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Recently we have presented an analysis of flavor changing neutral coupling mediated radiative top

quark decays at next-to-leading order in QCD. In the present paper we provide the details of the

calculation of QCD corrections to t ! q� and t ! qZ decays within the effective theory approach

including operator mixing. In particular, we calculate virtual matrix element corrections and the

corresponding bremsstrahlung contributions. In the case of t ! q� we study the effects of kinematic

cuts on the extracted branching ratios. Analytical formulas are given at all stages of the calculation. We

find that the t ! q� decay can be used to probe also the effective operators mediating t ! qg processes,

since these can naturally contribute 10% or more to the radiative decay, given typical experimental cuts on

the decay kinematics at hadron colliders. Conversely, we argue that any positive experimental signal of the

t ! qg process would indicate a natural lower bound on t ! q� decay rate.
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I. INTRODUCTION

The standard model (SM) predicts highly suppressed
flavor changing neutral current (FCNC) processes of the
top quark (t ! qV, V ¼ Z, �, g, q ¼ c, u) while new
physics beyond the SM (NP) in many cases lifts this
suppression (for a recent review cf. [1]). It has been pointed
out recently that top quark FCNC phenomenology is cru-
cial in constraining a wide class of NP scenarios, where
new flavor structures are present but can be aligned
with the SM Yukawa potentials in the down sector [2–5].
Top quark FCNCs can be probed both in production and
in decays. Presently the most stringent bound on the
Brðt ! qZÞ comes from a search performed by the CDF
Collaboration Brðt ! qZÞ< 3:7% at 95% C.L. [6]. The
photonic decay is presently mostly constrained by the
ZEUS Collaboration Brðt ! q�Þ< 0:59% at 95% C.L.
[7]. On the other hand the most stringent present limit on
Brðt ! qgÞ comes from the single top production total
cross-section measurement of CDF and yields Brðt !
ugÞ< 0:039% and Brðt ! cgÞ< 0:57% at 95% C.L. [8].
The LHC will be producing about 80 000 t�t events per day
at the luminosity L ¼ 1033 cm�2 s�1 and will be able to
access rare top decay branching ratios at the 10�5 level
with 10 fb�1 [9].

Recently [10,11] the t ! qV decays mediated by effec-
tive FCNC couplings have been investigated at next-
to-leading order (NLO) in QCD. In [11] it was found that
t ! qg receives almost 20% enhancement while correc-
tions to the t ! c�, Z branching ratios are much smaller.
Contributions of additional operators in t ! qZ and the
effects of operator mixing induced by QCD corrections

have been identified in [10]. In the case of t ! q� decay, in
particular, the QCD corrections generate a nontrivial pho-
ton spectrum and the correct process under study is ac-
tually t ! q�g. Experimental signal selection for this
mode is usually based on kinematical cuts, significantly
affecting the extracted bounds on the effective FCNC
couplings. The main implications of this observation
were presented in [10], while the details of the underlying
calculation and full analytic results are the subject of the
present paper.
This paper is structured as follows. We begin by giving

the set of FCNC operators considered and explain our
notation. Next we conduct a full study of QCD corrections
to t ! qZ, � decays. Contributions from gluonic dipole
operators are also taken into account. We present results for
the virtual matrix element corrections as well as the cor-
responding bremsstrahlung rates. In the t ! q� channel
we also study the relevance of kinematical cuts on the
photon energy and the angle between the photon and the
jet stemming from the final state quark. We present our
results in analytical form and also give numerical values to
estimate the significance of NLO contributions.

II. FRAMEWORK

In writing the effective top FCNC Lagrangian we
rely on the notation of Ref. [1,12]. Hermitian conjugate
and chirality flipped operators are implicitly contained in
the Lagrangian and contributing to the relevant decay
modes

Leff ¼ v2

�2
aZLO

Z
L þ v

�2

h
bZLRO

Z
LR þ b�LRO

�
LR þ bgLRO

g
LR

i
þ ðL $ RÞ þ H:c: (1)

To explain the notation, operators considered are
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O Z
L;R ¼ gZZ�½ �qL;R��tL;R�;

OZ
LR;RL ¼ gZZ��½ �qL;R���tR;L�;

O�
LR;RL ¼ eA��½ �qL;R���tR;L�;

Og
LR;RL ¼ gsG

a
��½ �qL;R���TatR;L�;

(2)

where qR;L ¼ ð1� �5Þq=2, ��� ¼ i½��; ���=2, and gZ ¼
2e= sin2�W . Here �W stands for the Weinberg angle, while

e ¼ ffiffiffiffiffiffiffiffiffiffi
4��

p
and gs ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
4��s

p
. Furthermore VðA; ZÞ�� ¼

@�V� � @�V� and Ga
�� ¼ @�G

a
� � @�G

a
� þ gfabcG

b
�G

c
�

where and Ta and fabc are the SUð3Þ color group gener-
ators and structure constants, respectively. Finally v ¼
246 GeV is the electroweak condensate and � is the
effective scale of NP. In the remainder of the paper, since
there is no mixing between chirality flipped operators
we shorten the notation, setting a and b to stand for aL,
bLR or aR, bRL.

Note that in principle, additional four-fermion opera-
tors might be induced at the high scale which will also
give contributions to t ! qV processes, however these are
necessarily �s suppressed. On the other hand, such con-
tributions can be more directly constrained via e.g. single
top production measurements and we neglect their effects
in the present study. We also assume the effective a, b
couplings are defined near the top quark mass scale at
which we evaluate virtual matrix element corrections and
�s. A translation to a higher scale matching is governed
by the anomalous dimensions of the effective operators
and can be performed consistently using renormalization
group equation methods. The procedure and its implica-
tions have been discussed in Ref. [10] and we do not
repeat them here. In our calculation we neglect the
mass of the final state ðc; uÞ quark and regulate UV as
well as IR divergences by working in d ¼ 4þ �
dimensions.

III. t ! qZ DECAY

The total t ! qZ decay width, mediated by operators in
the Lagrangian (1) and including leading QCD corrections
can be written in the following form:

�Z ¼ jaZj2 v
4

�4
�Z
a þ v3mt

�4
½2RefaZ�bgg�Z

ag

þ 2RefbZ�aZg�Z
ab � 2 ImfaZ�bgg~�Z

ag� þ v2m2
t

�4

� ½jbZj2�Z
b þ jbgj2�Z

g þ 2RefbZ�bgg�Z
bg

� 2 ImfbZ�bgg~�Z
bg�: (3)

It includes tree level contributions, one loop virtual
corrections, and gluon bremsstrahlung processes (actually
t ! qZg) which we will analyze separately in the follow-
ing two subsections. In the end of the section we present
numerical results of the combined effects.

A. Tree level expressions

At the tree level we only have �Z
a , �

Z
b and �Z

ab contribu-

tions, which we write in 4þ � dimensions as

�Zð0Þ
a ¼ lim

�!0

mt

16�
g2Zð1� rZÞ2�

�
1þ �

2

�
ð1� rZÞ� 1

2rZ

� ð1þ ð2þ �ÞrZÞ;
�Zð0Þ
b ¼ lim

�!0

mt

16�
g2Zð1� rZÞ2�

�
1þ �

2

�

� ð1� rZÞ�2ð2þ �þ rZÞ;
�Zð0Þ
ab ¼ lim

�!0

mt

16�
g2Zð1� rZÞ2�

�
1þ �

2

�
ð1� rZÞ�ð3þ �Þ;

(4)

where rZ ¼ m2
Z=m

2
t .

B. Virtual corrections

At the one loop level, t ! qZ, � decay rates receive
contributions from Feynman diagrams in Fig. 1. Besides
the one loop gluon corrections to the Z, � FCNC operator
matrix elements, we also include contributions from the
gluonic FCNC dipole operators. The later first appear at
Oð�sÞ with the emission of the Z, � proceeding through
SM couplings. On the other hand, one particle reducible
diagrams with gluon corrections attached to the external
legs are not presented in Fig. 1. They are taken into account

by proper quark field renormalization q ! ffiffiffiffiffiffi
Zq

p
q. Since the

final state light quark is considered to be massless, the

FIG. 1 (color online). One loop virtual corrections to t ! cZ, � decay. Crosses mark additional points from which the Z, � boson
can be emitted.
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corresponding field renormalization differs from the one of
the initial top quark. Using the on-shell renormalization
conditions we get

Zt ¼ 1þ �s

4�
CF

�ð1� �
2Þ

ð4�Þ�=2
�
mt

�

�
�
�

2

�UV
þ 4

�IR
� 4

�
;

Zq ¼ 1þ �s

4�
CF

�ð1� �
2Þ

ð4�Þ�=2
�
mt

�

�
�
�

2

�UV
� 2

�IR

�
;

(5)

where � is the renormalization scale parameter and
CF ¼ 4=3. The resulting t ! qZ decay amplitude includ-
ing one loop virtual effects can be written in terms of six
form factors

At!qZ ¼
�
v2

�2
aZ

�
1þ �s

4�
CFF

Z
a

�
þ v

�2
bZ

�s

4�
CFF

Z
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þ v

�2
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�s

4�
CFF

Z
ag

�
hOZ

L;Ri

þ
�
v

�2
bZ

�
1þ �s

4�
CFF

Z
b

�
þ v2

�2
aZ

�s

4�
CFF

Z
ba

þ v

�2
bg

�s

4�
CFF

Z
bg

�
hOZ

LR;RLi: (6)

The form factors are

FZ
a ¼ C�

�
� 4

�2IR
þ 5� 4 logð1� rZÞ

�IR
� 2log2ð1� rZÞ þ 3 logð1� rZÞ � 2Li2ðrZÞ � 6

�
; (7a)

FZ
b ¼ C�

�
� 4

�2IR
þ 5� 4 logð1� rZÞ

�IR
þ 2

�UV
� 2log2ð1� rZÞ þ 4 logð1� rZÞ � 2Li2ðrZÞ � 6

�
þ 	Z

b; (7b)

FZ
ab ¼ �4mt logð1� rZÞ; (7c)

FZ
ba ¼ � 1

mt

1

2rZ
logð1� rZÞ; (7d)

FZ
ag ¼ mt

�
v̂þ âþ ðv̂� âÞ⟦ rZð4� rZÞð1þ rZÞ

ð1� rZÞ3
f1 � 2rZð4� rZÞ

ð1� rZÞ4
f2 � 1� 7rZ þ 3r2Z

ð1� rZÞ2
þ 2rZ

1� rZ
logrZ⟧

�
; (8a)

FZ
bg ¼ C�

�
2v̂

2

�UV
þ ðv̂þ âÞðf1 � 2Þ þ ðv̂� âÞ⟦� rZ

1� rZ
logðrZÞ � i�� 7=2� 4rZ þ 2r2Z

ð1� rZÞ2
� ð1þ rZÞð2þ rZÞ

2ð1� rZÞ3
f1

þ 2þ rZ
ð1� rZÞ4

f2⟧
�
þ 	Z

bg: (8b)

We have defined auxiliary functions f1 and f2 for shorter
notation

f1 ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� rZ
rZ

s
arctan

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rZ

4� rZ

s �
;

f2 ¼ �2Li2ðrZ � 1Þ þ 2 arctan

�
1� rZ
3� rZ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� rZ
rZ

s �

� arctan

�
rZ

2� rZ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� rZ
rZ

s �
þ 2Re

�
Li2

�
ð1� rZÞ2

�
�
1� rZ

2

2� rZ
1� rZ

�
1þ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� rZ
rZ

s ���

� Li2

�
1� rZ

2
ð2� rZ � i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4� rZÞrZ

q
Þ
��
: (9)

FZ
a and FZ

b include the quark field renormalization. To get
rid of all the UV divergences, operator renormalization is
necessary. This leads to the appearance of counterterms
	Z
b and 	Z

bg which are renormalized in the appropriate

matching condition in the UV. The two operator renormal-
ization counterterms are evaluated in the MS scheme

ZZ
b ¼ 1þ �s

4�
CF	

Z
b; 	Z

b ¼ �
�

2

�UV
þ �� logð4�Þ

�
;

(10)

ZZ
bg ¼ 1þ �s

4�
CF	

Z
bg;

	Z
bg ¼ �2v

�
2

�UV
þ �� logð4�Þ

�
:

(11)

On the other hand, C� ¼ ðmt=�Þ��ð1� �=2Þ=ð4�Þ�=2 is
an IR renormalization factor multiplying divergent form
factors. Finally, SM Z boson couplings to fermions are
defined as v̂ ¼ T3 � 2 sin�WQ and â ¼ T3, where for the
up-type quarks T3 ¼ 1=2 and Q ¼ 2=3. They appear only
in form factors generated by the gluonic dipole operator.
We were able to cross-check our expressions for form

factors with those found in the literature. Namely, Eqs. (7)
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agree with the corresponding expressions given in
Ref. [13] for the B ! Xsl

þl� decay mediated by a virtual
photon after taking into account that the dipole operator in
[13] includes a mass parameter which necessitates addi-
tional mass renormalization. To some extent we were also
able to cross-check the gluon operator induced form factors
(8). Namely, we find numerical agreement of the form
factor vector component (i.e. setting â ¼ 0) with the cor-
responding expressions given in Ref. [14]. The cross-check

is of course only possible in the vector part, since the SM
photon coupling appearing in [14] has no axial component.
After UV renormalization we are still left with IR di-

vergences. These will be canceled at the level of the decay
width by the IR divergences associated with the brems-
strahlung process t ! qZg. In order to demonstrate this
cancellation explicitly, we write down the contribution
of the tree level and virtual corrections to decay widths
defined in Eq. (3). The IR divergent parts are

�Z;virt
a ¼ �Zð0Þ

a

�
1þ �s

4�
CF⟦� 8

�2IR
þ�16 logð1� rZÞ þ 4

1þ2rZ
þ 6

�IR
� 16log2ð1� rZÞ þ 2ð5þ 8rZÞ

1þ 2rZ
logð1� rZÞ

� �2

3
� 2ð6þ 7rZÞ

1þ 2rZ
� 4Li2ðrZÞ⟧

�
; (12a)

�Z;virt
b ¼ �Zð0Þ

b

�
1þ �s

4�
CF⟦� 8

�2IR
þ�16 logð1� rZÞ � 8

2þrZ
þ 10

�IR
� 16log2ð1� rZÞ þ 2ð4þ 9rZÞ

2þ rZ
logð1� rZÞ

� �2

3
þ 2 log

�
m2

t

�2

�
� 2ð7þ 6rZÞ

2þ rZ
� 4Li2ðrZÞ⟧

�
; (12b)

�Z;virt
ab ¼ �Zð0Þ

ab

�
1þ �s

4�
CF⟦� 8

�2IR
þ�16 logð1� rZÞ þ 22

3

�IR
� 16log2ð1� rZÞ � 2ð2� 15rZÞ

3rZ
logð1� rZÞ

� �2

3
� 26

3
� 4Li2ðrZÞ⟧

�
: (12c)

Remaining contributions are induced by the gluonic operator and are IR finite

�Z;virt
ag ¼ �Zð0Þ

ab

�s

4�
CF

�
2v̂ log

�
m2

t

�2

�
þ ðv̂� âÞ

�
1

3
logðrZÞ þ 2f2

3ð1� rZÞ2
�

þ 2

3
f1

âð2� rZÞ þ v̂ð1� 2rZÞ
1� rZ

þ â

3

�
4þ 1

rZ

�
� 14v̂

3

�
; (13a)

�Z;virt
bg ¼ �Zð0Þ

b

�s

4�
CF

�
2v̂ log

�
m2

t

�2

�
þ ðv̂� âÞ

�
rZ

2þ rZ
logðrZÞ þ 4f2

ð1� rZÞ2ð2þ rZÞ
�

þ f1
âð4þ rZ � r2ZÞ � v̂ð3þ rZÞrZ

ð1� rZÞð2þ rZÞ � v̂
11þ 4rZ
2þ rZ

þ â
6

2þ rZ

�
; (13b)

~�Z;virt
ag ¼ �ð0Þ

ab

�s

4�
CFðv̂� âÞð��Þ; (13c)

~�Z;virt
bg ¼ �ð0Þ

b

�s

4�
CFðv̂� âÞð��Þ: (13d)

C. Bremsstrahlung contributions

The relevant Feynman diagrams contributing to t ! qgZ, � bremsstrahlung processes are given in Fig. 2. At the level of
the decay width these diagrams give contributions of the same order in �s as the one loop virtual corrections presented in

FIG. 2 (color online). Feynman diagrams for t ! cgZ, � bremsstrahlung process. Crosses mark additional points from which the
gluon or Z, � boson can be emitted.
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the last subsection. Soft and collinear IR divergences emerge in the phase-space integration. Below we give
analytical formulas for the bremsstrahlung contributions to the decay widths in Eq. (3). There are three IR divergent
contributions

�Z;brems
a ¼ �Zð0Þ

a
�s

4�
CF

�
8

�2IR
þ 16 logð1� rZÞ � 4

1þ2rZ
� 6

�IR
þ 16log2ð1� rZÞ � 4 logðrZÞ logð1� rZÞ

� 4
5þ 6rZ
1þ 2rZ

logð1� rZÞ � 4ð1� rZ � 2r2ZÞrZ
ð1� rZÞ2ð1þ 2rZÞ

logðrZÞ � �2 � 4Li2ðrZÞ þ 7þ rZ
ð1� rZÞð1þ 2rZÞ þ 10

�
; (14a)

�Z;brems
b ¼ �Zð0Þ

b

�s

4�
CF

�
8

�2IR
þ 16 logð1� rZÞ þ 8

2þrZ
� 10

�IR
þ 16log2ð1� rZÞ � 4 logðrZÞ logð1� rZÞ

� 4
6þ 5rZ
2þ rZ

logð1� rZÞ � 4ð2� 2rZ � r2ZÞrZ
ð1� rZÞ2ð2þ rZÞ

logðrZÞ � �2 � 4Li2ðrZÞ � 4� 8rZ
ð1� rZÞð2þ rZÞ þ

43

3

�
; (14b)

�Z;brems
ab ¼ �Zð0Þ

ab

�s

4�
CF

�
8

�2IR
þ 16 logð1� rZÞ � 22

3

�IR
þ 16log2ð1� rZÞ � 4 logðrZÞ logð1� rZÞ � 44

3
logð1� rZÞ

� 4ð3� 2rZÞrZ
3ð1� rZÞ2

logðrZÞ � �2 � 4Li2ðrZÞ � 4

3ð1� rZÞ þ
47

3

�
: (14c)

Summing these decay widths with the one loop virtually corrected t ! qZ rates into �Z
X ¼ �Z;virt

X þ �Z;brems
X for

X ¼ a, b, ab, we obtain combined IR finite expressions

�Z
a ¼ �Zð0Þ

a

�
1þ �s

4�
CF

�
�4 logð1� rZÞ logðrZÞ � 2

5þ 4rZ
1þ 2rZ

logð1� rZÞ � 4rZð1þ rZÞð1� 2rZÞ
ð1� rZÞ2ð1þ 2rZÞ

logðrZÞ�

þ 5þ 9rZ � 6r2Z
ð1� rZÞð1þ 2rZÞ � 8Li2ðrZÞ � 4�2

3

��
; (15a)

�Z
b ¼ �Zð0Þ

b

�
1þ �s

4�
CF

�
2 log

�
m2

t

�2

�
� 4 logð1� rZÞ logðrZÞ � 2ð8þ rZÞ

2þ rZ
logð1� rZÞ

� 4rZð2� 2rZ � r2ZÞ
ð1� rZÞ2ð2þ rZÞ

logðrZÞ � 8Li2ðrZÞ � 16� 11rZ � 17r2Z
3ð1� rZÞð2þ rZÞ þ 8� 4�2

3

��
; (15b)

�Z
ab ¼ �Zð0Þ

ab

�
1þ �s

4�
CF

�
log

�
m2

t

�2

�
� 4 logð1� rZÞ logðrZÞ � 2ð2þ 7rZÞ

3rZ
logð1� rZÞ � 4rZð3� 2rZÞ

3ð1� rZÞ2
logðrZÞ

þ 5� 9rZ
3ð1� rZÞ þ 4� 8Li2ðrZÞ � 4�2

3

��
: (15c)

Again we were able to cross-check our results (15) with the
corresponding calculation done for a virtual photon con-
tributing to the B ! Xsl

þl� spectrum [15]. After taking
into account the different dipole operator renormalization
condition in [15] (including mass renormalization) we find
complete agreement with their results. �Z

a was also cross-
checked with the corresponding calculation of the t ! Wb
decay width at NLO in QCD [16]. Finally, we have com-
pared our �b

Z expression with the results given by Zhang

et al. in Ref. [11]. In the limit rZ ! 0 our results agree with
those given in [11], but we find disagreement in the rZ
dependence. After our first publication of these results in
[10], we were made aware of a new paper in preparation by
the same authors, which has now been published [17]
and therein a corrected result for �b

Z is given that coincides
with ours.
The remaining bremsstrahlung contributions are in-

duced by the gluon dipole operator and are IR finite
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�Z;brems
ag ¼ �Zð0Þ

ab

3ð1� rZÞ2
�s

4�
CF

�
2v̂⟦14 ð3� 4rZ þ r2ZÞþ logðrZÞð1� rZ � r2ZÞ�Li2ð1� rZÞ

þ rZ
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1
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Numerical agreement was found when comparing the vector parts of our results given in Eq. (16) with the corresponding
results of Ref. [15].

D. Numerical analysis

In this section we present some numerical values to estimate the significance of QCD corrections. In particular we
parametrize the decay width given in Eq. (3) as
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� ¼ mt

16�
g2Z

�
v4

�4
jaZj2

�
xa þ �s

4�
CFya

�
þ v2m2

t

�4
jbZj2

�
xb þ �s

4�
CFyb

�
þ v3mt

�4
2RefbZ�aZg

�
xab þ �s

4�
CFyab

�

þ jbgj2 v
2m2

t

�4

�s

4�
CFyg þ v3mt

�4

�
2RefaZ�bgg �s

4�
CFyag � 2 ImfaZ�bgg �s

4�
CF~yag

�

þ v2m2
t

�4

�
2RefbZ�bgg �s

4�
CFybg � 2 ImfbZ�bgg �s

4�
CF~ybg

��
: (17)

Here xi stand for the tree level contributions, while yi, ~yi
denote the corresponding QCD corrections. Numerical
values of the coefficients are given in Table I. We see
that corrections due to the gluon dipole operator are an
order of magnitude smaller (except yg, which is even more
suppressed) than corrections to the Z operators themselves
and have opposite sign.

Next we investigate the relative change of the decay
rates and branching ratios when going from the leading
order to next-to-leading order in QCD, where the branch-
ing ratio for the top quark is defined to be normalized
to its main decay channel Brðt ! qZ; �Þ ¼ �ðt ! qZ; �Þ=
�ðt ! bWÞ. The results are presented in Table II.
We see that the change in the decay width is of the order
10%. There is a severe cancellation between the QCD
corrections to �ðt ! cZÞ and the main decay channel
�ðt ! bWÞ. This cancellation causes the change of the
branching ratio to be only at the per-mile level when bg

is set to zero. In the case when only operators OZ
L;R are

considered this cancellation is anticipated since the NLO
correction to �Z

a is of the same form as the correction to the
rate of the main decay channel. If we treat b quarks as
massless, exact cancellation is avoided only due to the
difference in the masses of Z and W bosons. It is more
surprising that similar cancellation is obtained also when
only the dipole Z operator is considered. However, setting

bg ¼ aZ or bg ¼ bZ, the impact of QCD corrections is
increased by an order of magnitude and reaches a few
percent.

IV. t ! q� DECAY

Compared to Eq. (3), the expression for the total t ! q�
decay width gets simplified, since due to gauge invariance
we only need to consider dipole operators

�� ¼ v2m2
t

�4
½jb�j2��

b þ jbgj2��
g þ 2Refb��bgg��

bg

� 2 Imfb��bgg~��
bg�: (18)

We follow a similar pattern of analysis as in the Z case,
with the added complication that the bremsstrahlung con-
tributions have to be treated in greater detail since the
nontrivial photon spectrum has important implications
for the experimental detection of this decay channel.
We start with the tree level contribution, which we write
in 4þ � dimensions as

��ð0Þ
b ¼ lim

�!0
mt�

�
1þ �

2

�
�

�
1þ �

2

�
: (19)

A. Virtual corrections

Feynman diagrams for virtual corrections to the t ! q�
decay rate are presented in Fig. 1. Quark field renormal-
ization remains the same as in t ! qZ decays given in
Eq. (5). The decay amplitude including tree level and one
loop virtual corrections can be written in terms of two form
factors

At!q� ¼ v

�2

�
b�

�
1þ �s

4�
CFF

�
b

�
þ bg

�s

4�
CFF

�
bg

�

� hO�
LR;RLi; (20)

which read

TABLE I. Numerical values of coefficient functions at the
renormalization scale equal to the top quark mass corres-
ponding to the inputs mt ¼ 172:3 GeV, mZ ¼ 91:2 GeV,
sin2�W ¼ 0:231.

xb ¼ 2:36 xa ¼ 1:44 xab ¼ 1:55
yb ¼ �17:90 ya ¼ �10:68 yab ¼ �10:52 yg ¼ 0:0103
ybg ¼ 3:41 yag ¼ 2:80 ~ybg ¼ 2:29 ~yag ¼ 1:50

TABLE II. Numerical values of �NLO=�LO and BrNLOðt ! qZÞ=BrLOðt ! qZÞ for certain
values and relations between Wilson coefficients. Results are obtained using analytical formulas
given above setting � ¼ mt. Main decay channel decay width at NLO in QCD is given in
Ref. [16]. Additional SM inputs used are mW ¼ 80:4 GeV and �s ¼ 0:107.

bZ ¼ bg ¼ 0 aZ ¼ bg ¼ 0 aZ ¼ bZ, bg ¼ 0 bZ ¼ 0, aZ ¼ bg aZ ¼ 0, bZ ¼ bg

�NLO=�LO 0.92 0.91 0.92 0.95 0.94

BrNLO=BrLO 1.001 0.999 1.003 1.032 1.022
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F�
b ¼ C�

�
� 4

�2IR
þ 5

�IR
þ 2

�UV
� 6

�
þ 	�

b ; (21)

F�
bg ¼ QC�

�
8

�UV
� 11þ 2

3
�2 � 2�i

�
þ 	�

bg: (22)

Operator renormalization counterterms induced by the UV

matching procedure in the MS scheme read

Z�
b ¼ 1þ �s

4�
CF	

�
b ; 	�

b ¼�
�

2

�UV
þ�� logð4�Þ

�
;

Z�
bg¼ 1þ �s

4�
CF	

�
bg; 	�

bg¼�4Q

�
2

�UV
þ�� logð4�Þ

�
:

(23)

Finally, tree level and one loop virtual correction contri-
butions to the t ! q� decay width are

��;virt
b ¼ ��ð0Þ

b

�
1þ �s

4�
CF

�
� 8

�2IR
þ 6

�IR
� 7� �2

3

þ 2 log

�
m2

t

�2

���
; (24a)

��;virt
bg ¼ ��ð0Þ

b

�s

4�
CFQ

�
�11þ 2�2

3
þ 4 log

�
m2

t

�2

��
; (24b)

~��;virt
bg ¼ ��ð0Þ

b

�s

4�
CFQ½�2��: (24c)

As in the t ! qZ case we are left with IR divergences
which have to be canceled by the corresponding brems-
strahlung contributions.

B. Bremsstrahlung corrections

The t ! q�g decay process involves three (one almost)
massless particles in the final state. Virtual matrix element
corrections contribute only at the soft gluon end point
(Eg ¼ 0) and result in nonvanishing b�bg interference

contributions. They involve IR divergences which are in
turn canceled by the real gluon emission contributions.
These also produce nonvanishing jbgj2 contributions, and
create a nontrivial photon spectrum involving both soft and
collinear divergences. The latter appear whenever a photon
or a gluon is emitted collinear to the light quark jet. An
analogous situation is encountered in the B ! Xs� decay
measured at the B-factories. However, there the photon
energy in the B meson frame can be reconstructed and a
hard cut (Ecut

� ) on it removes the soft photon divergence.

The cut also ensures that the B ! Xsg process contributing

at the end-point E� ¼ 0 is suppressed. On the other hand,

in present calculations the collinear divergences are simply
regulated by a nonzero strange quark mass, resulting in a
moderate logðms=mbÞ contribution to the rate. The situ-
ation at the Tevatron and the LHC is considerably different.
The initial top quark boost is not known and the recon-
struction of the decay is based on triggering on isolated
hard photons with a very loose cut on the photon energy
(a typical value being E� > 10 GeV in the lab frame [18]).

Isolation criteria are usually specified in terms of a jet veto

cone �R ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�
2 þ��2

p
where �
 is the difference in

pseudorapidity and �� the difference in azimuthal angle
between the photon and nearest charged track. Typical
values are �R> ð0:2–0:4Þ [19]. We model the nontrivial
cut in the top quark frame with a cut on the projection of
the photon direction onto the direction of any of the two
jets (	rj ¼ 1� p� � pj=E�Ej), where j ¼ g and c labels

the gluon and charm jet, respectively. The effects of the
different cuts on the decay Dalitz plot are shown in Fig. 3.
Since at this order there are no photon collinear divergen-
ces associated with the gluon jet, the 	rg cut around the

gluon jet has a numerically negligible effect on the rate. On
the other hand the corresponding cut on the charm jet-
photon separation does not completely remove the diver-
gences in the spectrum. However, they become integrable.
The combined effect is that the contribution due to the
gluonic dipole operator can be enhanced compared to
the case of B ! Xs�. Below we give the full analytical
formulas for the t ! q�g decay rate including the effects
of kinematical cuts. For the purpose of shorter notation we
define x̂ � 	rc and ŷ � 2Ecut

� =mt,

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

1 2E mt

1
2E

g
m

t

FIG. 3 (color online). The t ! q�g Dalitz plot. Contours of
constant photon and gluon infrared and collinear divergent
contributions are drawn in red (dot-dashed) and blue (dashed)
lines, respectively. The collinear divergences appear at the
horizontal and vertical boundaries of the phase-space, while
the IR divergences sit in the top and right corners. The cuts on
the photon energy correspond to vertical lines, the cuts on the
gluonic jet energy to horizontal lines. Solid green lines corre-
spond to cuts on the jet veto cone around the photon.
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2� ŷ x̂

�
� 6 log

�
2� x̂

2� x̂ ŷð2� ŷÞ
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�
log

�
2� x̂ ŷð2� ŷÞ
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It is easy to verify the cancellation of IR divergences upon
summation of ��;virt

b and ��;brems
b given in Eq. (24a) and

(25a), respectively.

C. Numerical analysis

In Fig. 4 we show the bg induced correction to the tree
level Brðt ! q�Þ for representative ranges of 	r and Ecut

� .

We observe, that the contribution of bg can be of the order
of 10–15% of the total measured rate, depending on the
relative sizes and phases of Og;�

LR;RL and on the particular

experimental cuts employed. Consequently, a bound on
Brðt ! q�Þ can, depending on the experimental cuts,
probe both bg;� couplings. In order to illustrate our point,
we plot the ratio of radiative rates �ðt ! q�Þ=�ðt ! qgÞ,
both computed at NLO in QCD versus the ratio of the
relevant effective FCNC dipole couplings jb�=bgj in Fig. 5.
We show the correlation for two representative choices of
experimental kinematic cuts for the t ! q� decay. The
vertical spread of the bands is due to the variation of the
relative phase between b� and bg couplings. We also dis-
play the two interesting limits where the b�bg interference
is maximal positive (zero relative phase) and negative
(relative phase �). We see that apart from the narrow
region around jb�=bgj � 0:2, where the two contributions
may be fine-tuned and conspire to diminish the total
t ! c� rate, the two radiative rates are well correlated.
In particular, depending on the kinematical cuts employed,

there is a natural lower bound on ratio of decay rates, valid
outside of the fine-tuned region. Finally, for jb�=bgj> 0:6
the correlation becomes practically insensitive to the par-
ticular experimental cuts employed and also the unknown
relative phase between b� and bg couplings.
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FIG. 4 (color online). Relative size of �s corrections to the
Brðt ! q�Þ at representative ranges of 	rc � 	r and Ecut

� .

Contours of constant correction values are plotted for bg ¼ 0
(gray, dotted lines), bg ¼ b� (red, solid lines), and bg ¼ �b�

(blue, dashed lines).
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V. CONCLUSIONS

In summary, QCD corrections to FCNC coupling medi-
ated rare top decays can induce sizable mixing of the
relevant operators, both through their renormalization

scale running [10] as well in the form of finite matrix
element corrections. These effects are found to be rela-
tively small for the t ! cZ decay. On the other hand the
accurate interpretation of experimental bounds on radiative
top processes in terms of effective FCNC operators re-
quires the knowledge of the experimental cuts involved
and can be used to probe Og

LR;RL contributions indirectly.

Finally we note that additional information on the under-
lying NP contributions is provided by kinematical distri-
butions of t ! cZ, � common final states such as charged
dileptons [20] as well as in the case of t ! cg through
single top production cross section [21–23]. Combined,
these observables could facilitate the reconstruction of
prospective NP models in case a positive experimental
signal of FCNC top quark processes would emerge in the
future.
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