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Using a Thomas-Fermi model, we calculate the structure of the electrosphere of the quark antimatter
nuggets postulated to comprise much of the dark matter. This provides a single self-consistent density
profile from ultrarelativistic densities to the nonrelativistic Boltzmann regime that we use to present
microscopically justified calculations of several properties of the nuggets, including their net charge, and
the ratio of MeV to 511 keV emissions from electron annihilation. We find that the calculated parameters
agree with previous phenomenological estimates based on the observational supposition that the nuggets
are a source of several unexplained diffuse emissions from the Galaxy. As no phenomenological
parameters are required to describe these observations, the calculation provides another nontrivial
verification of the dark-matter proposal. The structure of the electrosphere is quite general and will

also be valid at the surface of strange-quark stars, should they exist.
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L. INTRODUCTION

In this paper we explore some details of a testable and
well-constrained model for dark matter [ 1-5] in the form of
quark matter as antimatter nuggets. In particular, we focus
on physics of the “electrosphere” surrounding these nug-
gets: it is from here that observable emissions emanate,
allowing for the direct detection of these dark-antimatter
nuggets.

We first provide a brief review of our proposal in Sec. II,
then describe the structure of the electrosphere of the
nuggets using a Thomas-Fermi model in Sec. IV. This
allows us to calculate the charge of the nuggets, and to
discuss how they maintain charge equilibrium with the
environment. We then apply these results to the calculation
of emissions from electron annihilation in Sec. V, comput-
ing some of the phenomenological parameters introduced
in [6] required to explain current observations. The values
computed in the present paper are consistent with these
phenomenologically motivated values, providing further
validation of our model for dark matter. The present results
concerning the density profile of the electrosphere may
also play an important role in the study of the surface of
quark stars, should they exist.

II. DARK MATTER AS DENSE QUARK NUGGETS

Two of the outstanding cosmological mysteries—the
natures of dark matter and baryogenesis—might be ex-

*mforbes @alum.mit.edu

1550-7998/2010/82(8)/083510(19)

083510-1

PACS numbers: 95.35.4+d, 52.27.Aj, 78.70.Bj, 98.70.Rz

plained by the idea that dark matter consists of compact
composite objects [1-5] similar to Witten’s strangelets [7].
The basic idea is that these compact composite objects—
nuggets of dense matter and antimatter—form at the same
QCD phase transition as conventional baryons (neutrons
and protons), providing a natural explanation for the simi-
lar scales Qpy = 50 5. Baryogenesis proceeds through a
charge separation mechanism: both matter and antimatter
nuggets form, but the natural CP violation of the so-called
6 term in QCD'—which was of order unity 6 ~ 1 during
the QCD phase transition—drives the formation of more
antimatter nuggets than matter nuggets, resulting in the
leftover baryonic matter that forms visible matter today
(see [2] for details). Note, it is crucial for our mechanism
that CP violation be able to drive charge separation:
though not yet proven, this idea may already have found
experimental support through the Relativistic Heavy Ion
Collider at Brookhaven [13], where charge separation
effects seem to have been observed [14,15].

'If ¢ is nonzero, one must confront the so-called strong CP
problem whereby some mechanism must be found to make the
effective 6 parameter extremely small today in accordance with
measurements. This problem remains one of the most outstand-
ing puzzles of the standard model, and one of the most natural
resolutions is to introduce an axion field. (See the original papers
[8-10], and recent reviews [11].) Axion domain walls associated
with this field (or ultimately, whatever mechanism resolves the
strong CP problem) play an important role in forming these
nuggets, and may play in important role in their ultimate
stability. See [1,2,12] for details.
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The mechanism requires no fundamental baryon asym-
metry to explain the observed matter/antimatter asymme-
try. Together with the observed relation Qpy = 5Q 5 (see
[16] for a review) we have

=0= Bnugget + Bvisible - Bantinuggetr (la)
= Bnugget + Bantinugget = 5Bvisible: (lb)

B universe

B dark matter

where B piverse 18 the overall baryon asymmetry—the total
number of baryons? minus the number of antibaryons in
the Universe—and By, matier 1S the total number of bary-
ons plus antibaryons hidden in the dark-matter nuggets.
The dark matter comprises a baryon charge of Bgee
contained in matter nuggets and an antibaryonic charge
of Baminugget contained in antimatter nuggets. The remain-
ing charge of B, 1S not confined and forms the residual
“visible” baryon excess that forms the regular matter in
our Universe today. Solving Eq. (1) gives the approximate
ratios Baminugget:Bnugget:Bvisible =3:2:1.

Unlike conventional dark-matter candidates, dark-mat-
ter/antimatter nuggets will be strongly interacting, but
macroscopically large, objects. They do not contradict
any of the many known observational constraints on dark
matter or antimatter [3,17] for three reasons:

(1) They carry a huge (anti)baryon charge |B| =
10%°-10%, so they have an extremely tiny number
density.3 This explains why they have not been
directly observed on earth. The local number density
of dark-matter particles with these masses is small
enough that interactions with detectors are exceed-
ingly rare and fall within all known detector and
seismic constraints [3]. (See also [18,19] and refer-
ences therein.)

(2) The nugget cores are a few times nuclear density
p~ 10 GeV/ fm? and thus have a size of R ~
1077=1073 cm, so their interaction cross section is
small, o/M =~ 47R>/M = 10"3-10"° cm?/g,
well below the typical astrophysical and cosmologi-
cal limits which are on the order of o/M <
1 cm?/g. Dark-matter—dark-matter interactions be-
tween these nuggets are thus negligible.

(3) They have a large binding energy such that the
baryonic matter in the nuggets is not available to
participate in big bang nucleosynthesis at 7T =
1 MeV. In particular, we suspect that the core of
the nuggets forms a superfluid with a gap of the
order A = 100 MeV, and critical temperature T, ~

*Note that we use the term “baryon” to refer in general to
anything carrying Uz (1) baryonic charge. This includes conven-
tional color singlet hadrons such as protons and neutrons, but
also includes their constituents—i.e., the quarks—in other
phases such as strange-quark matter.

3If the average nugget size ends up in the lower range, then the
Pierre Auger observatory may provide an ideal venue for search-
ing for these dark-matter candidates.
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A/ \/5 =~ 60 MeV, as this scale provides a natural
explanation for the observed photon to baryon ratio
ng/n, ~ 10719 [2], which requires a formation tem-
perature of Ty, = 41 MeV [20].4

Thus, on large scales, the nuggets are sufficiently dilute
that they behave as standard collisionless cold dark matter.
When the number densities of both dark and visible matter
become sufficiently high, however, dark-antimatter—-
visible-matter collisions may release significant radiation
and energy. In particular, antimatter nuggets provide a site
at which interstellar baryonic matter—mostly protons and
electrons—can annihilate, producing emissions with cal-
culable spectra and energies that should be observable
from the core of our Galaxy. These emissions are not
only consistent with current observations, but naturally
explain several mysterious diffuse emissions observed
from the core of our Galaxy, with frequencies ranging
over 12 orders of magnitude.

Although somewhat unconventional, this idea naturally
explains several coincidences, is consistent with all known
cosmological constraints, and makes testable predictions.
Furthermore, this idea is almost entirely rooted in conven-
tional and well-established physics. In particular, there are
no “free parameters’’ that can be—or need to be—*‘tuned”’
to explain observations: in principle, everything is calcu-
lable from well-established properties of QCD and QED.
In practice, fully calculating the properties of these nuggets
requires solving the fermion many-body problem at strong
coupling, so we have generally resorted to ‘“fitting” a
handful of phenomenological parameters from observa-
tions. In this paper we examine the QED physics of the
electrosphere, providing a microscopic basis for some of
these parameters. Once these parameters are determined,
the model makes unambiguous predictions about other
processes ranging over more than 10 orders of magnitude
in scale.

The basic picture involves the antimatter nuggets—com-
pact cores of nuclear or strange-quark matter (see Sec. III)
surrounded by a positron cloud with a profile as calculated
in Sec. IV. Incident matter will annihilate on these nuggets
producing radiation at a rate proportional to the annihila-
tion rate, thus scaling as the product py(r)ppm(r) of the
local visible and dark-matter densities. This will be great-
est in the core of the Galaxy. To date, we have considered
five independent observations of diffuse radiation from the
core of our Galaxy:

(1) SPI/INTEGRAL (the Spectromeétre Integral on the
International Gamma-Ray Astrophysics Laboratory
satellite [21]) observes 511 keV photons from posi-
tronium decay that is difficult to explain with con-
ventional astrophysical positron sources [22-24].

‘At temperatures below the gap, incident baryons with ener-
gies below the gap would Andreev reflect rather than become
incorporated into the nugget.
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Dark-antimatter nuggets would provide an unlim-
ited source of positrons as suggested in [25,26].

(2) COMPTEL/CGRO (the imaging Compton Tele-
scope on the Compton Gamma Ray Observatory
satellite [27]) detects a puzzling excess of 1-
20 MeV +y-ray radiation. It was shown in [6] that
the direct et e~ annihilation spectrum could nicely
explain this deficit, but the annihilation rates were
crudely estimated in terms of some phenomenologi-
cal parameters. In this paper we provide a micro-
scopic calculation of these parameters [Eqgs. (19)
and (21)], thereby validating this prediction.

(3) Chandra (the Chandra x-ray observatory [28]) ob-
serves a diffuse keV x-ray emission that greatly
exceeds the energy from identified sources [29].
Visible-matter/dark-antimatter annihilation would
provide this energy. It was shown in [4] that the
intensity of this emission is consistent with the
511 keV emission if the rate of proton annihilation
is slightly suppressed relative to the rate of electron
annihilation. In Sec. IV C we describe the micro-
scopic nature of this suppression.

(4) EGRET/CGRO (the Energetic Gamma Ray Ex-
periment Telescope on the CGRO satellite [30])
detects MeV to GeV gamma rays, constraining an-
timatter annihilation rates. It was shown in [4] that
these constraints are consistent with the rates in-
ferred from the other emissions.

(5) WMAP (the Wilkinson Microwave Anisotropy
Probe [31]) has detected an excess of GHz micro-
wave radiation—dubbed the “WMAP haze”—from
the inner 20° core of our Galaxy [32-35]. Annihi-
lation energy not immediately released by the above
mechanisms will thermalize, and subsequently be
released as thermal bremsstrahlung emission at the
eV scale. In [5] it was shown that the predicted
emission from the antimatter nuggets is consistent
with, and could completely explain, the observed
WMAP haze.

These emissions arise from the following mechanism:
Neutral hydrogen from the interstellar medium (ISM)
will easily penetrate into the electrosphere, providing a
source of electrons and protons.

The first and simplest process is the annihilation of the
electrons through positronium formation, producing
511 keV photons as discussed in [25,26]. Note that this
mechanism predicts that, within the environment of the
electrosphere, virtually all of the low-energy emission
should be characterized by a positronium decay spectrum,
including 25% as a sharp 511 keV line from the decay of
the singlet state and the remaining 75% as the broad three
photon continuum resulting from the triplet state. As em-
phasized in [36], simply postulating a dark-matter source
of positrons does not suffice to explain the observed spec-
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trum characterized by 94 = 4% positronium annihilation:
the positrons must annihilate in the appropriate cool envi-
ronment as provided by the electrosphere of the nuggets.

Our proposal can thus easily explain the observed
511 keV radiation, and if we assume that this process is
the dominant source, then we can use this to normalize the
intensities of the other emissions. One of the remarkable
features of this proposal is that it predicts the correct
intensity for all of the other observations, even though
they span many orders of magnitude in frequency.

The second process is direct annihilation of the electrons
on the positrons in the electrosphere. As discussed in
Appendix B, the electrons are strongly screened by the
positron background, and some fraction can penetrate deep
within the electrosphere. There they can directly annihilate
with high-momentum positrons in the Fermi sea producing
radiation up to 10 MeV or so. This process was originally
discussed in [6] where the ratio of direct MeV annihilation
to 511 keV annihilation was characterized by several phe-
nomenological parameters chosen to fit the observations.
In Sec. V we put this prediction on solid ground and show
that these parameter fits agree with the microscopic calcu-
lation based on the electrosphere structure, which depends
only on QED.

The other radiation originates from the energy deposited
by annihilation of the incident protons in the core of the
nuggets. In [4] we argue that the protons will annihilate just
inside the surface of the core, releasing some 2 GeV of
energy. Occasionally this process will release GeV pho-
tons—the rate of which is consistent with the EGRET/
CGRO constraints—but most of the energy will be trans-
ferred to strongly interacting components, and ultimately
about half will scatter down into ~5 MeV positrons that
stream out of the core. (The 5 MeV scale comes from the
effective mass of the photon in the medium which mediates
the energy exchange.) These positrons are accelerated by
the strong electric fields, and emit field-induced brems-
strahlung emission in the 10 keV band—a scale set by
balancing the rate of emission with the local plasma fre-
quency (photons can only be emitted once the plasma
frequency is low enough). The spectrum is also calculable:
it is very flat and similar to a thermal spectrum without the
sharp falloff above the temperature scale. This is consistent
with the Chandra observations which cannot resolve the
thermal falloff, but future analysis might be able to distin-
guish between the two.

We shall shed some light on the interaction between the
protons and the core in Sec. IV C, but cannot yet perform
the required many-body analysis to place all of this on a
strong footing as this would require a practical solution to
outstanding problems of high-density QCD.

The remaining energy will thermalize within the nug-
gets, reaching an equilibrium temperature of about 7 ~
1 eV [5]. Direct thermal emission at this scale would be
virtually impossible to see against the backgrounds, but the
spectrum—calculable entirely from QED—extends to very
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low frequencies, and the intensity of the emission in the
microwave band is just enough to explain the WMAP
haze [5].

III. CORE STRUCTURE

A full accounting of this nugget proposal requires a
proper description of the high-density phase found in the
core of the nuggets. Unfortunately, a quantitative under-
standing of this phase requires a practical solution to the
notoriously difficult problem of high-density QCD. The
density of the core will be within several orders of nuclear
matter density ~1-100 GeV/fm?. This is not high enough
for the asymptotic freedom of QCD to be used to solve the
problem perturbatively, so one must resort to nonperturba-
tive techniques such as the lattice formulation of QCD.
Unfortunately, at finite density, the presence of the infa-
mous sign problem renders this approach exponentially
expensive and it remains a famously intractable problem.
As such, we cannot exactly quantify the nature of the core
and must constrain its properties from other observations;
we list the important properties in this section.

Fortunately, the observable emissions discussed in this
paper result primarily from the calculable physical pro-
cesses in the electrosphere of the nuggets, and are thus
largely insensitive to the exact nature of the core.
Nevertheless, the core structure must be addressed, and it
is possible that future developments concerning the prop-
erties of high-density QCD could rule out the feasibility of
our nugget proposal.

The first problem concerns the stability of the core. All
evidence suggests that, in the absence of an external po-
tential (such as the gravitational well of a neutron star),
nuclear matter will fragment into small nuclei with a
baryon number no larger than a few hundred.

This suggests one of two possibilities.

(1) The first possibility suggested by Witten [7] is that a
phase of strange-quark matter [37] becomes stable at
high density. In this case, the nuggets are simply
strangelets and antistrangelets and the novel feature
here is that the domain walls resolving the strong CP
violation provide the required mechanism to con-
dense enough matter to catalyze the formation of
the strangelets before they evaporate. (For a brief
review, see [38] and references therein.)

Although strangelets have not yet been observed, the
possibility of stable strange-quark matter has not yet
been ruled out (see, for example, [39]). This must be
carefully reconciled with future astrophysical obser-
vations and constraints as it is conceivable that this
possibility might be ruled out in the future. If the
nuggets are a form of strange-quark matter, one must
also consider the possibility of mixed phases as
suggested in [40] (see, for example, [41,42] and
references therein). This would most likely have to
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be ruled out energetically to prevent the nuggets
from fragmenting.

(i) The second possibility is that the domain walls
responsible for forming them at the QCD phase
transition become an integral part of the nuggets,
providing a surface tension that holds the nuggets
together even in the absence of absolutely stable
strange-quark matter. The stability of this possibility
has been discussed in detail in [1] and we shall not
repeat these arguments here. In this case, the core
may be something more akin to dense nuclear mat-
ter as might be found in the core of a neutron star.

As discussed above, in order to explain the observations,

the following core properties are crucial to our proposal.
This provides some insight into the required nature of the
core:

(1) The nuggets must be stable. If strange-quark matter
is stable, then this would give a nice explanation.
Otherwise, the structure of the core—especially the
surface—must be considered in more detail. This is
a complicated problem that we do not presently
know how to solve.

(2) As discussed above, the formation of the objects
must stop at 7 = 41 MeV to explain the observed
photon to baryon ratio. This could be naturally
explained by the order 100 MeV pairing gaps ex-
pected in color-superconducting strange-quark mat-
ter. If the proposal turns out to be correct, then this
would provide a precise measurement of the pairing
properties of high-density QCD. (The exact rela-
tionship between the pairing gap and the formation
temperature will be quite nontrivial and require a
detailed model of the formation dynamics.) This
favors a model of the core with strong pairing
correlations.

(3) In order to explain the Chandra data, our picture of

the emission mechanism requires that the proton
annihilations occur somewhat within the core, not
immediately on the surface where there would be
copious pion production. The simplest explanation
for this would be the presence of strong correlations
in the core, delaying the annihilation until the pro-
tons penetrate a few hundred fm or so. Again, if the
core is a color superconductor, then the pairing
correlations could explain this, but a detailed calcu-
lation is needed to make sure.
An argument supporting the presence of such corre-
lations in a dense environment is the observation
that the annihilation cross section of an antiproton
on a heavy nuclei is many times smaller than the
vacuum pp and ni annihilation rates suggest.
Indeed, it is expected that antiproton/nuclei bound
states may persist with a lifetime much longer than
the vacuum annihilation rates would predict (see
[43,44]). This annihilation suppression should be-
come even stronger with increasing density.
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Thus, the hypothesis of strange-quark matter simplifies the
picture quite a bit, but we do not yet see a way to directly
link this hypothesis with the existence or stability of the
nuggets.

IV. ELECTROSPHERE STRUCTURE

Here we discuss the density profile of the electron cloud
surrounding extremely heavy macroscopic “nuclei.” We
present a type of Thomas-Fermi analysis including the full
relativistic electron equation of state required to model the
relativistic regime close to the nugget core. We consider
here the limit when the temperature is much smaller than
the mass T << 511 MeV. The solution for higher tempera-
tures follows from similar techniques with fewer
complications.

The observable properties of the antimatter nuggets
discussed so far [1-6] depend on the existence of a non-
relativistic “Boltzmann” regime with a density depen-
dence n(r) ~ (r — rg) "% (see Appendix 1 of Ref. [5] for
details). This region plays an important role in explaining
the WMAP haze [5] as well as in the analysis of the diffuse
511 keV emissions [2]. The techniques previously used,
however, were not sufficient to connect this nonrelativistic
Boltzmann regime to the relativistic regime through a self-
consistent solution determined by parameters 7', w, m,.

The main point of this section is to put the existence of a
sizable Boltzmann regime on a strong footing, and to
calculate some of the previously estimated phenomeno-
logical parameters that depend sensitively on density pro-
file. These may now be explicitly computed from QED
using a justified Thomas-Fermi approximation to reliably
account for the many-body physics. We show that, indeed,
a sizable Boltzmann regime exists for all but the smallest
nuggets which are ruled out by lack of terrestrial detection
observation. We also address the question of how the
nuggets achieve charge equilibrium (Sec. IV C), discussing
briefly the charge-exchange mechanism, and determining
the overall charge (see Table I).

A. Thomas-Fermi model

To model the density profile of the electrosphere, we use
a Thomas-Fermi model for a Coulomb gas of positrons.

TABLE I. Antimatter nugget properties: the core radius R and
total electric charge Q for nuggets with two different assumed
core densities n.,. and three different antibaryon charges B.
These correspond to the profiles shown in Fig. 1.

B ncore R Q
1020 100 fm~3 1077 cm 5% 10'e

1 fm™3 5X 1077 cm 2 X 102%e
1024 100 fm =3 2 X 107°% cm 103¢

1 fm™3 1075 ¢cm 4 X 10%¢
103 100 fm~3 2X 1073 cm 10%

1 fm™3 1072 cm 4 X 10%
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This is derivable from a density functional theory (see
Appendix A) after neglecting the exchange contribution,
which is suppressed by the weak coupling «. The electro-
static potential ¢ (r) must satisfy the Poisson equation

V2p(r) = —4men(r), 2)

where en(r) is the charge density. Outside of the nugget
core, we express everything in terms of the local effective
chemical potential

u(r) = —ed(r), 3)

and express the local charge density through the function
q(r) = en[ u(r)] where n[u] contains all of the informa-
tion about the equation of state.

As with the Thomas-Fermi model of an atom, the self-
consistent solution will be determined by the charge den-
sity of the core (“‘nucleus’”). We shall simply implement
this as a boundary condition at the nugget core boundary
r = R, and thus only consider the region r > R. The re-
sulting solution may thus be expressed in terms of the
equations

Viu(r) =4man[u(r)] €,=4p*+m? (4a)
d*p 1 1
rlul=2 2m)} [1 tele T 14 e(fl)”‘)ﬂ]’ ()

with the appropriate boundary conditions at » = R and r =
oo. In (4b) we have explicitly included both particle and
antiparticle contributions, as well as the spin degeneracy
factor, and have used modified Planck units where 72 =
c=4mey =1 so that > = a and energy, momentum,
inverse distance, and inverse time are expressed in eV.

We assume spherical symmetry so that we can express

2 — 1 d 2 d — i !

Viu(r) == —r*—u(r) = p"(r) + 2u'()/r. (5

r-dr dr

Close to the surface of the nuggets, the radius is sufficiently
large compared with the relevant length scales that the
curvature term 2u'(r)/r may be neglected. We shall call
the resulting approximation ‘‘one-dimensional.” The re-
sulting profile does not depend on the size of the nuggets
and remains valid until the electrosphere extends to a
distance comparable to the radius of the nugget, at which
point the full three-dimensional form will cut off the
density. When applied to the context of strange stars [45—
48], the one-dimensional approximation will be com-
pletely sufficient. See also [49] where a Thomas-Fermi
calculation is used to determine the charge distribution
inside a strange-quark nugget.

To help reason about the three-dimensional equation, we
note that (4a) may be expressed as

1) = x “4man[u(x) (©6)
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where x = 1/r. A nice property of this transformation is
that w(x) must be a convex function if the charge density
has the same sign everywhere.

Boundary conditions

The physical boundary condition at the origin follows
from smoothness of the potential. By combining this with a
model of the charge distribution in the core and an appro-
priate long-distance boundary condition, one could in prin-
ciple model the entire distribution of electrons throughout
the nugget.

In the nugget core, however, beta equilibrium essentially
establishes a chemical potential on the order of 10-
100 MeV [45] that depends slightly on the exact equation
of state for the quark-matter phase (which is not known).
Thus, we may simply take the boundary condition as
M(R) = wg = 25 MeV. Our results are not very sensitive
to the exact value, though if less that 20 MeV, then this acts
as a cutoff for the direct e*e~ emission discussed in
Sec. VA2.

The formal difficulty in this problem is properly formu-
lating the long-distance boundary conditions. At 7 = 0,
the large-distance boundary condition for nonrelativistic
systems is clear: n(r — 00) = 0. From (6) we see that w(x)
is linear slope u'(x) = —eQ where Q is the overall charge
of the system (ions with a deficiency of electrons/positrons
are permitted in the theory; see, for example, [50]):

e0Q(r) = j(;r didman(P)i* = j(;r di(P ' (7)) = r>u/(r).

At finite temperature, however, this type of boundary con-
dition is not appropriate. Instead, one must consider how
equilibrium is established with the environment.

In a true vacuum, a finite temperature nugget will “ra-
diate” the loosely bound outer electrosphere until the
electrostatic potential is comparable to the temperature
eQ/r. ~ T. At this point, the rate of radiation starts to
become exponentially suppressed. Suppose that the density
at this point is n(r.). We can estimate an upper bound for

the evaporation rate as 4arrivn where v ~ JT/ m.>

This needs to be compensated by rate of charge deposi-
tion from the surrounding plasma which can be estimated
as 4mR?vy+ 15N+ 1sm Where vy 1gv ~ 1073 ¢ is the typi-
cal relative speed of the nuggets and charged components
in the ISM and 47R? is approximately the cross section for
annihilation on the core (see Sec. IV C). The density
nn+sm of charged components in the core of the Galaxy
is typically 107! to 1072 of the total density ngy ~
1 cm 3. Thus, once the density falls below

>The Boltzmann averaged velocity is lower, (v) = /T/Q27m),
and cutting off the integral properly will lower this even more, so
this gives a conservative upper bound on the evaporation rate.
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R? [m B
n<Tq ~ 7\/;UN+,ISM”15M10 2, (7

charge equilibrium can easily be established. This allows
us to formulate the long-distance boundary conditions by
picking a charge Q and outer radius r.. such that eQ/r, ~
T, and n(r,) ~ n,q4, establishing both the typical charge of
the nuggets as well as the outer boundary condition for the
differential Eq. (4).°

Note that the Thomas-Fermi approximation is not trust-
worthy in these regimes of extremely low density, but the
boundary condition suffices to provide an estimate of the
charge of the nuggets: were they to be less highly charged,
then the density at r, would be sufficiently high that
evaporation would increase the charge; were they more
highly charged, then the evaporation rate would be expo-
nentially suppressed, allowing charge to accumulate.

Thus, for the antimatter nuggets, the density profile is
determined by system (4) and the boundary conditions

w(R) = uR ~ 25 MeV, (3a)
EQ/}"* =T~1¢eV, I’l(}"*) = nrad(r*)- (8b)

B. Profiles

In principle, one should also allow the temperature to
vary, but recall that the rate of radiation in the Boltzmann
regime is suppressed by almost 6 orders of magnitude with
respect to the black-body scale while the density of the
plasma ng ~ (mT)*/? is quite large [5]. Thus, the abun-
dance of excitations ensures that the thermal conductivity
is high enough that an essentially constant temperature is
maintained throughout the electrosphere.

One can now numerically solve the system (4) and (8).
We shall consider six cases: total (anti)baryon charge
B € {10%°,10%*, 10} and quark-matter densities 7., €
{1, 100} fm~3. The resulting profiles are plotted in Fig. 1.’
As a reference, we also plot the “one-dimensional” ap-
proximation obtained numerically by neglecting the cur-
vature term in (5) as well as two analytic approximations:
one for the ultrarelativistic regime [45,46,52]° where

nlul =~ p’/3m,

SStrictly speaking, at finite 7 the equations do not have a
formal solution with a precise total charge because there is
always some density for u > 0; however, practically, once m —
m K T, the density will become exponentially small and so the
charge is practically fixed.

"Note that the ultrarelativistic approximation employed in [51]
discussing nonrelativistic physics not only overestimates the
density by 3 orders of magnitude in the Boltzmann regime, but
also has a different z dependence [(9) versus (10)]. The ultra-
relativistic approximation is not valid for u < m where most of
the relevant physical processes take place.

8For T # 0, see Appendix A 2 a.
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FIG. 1 (color online). Density profile of antimatter nuggets
(bottom plot is a zoom). The thick solid line is the one-
dimensional approximation neglecting the curvature of the nug-
get. Six profiles are shown descending from this in pairs of thin
solid and dashed curves. From left to right, each pair has fixed
baryon charge B = 10%° (red), 10** (black), and 10* (blue),
respectively. The solid curves represent nuclear density cores,
while the dashed curves represent 100 times nuclear density. The
light shaded (yellow) regions correspond to the nonrelativistic
Boltzmann regime where the Boltzmann approximation (10)
[dash-dotted (cyan) line] is valid. Only the B = 10%° profiles
visibly depart from the one-dimensional approximation in this
regime. The two upper curves in the top plot use the scale on the
right and are the annihilation rates I'p, [right (green) curve] and
g, [eft (blue) curve] normalized to the saturated value
[p(u = o0) = 4vg3 /(B3mm>a?) (12). These curves comprise a
range of cutoffs g ~ ma such that the positronium annihilation
rates (12) vary by 10%, and a range of incoming velocities
10 3¢ < v < 10 2c. The scaling of the abscissa in the upper
figure is In(z + zygr) where zyg = 5 X 107! so that the T =0
ultrarelativistic approximation (9) is linear [finely dotted (cyan)
line]. The abscissa are linearly spaced in the bottom figure.
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and one for the nonrelativistic Boltzmann regime [5] where
n[u] o er/T,

nyr(z) =

T 1

ma 7& ol (10)

ng(z) =
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Since we have the full density profiles, we fit zg here so
that this approximation matches the numerical solution at
ng = (mT/2m)*? (a slightly better approximation than
used in [5]).

All of our previous estimates about physical properties
of the antimatter nuggets—emission of radiation, tempera-
ture, etc.—have been based on these approximations using
the region indicated in Fig. 1; it is clear that they work very
well, as long as these regimes exist. The potential problem
is that the nuggets could be so highly charged or suffi-
ciently small that the one-dimensional Boltzmann regime
fails to exist with the density rapidly falling through the
relevant density scales. We can see from the results in
Fig. 1 that the nonrelativistic region exists for all but the
smallest nuggets: as long as B > 10°°—as required by
current detector constraints [4]—then the one-dimensional
approximation suffices to calculate the physical properties.

The annihilation rates discussed in Sec. V have also been
included in Fig. 1 to show that these effects only start once
the densities have reached the atomic density scale which
is higher than the Boltzmann regime. Thus these results are
also insensitive to the size of the nugget and the domain-
wall approximation suffices. It is clear that one must have a
proper characterization of the entire density profile from
nonrelativistic through to ultrarelativistic regimes in order
to properly calculate the emissions; one cannot use the
simple analytic forms.

We now discuss how charge equilibrium is established,
and then apply our results to fix the relative normalization
between the diffuse 1-20 MeV emissions and the 511 keV
emissions from the core of our Galaxy. As we shall show,
the relative normalization is now firmly rooted in conven-
tional physics, and in agreement with the previous phe-
nomenological estimate [6], providing another validation
of our theory for dark matter.

C. Nugget charge equilibrium

In order to determine the effective charge of the nuggets
we must consider how equilibrium is obtained. For the
matter nuggets, equilibrium is established through essen-
tially static equilibrium with the surrounding ISM plasma;
however, for the antimatter nuggets, no such static equi-
librium can be achieved. Instead, one must consider the
dynamics of the following charge-exchange processes:

(1) Deposition of charge via interaction and annihila-
tion of neutral ISM components (primarily of neu-
tral hydrogen).

(2) Deposition of charge via interaction and annihila-
tion of ionized ISM components (primarily elec-
trons and protons).

(3) Thermal evaporation of positrons from antinugget’s
surface.

First we consider an impinging neutral atom or molecule

with velocity vygv ~ 10 3¢c. Even if the antinugget is
charged, this is neutral and will still penetrate into the
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electrosphere. Here the electrons will annihilate or be ion-
ized leaving a positively charge nucleus with energy
Tism ~ 3 mMNVE 9w As the electrosphere consists of posi-
trons, this charge cannot be screened, so the nucleus will
accelerate to the core. At the core the nucleus either will
penetrate and annihilate, resulting in the diffused x-ray
emissions discussed in [4] and providing the heat to fuel
the microwave emissions [5], or will bounce off of the
surface due to the sharp quark-matter interface.’

Note that, if the nuggets are sufficiently charged such
that kinetic energy of the incoming nucleus at the point of
ionization is smaller than the electrostatic energy,

1
Tisw ~ 5 mavisy ~ eV < C eV~ 100K (11)
’ r

then the charged nucleus will be unable to escape and will
return to the core to either annihilate or undergo a charge-
exchange reaction to become neutral, after which it may
leave unimpeded by the electric field. For nuggets with
B ~ 10%°, 10?*, and 10?3, respectively, this critical charge
is Q/e>1, 10%, and 10* respectively. As shown in
Table I, the charge established through evaporation greatly
exceeds this critical charge, so the charged nucleus will not
be able to escape the antinugget unless it undergoes a
charge-exchange reaction (see Fig. 2).

For a single proton, such a charge-exchange reaction
consists of an up quark being replaced by a down quark at
the surface of the nugget, converting the proton to a
neutron which can then escape. This process involves the
exchange of a quark-antiquark pair and is a strong interac-
tion process, but suppressed by the Zweig (OZI) rule. The
overall ratio of charge-exchange to annihilation reactions
is amplified by a finite probability of reflection from the
core boundary: this results in multiple bounces before
annihilation.

A better understanding of the details concerning the
interaction between the proton and the quark-matter
boundary is required to quantitatively predict the ratios
of the rate of charge exchange to the rate of annihilation
and thus to confirm or rule out the suppression factor f ~
0.1-0.5 required to explain the relative strengths of the
observed 511 keV and diffuse ~10 keV x-ray emissions
seen from the core of the Galaxy [4]. This requires an
estimate of the rates of reflection, annihilation, and charge-
exchange; the elasticity of collisions; and the energy loss
through scattering.

We emphasize that the corresponding calculations do
not require any new physics: everything is rooted firmly in
QED and QCD. They do, however, require solving the
many-body physics of the strong interaction including

°It is well known from quantum mechanics that any suffi-
ciently sharp transition has a high probability of reflection of
low-energy particles.
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FIG. 2. Charge-exchange process (top diagram): A charged
incoming proton (upper left) exchanges an up quark u for a
down quark d with the antimatter nugget B, reflecting as a
neutron (upper right). This is Zweig suppressed relative to the
simple reflection process illustrated below; however, the neutron
can escape from the system whereas the reflected proton will be
trapped by the electric fields. This will enhance the overall rate
of charge-exchange reactions because the proton will continue to
react again and again until either the charge exchange occurs or
it eventually annihilates. In order to explain the relative inten-
sities of the observed 511 keV and diffuse x-ray emissions from
the core of our Galaxy [4], the ratio of the charge-exchange rate
to the annihilation rate must be f ~ 0.1-0.5. To calculate this
from microscopic physics, however, requires details of the
nugget’s surface and equation of state that are not yet known.
Perhaps some model-insensitive estimates could be made, which
would provide a highly nontrivial test of our theory based on
microscopic physics.

the incident nucleons and the quark antimatter interface
(the phase of which may be quite complicated). A full
calculation is thus very difficult, requiring insight into
high-density QCD; estimates can probably be made using
standard models of nuclear matter for the core, but are
beyond the scope of the present paper.

In any case, the nucleus will certainly deposit its charge
on the antinugget, and one may neglect the interactions
with neutral ISM components for the purpose of establish-
ing charge neutrality.

Instead, we must consider the charged components.
Using the same argument (11) one can see that the
Coulomb barrier of the charged nuggets will be high
enough to prevent electrons from reaching the electro-
sphere in all but the very hot ionized medium, which
occupies only a small fraction of the ISM in the core (see
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[53], for example). Protons, however, will be able to reach
the core to annihilate with a cross section ~47R? (this is
not substantially affected by the charge). Thus, positive
charge can be deposited at a rate N47TR2UN*,ISM”N+,ISM
where ny+ gy is the density of the ionized components in
the ISM, which is typically 107! to 1072 of the total
density njgy ~ 1 cm™3.

This rate of positive charge accumulation must match
the evaporation rate of the positrons from the electrosphere
[see Eq. (7)], giving the boundary conditions (8b), and the
resulting charges summarized in Table I. (These are con-
sistent with the estimates in [19] and the universal upper
bound [54].)

Note that the rate of evaporation is much less than the
rate of proton annihilation and carries only ~1 eV of every
per particle compared to the nearly 2 GeV of energy
deposited. Thus, evaporation does not significantly cool
the nuggets; the thermal radiation from the Boltzmann
regime discussed in [5] dominates.

V. DIFFUSE GALACTIC EMISSIONS

Previous discussions of quark (anti)nugget dark matter
considered the electrosphere in only two limiting cases: the
inner high-density ultrarelativistic regime and the outer
low-density Boltzmann regime. While this analysis was
sufficient to qualitatively discuss the different components
of the spectrum, it did not allow for their comparison in any
level of detail. In particular, comparing the relative
strengths of the 511 keV line emission (emitted entirely
from the nonrelativistic regime) with that of the MeV
continuum (emitted from the relativistic regime) required
introducing a phenomenological parameter y =~ 0.1 [6] to
express the relative rates of direct annihilation to positro-
nium formation. This parameter is sensitive to the density
profile at all scales. Using the detailed numerical solutions
of the previous section we can directly compute the relative
intensities of the two emission mechanisms. Our calcula-
tion demonstrates that this value of y is supported by a
purely microscopic calculation rooted firmly in QED and
well-understood many-body physics. The agreement be-
tween the calculated value of y and the phenomenological
value required to fit the observations provides another
important and nontrivial test of our dark-matter proposal.
In addition, using the same numerical solutions of the
previous section, we compute the spectrum in the few
MeV region which could not be calculated in [6] with
only the ultrarelativistic approximation for the density
profile.

A. Observations
1. The 511 keV line

The SPI on the INTEGRAL satellite has detected a
strong 511 keV signal from the Galactic bulge [55]. A
spectral analysis shows this to be consistent with low-
momentum e’ e~ annihilation through a positronium in-
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termediate state: about one quarter of positronium decays
emit two 511 keV photons, while the remaining three-
quarters will decay to a three photon state producing a
continuum below 511 keV; both emissions have been seen
by SPI with the predicted ratios.

The 511 keV line is strongly correlated with the Galactic
center with roughly 80% of the observed flux coming from
a circle of half angle 6°. There also appears to be a small
asymmetry in the distribution oriented along the Galactic
disk [56].

The measured flux from the Galactic bulge is found to be
d®/dQ ~0.025 photonscm™2s~'sr™! [57]. After ac-
counting for all known Galactic positronium sources the
511 keV line seems too strong to be explained by standard
astrophysical processes. These processes, as we understand
them, seem incapable of producing a sufficient number of
low-momentum positrons. Several previous attempts have
been made to account for this positron excess. Suggestions
have included both modifications to the understood spectra
of astrophysical objects or positrons which arise as a final
state of some form of dark-matter annihilation. At this time
there is no conclusive evidence for any of these proposals.

If we associate the observed 511 keV line with the
annihilation of low-momentum positrons in the electro-
sphere of an antiquark nugget, these properties are natu-
rally explained. The strong peak at the Galactic center and
extension into the disk must arise because the intensity
follows the distribution py (r)pppm(r) of visible and dark-
matter densities. This profile is unique to dark-matter
models in which the observed emission is due to matter—
dark-matter interactions and should be contrasted with the
smoother ~p3,,(r) profile for proposals based on self-
annihilating dark-matter particles, or the ~ ppy(r) profile
for decaying dark-matter proposals. The distribution
pv(r)ppm(r) obviously implies that the predicted emission
will be asymmetric, with extension into the disk from the
Galactic center as it tracks the visible matter. There appears
to be evidence for an asymmetry of this form [56]. In our
proposal, no synchrotron emission will occur as the posi-
trons are simply an integral part of the nuggets rather than
being produced at high energies with only the low-energy
components exposed for emission. Contrast this with many
other dark-matter based proposals where the relatively
high-energy positrons produced from decaying or annihi-
lating dark-matter particles produce strong synchrotron
emission. These emissions are typically in conflict with
the strong observational constraints [23].

2. Diffuse MeV scale emission

The other component of the Galactic spectrum we dis-
cuss here is the diffuse continuum emission in the 1—
30 MeV range observed by SPI on the COMPTEL satellite.
The interpretation of the spectrum in this range is more
complicated than that of the 511 keV line as several differ-
ent astrophysical processes contribute.
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The conventional explanation of these diffuse emissions
is that of gamma rays produced by the scattering of cosmic
rays off of the interstellar medium, and while detailed
studies of cosmic ray processes provide a good fit to the
observational data over a wide energy range (from 20 MeV
up to 100 GeV), the predicted spectrum falls short of
observations by roughly a factor of 2 in the 1-20 MeV
range [58].

Background subtraction is difficult, and especially ob-
scures the spatial distribution of the MeV excess. However,
the excess seems to be confined to the inner galaxy (I =
330° — 30°, |b| = 0°=5°) [58] with a negligible excess
from outside of the Galactic center.

3. Comparison

As our model predicts both of these components to have
a common source, a comparison of these emissions pro-
vides a stringent test of the theory. In particular, the mor-
phologies, spectra, and relative intensities of both
emissions must be strongly related.

The inferred spatial distribution of these emissions is
consistent—both are concentrated in the Galactic core—
but this is not a very stringent test due to the poor spatial
resolutions of the present observations. The prediction
remains firm: if the morphology of the observations can
be improved, then a full subtraction of known astrophysical
sources should yield a diffuse MeV continuum with spatial
morphology identical to that of the 511 keV.

Present observations, however, do allow us to test the
intensity and spectrum predicted by the quark nugget dark-
matter model. The model predicts the intensity to be pro-
portional to the 511 keV flux with calculable coefficient of
proportionality. Therefore, the INTEGRAL data may be
used to fix the total diffuse emission flux, removing the
uncertainties associated with the line of sight averaging
which is the same for both emissions.

The resulting spectrum and intensity were previously
discussed in [6,26], but the 511 keV line emission was
estimated using the low-density Boltzmann approximation,
while the MeV emissions were estimated using the high-
density ultrarelativistic approximation. The proportionality
factor linking the two, however, was treated as a phenome-
nological parameter y which required a value of y = 0.1
[6] in order to explain the observations.

Here, equipped with a complete density profile, we
calculate the value of this parameter from first principles
showing that it is indeed consistent with the observations,
providing yet another highly nontrivial verification of the
quark antimatter nugget dark-matter proposal.

B. Annihilation rates

As incident electrons enter the electrosphere of posi-
trons, the dominant annihilation process is through posi-
tronium formation with the subsequent annihilation
producing the 511 keV emission. As the remaining elec-
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trons penetrate more deeply, they encounter a higher den-
sity of more energetic positrons and direct annihilation
eventually becomes the dominant process. The maximum
photon energy ~10 MeV is determined by the Fermi
energy of the electrosphere at the deepest depth of electron
penetration. We stress that this scale is not introduced in
order to explain the COMPTEL gamma-ray excess; rather
our model necessarily produces a strong emission signa-
ture at precisely this energy.

In the following section we integrate the rates for these
two processes over the complete density profile, allowing
us to predict the relative intensities and spectral properties
of the emissions.

1. Positronium formation

In principle, we only need to know the e* e annihila-
tion cross section at all center of mass momenta. At high
energies, this is perturbative and one can use the standard
QED result for direct e"e™ — 27y emission. At low ener-
gies, however, one encounters a strong resonance due to the
presence of a positronium state the greatly enhances the
emission. This resonance renders a perturbative treatment
invalid and must be dealt with specially; thus we consider
these as two separate processes. Our presentation here will
be abbreviated; details may be found in [26].

While the exact positronium formation rate—summed
over all excited states—is not well established, it is clear
that the rate will fall off rapidly as the center of mass
momentum moves away from resonance. A simple esti-
mate suggests that for momenta p > ma the formation rate
falls as ~ p_4. To estimate the rate, we thus make a cutoff
at ¢ = ma as the upper limit for positronium formation;
for large center of mass momenta we use the perturbative
direct-annihilation approximation. The scale here is set by
the Bohr radius a, = 2(ma)~! for the positronium bound
state: if a low-momentum e* e~ pair pass within this
distance, then the probability of forming a bound state
becomes large, with a natural cross section op, ~ Wai.
The corresponding rate is

&Pp  4v [nlp)m pr=gq
7 2 214 =
@2m)°  m a” |57 pr=q,

12)

FPS = [ vO-Psn(p)
r=q

where n(p) is the momentum distribution of the positrons
in the electrosphere, and v ~ « is the incoming electron
velocity. The second expression represents the two limits
(valid at low temperature): (a) of low density when the
Fermi momentum pr < ¢ and all states participate, result-
ing in a factor of the total density n, and (b) of high density
where the integral is saturated by ¢ /37* = (ma)? /3.
As discussed in Sec. IVC, and in more detail in
Appendix B, electrons will be able to penetrate the charged
antimatter nuggets in spite the strong electric field: initially
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the electrons are bound in neutral atoms. Once ionized, the
density is sufficiently high that the charge is efficiently
screened with a Debye screening length Ap that is much
smaller than the typical de Broglie wavelength A = #/p of
electrons. Thus, the electric fields—although quite strong
in the nugget’s electrosphere—will not appreciably effect
the motion. The binding of electrons in neutral atoms
complicates the analysis slightly, but the binding en-
ergy—on the eV scale—will not significantly alter the
qualitative nature of our estimates. For a precision test of
the emission properties, this will need to be accounted for.
Here we include bands comprising = 10% relative variation
in the overall positronium annihilation rate to show the
sensitivity to this uncertainty.

2. Direct-annihilation rates

While positronium formation is strongly favored at low
densities due to its resonance nature, deep within the
electrosphere the rapidly growing density of states at large
momentum values result in a cross section characterized by
the perturbative direct-annihilation process. Conceptually
one can imagine an incident Galactic electron first moving
through a Fermi gas of positrons with roughly atomic
density with a relatively large probability of annihilation
through positronium to 511 keV photons. A small fraction
survive to penetrate to the inner high-density region where
direct annihilation dominates. The surviving electrons then
annihilate with a high-energy positron near to the inner
quark-matter surface releasing high-energy photons. The
spectrum of these annihilation events will be a broad
continuum with an upper cutoff at an energy scale set by
the Fermi energy of the positron gas at the maximum
penetration depth of the electrons. The spectral density
for direct e e annihilation at a given chemical potential
was calculated in [6]:

[m<mu
P dolp, )

_ f ’p 2
QmP3 1+ W EJTE, do

dl(w, n) _ dcr(p, w)

dodt

» (13)

dg'(p, ) _ ma? [—(3m + Ep)(m + Ep) _
dow mp? (m + E,— w)?
+$6m+@%m+%ﬁ—%ﬂm+&f]
(m+E, — 0)? '

(14)

where E, = /p? + m? is the energy of the positron in the
rest frame of the incident (slow-moving) electron and w is
the energy of the produced photons. The annihilation rate
at a given density, I'q;(n,,), is obtained by integrating over
allowed final state photon momentum. This was previously
done in the 7 — 0 limit where the integral may be eval-
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FIG. 3 (color online). Electron survival fraction, 7,(r)/ne
(16), of an incoming electron with velocities v = 0.01¢ [left-
most light gray (red) band], v = 0.005¢ [middle (green) band],
and v = 0.001¢ [rightmost dark gray (blue) band] from left to
right, respectively. The thickness of the bands includes a =10%
variation in the positronium annihilation rate (12). The local
Fermi momentum pj is shown along the top and with vertical
dotted lines including the cutoff scale g = 3.7 keV from (12).
The yellow shaded Boltzmann region and the abscissa scaling
are the same as in the top of Fig. 1. Note that annihilation
happens well within the electrosphere, so the finite size of the
nugget is irrelevant.

uated analytically; at nonzero temperatures the rate must
be evaluated numerically.

C. Spectrum and branching fraction

To determine the full annihilation spectrum we first
determine the fraction of incident electrons that can pene-
trate to a given radius r in the electrosphere (see Fig. 3). We
then integrate the emissions over all regions. Consider an
incident beam of electrons with density n,, and velocity v.

As they enter the electrosphere of positrons, the elec-
trons will annihilate. The survival fraction n,(r)/n. will
thus decrease with a rate proportional to I'(r) = I'p,(r) +
I"4i:(r) which depends crucially on the local density profile
n[ w(r)] calculated in Sec. IV B:

7dne(r) =y~! —dne(r) = —T'(r)v 'n,(r). (15)
dt dr
Integrating (15), we obtain the survival fraction:
ne(r) _ exp(— foo drv_lI‘(r)). (16)
N r

This is shown in Fig. 3. One can clearly see that in the outer
electrosphere, positronium formation—independent of
v—dominates the annihilation. Once the density is suffi-
ciently high (pr = 1 MeV), the direct-annihilation pro-
cess dominates, introducing a dependence on the velocity
v of the incident particle.
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The initial velocity v ~ 10~ 3¢ is determined by the local
relative velocity of the nuggets with the surrounding ISM.
This will depend on the temperature of the ISM but the
positronium annihilation rate is insensitive to this. As we
mentioned previously, most of the electrons in the inter-
stellar medium are bound in neutral atoms, either as neutral
hydrogen HI or in molecular form H,; the ionized hydro-
gen HII represents a very small mass fraction of interstellar
medium. Hence, these neutral electrons will have no diffi-
culty entering the electrosphere.

The remaining bound electrons that do not annihilate
through positronium will ionize once they reach denser
regions, and will acquire a new velocity set by a combina-
tion of the initial velocity v ~ 107 3¢ and the atomic ve-
locity v ~ @ ~ 10~ %¢ imparted to the electrons as they are
ionized from the neutral atoms. This only occurs in suffi-
ciently dense regions where the Debye screening discussed
in Appendix B becomes efficient. Hence, the electric fields
will not significantly alter the motion of the electrons after
ionization. The direct-annihilation process depends on this
final velocity v after ionization, but it will remain relatively
insensitive to the ISM with the dominant contribution on
the atomic scale. During ionization, some fraction (roughly
half) of the electrons will move away from the core, but a
significant portion will travel with this velocity v toward
the denser regions.

Two other features of Fig. 3 should be noted. First is the
value of the survival fraction y ~ 0.1 at which direct
annihilation dominates [see Eq. (19)]. This is the value
that was postulated phenomenologically in [6] in order to
explain the relative intensities of the 511 keV and direct-
annihilation spectra. Here this value results naturally from
a direct microscopic calculation in a highly nontrivial
manner that depends on the structure of the density profile
at all scales up to pr =1 MeV. Second is the rapid
increase in density near the core quickly extinguishes any
remaining electrons. As such, even if the chemical poten-
tial at the surface is larger—pup, ~ 100 MeV or so—vir-
tually no Galactic electrons penetrate deeply enough to
annihilate at these energies. For nonrelativistic electrons
the maximum energy scale for emission is quite generally
set at the ~20 MeV scale, depending slightly on v.

Having established the survival fraction as a function of
height, it is now possible to work out the spectral density
that will arise from the e¢™ e~ annihilations. At a given
height we can express the number of annihilations through
a particular channel as

d_n = n,(r)v 'T(r). (17)
dr

Integrating this expression over all heights will then give
the total fraction of annihilation events proceeding via
positronium f5;;, and via direct annihilation fypy. (The
numerical values are given for ¢ = ma and are quite
insensitive to v.)
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fsu = f drne—(r)v_lrps(r) =~ (.9, (18a)
R Moo

fMeV:fwdrn;—mvlrdir(r)zo-l- (]8b)
R 00

Note that in both cases, the overall normalization depends
only on the total rate of electron collisions with dark matter
through vne. As such, the ratio of 511 keV photons to
MeV continuum emission is independent of the relative
densities (though it will show some dependence on the
local electron velocity distribution). Numerically, with a
*10% variation in the positronium annihilation rate, we
find

X= Fvev 0.05-0.2, (19)
fsu

which is quite insensitive to the velocity v. This ratio was
introduced as a purely phenomenological parameter in [6]
to explain the observations. Here we have calculated this
value from purely microscopic considerations, finding that
for a wide range of nugget parameters, the required value

x ~ 0.1 [6] arises quite generally.
We now have everything needed to compute the spectral
density of the MeV continuum. The spectral density at a
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FIG. 4 (color online). Spectral density (scaled by w? to com-
pare with [58]) of photons emitted by an electron annihilating on
antiquark nuggets with incoming velocities v = 0.01¢ [upper-
most (red) band], v = 0.005¢ [middle (green) band], and v =
0.001c¢ [lowest (blue) band to the lower left] from right to left
respectively, including the cosmic ray background determined in
[58] (dotted line). The thickness of the bands includes a +10%
variation in the positronium annihilation rate (12). The overall
normalization is fixed to the observationally unrelated 511 keV
line as discussed below (21). The three error bars are the
COMPTEL data points. Note: This spectrum should still be
interpreted as a qualitative effect—a detailed calculation of the
ionization and hence distribution of the velocity v must be
performed to yield a quantitative prediction. The general struc-
ture and magnitude, however, can be trusted as these depend on
the overall density profile which we have carefully modeled.
(Compare with Fig. 5, for example, which uses only the ultra-
relativistic density profile; the resulting intensity is 2 orders of
magnitude too large.)
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fixed chemical potential is given by Eq. (13): this must now
be averaged along the trajectory of the incoming electron
weighted by the survival fraction (16) and the time spent in
the given region of the trajectory (set by the inverse veloc-
ity v !):

dItotal [ drv -1 n (l") dI(ILL(r))
ne dodt

The resulting spectrum is shown in Fig. 4 and is sensitive
to both the incoming velocity v (which will depend on the
local environment of the antimatter nugget) and the overall
normalization of the positronium annihilation rate (12).
(The latter is fixed in principle, but requires a difficult in-
medium calculation to determine precisely.) These two
parameters are rather orthogonal. The velocity v deter-
mines the maximum depth of penetration, and hence the
maximum energy of the emitted photons (as set by the
highest chemical potential at the annihilation point): If the
electron velocity is relatively low (v <100 km/s =
0.0003c¢), almost all annihilations happen immediately
and the MeV continuum will fall rapidly beyond 5 MeV.
As the velocity increases the electrons are able to penetrate
deeper toward the quark surface and annihilate with larger
energies. In contrast, the details of the positronium anni-
hilation do not alter the spectral shape, but do alter the
overall normalization.

As already mentioned earlier, the parameter y ~ 0.1 is
calculated here from purely microscopic physics.
Therefore, it provides highly nontrivial verification of the
entire proposal. Also, the profile function from the pre-
vious section is computed at all scales, allowing us to
calculate the photon spectrum down to, and below, the
electron mass. This calculation could not be performed in
the previous analysis [6] with only the ultrarelativistic
expression.

We stress here that the result shown in Fig. 4 contains
several nontrivial features which arise from very general
characteristics of the proposed emission model. The wide
range of positron energies within the full electrosphere
implies a quite broad emission profile with a width Aw =
5-10 MeV. The initial growth of emission strength with w
is due to the increasing density of states as a function of
depth. Above ~10 MeV, the emission becomes sup-
pressed by the inability of Galactic electrons to penetrate
to depths where the positrons carry this energy. While the
exact details may vary with parameters such as the local
electron velocity and precise rate of positronium forma-
tion, the general spectral features are an inescapable con-
sequence of our model, allowing it to be tested by more
precise observations in the future.

(20)

D. Normalization to the 511 keV line

To obtain the observed spectrum, one needs to average
(20) along the line of site over the varying matter and dark-
matter density and velocity distributions. Neither of these
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is known very well, so to check whether or not the pre-
diction is significant, we fix the average rate of electron
annihilation with the observed 511 keV line which our
model predicts to be produced by the same process. As
the intensity of the 511 keV line (resulting from the two-
photon decay of positronium in the 'S, state) has been
measured by SPI/INTEGRAL along the line of sight to-
ward the core of the Galaxy (see [59] for a review), we can
use this to fix the normalization of the MeV spectrum along
the same line of sight. The total intensity is given in terms
of Eq. (18a):
dd _C photons
0 7 /51— 0.02 5cm Tosr 21
where the factor of 4 accounts for the three-quarters of the
annihilation events that decay via the 3S; channel (also
measured, but not included, in the line emission). This fixes
the normalization constant C~0.11eventscm 2s™ 'sr™ !
The predicted contribution to the MeV continuum must
have the same morphology, and thus, an integrated inten-
sity along the same line of sight must have the same
normalization factor. This normalization has been used in
Fig. 4 to compare the predicted spectrum with the unac-
counted for excess emission detected by COMPTEL [58].
The exact shape of the spectrum will be an average of
the components shown over the velocity distribution of the
incident matter. Our process of normalization is unable to
remove this ambiguity because the predicted 511 keV
spectral properties are insensitive to this. It is evident,
however, that MeV emission from dark-matter nuggets
could easily provide a substantial contribution to the ob-
served MeV excess. Note also that the excess emission can
extend only to 20 MeV or so. This is completely consistent
with the more sophisticated background estimates dis-
cussed in [60] which can fit almost all aspects of the
observed spectrum except the excess between 1 and
30 MeV predicted by our proposal.

VI. CONCLUSION

By solving the relativistic Thomas-Fermi equations, we
determined the charge and structure of the positron electro-
sphere of quark antimatter nuggets that we postulate could
comprise the missing dark matter in our Universe. We
found the structure of the electrosphere to be insensitive
to the size of the nuggets as long as they are large enough to
be consistent with current terrestrial based detector limits,
and hence can make unambiguous predictions about elec-
tron annihilation processes.

To test the dark-matter postulate further, we used the
structure of this electrosphere to calculate the annihilation
spectrum for incident electronic matter. The model predicts
two distinct components: a 511 keV emission line from
decay through a positronium intermediate and an MeV
continuum emission from direct-annihilation processes
deep within the electrosphere. By fixing the general nor-
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malization to the measured 511 keV line intensity seen
from the core of the Galaxy, our model makes a definite
prediction about the intensity and spectrum of the MeV
continuum spectrum without any additional adjustable
model parameters—our predictions are based on well-
established physics.

As discussed in [36], a difficulty with most other dark-
matter explanations for the 511 keV emission is to explain
the large 100% observed positronium fraction—positrons
produced in hot regions of the Galaxy would produce a
much smaller fraction. Our model naturally predicts this
observed ratio everywhere.

A priori, there is no reason to expect that the predicted
MeV spectrum should correspond to observations: typi-
cally two uncorrelated emissions are separated by many
orders of magnitude. We find that the phenomenological
parameter y (19) required to explain the relative normal-
ization of MeV emissions arises naturally from our micro-
scopic calculation. This is highly nontrivial because it
requires a delicate balance between the two annihilation
processes from the semirelativistic region of densities that
is sensitive to the semirelativistic self-consistent structure
of the electrosphere outside the range of validity of the
analytic ultrarelativistic and nonrelativistic regimes. (See
Figs. 1 and 3.)

If the predicted emission were several orders of magni-
tude too large, the observations would have ruled out our
proposal. If the predicted emissions were too small, the
proposal would not have been ruled out, but would have
been much less interesting. Instead, we are left with the
intriguing possibility that both the 511 keV spectrum and
much of the MeV continuum emission arise from the
annihilation of electrons on dark-antimatter nuggets.
While not a smoking gun—at least until the density and
velocity distributions of matter and dark matter are much
better understood—this provides another highly nontrivial
test of the proposal that, a priori, could have ruled it out.

Both the formal calculations and the resulting structure
presented here—spanning density regimes from ultrarela-
tivistic to nonrelativistic—are similar to those relevant to
electrospheres surrounding strange-quark stars should they
exist. Therefore, our results may prove useful for studying
quark star physics. In particular, problems such as brems-
strahlung emission from quark stars originally analyzed in
[61] (and corrected in [62]) that uses only ultrarelativistic
profile functions. The results of this work can be used to
generalize the corresponding analysis for the entire range
of allowed temperatures and chemical potentials. Another
problem which can be analyzed using the results of the
present work is the study of the emission of energetic
electrons produced from the interior of quark stars. As
advocated in [63], these electrons may be responsible for
neutron star kicks, helical and toroidal magnetic fields, and
other important properties that are observed in a number of
pulsars, but are presently unexplained.
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Finally, we would like to emphasize that this mechanism
demonstrates that dark matter may arise from within the
standard model at the QCD scale,'® and that exotic new
physics is not required. Indeed, this is naturally suggested
by the “cosmic coincidence” of almost equal amounts of
dark and visible contributions to the total density ), =
1.011(12) of our Universe [16]:

Qda.rk energy:Qdark matter:Qvisible ~ 17:5:1.

The dominant baryon contribution to the visible portion
Qisible = €, has an obvious relation to QCD through the
nucleon mass my < Agcp (the actual quark masses arising
from the Higgs mechanism contribute only a small fraction
to my). Thus, a QCD origin for the dark components would
provide a natural solution to the extraordinary *‘fine-
tuning” problem typically required by exotic high-energy
physics proposals. Our proposal here solves the matter
portion of this coincidence. For a proposal addressing the
energy coincidence we refer the reader to [64] and refer-
ences therein.'!
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Note added in proof.—While this paper was in prepara-
tion, a review [68] was submitted which mentions the
mechanism discussed here, but dismisses it based on the
arguments of [51]. This work makes it clear that the
assumptions used in [51] are invalid (see footnote 7) and
addresses the issues raised therein. The arguments of [51]
were previously addressed in [5] (at the end of Appendix 1)
where it was emphasized that [51] incorrectly applies a
relativistic formula to the nonrelativistic regime."

APPENDIX A: DENSITY FUNCTIONAL THEORY

We start with a density functional theory formulated in
terms of the thermodynamic potential:

!9The axion is another dark-matter candidate arising from the
QCD scale, but with fewer observational consequences than the
present model.

""The idea concerns the anomaly that solves the famous axial
U(1)4 problem, giving rise to an %’ mass that remains finite even
in the chiral limit. Under some plausible and testable assump-
tions about the topology of our Universe, the anomaly demands
that the cosmological vacuum energy depend on the Hubble
constant H and QCD parameters as ppg ~ H * m(gq)/m,; =
(4 X 1073 eV)*, which is tantalizingly close to the observed
value ppg = (1.8(1) X 1073 eV)* today [16].
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Q=325 [@rol)e g — Wil
+ /d3rVem(r)n(r) + fd3r8xc[n(r)]n(r)
47re? n(r)n(r')
+ Brdr — 75 fiInf,,
i Kkaa 2.fiinf

where €, = /p> + m? is the relativistic energy of the
electrons &,.(n) is the exchange energy, and the density is

n(r) =23 ] (i), (Alb)

(Ala)

where we have explicitly included the spin degeneracy, and
used relativistic units where 2 = ¢ = 1 and ¢ = a.

We vary the potential with respect to the occupation
numbers f; and the wave functions i; subject to the
constraints that the wave functions be normalized,

[ Bril (V) = 8,

and that the occupation numbers satisfy Fermi-Dirac sta-
tistics.'> This yields the Kohn-Sham equations for the
electronic wave functions:

w+ Vege(n)],(r) =
1

fi= 1+ eB/T

where (we take e to be positive here)

(Alc)

Eil/’i(r)’ (A2a)

[57ihV -

(A2b)

Veff(r) = ed)(r) + Vext(r) + ch[n(r)] + n(r)s,’(c[n(r)]
(A2¢)
and
. 3~n(r + 7
o(r) = 47T€fd Bl (A2d)

is the electrostatic potential, which obeys Poisson’s equa-
tion,
V2o (r) =

—4aren(r). (A2e)

1. Thomas-Fermi approximation

If the effective potential V.i(r) varies sufficiently
slowly, then it is a good approximation to replace it locally
with a constant potential. The Kohn-Sham equations thus
become diagonal in momentum space, i = k, §; « etkr,
and may be explicitly solved:

Ei(r) = € — u + Vege(r),

n(r) =2

Pk 1 _ 1
(277.)3 1+ eEk(V)/T 1+ e—Ek(V)/T ’

where we have also explicitly included the contribution
from the antiparticles. We piece these homogeneous solu-
tions together at each point r and find the self-consistent

">This is most easily realized by introducing the single-body
density matrix p=1-C,C where C is the charge-
conjugation matrix.
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solution that satisfies Poisson’s equation. This approxima-
tion is a relativistic generalization of the Thomas-Fermi
approximation.

In principle, the density functional theory method is
exact [65]; however, the correct form for &, is not known
and could be extremely complicated. Various successful
approximations exist but for our purposes we may simply
neglect this. The weak electromagnetic coupling constant
a ~ 1/137 and Pauli exclusion principle keep the elec-
trons sufficiently dilute so that the many-body correlation
effects can be neglected until the density is high in the
sense that a’n ~ a?u3 /37> = m3, which corresponds to

= 50 MeV.

Near the nugget core, many-body correlations may be-
come quantitatively important. For example, the effective
mass of the electrons in the gas is increased by about 20%
when u = 25 MeV and doubles when u = 100 MeV
(see, for example, [66]). These effects, however, will not
change the qualitative structure, and can be quite easily
taken into account if higher accuracy is required. We also
note that, formally, the Thomas-Fermi approximation is
only valid for sufficiently high densities. However, it gives
correct energies within factors of order unity for small
nuclei [50] and is known to work substantially better for
large nuclei [67]. As long as we do not attempt to use it in
the extremely low-density tails, it should give an accurate
description here.

2. Analytic solutions

There are several analytic solutions available if we con-
sider the one-dimensional approximation, neglecting the
curvature term 2u/(r)/r in (5), which is valid close to the
nugget where z = r — R << R, the distance from the nug-
get core, is less than the radius of the nugget.

a. Ultrarelativistic regime

The first is the ultrarelativistic approximation where w
and/or T are much larger than m and the limit m — 0 can
be taken. In this case, we may explicitly evaluate (see also
[46-48])"

3In this limit, then, integrals have a closed form:

[ T] B 1 ood p2 B p2
ML Dl T = ) 0 p 1+ eP=w/T | 4 op+w)/T

T3 x2 x2
= ) dx -
T Jo 1+ e #/T | 4 ¥tu/T
_T3
= —T3)[Lis(—e*/T) — Lis(—e #/T)],
ar
where Li,(z) is the polylogarithm

o _k

Lis(2) = Q. 5

k=1
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M3 MTZ
372 3
In the domain-wall approximation, this admits an exact
solution with a typical length scale of zygr:

Tﬂ'\/z

n[,u, T]m<</.L,T = (A3)

,T) = , A4
#o ) SInh[2TZZ(z + ;)] (AD
ZUR = 1 is1nh1<T7T\/§). (AS)

2T Yam MR

Inourcase, T ~ 1 eV < m so we can also take the T — 0
limit to obtain (9):

3
MR ~ 1 ’3777
377_2(1 + Z/Zur)S, ZUR MR o (A6)

This solution persists until w = m, which occurs at a

distance
— (/'LR _ ) — —1 377
B = Jurl — 1)=m —
m V2a

b. Boltzmann regime

nyr(z) =

(AT)

Once the chemical potential is small enough that
eT < ¢"/T we may neglect the degeneracy in the sys-
tem, and write

n[/-l“]lexp(,u,/T)«exp(m/T) = nOe#/T- (A8)
This occurs for a density of about
T\3/2
ng = (m_) (A9)
2

and lower. If the one-dimensional approximation is still
valid, then another analytic solution may be found,

n(z) = "8

= Al
(i + = S

70 = |—
“ 2mang

from which we obtained (10). The shift zz must be deter-
mined from the numerical profile at the point where
n(zg) = ng. Note that z, < zg, so this regime is valid
and persists until z ~0.1R, at which point the one-
dimensional approximation breaks down. It is in this
Boltzmann regime where most of the important radiative
processes take place [5].

3. Numerical solutions

The main technical challenge in finding the numerical
solution is to deal effectively with the large range of scales:
T~1eVxm~500keV <K up~25MeV. For ex-
ample, the density distribution (4b) is prone to round-off
error, but the integral can easily be rearranged to give a
form that is manifestly positive:
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5 .
p* sinh(%)

1 0
nlul =5 [T dp—F2 . Al
e Jo cosh(ﬂ) + cosh(%)
The derivative may also be safely computed. Let
2 + 2
A=Y T g (A12)
T T

to simplify the expressions. These can each be computed
without any round-off error. The first derivative presents no
further difficulties:

loo
i(ul=— | d
r@]Tﬁﬁ

The differential equation is numerically simplified if we
change variables to logarithmic quantities. We would also
like to capture the relevant physical characteristics of the
solution, known from the asymptotic regimes. Close to the
nugget, we have u = ug/(1 + z/zy); we introduce an
abscissa logarithmic in the denominator:

a=ln<1 +i)=ln(1 +r—R).
20 20

The dependent variable should be logarithmic in the

, 1+ coshA coshB

. Al3
pp (coshA + coshB)? (A13)

(A14)

chemical potential, so we introduce b = — In(u/ ug). We
thus introduce the following change of variables:
r=R+zo(e" — 1), uw = poe (Al15a)
—R
a= ln(l + L ) b=—nt. (A15b)
20 Mo

With the appropriate choice of scales z, describing the
typical length scale at the wall r = R and uy ~ wg, these
form quite a smooth parametrization. The resulting system

[N

10 15 20 25 30
w (MeV)

o

w? xIntensity (MeV/cm?/sr/s)
—

o
ot

FIG. 5 (color online). Incorrect spectral density obtained
by using a purely ultrarelativistic approximation for the profile
(A6). Note that this is 2 orders of magnitude larger than the
spectrum obtained from the full numerical solution (Fig. 4) and,
if correct, would have easily ruled out our proposal. This serves
to demonstrate the highly nontrivial nature of the predicted
spectrum shown in Fig. 4 that is consistent with the observations
[58].
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is

ba) = bla)(ba) + =02 o ZZ)+

- 47TCYZ(2)€ (A16)

211
“

Itis imperative to include a full numerical solution to the
profile in order to obtain the proper emission spectrum.
Using only the ultrarelativistic approximation (A6) pro-
duces a spectrum (Fig. 5) 2 orders of magnitude too large,
in direct contradiction with the observations [58]. The
actual prediction depends sensitively on a subtle—but
completely model-independent—balance between the ul-
trarelativistic, relativistic, and nonrelativistic regimes. The
consistency between the predicted spectrum shown in
Fig. 4 and the observations is a highly nontrivial test of
the theory.

APPENDIX B: DEBYE SCREENING IN THE
ELECTROSPHERE

Here we briefly discuss the plasma properties inside of
the nugget’s electrosphere. The main point is that the
Debye screening length Ap is much smaller than the typical
de Broglie wavelength A = #i/p of electrons. Thus, the
electric fields—although quite strong in the nugget’s elec-
trosphere—will not appreciably affect the motion of elec-
trons within the electrosphere as the charge is almost
completely screened on a scale ~Ap.

This screening effect was completely neglected in [51],
which led the authors to erroneously conclude that all
electrons will be repelled before direct annihilation can
proceed. The overall charge (Table I) will repel incident
electrons at long distances as discussed in Sec. IV C, but
neutral hydrogen will easily penetrate the electrosphere, at
which point the screening becomes effective, allowing the
electrons to penetrate deeply and annihilate as discussed in
Sec. V.

To estimate the screening of an electron, we solve the
Poisson equation with a 63(r — r,) function describing the
electron at position ry [see also (2)],

V2¢(r) = —4me[n(r) — 8(r — ry)], (B1)

where @ (r) is the electrostatic potential and n(r) is the
density of positrons. As before, we exchange ¢ for u, the
effective chemical potential (3). Now let ny(r) and uq(r) be
the solutions discussed in Sec. IV B without the potential
83(r — ry). We may then describe the screening cloud by
w(r) = po(r) + 8,(r) and n(r) = no(r) + 8,(r) where

Vzﬁﬂ(r) = 4me?[5,(r) — 83 (r — ry)]

~ 47Ta|:aZEfL] 5,u(r) -8 (r— ro)], (B2)

where n[ ] is given by (4b). If the density is sufficiently
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large compared to the screening cloud deviations, we may
take dn/du to be a constant, in which case we may solve
(B2) analytically with the boundary conditions:

4
limd,(r) = ———  1imd,(r)=0.  (B3)
r—ro lr — rol r—00
This gives the standard Debye screening solution
—4ra |7 — 7ol
o =— — , B4
M(r) lr — rol exp( Ap ) (B4)
where the Debye screening length is
d
2 = g LA (BS)
op

On distances larger than Ap, the charge of the electron is
effectively screened. In particular, we can neglect the
influence of the external electric field on motion of the
electron if Ap is small compared to the de Broglie wave-
length A = A/ p of the electrons:

A 1 ]
lK—~— 4|47« n[,u]
Ap mv oy

(B6)

In the ultrarelativistic limit (A3), one has dn/du =
w?/m? + T?/3, whereas in the Boltzmann limit (AS),
one has dn/du = ny/T.

The relevant electron velocity scale in our problem is
v~ 1073¢ (T ~ 1 eV). This is the typical scale for elec-
trons ionized from neutral hydrogen. For these electrons,
one immediately sees that the screening becomes signifi-
cant in the Boltzmann regime once the density is larger
than

m2v2T

ng >

~ 0.1ngp. (B7)
ng = (mT/27)3? is the typical density in the Boltzmann
regime. The typical electric fields in this regime are E ~
V¢ ~ eT/2z, which yield an ionization potential of
Vionize ~ €Eay ~ aTay/2z, ~1 meV < 13 eV.  Thus,
the ionization of incoming hydrogen will not occur until
the density is much larger, by which point the screening
will be highly efficient. Contrary to the arguments pre-
sented in [51], electrons depositive via neutral hydrogen
can easily penetrate deeply into the electrosphere produc-
ing the direct-annihilation emissions discussed in Sec. V.
Finally, we point out that, in the ultrarelativistic regime,
we may express (B6) in terms of the Fermi momentum:

i __PrF ‘/E
A p V7w
Thus, for highly energetic particles, screening is irrelevant.

The would apply to the ~5 MeV positrons ejected from
the core of the nuggets that we argued are responsible for

(B8)
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the diffuse 10 keV emission [4]. These see the full electric
field which is responsible for their deceleration and ulti-
mately for the emission of their energy in the 10 keV band.
This point is somewhat irrelevant, however, as the positron
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