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Casilla 110-V, Valparaı́so, Chile

(Received 3 August 2010; published 26 October 2010)

We study the mass spectrum and decay constants of light and heavy mesons in a soft-wall holographic

approach, using the correspondence of string theory in Anti-de Sitter space and conformal field theory in

physical space-time.

DOI: 10.1103/PhysRevD.82.074022 PACS numbers: 13.20.Gd, 13.20.He, 14.40.Be, 14.40.Lb

I. INTRODUCTION

In a series of papers [1–8], Brodsky and de Téramond
developed a semiclassical approximation to QCD—light-
front holography (LFH)-an approach based on the corre-
spondence of string theory in Anti-de Sitter (AdS) space and
conformal field theory (CFT) in physical space-time [9,10].
Light-front holography [1–8] is one of the exciting features
of the AdS/CFT correspondence. The LFH approach is a
covariant and analytic model for hadron structure with
confinement at large and conformal behavior at short dis-
tances. It is analogous to the Schrödinger theory for atomic
physics. It provides a precise mapping of the string modes
�ðzÞ in the AdS fifth dimension z to the hadron light-front
wave functions (LFWF) in physical space-time, in terms of
the light-front impact variable �, which measures the sepa-
ration of the quark and gluonic constituents inside a hadron.
Therefore, different values of the holographic variable z
correspond to different scales at which the hadron is exam-
ined. The mapping was obtained bymatching certain matrix
elements (e.g. electromagnetic pion form factor, the energy-
momentum tensor) in the two approaches—string theory in
AdS and light-front theory in Minkowski space-time.

In order to break conformal invariance and incorporate
confinement in the infrared (IR) region, two alternative
AdS/QCD backgrounds have been suggested in the litera-
ture: the ‘‘hard-wall’’ approach [11–19], based on intro-
ducing an IR brane cutoff in the fifth dimension and the
‘‘soft-wall’’ approach [2,20–37], based on using a soft
cutoff by introducing a background dilaton field in the
AdS space or using a warp factor in the metric.

Both approaches have certain advantages. One of the
problems of the hard-wall scenario is a linear dependence
of hadron masses with M / L for higher values of the
orbital momentum L instead of the quadratic behavior
M2 / L (known as Regge trajectory). In fact, the soft-
model was initiated in order to solve the problem of the
hadronic mass spectrum. In Refs. [2,20–37] the soft-model

has been applied to different aspects of hadron properties,
including the hadron and glueball mass spectrum, the
heavy quark potential, form factors, deep inelastic scatter-
ing, etc. Notice that in the LFH approach [1–8] both
scenarios for AdS/QCD backgrounds (hard-wall and soft-
wall) are used in order to map the string modes to the
LFWF restricting to the case of massless quarks. A gen-
eralization of the LFWF for massive quarks has been
suggested by Brodsky and de Téramond, including quark
masses explicitly in the LF kinetic energy

P
iðk2

?i þ
m2

i Þ=xi (see details in Ref. [3]). The LFH approach has
been successfully applied to the description of the mass
spectrum of meson and baryons (reproducing the Regge
trajectories), the pion leptonic constant, the electromag-
netic form factors of pion and nucleons, etc. [1–8]. In
Refs. [28,29] an alternative soft-wall holographic model
has been developed, which provides an extension to had-
rons with an arbitrary number of constituents. In Ref. [31]
meson wave functions derived in these two approaches
were discussed in the case of massive quarks.
Notice that the LFH approach developed in Ref. [1–8]

uses the so-called ‘‘negative’’ dilaton field profile (e��ðzÞ
with �ðzÞ ¼ ��2z2), which was necessary to produce a
massless pion and the behavior of the gravitational poten-
tial. In this paper, we use the soft-wall approach with a
‘‘positive’’ dilaton field profile �ðzÞ ¼ �2z2, as suggested
originally in Ref. [20]. In the context of the original soft-
wall model [20–37], the positive sign in the dilaton profile
is important to reproduce the correct behavior of Regge
trajectories for higher spin states. In fact, as stressed in a
recent paper [37], the two different signs of the dilaton field
profile are related to two different ways of introducing
higher spin fields. On the other hand, as was shown in
Refs. [17,20,26,30], the pion appears massless in soft-wall
models with a positive dilaton. Moreover, one of the out-
standing features of the LFH approach [1–8] is the LF
mapping—matching of QCD LF dynamics with the corre-
sponding string dynamics in AdS space. This was, for
example, done in the case of the pion electromagnetic
form factor (see details in [2]). In particular, in the calcu-
lation of the pion form factor at large values of the
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Euclidean momentum squared it was shown that the dila-
ton should have a positive sign.

In this manuscript, we show that the use of the positive
dilaton in the LFH approach [1–8] is possible if we modify
the mass term of the AdSdþ1 action. The proposed ap-
proach is applied to the study of the mass spectrum and
decay properties of light and heavy mesons. In the case of
the mass spectrum we include color Coulomb and
hyperfine-splitting corrections. The paper is structured
as follows. First, in Sec. II, we briefly discuss the basic
notions of the approach. In Sec. III, we consider the mass
spectrum and decay properties of light and heavy mesons.
Finally, in Sec. IV, we summarize our results.

II. BASIC APPROACH

A. AdS action and Schrödinger equation of
motion for mesons

Our starting point is the action in AdSdþ1 space-time for
a spin-J field �J ¼ �M1���MJ

ðx; zÞ—a symmetric, traceless

tensor used in the LFH approach [1–8], where we perform
two modifications: 1) we use a positive dilaton profile
�ðzÞ ¼ �2z2; 2) we include a nontrivial z dependence of
the mass term coefficient �2

J ! �2
JðzÞ due to the interac-

tion of the dilaton field with the matter field:

S� ¼ ð�1ÞJ
2

Z
ddxdz

ffiffiffi
g

p
e��ðzÞð@N�J@

N�J

��2
JðzÞ�J�

JÞ; (1)

where �2
JðzÞ ¼ �2

J þ gJ�ðzÞ is the ‘‘dressed’’ mass due to
the interaction of the dilaton with �J. Note that a similar
modification of the mass term of the string mode dual to the
spinor field describing nucleons has been done in the
context of the soft-wall model in Ref. [34]. The coupling
constant gJ will be fixed later in order to get a massless
pion. The metric is defined as

ds2 ¼
�
R

z

�
2ð���dx

�dx� � dz2Þ;
��� ¼ diagð1;�1; . . . ;�1Þ;

(2)

where R is the AdS radius g ¼ j det gMNj ¼ ðR=zÞ2ðdþ1Þ,
and gMN is the metric tensor of dþ 1 space.

Next, we restrict to the axial gauge �z...ðx; zÞ ¼ 0. We
consider the string modes dual to hadrons with total
angular-momentum J, four-momentum P, and propagating
in AdS space along the Poincaré coordinates:

��1����J
ðx; zÞ ¼ X

n

’nJðzÞ
Z ddP

ð2�Þd e
�iPx�n�1����J

ðPÞ; (3)

where �1 � � ��J are the Poincaré indices, n is the radial
quantum number, and �n�1����J

ðPÞ is the polarization tensor.

Performing the substitution

’nJðzÞ ¼ e�ðzÞ=2
�
R

z

�
J�ðd�1Þ=2

�nJðzÞ; (4)

one can derive the Schrödinger-type equation of motion for
�nJðzÞ: �

� d2

dz2
þUJðzÞ

�
�nJðzÞ ¼ M2

nJ�nJðzÞ; (5)

where UJðzÞ is the effective potential given by

UJðzÞ ¼ �4z2 þ 4a2J � 1

4z2
þ 2�2ðbJ � 1Þ (6)

with

aJ ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðd� 2JÞ2 þ 4ð�JRÞ2

q
;

bJ ¼ 1

2
ðgJR2 þ d� 2JÞ:

(7)

Analytical solutions of Eq. (5)—eigenfunctions and
eigenvalues—are:

�nJðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2n!

ðnþ aJÞ!

s
�1þaJ z1=2þaJe��2z2=2L

aJ
n ð�2z2Þ (8)

and

M2
nJ ¼ 4�2

�
nþ aJ þ bJ

2

�
; (9)

where

Lm
n ðxÞ ¼ x�mex

n!

dn

dxn
ðe�xxmþnÞ (10)

are the generalized Laguerre polynomial.
Restricting to d ¼ 4 with ð�JRÞ2 ¼ L2 � ð2� JÞ2

[1–8], we fix the value gJR
2 ¼ 4ðJ � 1Þ in order to get a

massless pion. Therefore, in the case d ¼ 4 we get aJ ¼ L
and bJ ¼ J, and the solutions of the Schrödinger-type
equation read as

�nJðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2n!

ðnþ LÞ!

s
�1þLz1=2þLe��2z2=2LL

n ð�2z2Þ (11)

and

M2
nJ ¼ 4�2

�
nþ Lþ J

2

�
: (12)

Here we do not divide the total angular momentum J into
the quantum numbers of the quark-antiquark pair-orbital
angular momentum L and internal spin S. Such a model
ansatz was done in Refs. [1–8]. Because of J ¼ L or
J ¼ L� 1 the present soft-wall model generates linear
Regge trajectories in both quantum numbers n and J
(or L):M2

nJ � nþ J. Note that the string modes dual to the
pseudoscalar JPC ¼ 0�þ and scalar JPC ¼ 0þþ mesons,
and correspondingly the vector JPC ¼ 1�� and axial
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JPC ¼ 1þþ mesons, are different from each other (mass
spectrum and wave functions) via the mass parameter of
the string mode ð�JRÞ2, depending explicitly on the orbital
momentum L. Inclusion of chiral symmetry breaking
effects in the AdS action and their impact on the hadron
properties will be analyzed in the future.

B. AdS and light-front QCD correspondence

The string mode �nJðzÞ can be directly mapped to the
LFWF due to the correspondence of AdS and light-front
amplitudes. In particular, considering the case of two
partons q1 and �q2 the holographic coordinate z is related
to the impact variable 	 in the LF formalism as

z ! 	; 	2 ¼ b2
?xð1� xÞ; (13)

where b? is the transverse coordinate and Fourier conju-
gate to the transverse momentum k?. In the massless case,
we obtain a relation between the AdSmodes and the meson

LFWF ~c q1 �q2ðx; 	Þ [31]:

j ~c q1 �q2ðx; 	Þj2 ¼ Pq1 �q2xð1� xÞf2ðxÞ j�nJð	Þj2
2�	

; (14)

where Pq1 �q2 is the probability of finding the valence Fock

state jq1 �q2i in the meson M:

Pq1 �q2 ¼
Z 1

0
dx

Z
d2b?j ~c q1 �q2ðx;b?Þj2 � 1: (15)

In the following, we restrict to the case of Pq1 �q2 ¼ 1, and

only for the pion we consider Pq1 �q2 < 1 (see discussion in

Ref. [31]). Here fðxÞ is the longitudinal mode which is
normalized as

R
1
0 dxf

2ðxÞ ¼ 1. In our case fðxÞ � 1. Then
the expressions for the meson LFWFs read

~c q1 �q2ðx;b?Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n!

ðnþLÞ!

s
�1þLffiffiffiffi

�
p jb?jL½xð1� xÞ�1þL=2

� e�ð1=2Þ�2xð1�xÞb2
?LL

n ð�2b2
?xð1� xÞÞ: (16)

The meson LFWF (16) does not consider massive quarks.
The inclusion of finite quark masses has been considered
by us previously in [31]. In particular, the quark masses in
the meson LFWF have been included following a prescrip-
tion suggested by Brodsky and de Téramond [3]. Here, we
illustrate this procedure for the ground state LFWFs. First,
one should take the Fourier transform of (16)

c q1 �q2ðx;k?Þ ¼ 4�

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1� xÞp e�ðk2

?=2�
2xð1�xÞÞ: (17)

In a second step, the quark masses are introduced by
extending the kinetic energy of massless quarks with

K0 ¼ k2
?

xð1�xÞ to the case of massive quarks:

K0 ! K ¼ K0 þm2
12; m2

12 ¼
m2

1

x
þ m2

2

1� x
: (18)

Note that the change proposed in (18) is equivalent to the
following change of the kinetic term in the Schrödinger
equation of motion:

� d2

d	2
! � d2

d	2
þm2

12: (19)

Finally, we obtain

c q1 �q2ðx;k?Þ¼ 4�N

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1�xÞp e�ðk2

?=2�
2xð1�xÞÞ�ðm2

12
=2�2Þ: (20)

As was suggested in [5], the quark mass term in the
exponential of Eq. (20) can be absorbed in the longitudinal
mode for massive quarks

fðx;m1; m2Þ � NfðxÞe�ðm2
12
=2�2Þ; (21)

where N is the normalization constant fixed from

1 ¼
Z 1

0
dxf2ðx;m1; m2Þ: (22)

Hence, the meson LFWFs with massive quarks can be
written down as a product of transverse �ð	Þ, longitudinal
fðx;m1; m2Þ, and angular eim� modes [5]:

~c q1 �q2ðx; 	; m1; m2Þ ¼ �nJð	Þffiffiffiffiffiffiffiffiffi
2�	

p fðx; m1; m2Þeim�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1� xÞp

;

(23)

where m ¼ 0;�1;�2; � � � ;�L is the magnetic quantum
number. One should stress that the way in which massive
quarks are introduced is not unique. In particular, the
dimensional parameter entering in the longitudinal mode
fðx;m1; m2Þ should not necessarily be identified with the
parameter � characterizing the dilaton field. Later, in the
analysis of the mass spectrum and the decay constants of
heavy-light mesons, we will show that the dilaton parame-
ter � should scale as Oð1Þ in the 1=mQ expansion, where

mQ is the heavy quark mass, while the dimensional pa-

rameter in the longitudinal mode should scale as Oðm1=2
Q Þ.

In the case of heavy quarkonia, the dimensional parameter
in the longitudinal mode should scale asOðmQÞ. Hence, for
the longitudinal mode we will use the functional form

fðx;m1; m2Þ � NfðxÞe�ðm2
12=2


2
12Þ; (24)

containing quark masses and an additional scale parameter

12.
The meson mass spectrum in the case of massive quarks

is given by [5]

M2
nJ ¼

Z 1

0
d	�nJð	Þ

�
� d2

d	2
� 1� 4L2

4	2
þ �4	2

þ 2�2ðJ � 1Þ
�
�nJð	Þ þ

Z 1

0
dx

�
m2

1

x
þ m2

2

1� x

�
� f2ðx; m1; m2Þ: (25)

LIGHT AND HEAVY MESONS IN A SOFT-WALL . . . PHYSICAL REVIEW D 82, 074022 (2010)

074022-3



This means that for massive quarks the hadron masses are
shifted due to the last term in the right-hand side (rhs) of
Eq. (25). One should stress that the potential in Eq. (25) is
not complete. It includes confinement forces but does
not include in its full context effects of chiral symmetry
breaking, which are important for consistency with the
infrared structure of QCD (see e.g. the discussion in
Refs. [7,8,17,20,26,27,30,38]). Moreover, it does not con-
tain the one-gluon exchange term, which is sufficient for
the description of bottomia hadrons, and also hyperfine-
splitting terms. As we stressed before, we intend to include
chiral symmetry breaking in the formalism in a forthcom-
ing work.

C. One-gluon exchange and hyperfine-splitting
contributions to the effective meson potential

We will include the one-gluon exchange and hyperfine-
splitting terms phenomenologically by extending the
effective potential U ! UþUC þUHF, where UC and
UHF are the contributions of the color Coulomb and
hyperfine splitting potentials.

Note that, as it was stressed in [39,40], the trajectories
of bottomia states deviate from linearity. The reason is
that, due to the one-gluon exchange term, there is an
additional Coulomb-like interaction between quarks
VðrÞ ¼ �4�s=3r, where �s is the strong coupling con-
stant. Its contribution to the mass spectrum M2 is negative
and proportional to the quark mass squared [39,40].
Therefore, for light mesons and charmonia states this
term can be neglected, while this is not the case for the
bottomia states. Extending the result of Refs. [39,40] to
the general case of a meson containing constituent quarks
with masses m1 and m2, we get the following expression
for the shift of M2 due to the color Coulomb potential:

�M2
C ¼ � 64�2

sm1m2

9ðnþ Lþ 1Þ2 ; (26)

where �s is the QCD coupling considered as a free
parameter. The Coulomb potential, which should be
included in the effective meson potential Uð	Þ, reads

UCð	Þ ¼ ��

	
; (27)

where the coupling constant � is fixed as

� ¼ 64�2
sm1m2

9ðnþ Lþ 1Þ2
�Z 1

0

d	

	
�2

nJð	Þ
��1

: (28)

For the hyperfine-splitting potentialUHFð	Þ, one can use an
effective operator containing a free parameter v (softening
the original -functional form of the hyperfine potential)
having dimension M3 [see details in Refs. [41,42]]:

UHFð	Þ ¼ 32��s

9

�1�2

�12

v; (29)

where �1 and �2 are the spin operators of the quarks
�12 ¼ 2m1m2=ðm1 þm2Þ. Projecting the operator �1�2

between meson states with S ¼ 0, 1 gives

�S ¼ hMSj�1�2jMSi ¼
��3; S ¼ 0
1; S ¼ 1

: (30)

Therefore, the mass shift due to the hyperfine-splitting
potential is

�M2
HF ¼

32��s

9

�Sv

�12

: (31)

Finally, the master formula for meson masses including
confinement, color Coulomb, and hyperfine-splitting
effects reads

M2
nJ ¼ 4�2

�
nþ Lþ J

2

�
þ

Z 1

0
dx

�
m2

1

x
þ m2

2

1� x

�

� f2ðx; m1; m2Þ � 64�2
sm1m2

9ðnþ Lþ 1Þ2 þ
32��s

9

�Sv

�12

:

(32)

There are two comments that should be made with respect
to further modifications of the potential U. First, as sug-
gested in Ref. [35] the dilaton scale parameter can be
different for distinct types of mesons—light and heavy
ones. In particular, we observe that the use of a larger
value of � for heavy mesons helps to improve the descrip-
tion of the mass spectrum and the leptonic decay constants.
Second, in Ref. [36] it was suggested to add a constant term
c2 to the effective potential, which is independent on the
parameter � and controls the masses of the ground states.
In our formalism, such a constant term in the effective
potential can be e.g. generated by an additional shift of the
dressed mass term �2

JðzÞ ! �2
JðzÞ þ c2z2=R2, which leads

to the following modification of the mass spectrum:M2
nJ !

M2
nJ þ c2. Although both of these modifications can im-

prove the description of meson properties, their appearance
in the AdS action is not well justified. Therefore, in the
present manuscript we do not consider these options and
postpone them for future study.

III. PROPERTIES OF LIGHTANDHEAVYMESONS

A. Mass spectrum of light mesons

In the numerical analysis, we restrict ourselves to the
isospin limit mu ¼ md ¼ m. We fix the free parameters
(constituent quark masses, �, 
12, �s, and v) from a fit to
the mass spectrum and the decay constants of light and
heavy mesons. Note that we use a unified value for the
dilaton parameter � for all meson states as dictated by the
AdS action.
The parameters are fixed to the following values. For the

constituent quark masses we have

m ¼ 420 MeV; ms ¼ 570 MeV;

mc ¼ 1:6 GeV; mb ¼ 4:8 GeV:
(33)
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The unified value of the dilaton parameter is fixed as
� ¼ 550 MeV for all mesons. The hyperfine-splitting
parameter has the value v ¼ 10�4 GeV3. The strong cou-
pling �s � �sð�2

12Þ depends on the quark flavor and is
consistently calculated using the parametrization of �s

with ‘‘freezing’’ [43]:

�sð�2Þ ¼ 12�

ð33� 2NfÞ ln�
2þM2

B

�2

; (34)

where Nf is the number of flavors, � is the QCD scale

parameter, and MB is the background mass. Choosing
� ¼ 420 MeV, MB ¼ 854 MeV and using the fixed
constituent quark masses from Eq. (33), we obtain the
following set of parameters �s:

�sð�2
qqÞ ¼ 0:79; �sð�2

qsÞ ¼ 0:77;

�sð�2
ssÞ ¼ 0:78; �sð�2

qcÞ ¼ 0:68;

�sð�2
scÞ ¼ 0:67; �sð�2

ubÞ ¼ 0:64;

�sð�2
sbÞ ¼ 0:61; �sð�2

ccÞ ¼ 0:52;

�sð�2
cbÞ ¼ 0:42; �sð�2

bbÞ ¼ 0:33;

(35)

where q ¼ u, d. The dimensional parameters 
12 in the
longitudinal wave functions are fitted as


qq ¼ 0:63 GeV; 
us ¼ 1:2 GeV;


ss ¼ 1:68 GeV; 
qc ¼ 2:5 GeV;


sc ¼ 3:0 GeV; 
qb ¼ 3:89 GeV;


sb ¼ 4:18 GeV; 
cc ¼ 4:04 GeV;


cb ¼ 4:82 GeV; 
bb ¼ 6:77 GeV:

(36)

Here we also already indicate the values used for the
heavy-light and heavy mesons. For the probabilities of
the ground state pion and kaon, we use the following
values: P� ¼ 0:6 and PK ¼ 0:8, while for other mesons
the probabilities are supposed to be equal to 1.

The predictions of our approach for the light meson
spectrum according to the n2Sþ1LJ classification are given
in Table I. For the scalar mesons f0, we present results for

two limiting cases: with nonstrange flavor content f0½ �nn� ¼
ð �uuþ �ddÞ= ffiffiffi

2
p

and with a strange one f0½ �ss� ¼ �ss.

B. Mass spectrum of heavy-light mesons

Before we apply our approach to the properties of heavy
mesons, we would like to check if our LFWFs are consis-
tent with model-independent constraints imposed e.q. by
heavy quark symmetry, when the heavy quark mass goes to
infinity mQ ! 1.

The mass spectrum of heavy-light mesons is given by
the formula

M2
qQ ¼ 4�2

�
nþ Lþ J

2

�
þ

Z 1

0
dx

�
m2

q

x
þ m2

Q

1� x

�

� f2ðx;mq;mQÞ �
64�2

smqmQ

9ðnþ Lþ 1Þ2 þ
32��s

9

�Sv

�qQ

:

(37)

The longitudinal mode for heavy-light mesons is of the
form

fðx;mq;mQÞ � NfðxÞe�ðm2
qQ

=2
2
qQ

Þ; (38)

where 
qQ is the dimensional parameter, which scales as

Oðm1=2
Q Þ. In the following, for convenience, we express


qQ as 
2
qQ ¼ mqmQ=r, where r is a parameter of order

Oð1Þ. The scaling of the parameter ��Oð1Þ is fixed by the
scaling law of the leptonic constants of heavy-light mesons
in the heavy quark limit (see discussion in Sec. III D). This
behavior of � is also consistent with the mass spectroscopy
of heavy-light mesons constrained by heavy quark effec-
tive theory (HQET) [44]. In particular, the 1=mQ expansion

of their masses should be

TABLE I. Masses of light mesons.

Meson n L S Mass [MeV]

� 0 0,1,2,3 0 M�ð140Þ ¼ 140 Mb1ð1235Þ ¼ 1355 M�2ð1670Þ ¼ 1777 M�4
¼ 2099

� 0,1,2,3 0 0 M�ð140Þ ¼ 140 M�ð1300Þ ¼ 1355 M�ð1800Þ ¼ 1777 M�ð4sÞ ¼ 2099
K 0 0,1,2,3 0 MK ¼ 495 MK1ð1270Þ ¼ 1505 MK2ð1770Þ ¼ 1901 MK3

¼ 2207
� 0,1,2,3 0 0 M�ð1sÞ ¼ 544 M�ð2sÞ ¼ 1552 M�ð3sÞ ¼ 1946 M�ð4sÞ ¼ 2248
f0½ �nn� 0,1,2,3 1 1 Mf0ð1pÞ ¼ 1114 Mf0ð2pÞ ¼ 1600 Mf0ð3pÞ ¼ 1952 Mf0ð4pÞ ¼ 2244
f0½�ss� 0,1,2,3 1 1 Mf0ð1pÞ ¼ 1304 Mf0ð2pÞ ¼ 1762 Mf0ð3pÞ ¼ 2093 Mf0ð4pÞ ¼ 2372
a0ð980Þ 0,1,2,3 1 1 Ma0ð1pÞ ¼ 1114 Ma0ð2pÞ ¼ 1600 Ma0ð3pÞ ¼ 1952 Ma0ð4pÞ ¼ 2372
�ð770Þ 0,1,2,3 0 1 M�ð770Þ ¼ 804 M�ð1450Þ ¼ 1565 M�ð1700Þ ¼ 1942 M�ð4sÞ ¼ 2240
�ð770Þ 0 0,1,2,3 1 M�ð770Þ ¼ 804 Ma2ð1320Þ ¼ 1565 M�3ð1690Þ ¼ 1942 Ma4ð2040Þ ¼ 2240
!ð782Þ 0,1,2,3 0 1 M!ð782Þ ¼ 804 M!ð1420Þ ¼ 1565 M!ð1650Þ ¼ 1942 M!ð4sÞ ¼ 2240
!ð782Þ 0 0,1,2,3 1 M!ð782Þ ¼ 804 Mf2ð1270Þ ¼ 1565 M!3ð1670Þ ¼ 1942 Mf4ð2050Þ ¼ 2240
�ð1020Þ 0,1,2,3 0 1 M�ð1sÞ ¼ 1019 M�ð2sÞ ¼ 1818 M�ð3sÞ ¼ 2170 M�ð4sÞ ¼ 2447
a1ð1260Þ 0,1,2,3 1 1 Ma1ð1pÞ ¼ 1358 Ma1ð2pÞ ¼ 1779 Ma1ð3pÞ ¼ 2101 Ma1ð4pÞ ¼ 2375
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MqQ ¼ mQ þ ��þOð1=mQÞ; (39)

where the scale parameter �� is of orderOð1Þ, and the mass
splitting of vector and pseudoscalar states �MqQ ¼
MV

qQ �MP
qQ should be of order 1=mQ:

�MqQ ¼ 2

MV
qQ þMP

qQ

�
�2 þ 64��s

9

�Sv

mq

�
� 1

mQ

: (40)

The mass splitting �MqQ gets contributions from two

sources—confinement and the hyperfine-splitting poten-
tial. Both contributions are of order Oð1Þ in the heavy
quark mass expansion. In Appendix B, we evaluate the
rhs of Eq. (37) and give an expression for the scale

parameter ��.
Numerical values for the charm and bottom heavy-light

mesons with different spin-parity are given in Table II
according to the n2Sþ1LJ classification. The four columns
with the results correspond to the variation of L ¼ 0, 1, 2,
3. Data for the ground states are given in the brackets.

C. Mass spectrum of heavy quarkonia

For the mass spectrum of heavy quarkonia ðQ1
�Q2Þ, we

present our results in Tables III. Again it is interesting to
consider the limit of heavy quark masses. Here, we follow
the idea suggested in [5] and express the longitudinal

momentum fractions through the z component of the
internal momentum k ¼ ðk?; kzÞ as (see also [45])

x ¼ e1 þ kz
e1 þ e2

; 1� x ¼ e2 � kz
e1 þ e2

; (41)

where ei ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

Qi
þ k2

q
and k2 ¼ k2

? þ k2z . When consid-

ering the heavy quark limit mQ1
, mQ2

	 k?, kz we get

x ¼ mQ1
þ kz

mQ1
þmQ2

þOð1=m2
QÞ;

1� x ¼ mQ2
� kz

mQ1
þmQ2

þOð1=m2
QÞ:

(42)

Hence, we have

m2
Q1

x
þ m2

Q2

1� x
¼ ðmQ1

þmQ2
Þ2 þOð1Þ: (43)

Therefore, the leading term of the integral containing the
longitudinal mode is simply given by ðmQ1

þmQ2
Þ2, which

is the leading contribution to the mass squared of the heavy
quarkonia. This means that we correctly reproduce an
expansion of the heavy quarkonia mass in the heavy quark
limit:

MQ1
�Q2
¼ mQ1

þmQ2
þ EþOð1=mQ1;2

Þ; (44)

TABLE II. Masses of heavy-light mesons.

Meson JP n L S Mass [MeV]

Dð1870Þ 0� 0 0,1,2,3 0 1857 2435 2696 2905

D
ð2010Þ 1� 0 0,1,2,3 1 2015 2547 2797 3000

Dsð1969Þ 0� 0 0,1,2,3 0 1963 2621 2883 3085

D

sð2107Þ 1� 0 0,1,2,3 1 2113 2725 2977 3173

Bð5279Þ 0� 0 0,1,2,3 0 5279 5791 5964 6089

B
ð5325Þ 1� 0 0,1,2,3 1 5336 5843 6015 6139

Bsð5366Þ 0� 0 0,1,2,3 0 5360 5941 6124 6250

B

sð5413Þ 1� 0 0,1,2,3 1 5416 5992 6173 6298

TABLE III. Masses of heavy quarkonia c �c, b �b, and c �b.

Meson JP n L S Mass [MeV]

�cð2980Þ 0� 0,1,2,3 0 0 2997 3717 3962 4141

c ð3097ÞÞ 1� 0,1,2,3 0 1 3097 3798 4038 4213

�c0ð3415Þ 0þ 0,1,2,3 1 1 3635 3885 4067 4226

�c1ð3510Þ 1þ 0,1,2,3 1 1 3718 3963 4141 4297

�c2ð3555Þ 2þ 0,1,2,3 1 1 3798 4038 4213 4367

�bð9390Þ 0� 0,1,2,3 0 0 9428 10 190 10 372 10 473

�ð9460Þ 1� 0,1,2,3 0 1 9460 10 219 10 401 10 502

�b0ð9860Þ 0þ 0,1,2,3 1 1 10 160 10 343 10 444 10 521

�b1ð9893Þ 1þ 0,1,2,3 1 1 10 190 10 372 10 473 10 550

�b2ð9912Þ 2þ 0,1,2,3 1 1 10 219 10 401 10 502 10 579

Bcð6276Þ 0� 0,1,2,3 0 0 6276 6911 7092 7209
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where E is the binding energy. Numerical values for the
quarkonia masses are shown in Table III according to the
n2Sþ1LJ classification.

A graphical summary of our results is given in Figs. 1–6,
where we display the calculated meson mass spectra for
light (Figs. 1 and 2), heavy-light (Figs. 3 and 4), and heavy
quarkonia (Figs. 5 and 6). Because of the inclusion of the
color Coulomb potential, the lines are bent down for low
values of L or n and therefore deviate from the linear
behavior of Regge trajectories. We indicate the available
data (central values by black circles and sizable error
bars by vertical lines). Here, we find that the calculated
mass spectra are in agreement with predictions of other
holographic models (see e.g. Refs. [14,15,20]). The im-
provement of the present approach is that a consistent
description of light, heavy-light, and double-heavy mesons
is achieved within the same holographic model. For com-
parison, in the literature so far, different types of mesons
have been considered separately. As already mentioned,
we use a universal value for the dilaton parameter �.
However, adapted values of � for different types of mesons
leads of course to a better fit to the data.

D. Leptonic and radiative meson decay constants

In the following, we define further fundamental quanti-
ties of mesons, which are calculated in the present paper—
decay constants of pseudoscalar (fP)

h0j �q2ð0Þ���5q1ð0ÞjMPðPÞi ¼ iP�fP; (45)

and vector (fV) mesons

h0j �q2ð0Þ��q1ð0ÞjMVðP; 
Þi ¼ ��ðP; 
ÞMVfV: (46)

The definitions of the meson Fock states are given in
Appendix A.

FIG. 1. Mass spectrum of �, K, � and ! mesons in depen-
dence on L. Central values of data are indicated by black circles.
The numbers mark the corresponding family trajectories: 1–�
mesons; 2–K mesons; 3–�, ! mesons.

FIG. 2. Mass spectrum of �, K, �, and ! mesons in depen-
dence on n. Central values of data are indicated by black circles
(for a few states error bars are included when they are sizeable).
The numbers mark the corresponding family trajectories: 1–�
mesons; 2–K mesons; 3–�, ! mesons.

FIG. 3. Mass spectrum of charmed mesons in dependence on
L. Central values of data are indicated by black circles. The
numbers mark the corresponding family trajectories: 1–D
mesons, 2–D
 mesons, 3–Ds mesons, 4–D


s mesons.
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For convenience, we determine the decay constants
restricting to � ¼ þ and spin projection 
 ¼ 0 for the
vector mesons. In this case, Eqs. (45) and (46) are simply
reduced to

h0j �q2ð0Þ�þ�5q1ð0ÞjPi ¼ PþfP; (47)

h0j �q2ð0Þ�þq1ð0ÞjVðP; 
 ¼ 0Þi ¼ PþfV: (48)

Finally, we get for the couplings of the ground state
mesons:

fP ¼ fV ¼ 2
ffiffiffi
6

p Z 1

0
dx

Z d2k?
16�3

c q1 �q2ðx;k?Þfðx;m1; m2Þ

¼
ffiffiffiffi
6

�

s Z 1

0
dx ~c q1 �q2ðx;b? ¼ 0Þfðx;m1; m2Þ

¼ �

ffiffiffi
6

p
�

Z 1

0
dx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xð1� xÞp

fðx;m1; m2Þ: (49)

In the case of massless quarks, fP and fV are proportional
to the dilaton scale parameter �:

fP ¼ fV ¼ �
ffiffiffi
6

p
8

: (50)

In the heavy quark limit (mQ ! 1), the scaling of the

leptonic decay constants of heavy-light mesons is in agree-
ment with HQET:

fHQLP ¼ fHQLV ¼ �

ffiffiffi
6

p
�

ffiffiffiffiffiffiffi
mq

mQ

s R1
0 dze�ðr=2Þðzþð1=zÞÞ

½R1
0 dze�rðzþð1=zÞÞ�1=2 �

1ffiffiffiffiffiffiffi
mQ

p :

(51)

Again, as in the case of the mass spectrum of heavy-light
mesons, it is sufficient to propose the following scaling of

FIG. 4. Mass spectrum of bottom mesons in dependence on L.
Central values of data are indicated by black circles. The
numbers mark the corresponding family trajectories: 1–B
mesons, 2–B
 mesons, 3–Bs mesons, 4–B


s mesons.

FIG. 5. Mass spectrum of charmonium states. Central values of
data are indicated by black circles. The numbers mark the
corresponding family trajectories: 1–c mesons, 2–�c mesons,
3–�c0 mesons, 4–�c1 mesons, 5–�c2 mesons.

FIG. 6. Mass spectrum of bottomium states. Central values of
data are indicated by black circles. The numbers mark the
corresponding family trajectories: 1–� mesons, 2–�b mesons,
3–�b0 mesons, 4–�b1 mesons, 5–�b2 mesons.

BRANZ et al. PHYSICAL REVIEW D 82, 074022 (2010)

074022-8



dimensional parameters in our holographic approach:
��Oð1Þ and 
qQ �Oð ffiffiffiffiffiffiffi

mQ
p Þ.

When dealing with vector mesons with hidden flavor,
one should also include the flavor factor cV

cV ¼

8>>><
>>>:
1=

ffiffiffi
2

p
; V ¼ �0

2=3; V ¼ J=c
1=3; V ¼ �;�
1=ð3 ffiffiffi

2
p Þ; V ¼ !

; (52)

which arise from the flavor structure of the vector mesons

�0 ¼ 1ffiffiffi
2

p ð �uu� �ddÞ; ! ¼ 1ffiffiffi
2

p ð �uuþ �ddÞ;

� ¼ ��ss; J=c ¼ �cc; � ¼ � �bb

(53)

and the structure of the corresponding electromagnetic
quark currents

V
�
�;! ¼ eu �u�

�uþ ed �d�
�d (54)

V
�
�;J=c ;� ¼ eq �q�

�q; with q ¼ s; c; b: (55)

Our results for fP and fV are presented in Tables IV, V, and
VI. Note that with the universal value of the dilaton scale

parameter � ¼ 550 MeV the data for the coupling con-
stants of the light mesons can be well reproduced. For
heavy-light mesons, we need a bit larger value for the
parameter � because the leptonic decay constants are
proportional to �. For the description of the leptonic decay
constants of heavy quarkonia states, we need an even larger
value for �. In particular, it should be roughly 2, 3, and 4
times larger for c �c, c �b, and b �b states, respectively, than the
unified value of 550 MeV.

IV. CONCLUSIONS

In conclusion, we present an analysis of the mass spec-
trum and decay properties of light, heavy-light mesons, and
heavy quarkonia in an holographic soft-wall model using
conventional sign of the dilaton profile with �ðzÞ ¼ �2z2.
In our calculations, we consider in addition one-gluon
exchange and hyperfine-splitting corrections phenomeno-
logically by modifying the potential. We show that the
obtained results for heavy-light mesons are consistent
with constraints imposed by HQET. In future work, we
plan to improve the description of meson data and also to
extend our formalism to baryons.
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APPENDIX A: LIGHT–FRONT MESON FOCK
STATES

Here, we define the Fock states of pseudoscalar ðPÞ,
scalar ðSÞ, vector ðVÞ, and axial ðAÞ mesons, restricting to
the valence quark-antiquark contribution only. The corre-
sponding mesonic eigenstates with momentum P ¼
ðPþ; P�;P?Þ are given by

jMP;SðPÞi ¼ 2Pþffiffiffiffiffiffiffiffiffi
2Nc

p
Z 1

0
dx

Z d2k?
16�3

c q1 �q2ðx;k?Þ

� ½dyaq1"ðp1Þbyaq2#ðp2Þ � dyaq1#ðp1Þbyaq2"ðp2Þ�j0i
(A1)

and

TABLE IV. Decay constants fP of pseudoscalar mesons in
MeV.

Meson Data [46] Our

�� 130:4� 0:03� 0:2 131

K� 156:1� 0:2� 0:8 155

Dþ 206:7� 8:9 167

Dþ
s 257:5� 6:1 170

B� 193� 11 139

B0
s 253� 8� 7 144

Bc 489� 5� 3 [47] 159

TABLE V. Decay constants fV of vector mesons with open
flavor in MeV.

Meson Data Our

�þ 210:5� 0:6 [46] 170

D
 245� 20þ3
�2 [48] 167

D

s 272� 16þ3

�20 [49] 170

B
 196� 24þ39
�2 [48] 139

B

s 229� 20þ41

�16 [48] 144

TABLE VI. Decay constants fV of vector mesons with hidden
flavor in MeV.

Meson Data [46] Our

�0 154:7� 0:7 120

! 45:8� 0:8 40

� 76� 1:2 58

J=c 277:6� 4 116

�ð1sÞ 238:5� 5:5 56
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jMV;AðP;
Þi ¼ 2Pþffiffiffiffiffiffiffiffiffi
2Nc

p
Z 1

0
dx

Z d2k?
16�3

c q1 �q2ðx;k?Þ

8>>><
>>>:
dyaq" ðxPÞbyaq" ðð1� xÞPÞj0i ffiffiffi

2
p

; 
¼þ1

dyaq" ðxPÞbyaq# ðð1� xÞPÞþdyaq# ðxPÞbyaq" ðð1� xÞPÞj0i; 
¼ 0

dyaq# ðxPÞbyaq# ðð1� xÞPÞj0i ffiffiffi
2

p
; 
¼�1

(A2)

with

ðp1Þ ¼ ðxPþ; xP? þ k?Þ;
ðp2Þ ¼ ðð1� xÞPþ; ð1� xÞP? � k?Þ:

Here, a is the color index, and Nc ¼ 3 is the number of
colors. In the expansion (A1) of the meson state over the
basis of noninteracting n-particles states, we restrict to the
two-quark valence state. Notice that above formulas can be
extended easily to the case of mesons with more nontrivial
flavor structure, e.g. including mixing of nonstrange and
strange quark components. Also, one can consider pure
glueball states and their mixing with quarkonia.

The operators bðdÞ obey the anticommutation relations:

fbaðpÞ; bya0 ðp0g ¼ fdaðpÞ; dya0 ðp0g
¼ ð2�Þ3aa0ðpþ � p0þÞð2Þðp? � p0

?Þ:
(A3)

The states jMHðPÞi and momentum LFWF are normalized
according to

hMPðP0ÞjMPðPÞi ¼ 2Pþð2�Þ3ðPþ �P0þÞð2ÞðP?�P0
?Þ;

(A4)

hMVðP0; 
0ÞjMVðP; 
Þi ¼ 2Pþð2�Þ3ðPþ � P0þÞ
� ð2ÞðP? � P0

?Þ

0 ; (A5)

and Z 1

0
dx

Z d2k?
16�3

jc �q2q1ðx;k?Þj2 ¼ 1: (A6)

The polarization vectors ��ðP; 
Þ in the light-cone repre-
sentation read as

��ðP; 
Þ ¼
8><
>:
�
Pþ
MV

;
P2
?�M2

V

MVP
þ ; P?

MV

	
; 
 ¼ 0�

0; 2e?ð�1ÞP?
Pþ ; e?ð�1Þ

	
; 
 ¼ �1

(A7)

with e?ð�1Þ ¼ � ð1;�iÞffiffi
2

p .

Note that the normalization condition (A6) is approxi-
mately valid only for mesons, where the two-parton

quark-antiquark component is dominant. As we stressed
before (also see discussion in Ref. [31]), this is not the case
for the pion, where the probability of the valence quark-
antiquark component is less than 1 [see also Eq. (15)].

APPENDIX B: EVALUATION OF INTEGRALS IN
THE HEAVY QUARK LIMIT

We evaluate the integral in the rhs of Eq. (37) with

J ¼
Z 1

0
dx

�
m2

q

x
þ m2

Q

1� x

�
f2ðx;mq;mQÞ

¼
R
1
0 dxðm

2
q

x þ m2
Q

1�xÞ expð� m2
q


2
qQx

þ m2
Q


2
qQð1�xÞÞR

1
0 dx expð� m2

q


2
qQ

x
þ m2

Q


2
qQ

ð1�xÞÞ
: (B1)

Scaling the variable x ¼ zmq=mQ, and then performing an

expansion in powers of 1=mQ:

J ¼ m2
Q þmQmq

R1
0 dzðzþ 1

zÞ expð� mqmQ


2
qQ

ðzþ 1
zÞÞR1

0 dz expð� mqmQ


2
qQ

ðzþ 1
zÞÞ

þOð1Þ ; (B2)

where the parameter 
qQ scales as
ffiffiffiffiffiffiffi
mQ

p
. Such a scaling of

� is consistent with the scaling of the leptonic coupling
constants of heavy-light mesons (see Sec. III D). For con-
venience, we introduce the parameter r ¼ mqmQ=


2
qQ.

Finally, the expansion of the heavy-light meson mass reads

MqQ ¼ mQ þ ��þOð1=mQÞ ; (B3)

where

�� ¼ mqI (B4)

and

I ¼ 1

2

R1
0 dzðzþ 1

zÞe�rðzþð1=zÞÞR1
0 dze�rðzþð1=zÞÞ : (B5)
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