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The decay modes of the type B! �D are dynamically different. For the case B0
d ! ��Dþ there is a

substantial factorized contribution which dominates. In contrast, the decay mode B0
d ! �0D0 has a small

factorized contribution, being proportional to a very small Wilson coefficient combination. In this paper

we calculate the relevant Wilson coefficients at one loop level in the heavy quark limits, both for the b

quark and the c quark. We also emphasize that for the decay mode B0
d ! �0D0 there is a sizeable

nonfactorizable contribution due to long-distance interactions, which dominate the amplitude. We

estimate the branching ratio for this decay mode within our framework, which uses the heavy quark

limits, both for the b and the c quarks. In addition, we treat energetic light ðu; d; sÞ quarks within a variant
of large energy effective theory and combine this with a new extension of chiral quark models in order to

estimate the effect of soft-gluon emission. For reasonable values of the model-dependent parameters of

our model, we can account for at least 3=4 of the amplitude needed to explain the experimental branching

ratio ’ 2:6� 10�4.
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I. INTRODUCTION

There is presently great interest in decays of B mesons,
due to numerous experimental results coming from BABAR
and Belle. LHC will also provide data for such processes.
Decays of Bmesons like B! �� and B! K�, where the
energy release is big compared to the light meson masses,
has been treated within QCD factorization [1] and soft
collinear effective theory (SCET) [2]. In the high energy
limit the amplitudes for such decay modes factorize into
products of two matrix elements of weak currents, and
some nonfactorizable corrections of order �s which can
be calculated perturbatively. The decays B! ��, K� are
typical heavy to light decays. It was pointed out in previous
papers [3] that for various decays of the type �B! D �D,
which are of heavy to heavy type, the methods of [1,2] are
not expected to hold because the energy release is of order
1 GeVonly. The so-called pQCD model [4] was also used
for such decay modes [5].

The last two decades, b quarks, and some times also
c quarks, were described within heavy quark effective
field theory (HQEFT) [6]. Some transitions of heavy to
heavy type have, in the heavy quark limits ð1=mbÞ ! 0
and ð1=mcÞ ! 0, been studied within heavy-light chiral
perturbation theory (HL�PT) [7]. Typical cases are the
Isgur-Wise function for B! D transition currents [8],
and B� �B mixing [9]. Also other B! D transitions,
where the energy gap between the initial (B-meson) state
and the final state (including a D meson) are substantial,
have been analyzed within such a framework [8,10], even
if it is not ideal. Especially in cases where the factorized
amplitude is almost zero, calculations of nonfactorized

amplitudes in terms of chiral loops or soft-gluon emission
estimated within a chiral quark model might be fruitful
[3,11,12], because they are expected to give results of
reasonable order of magnitude.
The HQEFT covers processes where the heavy quarks

carry the main part of the momentum in each hadron. To
describe processes where energetic light quarks emerge
from decays of heavy b quarks, large energy effective
theory (LEET) was introduced [13] and used to study the
current for B! � [14]. The idea was that LEET should do
for energetic light quarks what HQEFT does for heavy
quarks. In HQEFT one splits off the motion of the heavy
quark from the heavy quark field, thus obtaining a reduced
field depending on the velocity of the heavy quark. In
LEET one splits off the large energy from the field of the
light energetic quark, thus obtaining an effective theory for
a reduced energetic light quark field depending on a light-
like four vector. It was later shown that LEET in its initial
formulation was incomplete and did not fully reproduce
the physics of QCD [15]. Then LEET was further devel-
oped into an effective theory consistent with QCD, and
became the SCET [2].
In this paper we consider decay modes of the type

B! �D. We restrict ourselves to processes where the b
quark decays. This means the quark level processes b!
cd �u. Processes where the anti–b quark decays proceed

analogously. The decay mode B0
d ! ��Dþ has a substan-

tial factorized amplitude, given by the Isgur-Wise function
for B! D transition times the decay constant for ��. The
relevant Wilson coefficient is also the maximum possible,
namely, of order 1 times the relevant Cabibbo-Kobayashi-
Maskawa quark mixing factors and the Fermi coupling
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constant. This is in contrast to the process B0
d ! �0D0

where the factorized contribution to the decay mode is
given by the B! � transition amplitude times the decay
constant of the D0 meson. This amplitude is almost zero
because it is proportional to a very small Wilson coefficient

combination. Thus, in the case B0
d ! �0D0, the color sup-

pressed amplitude is expected to dominate, as already
pointed out in Ref. [16].

First, in Sec. III the Wilson coefficients will be calcu-
lated explicitly at one loop level within HQEFT for the
b quark and the c quark, and scaled down to the scale
� ’ 1 GeV where perturbative QCD is matched to our
long-distance framework. To our knowledge, this has not
been down previously. It may be argued that to be com-
pletely consistent, we should also have treated the light
energetic quark within a relevant large energy framework
when calculating Wilson coefficients. But for this purpose
LEET would be inappropriate because it is an incomplete
theory as mentioned above. However, as we will see below,

the uncertainty in our final amplitude for B0
d ! �0D0 will

be due to uncertainty in our model-dependent gluon con-
densate due to emission of soft gluons. Therefore the
Wilson coefficients calculated in Sec. III here, as well as
those within full QCD in [17,18], will be appropriate for
our purpose.

Second, in the present paper we construct a modified
version of the LEET used in [14] to study the B! �
current, and in the next step construct a new model which
we call large energy chiral quark model (LE�QM) [19].
It might be argued that we should have used the full
SCET theory as the basis for our new model. However,
the purpose of our paper is to estimate, in analogy with
previous papers [9,11,12,20–24], the effects of soft-gluon
emission in terms of gluon condensates. In this case trans-
verse quark momenta and collinear gluons will not play a

role. In any case we are making a model. Therefore, to
construct our model, it suffices for our purpose to use the
more simple formulation of LEET. We will combine LEET
with chiral quark models (�QM) [25–28], containing only
soft gluons making condensates. In our model an energetic
quark is bound to a soft quark with an a priori unknown
coupling, as proposed in [20]. The unknown coupling is
determined by calculating the known B! � current ma-
trix element within the model. This will fix the unknown
coupling because the matrix element of this current is
known [14]. Then, in the next step, we use this coupling
to calculate the nonfactorized (color suppressed) amplitude

contribution to B0
d ! �0D0 in terms of the lowest dimen-

sion gluon condensate, as has been done for other non-
leptonic decays [9,11,12,21,23]. After the quarks have
been integrated out, we obtain an effective theory contain-
ing both soft light mesons as in HL�PT, and also fields
describing energetic light mesons. A similar idea with a
combination of SCET with HL�PT is considered in [29].
The LE�QM is constructed in analogy with the previous
heavy-light chiral quark model (HL�QM) [21] and may be
considered to be an extension of that model.
In Sec. II we present the weak four quark Lagrangian

and its factorized and nonfactorizable matrix elements. In
Sec. III we calculate the Wilson coefficients at one loop
level in the heavy quark limits for both the b and the c
quark. In Sec. IV we present our version of LEET, and in
Sec. V we present the new model LE�QM to include
energetic light quarks and mesons. In Sec. VI we calculate
the nonfactorizable matrix elements due to soft gluons
expressed through the (model-dependent) quark conden-
sate. In Sec. VII we give the results and conclusion.

II. THE EFFECTIVE LAGRANGIAN
AT QUARK LEVEL

We study B0
d decays generated by the weak quark pro-

cess b! c �ud. The effective weak Lagrangian at quark
level is [17,18]

L eff ¼ �GFffiffiffi
2
p VcbV

�
ud½cAQA þ cBQB�; (1)

where the subscript L denotes the left-handed fields: qL �
Lq, where L � ð1� �5Þ=2 is the left-handed projector in
Dirac space. The local operator products QA;B are

QA¼ 4�cL��bL �dL�
�uL; QB¼ 4�cL��uL �dL�

�bL: (2)

In these operators summation over color is implied. In (1),
cA and cB are Wilson coefficients. At tree level cA ¼ 1 and
cB ¼ 0. At one loop level, a contribution to cB is also
generated, and cA is slightly increased. These effects are
handled in terms of the renormalization group equations
[17,18].

FIG. 1. QCD corrections for QA (top row) and QB (bottom
row) when all quarks are considered light, i.e., for �>mb.
In the left column the weak interaction for an infinitely heavy W
boson is marked by a cross. In the right column, the weak
interaction is marked by a zigzag line. (In the lower right
diagram, the zigzag line represent a fictitious ‘‘W0’’ exchange.)
In all cases the curly lines represent gluon exchanges.
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Using the color matrix identity

2taint
a
lj ¼ �ij�ln � 1

Nc

�in�lj;

and Fierz rearrangement, the amplitudes for decays of B0
d

into D� may be written as

MDþ�� ¼ 4
GFffiffiffi
2
p VcbV

�
ud

��
cA þ 1

Nc

cB

�
h��j �dL��uLj0i

� hDþj �cL��bLjB0
di

þ 2cBhDþ��j �dL��t
auL �cL�

�tabLjB0
di
�

(3)

for charged mesons in the final state, and correspondingly
for neutral mesons we have

MD0�0 ¼ 4
GFffiffiffi
2
p VcbV

�
ud

��
cB þ 1

Nc

cA

�
hD0j �cL��uLj0i

� h�0j �dL��bLjB0
di

þ 2cAhD0�0j �dL��t
abL �cL�

�tauLjB0
di
�
: (4)

Here the terms proportional to 2cA and 2cB with color
matrices inside the matrix elements are the genuinely
nonfactorizable contributions. These will be estimated in
Sec. IV.

Since cA is slightly bigger than one and cB of order
�0:4, we refer to the coefficients

cf �
�
cAþ 1

Nc

cB

�
’ 1; cnf �

�
cBþ 1

Nc

cA

�
’ 0; (5)

as favorable (cf) and nonfavorable (cnf) coefficients,

respectively. Thus, the decay mode B0
d ! Dþ�� has a

sizeable factorized amplitude proportional to cf. In con-

trast, the decay mode B0
d ! D0�0 has a factorized ampli-

tude proportional to the nonfavorable coefficient cnf which

is close to zero. In this case we expect the nonfactorizable
term (involving color matrices) proportional to 2cA to be
dominant; i.e., the last line of Eq. (4) dominates. A sub-
stantial part of this paper is dedicated to the calculation of

this nonfactorizable contribution to the B0
d ! D0�0 decay

amplitude. Within the proposed LE�QM this amplitude
will in Sec. VI be calculated in terms of emission of soft
gluons assumed to make a gluon condensate.

III. PERTURBATIVE QCD CORRECTIONS
TO ONE LOOP WITHIN HQEFT

Wilson coefficients for four quark operators for non-
leptonic decays have been first calculated at the one loop
level [17], and later at the two loop level [18]. In [3,11,12]
the latter were used. Here we will calculate the Wilson
coefficient completely within HQEFT at one loop level.
Thus the heavy quarks will be described by the HQEFT
Lagrangian [6]:

L HQEFT ¼ �Qvðiv �DÞQv þOð1=mQÞ; (6)

whereQv is the reduced heavy quark field (often named hv
in the literature), v its four velocity, andmQ the mass of the

heavy quark.
As usual, the renormalization of the four quark operators

are performed in several steps: First, when the renormal-
ization scale � satisfies mb <�<MW , all the five quarks
b, c, s, d, u are considered light. Then, for scales mc <
�<mb, the b quark is considered heavy while the c quark
is still considered light. Going further to the case �<mc,
the c quark is also considered heavy. Then the calculations
are performed within strict HQEFT for both for the b and
the c quark. By assumption the various chiral quark models
work below the chiral symmetry breaking scale �� ’
1 GeV. Also, HL�PT is applicable below the scale ��

[3,11,23,24,26]. Therefore we will match the perturbative
calculations with our model at � ¼ ��. For renormaliza-

tion scales � in the region mb < �<MW , where all the
involved quarks are considered to be light (see Fig. 1), we
obtain the well known result [17]

cð0ÞA ð�Þ ¼
1

2

��
�sðMWÞ
�sð�Þ

�
6=23 þ

�
�sðMWÞ
�sð�Þ

��12=23�
; (7)

cð0ÞB ð�Þ ¼
1

2

��
�sðMWÞ
�sð�Þ

�
6=23 �

�
�sðMWÞ
�sð�Þ

��12=23�
; (8)

reflecting that the anomalous dimension matrix for the
operator basis Q� ¼ ðQB �QAÞ is diagonal.
For scales � satisfying mc < �<mb, the b quark is

considered to be heavy, while the c quark is still light. In
this range of � we find that some of the diagrams which
contributed for mb < �<MW are now zero. As a conse-
quence, in the ðQA;QBÞ basis the anomalous dimension
matrix is now [using the definition � � ð�s=2�Þ�̂]

FIG. 2. QCD corrections for QA (top row) and QB (bottom
row) in the case �<mc, when both the b and the c quark are
considered to be heavy. The heavy quarks are represented by
double lines. The zigzag and curly lines have the same meaning
as in Fig. 1.
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�̂ðmc < �<mbÞ ¼ 1

2

�1 3
3 �1

� �
; (9)

which is half of what it is above� ¼ mb. The beta function

to lowest order is proportional to bð1Þ0 ¼ 11� 2Nf=3,

where Nf is the number of effective flavors. With the

bottom quark integrated out, Nf ¼ 4, thus bð1Þ0 ¼ 25=3.

Defining the quantity

Dð�Þ �
�
�sðmbÞ
�sð�Þ

�
3=25

�
�sðMWÞ
�sðmbÞ

�
6=23

; (10)

we obtain the Wilson coefficients for the case
mc < �<mb:

cð1ÞA ð�Þ ¼
1

2
½Dð�Þ þ ðDð�ÞÞ�2�;

cð1ÞB ð�Þ ¼
1

2
½Dð�Þ � ðDð�ÞÞ�2�:

(11)

For the range �� < �<mc, where the b and the c quark

are both considered as heavy (see Fig. 2), we obtain a more
nonstandard anomalous dimension matrix

�ð�� < �<mcÞ ¼ 1

2

�
1þ 2

3
!rð!Þ

�
0 0
3 �1

� �
: (12)

Then we finally get the result for �� < �<mc the coef-

ficients

cð2ÞA ð�Þ ¼ cð1ÞA ðmcÞ;
cð2ÞB ð�Þ ¼ 3ð1� �Þcð1ÞA ðmcÞ þ �cð1ÞB ðmcÞ;

(13)

where

� �
�
�sðmcÞ
�sð�Þ

�
�!
; �! � � 1

18

�
1þ 2

3
!rð!Þ

�
; (14)

the function rð!Þ being the well known

rð!Þ � 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!2 � 1
p ð!þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!2 � 1

p
Þ: (15)

An analogous result for b! dc �c has been obtained in [30].
We observe that cA is not further renormalized below

� ¼ mc, while cB and thereby cnf get a small additional

renormalization through the factor � for �� ¼ �<mc.

Numerically, � is close to 1. At � ¼ �� ’ 1 GeV and the

relevant value ! ’ 1:6, we have cð2ÞA ’ 1:2 and cð2ÞB ’
�0:44, giving cf ’ 1:1 and cnf ’ �0:04.

From the numerical point of view, the calculation per-
formed in this section has not given us much new infor-
mation. However, we think it is useful to have a calculation
performed completely within HQEFT, and to our knowl-
edge this is not presented anywhere else in the literature.

IV. AN ENERGETIC LIGHT QUARK EFFECTIVE
DESCRIPTION (LEET�)

An energetic light quark might, similarly to a heavy
quark, carry practically all the energy E of the meson it
is a part of (i.e., it has momentum fraction x close to 1).
But the mass of the energetic quark is close to zero com-
pared to mQ and E, which are assumed to be of the same

order of magnitude. Assuming that the energetic light
quark is coming from the decay of a heavy quark Q with
momentum pQ ¼ mQvþ k, the momentum of the ener-

getic quark q can be written (in the LEET approximation)

p
�
q ¼ En�þ k�; jk�j � jEn�j; mq� E; (16)

where mq is the light quark mass and n is the lightlike

four vector which might be chosen to have the space part
along the z axis, n� ¼ ð1; 0; 0; 1Þ, in the frame of the heavy
quark where v ¼ ð1; 0; 0; 0Þ. Then ðv � nÞ ¼ 1 and n2 ¼ 0.
Inserting this in the regular quark propagator, we obtain

SðpqÞ ¼
� � pq þmq

p2
q �m2

q

¼ E� � nþ � � kþmq

2En � kþ k2 �m2
q

: (17)

In the limit where the approximations in (16) are valid, we
obtain the propagator

SðpqÞ ! � � n
2n � k : (18)

This propagator is the starting point for the LEET con-
structed in Ref. [14].
Unfortunately, the combination of LEET with �QM

will lead to infrared divergent loop integrals for n2 ¼ 0
(see Sec. V). Therefore, in the following we modify the
formalism and instead of n2 ¼ 0, we use n2 ¼ �2, with
� ¼ �=E where �	�QCD, such that �� 1. In the fol-

lowing we derive a modified LEET [14] where we keep
� � 0 with �� 1. We call this construction LEET� and
define the almost lightlike vectors

n ¼ ð1; 0; 0;þ	Þ; ~n ¼ ð1; 0; 0;�	Þ; (19)

where 	 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� �2
p

. This means that

n� þ ~n� ¼ 2v�; n2 ¼ ~n2 ¼ �2;

v � n ¼ v � ~n ¼ 1; n � ~n ¼ 2� �2:
(20)

Using the above equations, we choose the set of projection
operators given by

P þ ¼ 1

N2
� � nð� � ~nþ �Þ;

P� ¼ 1

N2
ð� � ~n� �Þ� � n;

(21)

where N ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
2n � ~np ¼ 2þOð�2Þ. We factor out the

main energy dependence, just as was analogously done
in HQEFT, and define the projected reduced quark fields
q� [14]:
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q�ðxÞ ¼ eiEn�xP�qðxÞ;
qðxÞ ¼ e�iEn�x½qþðxÞ þ q�ðxÞ�:

(22)

The adjoint fields are

�q� ¼ qy��0 ¼ e�iEn�x �qP�; P� � �0P y��0: (23)

Following the procedure of [14], we eliminate q� and
obtain for qþ � qn the effective Lagrangian:

L LEET�¼ �qn

�
� � ~nþ�

N

�
ðin �DÞqnþ 1

E
�qnXqnþOðE�2Þ;

(24)

which (for � ¼ 0) is the first part of the SCET Lagrangian.
Equation (24) yields the LEET� quark propagator

SnðkÞ ¼ Pþ
�
� � ~nþ �

N
ðn � kÞ

��1 ¼ � � n
Nðn � kÞ ; (25)

which reduces to (18) in the limit �! 0. In addition, the
SCET propagator [2] for light energetic quarks will for
transverse quark momentum p? ! 0 be reduced to this
LEET form in (25). Our OðE�1Þ term is given by

X ¼ � 1

2
ði� �DÞ� � v

�
ði� �DÞ � ð� � ~nþ �Þ

N
ðin �DÞ

�

� 1

2

�
� � ðiD Þ � ð� � ~nþ �Þ

N
ðin �D Þ

�
� � vði� �DÞ:

(26)

It was pointed out in [14] that in the formal limitsMH !
1 and E! 1, a heavyH (e.g., B or maybe alsoD) meson
decaying by a vector weak current V� to a light pseudo-
scalar meson P has a matrix element hPjV�jHi of the form
hPjV�jHi ¼ 2E½
 ðvÞðMH;EÞn� þ 
 ðvÞ1 ðMH;EÞv��; (27)

where


 ðvÞ ¼ C

ffiffiffiffiffiffiffiffi
MH

p
E2

; C	 ð�QCDÞ3=2; 
 ðvÞ1


 ðvÞ
	 1

E
: (28)

This behavior is consistent with the energetic quark having
x close to 1, where x is the quark momentum fraction of the
outgoing pion [14].

V. EXTENDED CHIRAL QUARK MODEL
FOR HEAVYAND ENERGETIC LIGHT

QUARKS (LE�QM)

The �QM [25,26] and the HL�QM [21] include meson-
quark couplings and thereby allow us to calculate ampli-
tudes and chiral Lagrangians for processes involving heavy
quarks and low energy light quarks. In this section we will
extend these models to include also hard, energetic light
quarks.

For the pure light sector the �QM Lagrangian can be
written as [23,25]

L �QM ¼ ��½� � ðiDþV Þ þ � �A�5 �m��; (29)

where m is the constituent mass term being due to chiral
symmetry breaking. (The small current mass term is ne-
glected here.) Here we have introduced the flavor rotated
fields �L;R:

�L ¼ �yqL; �R ¼ �qR; (30)

where q is the light quark flavor triplet and

� ¼ expfi�=fg;

� ¼
�0ffiffi
2
p þ 	ffiffi

6
p �þ Kþ

�� � �0ffiffi
2
p þ 	ffiffi

6
p K0

K� �K0 � 2	ffiffi
6
p

0
BBB@

1
CCCA: (31)

Further, V� and A� are vector and axial vector fields,

given by

V � � i

2
ð�y@��þ �@��

yÞ;

A� � � i

2
ð�y@��� �@��

yÞ:
(32)

To couple the heavy quarks to mesons there are addi-
tional meson-quark couplings within HL�QM [21]:

L int ¼ �GH½ ��a
�Ha
vQv þ �QvH

a
v�a�; (33)

where a is a SU(3) flavor index, Qv is the reduced heavy
quark field in (6), and Hv is the corresponding heavy
ð0�; 1�Þ meson field,

Hv ¼ PþðvÞð� � P� � i�5P5Þ; (34)

where PþðvÞ ¼ ð1þ � � vÞ=2 is a projection operator.
Further, P�� is the 1� field and P5 the 0� field. These

mesonic fields enter the Lagrangian of HL�PT:

LHL�PT ¼ �Trð �Hviv�@
�HvÞ þ Trð �Hv

aHb
vv�V

�
baÞ

� gA Trð �Hv
aHb

v���5A
�
baÞ; (35)

where a, b are SU(3) flavor indices. The quark-meson
coupling GH is determined within the HL�QM to be
[21] given by

G2
H ¼

2m

f2�
�; (36)

where � is a hadronic quantity of order 1.
For hard light quarks and chiral quarks coupling to a

hard light meson multiplet field M, we extend the ideas of
�QM and HL�QM, and assume that the energetic light
mesons couple to light quarks with a derivative coupling to
an axial current:

L intq 	 �q���5ði@�MÞq: (37)

We combine LEET� with the �QM and assume that the
ingoing light quark and the outgoing meson are energetic,
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and we pull out a factor expð�iEn � xÞ as in (22). To
describe (outgoing) light energetic mesons, we use an octet
3� 3 matrix field M ¼ expðþiEn � xÞMn, where Mn has
the same form as � in (31):

Mn ¼
�0

nffiffi
2
p þ 	nffiffi

6
p �þn Kþn

��n � �0
nffiffi
2
p þ 	nffiffi

6
p K0

n

K�n �K0
n � 2	nffiffi

6
p

0
BBB@

1
CCCA: (38)

Here �0
n, �

þ
n , K

þ
n , etc., are the (reduced) meson fields

corresponding to energetic light mesons with momentum
	En�.

Combining (37) with the use of the rotated soft quark
fields in (30) and using @� ! iEn�, we arrive at the
following ansatz for the LE�QM interaction Lagrangian:

L intq� ¼ GAE ��ð� � nÞZqn þ H:c:; (39)

where qn is the reduced field corresponding to an
energetic light quark having momentum fraction close to
1 [see (24)], and � represents a soft quark [see Eq. (30)].
Further, GA is an unknown coupling to be determined later
by physical requirements. Further,

Z ¼ �MRR� �yMLL: (40)

Here ML and MR are both equal to Mn, but they have
formally different transformation properties. This is analo-

gous to the use of quark mass matrices Mq and My
q in

standard chiral perturbation theory (�PT). They are in
practice equal, but have formally different transformation
properties.

The axial vector coupling introduces a factor � � n to the
vertex [see (39)], which simplifies the Dirac algebra within
the loop integrals. In order to calculate the nonfactorizable
contribution, we must first find a value for the coupling
GA in (39) assumed to bind a large energy light quark and
a soft (anti)quark to an energetic light meson. This will be
done by requiring that our model be constistent with
Eqs. (27) and (28). Applying the Feynman rules of
LE�QMwe obtain the following bosonized current (before
soft-gluon emission forming the gluon condensate is taken
into account):

J�0 ðHv ! MnÞ ¼ �Nc

Z
}kTrf��LiSvðkÞ

� ½�iGHHv�iS�ðkÞ½iEGA� � nZ�iSnðkÞg;
(41)

where }k � ddk=ð2�Þd (d being the dimension of space-
time), and

SvðkÞ ¼PþðvÞ
v � k ; S�ðkÞ ¼ ð� � kþmÞ

k2�m2
; SnðkÞ ¼ � �n

Nn � k
(42)

are the propagators for the reduced heavy quark fields
[Qv in Eq. (6)], light constituent quarks [� in Eq. (29)],

and reduced light energetic quark fields [qn in (24)],
respectively. (Below we will use the leading order value
N ¼ 2.)
It should be emphasized that for the loop diagram for

B! � in Fig. 3 (lower part of the diagram), we have
the following picture: The large energy (MB ’ mb) of the
heavy b quark and the large energy (E ’ MB=2) of the hard
d quark are floating through the (lower part of the) loop
diagram. The loop momenta of the reduced quark fields for
the heavy quark, energetic light quark are then carrying the
same soft loop momentum k (with jkj<�� ’ 1 GeV) as

the soft light (anti)quark (d), which justifies the use of our
model.
The presence of the left projection operator L in Z

ensures that we only get contributions from the left-handed
part, that is, Z! ��yMLL. The momentum integrals have
the form

Krst ¼
Z }k

ðv � kÞrðk � nÞsðk2 �m2Þt ; (43)

K�
rst ¼

Z }kk�

ðv � kÞrðk � nÞsðk2 �m2Þt ¼ KðvÞrstv
� þ KðnÞrstn

�;

(44)

where r, s, t are integer numbers. These integrals have the

important property that KðnÞrst dominates over KðvÞrst and Krst

with one power of 1=�. In the present model, we choose
� ¼ m which is of order �QCD. Thus � ¼ m=E in the

following.

FIG. 3. The factorized contribution to the B0 ! D0�0 decay,
as described in combined HL�QM and LE�QM. Double lines,
single lines, and the single line with two arrows represent heavy
quarks, light soft quarks, and light energetic quarks, respectively.
Heavy mesons are represented by a single line combined with a
parallel dashed line, and the light energetic pion is represented
by a dashed line with double arrow.
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The contribution in (41), corresponding to the B! �
part of Fig. 3, with no gluon condensate contribution
included, contains K111 and K

�
111 and turns out to be

proportional to the formally linearly divergent integral
previously called I3=2 [21]. There are also other contribu-

tions with two emitted soft gluons making a condensate
[21,26]. To calculate emission of soft gluons we have used
the framework of Novikov et al. [31]. In this framework
the ordinary vertex containing the gluon field Aa

� will be

replaced by the soft-gluon version containing the soft-
gluon field tensor Ga

��:

igst
a��Aa

� ! � 1

2
gst

a��Ga
��

@

@p�

. . . jp¼0; (45)

where p is the momentum of the soft gluon. (Using this
framework one has to be careful with the momentum
routing because the gauge where x�Aa

� ¼ 0 has been

used.) Here �� ¼ ��, v�, or n�ð� � ~nþ �Þ=N for a light
soft quark, heavy quark, or light energetic quark, respec-
tively. Our loop integrals are a priori depending on the
gluon momenta p1;2 which are sitting in some propagators.

These gluon momenta disappear after having used the
procedure in (45). It is understood that the derivatives in
(45) have to be taken with respect to all propagators in the
loop integral.

There is a contribution to the Hv ! Mn current where
two soft gluons are emitted from the light quark line. This
contribution contains K114 and K

�
114 and is finite. Emission

from the heavy quark or light energetic quark are expected
to be suppressed. This will be realized in most cases
because the gluon tensor is antisymmetric, and therefore
such contributions are proportional to

Ga
��v

�v� ¼ 0; or Ga
��n

�n� ¼ 0: (46)

However, there are also contributions proportional to

Ga
��v

�n� � 0; (47)

analogous to what happens in some diagrams for the Isgur-
Wise diagram where there are two different velocities
vb and vc [32]. In that case the corresponding contributions
are proportional to (vb � vc � 1) which is zero for vc !
vb. Such contributions (proportional to K331 and K�

331)

appear within our calculation when two soft gluons are
emitted from the heavy quark line. (This statement is
however gauge dependent. With another momentum rout-
ing such a contribution would come from another diagram.
But summing all diagrams, gauge invariance is fulfilled.)

Using the prescription [21,23,26,31]

g2sG
a
��G

a
�
 ! 4�2

�
�s

�
G2

�
1

12
ðg��g�
 � g�
g��Þ (48)

for the gluon condensate, one obtains a total bosonized
current of the form

J�totðHv!MnÞ ¼�iGH

2
ðEGAÞ�2 Tr

�f��LHv½RðvÞ þRðnÞ� �n��yMLg; (49)
where the relevant quantity needed is (to leading order
in �)

RðnÞ ¼ m

�
F;

F � 1

m

�
�iNcI3=2 þ �

8 � 16m3

�
2

3
� 1

��
�s

�
G2

��
:

(50)

Here the contribution 	2=3 within the parenthesis is com-
ing from the diagram where two gluons are emitted from
the heavy quark line. This contribution is due to (47). Note
that F is dimensionless.
In order to obtain the HL�PT Lagrangian terms in (35),

one calculates quark loops with attached heavy meson
fields and vector and axial vector fields V� or A�.
Then, as explained in previous papers [21,23,25,26], loga-
rithmic and linearly divergent integrals I2 and I3=2 (as well
as quadratic diverget integtral I1) will appear. These might
be regularized, say, with ultraviolet cutoffs of order ��

[27,28]. The explicit expressions of the divergent integrals
in terms of the cutoffs will depend on the details of the
regularization procedure. We will however not go into
these details, but simply identify the divergent integrals
by appropriate quantities regarded as physical within our
model. That is, we the use identification [25,26]

� iNcI2 ¼ 1

4m2

�
f2� � 1

24m2

�
�s

�
G2

��
� f2�

4m2

; (51)

for the logarithmically divergent integral, and [21]

� iNcI3=2 ¼ 3f2�
8m�

ð1� gAÞ þ Ncm

16�
� ð8� 3�Þ

256m3

�
�s

�
G2

�
;

(52)

for the linearly divergent integral. The parameter 
 defined
in (51) is of order 10�1 and rather sensitive to small
variations in the parameters m and h�s

� G2i. Using (51) and

(52) it can be shown that the parameter � in (36) is given by
[21,32]

� ¼ ð1þ 3gAÞ
4ð1þ m2Nc

8�f2�
� 	H

2m2f2�
h�s

� G2iÞ
; (53)

where 	H ¼ ð8� �Þ=64. Then we obtain for the quantity
F

F ¼ Nc

16�
þ 3f2�

8m2�
ð1� gAÞ � ð24� 7�Þ

768m4

�
�s

�
G2

�
: (54)

Numerically, F ’ 0:08.
In order to fix GA in (39), we compare (27) with (49).

In our case where no extra soft pions are going out, we

put �! 1, and ML ! kM
ffiffiffiffi
E
p

, with the isospin factor
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kM ¼ 1=
ffiffiffi
2
p

for �0 (while kM ¼ 1 for charged pions).
Moreover for the B meson with spin-parity 0� we have
Hv ! PþðvÞð�i�5Þ

ffiffiffiffiffiffiffiffi
MH

p
. Using this, we obtain the traces

Tr f��LHv�
yMLg ! �i

ffiffiffiffiffiffiffiffi
MH

p ðkM
ffiffiffiffi
E
p Þv�; (55)

Tr f��LHðþÞv ���yMLg ! þi
ffiffiffiffiffiffiffiffi
MH

p ðkM
ffiffiffiffi
E
p Þg��: (56)

Then we obtain the following matrix element of the cur-
rent,

J�totðHv ! MnÞ ¼ GH

2
ðEGAÞ

ffiffiffiffiffiffiffiffi
MH

p ðkM
ffiffiffiffi
E
p Þ�2

� ½�RðvÞv� þ RðnÞn��; (57)

where RðvÞ=RðnÞ 	 �; i. e., we obtain RðvÞ=RðnÞ ! 0 as
E! 1, as we should according to (27) and (28). Using
Eqs. (27), (54), and (57), we obtain

GA ¼ 4
 ðvÞ

m2GHF

ffiffiffiffiffiffiffiffi
E

MH

s
; (58)

where 
 ðvÞ is numerically known [33] to be ’ 0:3. Within
our model, the analogue of �QCD is the constituent light

quark mass m. To see the behavior of GA in terms of the

energy E we therefore write C in (28) as C � ĉm3=2, and
obtain

GA ¼
�

4ĉf�
mF

ffiffiffiffiffiffi
2�
p

�
1

E3=2
; (59)

which explicitly displays the behavior GA 	 E�3=2. In
terms of the number Nc of colors, f� 	

ffiffiffiffiffiffi
Nc

p
and F	 Nc

which gives the behavior GA 	 1=
ffiffiffiffiffiffi
Nc

p
, i.e., the same

behavior as for the coupling GH in (33).

VI. NONFACTORIZABLE PROCESSES IN LE�QM

In this section we calculate the nonfactorizable contri-

bution to B0
d ! �0D0 in the second line of Eq. (4). This

contribution will be expressed as a quasifactorized product
of two colored currents, as illustrated in Fig. 4. Then the
nonfactorized aspects enter through color correlation be-
tween the two parts, using Eq. (48). Such a calculation

within HL�QM was done previously [3] for B0
s;d ! D0D0,

where the relevant colored current for decay of a D meson
was calculated. What we will calculate here is the colored
current for B! � with soft one gluon emission, within the
LE�QM presented in the preceding section. One relevant
diagram is given in Fig. 4. Using the values for GA and GH

from the preceding section, we find an expression for the

nonfactorizable B0
d ! D0�0 decay amplitude, which may

be compared with experiment.
For a low energy quark interacting with one soft gluon,

one might in simple cases use the effective propagator
[23,34]

SG1 ðkÞ ¼
gs
4
taGa

��

ð2m��� þ f���; � � kgÞ
ðk2 �m2Þ2 ; (60)

where fa; bg � abþ ba denotes the anticommutator. This
expression is consistent with the prescription in (45), and
can be used for the diagram in Fig. 4. Then we obtain the
following contribution to the bosonized colored B! �
current corresponding to this diagram:

J
�
1GðHv ! MnÞa4
¼ �

Z
}kTrf��LtaiSvðkÞ

� ½�iGHHv�iSG1 ðkÞ½iEGA� � nZ�iSnðkÞg: (61)

Once more, we deal with the momentum integrals of the
types in (43) and (44). Taking the color trace, we obtain a
contribution of the form

J
�
1GðHv ! MnÞa ¼ gsG

a
��T

�;��ðHv ! MnÞ; (62)

where the contribution from Fig. 4 alone is to leading order
in �

T�;��ðHv ! MnÞ4
¼ GHGA

128�
����
n� Trð��LHv�
�

yMLÞ; (63)

where E � � ¼ m has been explicitly used.
There is also a diagram not shown where the soft gluon

is emitted from the energetic quark. This diagram is zero
due to (46). Furthermore, there is a diagram not shown
where the gluon is emitted from the heavy quark which
contains a nonzero part due to (47). In this case we have to

FIG. 4. The part of the nonfactorizable contribution containing
large energy light fermions and mesons. The curly lines repre-
sent soft gluons, and the cross in the end of these symbolizes the
gluon condensate. Otherwise the various symbols have the same
meaning as in Fig. 3.

LARS E. LEGANGER AND JAN O. EEG PHYSICAL REVIEW D 82, 074007 (2010)

074007-8



stick to the general rule in (45). This gives the additional
contribution

T�;��ðHv ! MnÞ6
¼ i

GHGA

64�
v�n� Trð��LHv� � n�yMLÞ: (64)

The total contribution to (62) is given by the right-hand
sides of (63) and (64). Below we will use all the expres-
sions for the various J�1GðHv ! MnÞa for a decaying B
meson; i.e. we have v ¼ vb, where vb is the velocity of
the b quark.

The colored left-handed current for the outgoingD0 was
found in [3] to be

ðQðþÞvC
ta��qLÞ1G ! J

�
1GðHvc

Þa ¼ gsG
a
��T

�;��ðHvc
Þ;
(65)

where

T�;��ðHvc
Þ

¼� GH

64�
Tr

�
���L

�
����2�f2�

m2Nc


f���;� �vcg
�
Hvc

�
;

(66)

where 
 is defined in (51) and vc is the velocity of the c
quark.

Nowwe use (48) and also include the Fermi coupling the
Cabibbo-Kobayashi-Maskawa matrix elements, and the
coefficient 2cA for the nonfactorizable contributions to
the amplitude, where cA is the Wilson coefficient for the
OA local operator. Then we find an effective Lagrangian at
a mesonic level relevant for the nonfactorizable contribu-

tion to B0
d ! D0�0:

LLE�QM
Nonfact ¼

4�2cA
3

�
4
GFffiffiffi
2
p VcbV

�
ud

�

�
�
�s

�
G2

�
SðHvb

! MnHvc
Þ; (67)

where SðHvb
! MnHvc

Þ is the tensor product
SðHvb

! MnHvc
Þ � T�;��ðHvb

! MnÞT�;��ðHvc
Þ: (68)

The four vector products ðvb � vcÞ, ðvb � nÞ, and ðvc � nÞ
can be related to physical parameters by the equations for
momentum and energy conversation. From

MBv
�
b ¼ MDv

�
c þ En�; E ¼ M2

B �M2
D

2MB

; (69)

we obtain [up to Oð�2Þ]

ðvb �vcÞ ¼M2
BþM2

D

2MBMD

; ðvb �nÞ ¼ 1; ðvc �nÞ ¼MB

MD

:

(70)

Using � ¼ m=E and (70), we find an explicit expression

for SðHvb
! MnHvc

Þ in the case B0 ! D�0:

SðB0 ! �0D0Þ ¼ G2
HGA

32 � 64�2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MBMDE

p �
MB

MD

�

�
�
1þ 6�f2�

Ncm
2



�
1ffiffiffi
2
p : (71)

Inserting the expressions forGH in (36) and GA in (58), we
obtain

SðB0 ! �0D0Þ ¼
ffiffiffiffiffiffi
2�
p


 ðvÞ

8 � 64�2Ff�

ffiffiffiffiffiffiffiffi
m

MD

s �
EMB

m2

�

�
�
1þ 6�f2�

Ncm
2



�
1ffiffiffi
2
p : (72)

We will now compare this nonfactorizable amplitude for

B0 ! D0�0 with the factorized amplitude which domi-

nates B0 ! Dþ��:

MDþ�� ¼ 4
GFffiffiffi
2
p VcbV

�
ud

�
cA þ 1

Nc

cB

�
�
�
1

2
f�En�

�

�
�
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MBMD

p ðvb þ vcÞ��ð!Þ
�
; (73)

where �ð!Þ is the Isgur-Wise function.
The ratio between the nonfactorized and factorized am-

plitudes is now

r ¼MðB0 ! �0D0ÞNonfact
MðB0 ! ��DþÞFact

¼ cA
cf

h

ð1þ MD

MB
Þ

 ðvÞ

�ð!Þ
ffiffiffiffiffiffiffiffi
m

MB

s
;

(74)

where h is our model-dependent hadronic factor

h ¼
ffiffiffiffi
�
p h�s

� G2i
96 � Ff2�m2

�
1þ 6�f2�

Ncm
2



�
; (75)

which behaves as h	 1=Nc with respect to color.
It will be interesting how the ratio r scales in the limit

M2
B 
 M2

D 
 m2. Then we use the scaling of 
 ðvÞ given in
(28) with C ¼ ĉm3=2 as in (59). The scaling of �ð!Þ for
M2

B 
 M2
D is not so well established. Under certain as-

sumptions [35] it is found that the Isgur-Wise function
�ð!Þ has the form

�ð!Þ ¼
�

2

1þ!

�
�
; (76)

where ! ¼ vb � vc. In the so-called Bogomol’nyi-Prasad-
Sommerfeld limit [36] one obtains [35] � ¼ 3=2. The
Isgur-Wise function calculated within a bag model [37]
has the same form as in (76). Within chiral HL�QM
calculations, the Isgur-Wise function will have terms of
the type in (76) for � ¼ 1, and some terms which for !

1 scale as ln!=! [21,27,32,37], where !	 ðMB=2MDÞ.
Using the simple form (76) and (70), we find for r for

M2
B 
 M2

D 
 m2
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r ’ cA
cf

hĉ

4ð��1Þ
m2

ðMDÞ�ðMBÞð2��Þ
: (77)

Anyway, our calculations show that the ratio r of the
amplitudes is suppressed by 1=Nc and by inverse powers
of heavy meson masses, as expected.

Concerning numerical predictions from our model, we
have to stick to Eq. (74). The measured branching ratios for

B0
d ! ��Dþ and B0

d ! �0D0 are ’ ð2:68� 0:13Þ � 10�3
and ð2:62� 0:24Þ � 10�4, respectively [38]. In order to
predict the experimental value solely with the mechanism
considered in this section, we should have r ’ 1=3. For
typical values m	 200 to 220 MeV and h�s

� G2i 	 300 to

320 MeV, we find that h	 3. Further, numerically 
 ðvÞ ’
1=3 [33], and �ð!Þ 	 2=3, and ð1þMD=MBÞ ’ 4=3. Thus
we obtain a ratio r of order 1=4; i.e., our model can account
for roughly 3=4 of the amplitude needed to explain the
experimental branching ratio.

VII. CONCLUSION

We have presented perturbative QCD corrections for the
quark process b! c �uq calculated completely within
HQEFT at one loop level, and scaled with the renormal-
ization group equation down to � ¼ �� ’ 1 GeV. We

have shown that the factorized amplitude for process

B0
d ! �0D0 is proportional to a Wilson coefficient combi-

nation close to zero. Thus the nonfactorizable contribution
dominates the amplitude for this decay mode. To handle
the nonfactorizable contributions we have extended pre-
vious chiral quark models for the pure light quark case [25]
used in [23,24,26], and the heavy-light case [21] used in

[3,9,11,12,20,22], to include also energetic light quarks.
Thus, within our framework, the heavy and the energetic
light quarks are represented by reduced fields correspond-
ing to the redundant soft(er) interactions obtained when we
split off the hard momenta, being of order mb or mc for
heavy quarks and E ’ mb=2 for the light energetic quark. A
prioriwe should have built our model on the SCET formal-
ism using for light energetic quarks the SCET propagator
depending also on transverse quark momenta [2,15]. But,
as explained in the introduction, for our purpose this is an
unnecessary complication which in our model has no
significant numerical effects. Therefore the simplified
LEET formalism (but keeping � � 0) is used within our
model named LE�QM.
We have found that within our model we can account for

3=4 of the amplitude needed to explain the experimental
branching ratio [38]. In addition to our contributions one
might think of mesonic loops like for processes of the type
B! D �D [3] and B! �D [12], but for such mesonic loops
one has to insert ad hoc farm factors, or they should be
handled within dispersion relation techniques. In both
cases such calculations are beyond the scope of this paper.
Anyway, final state interactions should be present [39] and
give additional contributions.
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