OF LARGE AMPLITUDE
KINKS ON A LOOP WITH JUNCTIONS

We have seen that the sharpness of the daughter kinks is
generally comparable and occasionally larger than that of

FIG. 4. Slices of the joint distribution pðC1; C2; C3Þ for four different values of C1 and �j ¼ 1. The horizontal and vertical axes
labels are C2 and C3, respectively. The values of C1 on the different slices are C1 ¼ 0 (top left), C1 ¼ 0:2 (top right), C1 ¼ 1 (bottom
left) and C1 ¼ 1:5 (bottom right). Note that the grey scale differs from slice to slice.
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the incoming kink into a junction. Motivated by GW
physics, it is therefore interesting to study how the number
of kinks with a large amplitude (of order 1) evolves on
closed loops with junctions. Indeed, a sustained growth of
the number of such large amplitude kinks may well have an
impact on the gravitational wave burst signal emanating
from strings of this kind [19].

The total number of kinks on a closed loop with junctions
increases exponentially in time: when an initial kink reaches
a junction it gives rise to three daughter kinks, which in turn
propagate towards another junction where they multiply
again, and so forth. Even though the amplitude of most of
the daughter and higher generation kinks is small, it is clear
that the number of large amplitude kinks will also grow
exponentially provided amplification occurs sufficiently fre-
quently. Here we show this is indeed the case in a simple
model of a loop with Y junctions, based as before on an
underlying uniform distribution of junction configurations at
the time of arrival of the kink. The evolution of the loop, for a
relatively general class of initial loop configurations, will be
taken in account in Sec. V where we will see that the results
obtained here remain largely valid.

A. Setup

The simplest example of a closed system with Y junc-
tions is a loop formed by three strings meeting at two
junctions, a typical example of which is shown in Fig. 5.

Our loop model is based on the following two simplify-
ing assumptions:

(1) all three strings joining the two junctions have
essentially the same constant invariant length L;

(2) when a kink (whose amplitude is known) reaches a
junction, the configuration of the latter is randomly
drawn among those that yield the correct amplitude
for the original kink.

More explicitly we proceed as follows. First we specify
the initial conditions at t ¼ 0, namely K, the total number

of left-moving and right-moving kinks on all three strings,
as well as their amplitudes. (The initial positions of those
kinks do not enter the subsequent analysis.) After an
interval of time L, the first assumption ensures that all
the initial kinks have reached a junction, but that none of
their descendants have done so (recall that kinks propagate
at the speed of light on the strings). Therefore, at t ¼ L, the
system contains 3K kinks, and at time t ¼ nL with n an
integer, the total number of kinks in the system [34] is 3nK.
We then evaluate

QA
j ðnÞ ¼ number of kinks on string j of amplitude � A

as a function of the generationn;

or equivalently time t ¼ nL:

We do so as follows. Consider a given (say, inward
moving) kink of amplitude Ai on string 1. Following
assumption 2 we determine the amplitude of the daughter
kinks by randomly drawing junction configurations, simi-
larly to Sec. III, but now we restrict the choice to those
configurations for which kb0þ

1 � b0�
1 k ¼ Ai. (In practice,

we first draw b0�
1 , b0

2 and b0
3 with uniform probabilities on

the unit sphere and then draw b0þ
1 with uniform probability

on the intersection of the unit sphere and the sphere of
center b0�

1 and radius Ai, i.e., on a circle of radius Ai.) In
other words, instead of using the probability distribution
pðC1; C2; C3Þ to draw the transmission coefficients, we use
an improved version pAi

ðC1; C2; C3Þ that takes into account
the amplitude of the incoming kink.
To summarize, for each initial kink, our model amounts

to building a tree of kinks. On this tree each node repre-
sents a kink, and contains the value of its amplitude as well
as the number of the string on which it arrived. It has three
daughter nodes whose values are drawn randomly accord-
ing to the rules explained above. At the nth generation, the
total number of kinks is 3n. Clearly, as there is no interac-
tion between kinks, for K initial kinks there are K trees
which evolve completely independently. Hence the statis-
tical properties of systems originally containing several
kinks can be trivially deduced from those by linearity.

Numerics

Computationally, as the number of generations increases
it becomes expensive to store 3n amplitudes. To keep the
computation manageable we divide the amplitude interval
[0, 1] into Nbin bins, and only keep track of the number of
kinks on each string with an amplitude in the different bins,
at each generation. To draw the amplitudes of the subse-
quent generation we use the center value of the bin as the
amplitude of the incoming kink. That is, for kinks in bin
k > 1, we use as an amplitude ðk� 1

2Þ 2
Nbin

. (In our simula-

tions, we used Nbins ¼ 100.) Finally, we set the amplitude
of kinks in the first bin to zero: we expect that after a few
generations most of the kinks that lie in this bin actually
have an amplitude smaller than 1=Nbin by several orders of

z
string 1,µ1
string 2,µ2
string 3,µ3

x

y

z

FIG. 5 (color online). A typical loop formed by 3 strings and 2
junctions.
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magnitude. Of course, this procedure can lead to an under-
estimation of the number of large amplitude kinks (because
a few kinks from this bin must in reality be reamplified to
yield large amplitude descendents) but it prevents many
very small amplitude kinks from spuriously leading to
large amplitude kinks. By doing this, we lose any infor-
mation on the low amplitude part of the distribution (which
we disregard in this paper). In our companion paper [19],
we will refine this numerical setup to demonstrate that the
large amplitude part of the distribution dominates the
gravitational wave signal.

B. Results

In Fig. 6 we plot logQ1=4
1 ðnÞ as a function of the gen-

eration n, for different sets of string tensions �1, �2 and
�3. (The particular choice of A ¼ 1=4 will be justified in
[19].) The initial condition at the start of the simulation
was a single right-moving kink K ¼ 1 of maximal ampli-
tude on each string.

After some initial fluctuations at small n, which vary
significantly from one realization to another [35], one sees
that the points corresponding to a given set of string
tensions can be fitted to a straight line, whose slope is

independent of the particular realization. Hence Q1=4
1 ðnÞ

grows exponentially with n. More generally we find [36]

QA
j ðnÞ / exp½�n�; (32)

where the coefficient � depends on the tensions �j as well

as on the amplitude A. One sees proliferation is most
efficient when all tensions are equal. Gradually moving
away from this case, the slope ~� ¼ �= lnð10Þ of the curves
in Fig. 6 decreases and approaches zero when one or more
of the �j given in (5) vanish. For a given ratio of tensions,

we find � is approximately independent of A over most of
the range of possible amplitudes. For equal tensions and

A � 0:1 shown in Fig. 6 one has ~� � 1=3. In the limit
A ! 0, the slope sharply increases to � � ln3, since
obviously Q0

j ðnÞ ¼ 3n.

We therefore conclude that, at least in this simplified
model of a loop with junctions, for a large range of string
tensions, the amplification rate is sufficient to sustain an
exponential growth of the number of large amplitude kinks.
In Appendix B we illustrate, with a toy analytical model,
the origin of this exponential growth. We must emphasize,
however, that since amplification remains a rare event, the
vast majority of kinks at sufficiently late times will have
small amplitude. Indeed, the fraction of the total number of
kinks that have a large amplitude tends to zero. The im-
plications of these findings for the gravitational wave
signal emitted by string loops of this kind will be studied
elsewhere [19].

V. PROLIFERATION OF LARGE AMPLITUDE
KINKS ON EVOLVING LOOPS WITH JUNCTIONS

The model of a loop with junctions discussed in Sec. IV
does not take in account the dynamics of the loop. In
particular, it assumes the invariant length of the strings
forming the loop is constant in time. Here we include the
effects of the loop dynamics on the evolution of the number
of large amplitude kinks, by numerically integrating the
equations of motion (9) and (10), suitably modified to take
account of the presence of the two junctions.
This is more complicated than for periodic loops with no

junctions, since one needs to keep track of the position of
each junction, and extend the definition of the a0j beyond
their initial domain. Our simulations generalize those of
[28] in which certain initially static and symmetric planar
loop configurations were studied. Here we consider a rather
general class of nonstatic initial conditions, and count the
number as well as the amplitude of the kinks on the loop as
a function of time. Note, however, that we do not take in
account self-intersections between the strings in our simu-
lations. This may be an important limitation of our model if
the probability of intercommutation is large. (In this case,
intercommutation between strings of the same type would
lead to a loop being chopped off, whereas intercommuta-
tion between strings of different types might increase the
number of junctions in the loop.) Our simulations end
when the length of one of the strings connecting the two
junctions shrinks to zero and the junctions collide. The
outcome of such a collision is an open question, but it may
well lead to the formation of two loops without junctions
(assumed, e.g., in [37]): this would end the proliferation of
kinks.

A. Initial conditions

Our initial condition consists of 3 segments of string of
initial invariant length Ljðt ¼ 0Þ (specified below) which

join two junctions at positions
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FIG. 6 (color online). The logarithm of the number of kinks on
string 1 of amplitude A � 1=4, as a function of time measured in
units of the constant string length L, for different sets of string
tensions �1, �2 and �3.
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X A ¼ ð0; 0;�1Þ; XB ¼ ð0; 0; 1Þ: (33)

Motivated by the harmonic construction of standard cos-
mic string loops with no junctions [38–42], the three initial
string segments are taken to be three arcs of circles to
which we add a higher harmonic. Explicitly,

x jð�; t ¼ 0Þ

¼ Rð	jÞ
� sin

�
�
Hj

��
1þ aj sin

�
mj

�
Hj

��
0

cos

�
�
Hj

��
1þ bj sin

�
nj

�
Hj

��
0
BBBB@

1
CCCCA;

(34)

where mj, nj 2 N, and Rð	jÞ is the rotation matrix about

the z axis by an angle 	j

R ð	jÞ ¼
cosð	jÞ � sinð	jÞ 0
sinð	jÞ cosð	jÞ 0

0 0 1

0
@

1
A: (35)

If we set aj ¼ bj ¼ 0, then the segments are initially

semicircles. If aj or bj are nonzero then the strings appear

as perturbed semicircles (at least for small values of aj

and bj), and the integers mj and nj set the ‘‘wiggliness’’ of

the perturbation. The normalization

Hj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ ajÞ2 þ ðajmjÞ2 þ ð1þ bjÞ2 þ ðbjnjÞ2

q
(36)

ensures that kx0
jk � 1 since _x2

j þ x02
j ¼ 1 from the gauge

conditions (2). Note that with this definition of Hj in

general supkx0
jk< 1 so that the initial condition is never

static. The initial invariant length of the strings segments is
Ljð0Þ ¼ �Hj so that

� 2 ½��Hj; 0� at t ¼ 0: (37)

In order to compare our results with Sec. IV, we will
measure time in units of

L ¼ 1

3
ðL1ðtÞ þ L2ðtÞ þ L3ðtÞÞ; (38)

the total invariant length of the loop divided by the number
of string segments. Note that this quantity remains constant
throughout the evolution.
The initial velocity of the strings _xj must satisfy the

gauge condition _xj � x0
j ¼ 0. We choose it to be

_x jð�; t ¼ 0Þ ¼ Njð�ÞRð	jÞ
sin

�
�
Hj

��
1þ bj sin

�
nj

�
Hj

��
� bjnj cos

�
�
Hj

�
cos

�
nj

�
Hj

�
vj

� cos

�
�
Hj

��
1þ aj sin

�
mj

�
Hj

��
� ajmj sin

�
�
Hj

�
cos

�
mj

�
Hj

�
0
BBBB@

1
CCCCA; (39)

with Njð�Þ defined so that _x2
j ¼ 1� x02

j , and vj is the
component of velocity transverse to the plane of the string.
Finally the functions a0jðzÞ and b0

jðzÞ on the interval
½��Hj; 0� are obtained through

a 0
jðzÞ ¼ x0

jð� ¼ z; t ¼ 0Þ þ _xjð� ¼ z; t ¼ 0Þ; (40)

b 0
jðzÞ ¼ x0

jð� ¼ z; t ¼ 0Þ � _xjð� ¼ z; t ¼ 0Þ: (41)

As explained in Sec. II, the � parameter on each string
takes values in ½sA;jðtÞ; sB;jðtÞ� at time t. Furthermore, in-

tegrating the equations of motion extends the definition of
the functions a0jðzÞ and b0

jðzÞ outside the interval ½��Hj; 0�
[using Eqs. (10)] to z > 0 for a0jðzÞ and to z <��Hj for

b0
jðzÞ. Thus if the evolution is calculated up to a final time

tf, then at the end of the simulation a0jðzÞ will be defined in
the interval ½��Hj; zf;j� where zf;j ¼ tf þ sB;jðtfÞ.

B. Proliferation of large amplitude kinks

This class of initial conditions has 6 parameters for each
string: 	j, aj, bj, mj, nj and vj, and therefore enables one

to probe a variety of initial configurations. We now evolve
these strings and count the number of large amplitude

kinks as a function of time. That is, we calculate
A½a0j�ðzÞ ¼ 1

2 ka0jðzþÞ � a0jðz�Þk (for left-moving kinks)

and A½b0
j�ðzÞ ¼ 1

2 kb0
jðzþÞ � b0

jðz�Þk as functions of z.

These functions are zero except at the position of a kink,
where they reduce to the kink amplitude.
As discussed in Sec. II, even though the initial configu-

ration is infinitely smooth and appears to contain no
kinks, this is not the case. While a0j and b0

j are continuous

inside the interval ]� �Hj; 0[ they have a discontinuity at

z ¼ ��Hj for b
0
jðzÞ and z ¼ 0 for a0jðzÞ. Indeed, as soon as

the evolution starts, the equations of motion define the
function a0jðzÞ for z > 0. In particular, a0jðz ¼ 0þÞ depends
only on the values of the b0

‘ðz ¼ 0�Þ for ‘ ¼ 1, 2, 3 and

differs from a0jðz ¼ 0�Þ. Our loop therefore initially con-

tains 6 kinks: one left-moving and one right-moving on
each string of the loop.
The numerical integration of the equations of motion

ends at time tf when the two junctions collide. The

results are shown in Fig. 7 for the case of equal tension
strings �j ¼ 1. Here we have used the following set

of parameters as initial conditions: string 1 (	1 ¼ 0, A1 ¼
0:2, B1 ¼ 0:3, m1 ¼ 2, n1 ¼ 3, vt ¼ 0), string 2 (	2 ¼
2�=3, A2 ¼ 0:1, B2 ¼ 0:2, m2 ¼ 3, n2 ¼ 4, vt ¼ 0) and
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string 3 (	3 ¼ 4�=3, A3 ¼ 0:2, B3 ¼ 0:4, m3 ¼ 1,
n3 ¼ 3, vt ¼ 0). A snapshot of this loop shortly after the
beginning of the simulation is shown in Fig. 5. One can see
the six kinks propagating away from the junctions.

As one can see in Fig. 7 the total number of (left-moving)
kinks that have propagated on string number 2 is very large,
and even though the amplitude of many of those kinks is
small there still is a large number of those kinks with an
amplitude larger than, e.g., 1=4. This is in line with the
results in the previous section. We can be more precise

by calculating Q1=4
j , the number of (left-moving) kinks

propagating on string j with an amplitude larger than
1=4, as a function of time measured in units L defined in
(38). The result is shown in Fig. 8. One clearly sees that
after some initial fluctuations, a regime of exponential
growth sets in.
Remarkably, the slope of the curves in Fig. 8 is larger

than the slope of the corresponding function logQ1=4
j ,

shown in Fig. 6 for the simple model of a loop with
junctions discussed in Sec. IV (where we do not take in
account the loop evolution). The reason that loop dynamics
has this effect on the proliferation process is simply be-
cause the loop dynamics generally implies that one of the
strings shrinks. On this string, kinks propagate more fre-
quently backward and forward between the junctions,
thereby increasing the rate of proliferation. One expects
therefore that, for a given set of tensions, proliferation is in
fact the least efficient when all lengths are constant and
equal, which is just the case considered in Sec. IV, and that
the rate obtained here is more realistic. We note when the
string that is shrinking becomes small, kinks tend to have a
smaller amplitude on it.
Finally, we note that these simulations end at tf ¼ 50

because the junctions collide briefly after that time, as is
evident from Fig. 9. At that time, the total number of kinks
on this loop is of the order 104.

C. Discussion

The details of the evolution of the number of kinks
evidently depend somewhat on the initial conditions.
However, our central result that the number of large am-
plitude kinks proliferates exponentially appears to be uni-
versal. In particular, it is a robust feature of the evolution
for the wide range of parameter values we have scanned.
The loop evolution has two important implications

for the evolution of kinks. First, as discussed above, it
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FIG. 7 (color online). A½a0j¼2�ðzÞ as a function of z. We
evolved until tf ¼ 50 which corresponds to zf;2 ¼ 47:4. Each

point above zero corresponds to a left-moving kink propagating
on string number 2. As the system evolves, many kinks are
created, and although the vast majority has a very small ampli-
tude, a large number has an amplitude of the order of 1.
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moving) kinks of amplitude A � 1=4 on each string, as a
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FIG. 9 (color online). Evolution of the ‘‘invariant lengths’’ of
the strings. The simulations end around tf ¼ 50 when string 1

shrinks to a point and the junctions collide.
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enhances the proliferation rate because the length of one of
the strings generally decreases. On this string, kinks propa-
gate more frequently backward and forward between the
junctions.

However, at the same time this possibly provides an end
to the proliferation process. Indeed, for all the initial con-
ditions that we have tried, one of the strings always ended
up shrinking to a point, resulting in the collision of the two
junctions. The result of such a collision is unclear and
depends on the physics of the underlying theory [28].
The junctions might disappear thus ending the prolifera-
tion, or two new junctions might form and proliferation
may then continue.

Gravitational backreaction (e.g., by rounding off the
kinks or by inducing the decay of the loop due to important
radiation from the many kinks) may also end the prolif-
eration. Finally, radiation of other fields might also become
important as the number of kinks increases and could also
play a limiting role.

VI. CONCLUSION

Motivated by their effects on the gravitational wave
emission of cosmic strings and superstrings, we have
studied the dynamics of kinks on strings with junctions
[43]. We have concentrated, in particular, on the evolution
of the number of very sharp—or equivalently, large
amplitude—kinks since it turns out these provide the
dominant contribution to the GW burst signal from kinks
on a network of strings [19].

The propagation of a kink through a Y junction leads to
the formation of three daughter kinks—one reflected kink
and two transmitted kinks. We first showed analytically
that, for a specific initially static junction configuration,
one or two of the daughter kinks can be sharper than the
incoming kink. This turns out not to be an isolated case: the
amplification of kinks through their interaction with junc-
tions is a rather generic phenomenon. Indeed we showed in
Sec. III that, assuming a random distribution for the four
incoming waves specifying the junction configuration and
for equal string tensions, kinks are amplified in a signifi-
cant region of configuration space. In Appendix Awe have
generalized this calculation to strings of different tensions
finding similar results.

The dominant contribution to the GW signal from a
network of strings comes from the loops. In Secs. IV and
V we have therefore studied the evolution of kinks on loops
with junctions. We have considered loops which, for sim-
plicity, contain 2 junctions. If one neglects the loop dy-
namics and assumes that (i) all strings joining the two
junctions have essentially the same invariant length, and
also that (ii) when a kink of known amplitude reaches a
junction, the configuration of the latter is randomly drawn
among those that yield the correct amplitude for the origi-
nal kink, then one finds the amplification rate is sufficient
to sustain an exponential growth of the number of large

amplitude kinks. For a wide range of tensions, the coeffi-
cient in the exponent appears to be of order 1 when time is
measured in units of L. The origin of this exponential
growth was illustrated with a toy model in Appendix B.
We have included the effect of the loop dynamics on the

proliferation and amplification of kinks in Sec. V, where we
numerically integrated the equations of motion of a loop
with two junctions for a rather general class of initial
conditions. Our simulations generalize those of [28], which
considered an initially static and symmetric planar loop
configuration. Interestingly, we find the loop evolution
somewhat enhances the rate at which the number of large
amplitude kinks grows. To a large extent this difference can
be traced to the fact that under evolution, generically one of
the strings shrinks. On this string, kinks propagate more
frequently backward and forward between the junctions,
thereby increasing the rate of proliferation and thus also the
number of large amplitude kinks. By the time the junctions
on the loop collide we typically find at least as many as
	104 large amplitude kinks in the equal tension case.
We note, however, that our simulations do not take into

account intercommutations between strings. These may
lead to the creation of new junctions as well as several
smaller loops (with many kinks). Further, we end our
simulations just before the junctions collide and have not
addressed the subsequent evolution of the system. Finally,
we note that backreaction effects will become increasingly
important as the number of kinks grows, and that our
simulations do not include this effect.
Nevertheless our findings suggest that if an evolving

network of strings with junctions contains a population
of loops with junctions, these typically contain a large
number of very sharp kinks. The implications of this for
the GW signal emitted by networks of this kind will be
discussed elsewhere [19].
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APPENDIX A

In this appendix we study the dependence of the distri-
butions pðCjÞ of transmission coefficients on the ratios of

the tensions of each of the strings, for three semi-infinite
strings meeting at a junction. The case of equal tensions
was discussed in the text in Sec. III where it was found that
the distributions of both the reflected and the transmitted
kinks have significant tails whereCj > 1. As in Sec. III, we

consider a kink moving towards the junction on string 1
and assume a uniform distribution on the unit sphere of the
vectors b0

j that specify the junction configuration.
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1. Incoming kink on a light string: �1 � �2 	�3

The kink reaches the junction on a string which is much
lighter than the other two strings. One might therefore
expect, on average, the kinks transmitted to the heavier
strings to have reduced amplitudes and the reflected kink to
have an amplitude comparable or even enhanced relative to
the amplitude of the incoming kink.

This is indeed what we find. Figure 10 shows the mar-
ginal distributions pðCjÞ for strings of tensions �1 ¼ 0:1,

�2 ¼ �3 ¼ 1. One sees the distribution of C1 is relatively
flat, with a probability of amplification PðC1 > 1Þ larger
than 10 percent. On the other hand pðC2Þ is sharply peaked
around a value much smaller than 1.

The existence of this peak can be understood from
Eq. (27). Let � ¼ �1=� � 1 and take �2 	�3 so that
�1=�	Oð�Þ. Then from (8) it follows that _s�2 þ _s�3 ¼
Oð�Þ so that

a 0�
2 ¼

�
1� _s�2
1þ _s�2

��
�1

�

�
|{z}
Oð�Þ

b0
2 �

�
2�3

�

�
|fflffl{zfflffl}
1þOð�Þ

1� _s�3
1þ _s�2|fflfflffl{zfflfflffl}
1þOð�Þ

b0
3

� 2�1

�|{z}
Oð�Þ

1� _s�1
1þ _s�2

b0�
1 : (A1)

Now generically one has 1� _s�2 	Oð�Þ for the above
configuration of tensions [32]. Therefore, since the func-
tions b0

2 and b0
3 do not change when the kink crosses the

junctions, it follows that

A½a02� ¼
1

2
ka0�2 � a0þ2 k 	Oð�ÞA½b0

1� ) C2 	Oð�Þ:
(A2)

The coefficient C2 will be large only if either _sþ2 or _s�2 is
close to minus one. However, the probability for this is
small; according to [32] only three percent of the _s�2 lie in
the interval ½�1;�0:9�, which explains why very few
events are seen in the tail at large values of the distributions
of C2 and C3.
Finally, the average values of the transmission coeffi-

cients for the above set of tensions are given by

hC1i ¼ 0:49; hC2i ¼ hC3i ¼ 0:09: (A3)

2. Incoming kink on a heavy string: �1 	�3 
 �2

In this case, the kink propagates on a heavy string
towards a junction consisting of another heavy string as
well as a very light one. The light string is expected to play
a minor role while the heavy strings almost behave as a
single long string without junction on which the kink
simply propagates. Hence the reflected kink amplitude
C1 should be peaked at a very small value, while the
transmitted kink amplitude on the heavy string C3 should
be peaked at 1. This is indeed what we find, as shown in
Fig. 11), and an analytic argument similar to the one given
above can be used to explain the position of the peaks in the
distributions [46] of C1 and C2.
We now have _s1 þ _s3 ¼ Oð�Þ. The argument for C1 is

exactly the same as above, since

a 0
1 ¼

1� _s1
1þ _s1

�
1� 2�1P

k �k

�
|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

Oð�Þ

b0
1 �

2�2P
k �k|fflffl{zfflffl}
Oð�Þ

1� _s2
1þ _s1

b0
2

� 2�3P
k �k|fflffl{zfflffl}

1þOð�Þ

1� _s3
1þ _s1|fflffl{zfflffl}
1þOð�Þ

b0
3: (A4)
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FIG. 10 (color online). Distributions of the different transmis-
sion coefficients for tensions �1 ¼ 0:1, �2 ¼ �3 ¼ 1, with the
incoming kink on string 1. The average values are hC1i ¼ 0:49,
hC2i ¼ hC3i ¼ 0:09 and PðC1 < 1Þ ¼ 0:88, PðC2 < 1Þ ¼
PðC3 < 1Þ ¼ 0:99.
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FIG. 11 (color online). The same distributions as in Fig. 10 but
for tensions �1 ¼ 1, �2 ¼ 0:1 and �3 ¼ 1. Here hC1i ¼ 0:09,
hC2i ¼ 0:72, hC3i ¼ 0:99 and PðC1 < 1Þ ¼ 0:99, PðC2 < 1Þ ¼
0:81, PðC3 < 1Þ ¼ 0:53.

PROLIFERATION OF SHARP KINKS ON COSMIC . . . PHYSICAL REVIEW D 82, 083524 (2010)

083524-13



For C3, we have

a 0
3 ¼

1� _s3
1þ _s3

�
1� 2�3P

k �k

�
|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

Oð�Þ

b0
3 �

2�2P
k �k|fflffl{zfflffl}
Oð�Þ

1� _s2
1þ _s3

b0
2

� 2�1P
k �k|fflffl{zfflffl}

1þOð�Þ

1� _s1
1þ _s3|fflffl{zfflffl}
1þOð�Þ

b0
1: (A5)

The zeroth order in � does not vanish in �a03, because
b0
1 undergoes a jump. Instead we have, in generic configu-

rations where the other coefficients are of order 1,
�a03 � �b0

1 which means C3 � 1.
The mean values hCji for the set of tensions of Fig. 11

are smaller than 1,

hC1i ¼ 0:09; hC2i ¼ 0:72; hC3i ¼ 0:99; (A6)

but the probability of having an amplification on strings 2
and 3 is significant,

PðC1 > 1Þ ¼ 0:01; PðC2 > 1Þ ¼ 0:19;

PðC3 > 1Þ ¼ 0:47:
(A7)

Again we note that, for string 3, although amplification is
frequent this is mostly limited in amplitude since the
distribution is sharply peaked around a value close to 1.

An analytic string theory calculation of the transmission
of short pulses at a junction between two D strings and an
F string in the weak coupling limit can be found in [47].

3. Incoming kink on a heavy string with �1 & �2 þ�3

In the example shown in Fig. 12, �2 ¼ �3 ¼ 1 and
�1 ¼ 1:9. The (superimposed) distributions pðC2Þ, pðC3Þ
are sharply peaked around 1, so the amplitude of the kinks
transmitted to the light strings is comparable to that of the
incoming kink on the heavy string. The distribution ofC1 is
much flatter, with a significant tail at large values. For this
set of tensions one has

PðC1 > 1Þ ¼ 0:11: (A8)

The presence and position of the peak in pðC2Þ can again
be explained using an analytic argument. Let � ¼ �1

� � 1.

For most configurations, one has _s�1 ¼ �1þOð�Þ, while
_s�2 ¼ 1�Oð�Þ and _s�3 ¼ 1�Oð�Þ [32] [see also (9)].

Thus from Eq. (27),

a 0�
2 ¼ 1� _s�2

1þ _s�2|fflfflffl{zfflfflffl}
Oð�Þ

�
�2

�

�
b0
2 �

2�3

�

1� _s�3
1þ _s�2|fflfflffl{zfflfflffl}

Oð�Þ

b0
3

� 2�1

�|{z}
1þOð�Þ

1� _s�1
1þ _s�2|fflfflffl{zfflfflffl}
1þOð�Þ

b0�
1 : (A9)

Hence to zeroth order in �, �a02 � �b0
1 and therefore

C2 � 1. A similar argument applies to C3.

4. Incoming kink on light string of tension
�1 * �2 ��3

Finally in Fig. 13, we show the distributions of the
transmission coefficients for the following set of tensions:
�1 ¼ �3 ¼ 1 and�2 ¼ 1:9. One sees pðC1Þ and pðC3Þ are
peaked at small values. The typical amplitude of the kinks
reflected on the light string�1 and transmitted on the other
light string of tension �3 is very small. The distribution of
C2 is flatter, so the amplitude of the kink transmitted to the
heavy string depends strongly on the configuration. This
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FIG. 12 (color online). Distributions of the different transmis-
sion coefficients for tensions �1 ¼ 1:9 and �2 ¼ 1 ¼ �3. The
mean values are hC1i ¼ 0:49, hC2i ¼ 0:99, hC3i ¼ 0:99 and
PðC1 < 1Þ ¼ 0:88, PðC2 < 1Þ ¼ 0:53, PðC3 < 1Þ ¼ 0:53.
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FIG. 13 (color online). The same distributions as in Fig. 12 for
tensions �1 ¼ 1 ¼ �3 and �2 ¼ 1:9. Here hC1i ¼ 0:09, hC2i ¼
0:72, hC3i ¼ 0:99 and PðC1 < 1Þ ¼ 0:99, PðC2 < 1Þ ¼ 0:81,
PðC3 < 1Þ ¼ 0:99.

P. BINÉTRUY et al. PHYSICAL REVIEW D 82, 083524 (2010)

083524-14



distribution also has a tail for C2 > 1, so kinks are ampli-
fied in a substantial volume of configuration space:

PðC2 > 1Þ ¼ 0:19: (A10)

Again the presence and the position of the peak in
pðC1Þ and pðC3Þ can be explained analytically. The
argument is as above though now � ¼ �2

� � 1 and, in

most configurations, _s1 ¼ 1�Oð�Þ and _s3 ¼ 1�Oð�Þ
while _s2 ¼ �1þOð�Þ.

APPENDIX B

Here we illustrate with a very simple toy model that an
exponential behavior of the kind exhibited in Secs. IV and
V is actually very generic.

Consider the situation illustrated in Fig. 14 in which one
constructs a tree, in which each node has two daughter
nodes so that the nth generation therefore contains 2n

nodes. Each node contains an amplitude and the amplitude
of each of its daughter nodes is obtained by multiplying
this amplitude by a factor drawn randomly using a
Bernoulli distribution: 2 with probability p or 1=2 with
probability 1� p. This means that there is either an am-
plification (by a factor of 2) or a reduction of amplitude (by
a factor of 1=2). Since we are interested in the case where
amplifications are the least probable outcome, we set

p < 1=2: (B1)

In order to initialize the experiment, we need to define
the amplitude of the initial node (0th generation): we set it
to be 1.

Let pn be the probability that any given node of the nth
generation (say, k1;n for instance) has an amplitude larger

than 1. Since p < 1=2, we expect pn to be small when n
becomes large. Our goal here is to compute analytically (in
the large n limit) pn.

In order to be larger than 1, k1;n must be the result of

more amplifications than reductions so we clearly have

pn ¼
X

k�n=2

n
k

� �
pkð1� pÞn�k: (B2)

Using Stirling’s formula and transforming the sum into an
integral using x ¼ k=n, we can easily obtain

pn ¼
ffiffiffi
n

p Z 1

1=2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1� xÞp enfpðxÞdx (B3)

with

fpðxÞ ¼ �x ln

�
x

p

�
� ð1� xÞ ln

�
1� x

1� p

�
: (B4)

In the interval ½1=2; 1�, fpðxÞ is a decreasing function

(because p < 1=2), and therefore, it is maximal for
x ¼ 1=2. Because of the exponential in the integral, we
then expect the dominant contribution to pn to come from
the vicinity of 1=2. More precisely, by computing carefully
the integral, it is possible to show that

pn 	
n!þ1

2

�f0pð1=2Þ
ffiffiffi
n

p
n

enfpð1=2Þ (B5)

¼ 2

lnð1�p
p Þ

1ffiffiffi
n

p ð2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pð1� pÞ

q
Þn: (B6)

As expected, pn decreases exponentially since

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pð1� pÞp

< 1. However, we are interested in the num-
ber Nn of nodes of the nth generation that have an ampli-
tude larger than 1. If n is large enough, this number will
typically be 2npn:

Nn 	
n!þ1

2

lnð1�p
p Þ

1ffiffiffi
n

p ð4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pð1� pÞ

q
Þn: (B7)

This number increases exponentially when 4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pð1� pÞp

>
1, i.e., pð1� pÞ> 1

16 . This condition is satisfied as soon

as p > 1
2 �

ffiffi
3

p
4 � 0:07 (remember that we also imposed

p < 1=2).
This means that even if amplifications are not the most

probable outcome of amplitude transmissions (as is the
case for our physical system), the number of nodes of the
nth generation that have an amplitude larger than some
fixed value increases exponentially provided that p is not
too small, i.e., provided that amplifications are not too rare.
Note that the fraction of nodes that have an amplitude

larger than 1 is given by pn and tends to 0 exponentially
fast and that the proliferation of large amplitude nodes
is only possible because the total number (2n in our
example) increases faster than pn decreases. As expected,
the very large majority of nodes have small amplitude.
Of course, this very simple example is not a good

physical picture of our kink proliferation (amplitudes can
be larger than 1 in this example). Indeed, the Bernoulli
distribution is a crude simplification of pAi

ðC1; C2; C3Þ
which does not take into account the fact that the ampli-
tudes of the daughter kinks are actually correlated and
forgets about the amplitude of the incoming kink Ai.
However, we expect the general mechanism to remain
the same.

FIG. 14 (color online). Random experiment described in this
section.
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P. BINÉTRUY et al. PHYSICAL REVIEW D 82, 083524 (2010)

083524-16

http://dx.doi.org/10.1142/S0217751X05026686
http://dx.doi.org/10.1142/S0217751X05026686
http://arXiv.org/abs/astro-ph/0410073
http://dx.doi.org/10.1080/00107510500165204
http://dx.doi.org/10.1080/00107510500165204
http://dx.doi.org/10.1098/rspa.2009.0591
http://dx.doi.org/10.1098/rspa.2009.0591
http://dx.doi.org/10.1103/PhysRevD.71.103508
http://dx.doi.org/10.1103/PhysRevD.71.103508
http://dx.doi.org/10.1103/PhysRevD.71.129906
http://dx.doi.org/10.1088/1126-6708/2006/08/066
http://dx.doi.org/10.1088/1126-6708/2006/08/066
http://dx.doi.org/10.1088/1126-6708/2005/11/023
http://dx.doi.org/10.1088/1126-6708/2005/11/023
http://dx.doi.org/10.1088/1126-6708/2008/02/037
http://dx.doi.org/10.1088/1126-6708/2008/02/037
http://dx.doi.org/10.1103/PhysRevD.78.103510
http://dx.doi.org/10.1103/PhysRevD.78.103510
http://dx.doi.org/10.1103/PhysRevD.80.129907
http://dx.doi.org/10.1103/PhysRevD.81.063517
http://dx.doi.org/10.1103/PhysRevD.81.063517
http://dx.doi.org/10.1103/PhysRevD.71.063510
http://dx.doi.org/10.1103/PhysRevD.71.063510
http://dx.doi.org/10.1103/PhysRevD.73.105001
http://dx.doi.org/10.1103/PhysRevD.73.105001
http://dx.doi.org/10.1103/PhysRevLett.98.111101
http://dx.doi.org/10.1103/PhysRevLett.98.111101
http://dx.doi.org/10.1088/1126-6708/2009/06/089
http://dx.doi.org/10.1088/1126-6708/2009/06/089
http://dx.doi.org/10.1088/1126-6708/2005/10/013
http://dx.doi.org/10.1088/1126-6708/2005/10/013
http://dx.doi.org/10.1103/PhysRevLett.97.021602
http://dx.doi.org/10.1103/PhysRevLett.97.021602
http://dx.doi.org/10.1103/PhysRevD.77.063521
http://dx.doi.org/10.1103/PhysRevD.75.125006
http://dx.doi.org/10.1103/PhysRevD.75.125006
http://dx.doi.org/10.1103/PhysRevD.64.064008
http://dx.doi.org/10.1103/PhysRevD.64.064008
http://dx.doi.org/10.1103/PhysRevD.80.123510
http://dx.doi.org/10.1103/PhysRevD.80.123510
http://dx.doi.org/10.1088/1475-7516/2008/11/022
http://dx.doi.org/10.1088/1475-7516/2008/11/022
http://dx.doi.org/10.1103/PhysRevLett.105.081602
http://dx.doi.org/10.1103/PhysRevLett.105.081602
http://dx.doi.org/10.1103/PhysRevD.80.125030
http://dx.doi.org/10.1103/PhysRevD.80.125030
http://dx.doi.org/10.1103/PhysRevD.75.065024
http://dx.doi.org/10.1103/PhysRevD.75.065024
http://dx.doi.org/10.1103/PhysRevD.80.083508
http://dx.doi.org/10.1016/0370-2693(82)90993-5
http://dx.doi.org/10.1016/0370-2693(82)90993-5
http://dx.doi.org/10.1016/0550-3213(84)90407-3
http://dx.doi.org/10.1103/PhysRevD.37.863
http://dx.doi.org/10.1103/PhysRevD.37.863
http://dx.doi.org/10.1103/PhysRevD.41.1775
http://dx.doi.org/10.1103/PhysRevD.41.1775
http://dx.doi.org/10.1016/0550-3213(94)00592-3
http://dx.doi.org/10.1016/0550-3213(94)00592-3


from one junction to another [45]. (However, we expect
the transmission coefficients computed in Sec. III to
remain essentially unchanged since transmissions are in-
stantaneous processes.)

[44] H. Firouzjahi, S. Khoeini-Moghaddam, and S. Khosravi,
Phys. Rev. D 81, 123506 (2010).

[45] E. J. Copeland and T.W.B. Kibble, Phys. Rev. D 80,
123523 (2009).

[46] The amplitude of the kink transmitted to the light string
depends crucially on the configuration, as indicated by the
relatively flat distribution of C2.

[47] C. Bachas, Ann. Phys. (N.Y.) 305, 286 (2003).

PROLIFERATION OF SHARP KINKS ON COSMIC . . . PHYSICAL REVIEW D 82, 083524 (2010)

083524-17

http://dx.doi.org/10.1103/PhysRevD.81.123506
http://dx.doi.org/10.1103/PhysRevD.80.123523
http://dx.doi.org/10.1103/PhysRevD.80.123523

