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D2-brane in the Penrose limits of AdS, X CP3
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We consider a D2-brane in the pp-wave backgrounds obtained from AdS, X CP3 when electric and
magnetic fields have been turned on. Upon fixing the light-cone gauge, light-cone Hamiltonian and
Bogomolni-Prasad-Sommerfield configurations are obtained. In particular we study Bogomolni-Prasad-
Sommerfield configurations with an electric dipole on the two-sphere giant and a giant graviton rotating in
transverse directions. Moreover we show that the gauge field living on the D2-brane is replaced by a scalar field
in the light-cone Hamiltonian. We also present a matrix model by regularizing (quantizing) 2-brane theory.
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I. INTRODUCTION

AdSs/CFT, correspondence identifies N = 4 SU(N)
superconformal gauge theory to type IIB superstring
theory on the maximally supersymmetric AdSs X S°
background (where ““S” stands for sphere). This corre-
spondence is a weak/strong coupling corresponding and
this makes it a powerful tool to compute the strong cou-
pling region of either theory using the weak coupling of the
other. Albeit helpful, this property makes it difficult to test
AdS/CFT duality explicitly since neither type IIB super-
string on the AdSs X S background nor strong coupling
gauge theory are well understood.

Another maximal supersymmetric solution of type IIb
supergravity is the pp-wave and it can be obtained by taking
the Penrose limit of AdSs X S°. The superstring theory on
this background was explicitly solved [1]. Therefore in the
pp-wave background we know the string spectrum and can
check that whether the same spectrum exists on the gauge
theory side. Then we first need to understand how this
specific limit translates to the gauge theory side. It
was argued that the Penrose limit corresponds to consider-
ing a certain section of operators, namely, Berenstein-
Maldacena-Nastase (BMN) operators [2]. A study of
AdS/CFT correspondence in this specific limit opens a
new way to test this conjecture more precisely.

Another example of AdS/CFT duality is AdS,/CFT;.
N = 8 CFT; was an open question for years and it was
finally written in [3], the so-called Bagger-Lambert-
Gustavsson (BLG) theory which is a /N = 8 three dimen-
sional superconformal Chern-Simon theory. AdS,/CFT;
tells us that this theory is a suitable candidate to describe
multiple M2-branes. But after a while it was shown that the
BLG theory describes two coincident M2-branes [4].
Based on the BLG model, Aharony-Bergman-Jafferis-
Maldacena (ABJM) theory has been nominated to describe
the low energy of multiple M2-branes and to be dual to
M-theory on AdS, X S7/Z; [5]. The ABJM model is a
N = 6 three dimensional superconformal U(N) X U(N)
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Chern-Simon theory of level k and —k. The duality be-
tween the ABJM model and type IIA string theory on
AdS, X CP? has been found when N'/5 < k < N [5].

The pp-wave background has been also studied in the
AdS,/CFTj; context. A Penrose limit of AdS, X CP? with
zero spacelike isometry was obtained in [6] and string
spectrum and BMN-like operators were obtained. Also,
pp-wave metrics with one flat direction and two spacelike
isometries were found in [7,8]. In this paper we consider a
D2-brane in a general pp-wave background [7] and will
then find light-cone (LC) Hamiltonian and Bogomolni-
Prasad-Sommerfield (BPS) configurations with electric
field. This paper is organized as follows. In the next section
we will review pp-wave backgrounds and in Sec. III the LC
Hamiltonian for a D2-brane in pp-wave backgrounds will
be obtained by using a LC gauge. Then we replace the
gauge field on the D2-brane by a scalar field and find a
matrix model by applying a suitable prescription. In
Sec. IV, BPS configurations are given. The last section is
devoted to discussion.

I1. PP-WAVE BACKGROUNDS

In this section we will review three pp-wave backgrounds
which are coming from AdS, X CP? by taking the Penrose
limit. One of the differences between them is concerned
with the number of spacelike isometries. A general form of
these metrics has been written in [7] which leads to three
pp-wave backgrounds by choosing appropriate parameters.
It is important to notice that the only meaningful pp-wave
backgrounds in the AdS/CFT context are those which are
derived from the Penrose limit of AdS, X CP3. The general
form of pp-wave geometry is given by

4
ds® = —4dx*dx™ + Y (du? — ud(dx*)?)
i=1

=

2
e X[+t (8- ) by

a=1

+2((€, — 24 xadya — (€4 + 240 vadrg)dx* ] (1
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and by the following parameters we have:

no flat direction « £, =
one flat direction < &,

two flat directions < &,

where b is an arbitrary parameter. In addition, in the
AdS, X CP? background there are two- and four-form
Ramond-Ramond fields which after taking Penrose limit
become

1 1
T €k U =T

8s 8s
where i, j = 1, 2, 3, and g, is IIA string coupling constant.
It is important to notice that these pp-wave backgrounds
are not a deformation of the type IIA pp-wave background
coming from the reduction of the maximally supersym-
metric 11 dimensional pp-wave background [9].

AdS, X S7 is a maximally supersymmetric background.
After taking the Z, orbifolding of S” and reducing the M-
theory background AdS, X S7/Z; to type IIA string back-
ground AdS, X CP3, 24 out of 32 killing spinors remain
[10]. It was shown that the case (2a) also preserves 24
supercharges [11]. More supersymmetric pp-waves in M-
theory and their dimensional reduction to DO-brane or pp-
waves in type IIA and 7-dualization to solutions in type
IIB theory are studied in [12]. Moreover, in each case of the
above pp-wave backgrounds coming from AdS, X CP3,
the minimum bosonic symmetry is a SO(3) rotation acting
on u' as well as the translation symmetry in x* and x~
directions.

C+ij = €))

III. LIGHT-CONE HAMILTONIAN

The low energy effective action for a D2-brane in the
general form of a pp-wave background is

S = fdnﬂm/— detN + fc@) + fcm AF

= [drdzaﬁ, (€))
where
1

gﬁ«f/ = —48ﬂx_8,;x+ + [( 3 - Z)()C(% + )’5) - u%:l

X aﬁx+6,;x+ + Gﬂxla,;x[ + 2(§a - 2;1)

X xaaﬁyaaﬁx+ - 2(§a + Zga)yaaﬂxaaﬁx+’ (5a)
Fﬂf! = 6ﬂA,A, - BﬁAﬂ, (Sb)
Nps=8po t Fup (5¢)

g4 #» (i and P denote world-volume indices) is an induced

metric on the brane and x' = (!, x¢, y4). €%, and CV are
introduced in (3) and F ; is the field strength of the U(1)
gauge field living on the D2-brane.
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(2a)
§2 =b+ %’ gl - %r §2 = O’ (2b)
{a =% (2¢)

In the LC gauge we fix a part of the area preserving
diffeomorphism invariance which mixes world-volume
time and spatial coordinates. In order to fix the LC gauge
we separate the space and time indices on the brane world
volume as o# = (1 = 0°, "), r = 1, 2. The LC gauge is
fixed by choosing

xt=r (6)

In order to ensure that the above condition is respected by
dynamics we use the time-space mixing part of the area
preserving diffeomorphism and set [13]

N + N0 =G = Gy, = (g — FgF)o, = 0. (1)

G™7 is the symmetric part of N#? which has the interpre-
tation of an open string metric [14] with G ; its inverse.

We noted that in the pp-wave background, x™ and x~ are
cyclic variables and their conjugate momenta are constants
of motion. Then

oL
t= = ——+/—detNN", 8
P e e ®
and the LC Hamiltonian is
oL
Hiec=p = 9
From the above equation we have
1 1
Hic= p+<67’x7 - 5[(53 - Z)(x% +ya) — Mlz:l
1 . 1 .
- E(fa - 2§a)xaya + E(fa + 2§a)yaxa
L 2B
— e €kl uk} — 3]7::'1 ), (10)

where B = F|, and {F, G} = €79,Fd,G. The last two

terms of the above Hamiltonian are coming from the

Chern-Simons term (last two terms) of the action (4).
Next we should eliminate d,x™ . Using (5a), Ny is

Nop =~ + (£ = 7)o 3D = W + @7

+ 2(§a - Zga)xaya - 2(§a + 2§a)yaxa' (11)
Let us recall the definition of detN which is
detN = det(Nrs)(NOO - NOrNrSNsO): (12)

where N'PN ¢ = &:. It is important to note that N% #
00

because of off-diagonal electric-magnetic fields and hence
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yoo — det®Viy)

. 1
detN (13)

The above two equations together with (8) lead to

2 \2
Noo = _<p+g ) det(N,y) + No,N"Ny.  (14)

N

By means of (14) the LC Hamiltonian (10) becomes
. 1
j{LC =P +
P 8s

—l(E-w o -wr]
2Buy
- 3P+gs>’

2 1 1
) detN,, — ZNOrN”NsO + Z()’CI)2

1 L
— Eljkul{uj’ uk}
2p7e;s

(15)

where Chern-Simon terms have been added. In the case of
the D2-brane the first term in the Hamiltonian is
detN,, = detg,, + detF,, = H{x/,x’}* + B2 (16)

The second term of (15) can be simplified by using the
momentum conjugate to the gauge field which is

oL 1
= ——+/— detNN", (17)

aFOr 2gs

r —
PE =
and one can then show

, 16 16
_p+N0rN”NSO = p_+p;;“grspsE = Fpgarxlpffasxl

(4ph)?
e

p

(18)
Putting all these together we find the LC Hamiltonian to be

12 )2 + a
e = (2ph) N (p') + P_(zl’x — (&, + 2§u)ya)2

Pt pt 4 \p”
+ a
P (2P )2 1 I 2
+ £ +(£, -2 T+
R 20 )
32 p+ 1 f
P T[( i~ Z)(XZ +ya) ~ (u )2]
1 2B
- ek yi{ul, uk} — u4’ (19)
28 38,

where the third term in (15) was replaced by the following
conjugate momenta:

P oL _ —iu
P 3(9,u) 2 P
oL pt o
Y R i 20
P o T g W G2l QO
oL +
? - a(a ya) - _%[ya + (érg - 2{a)xa]_
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Matrix model

The BMN (Banks-Fischler-Shenker-Susskind) matrix
model is an interesting candidate for the discrete light
cone quantization (DLCQ) of M-theory in terms of DO-
branes in maximally supersymetric 11 dimensional pp-
wave background (flat space) [2,15]. The Hamiltonian of
this model is obtained as a regularized version of the M2-
brane LC hamiltonian in 11 dimensional pp-wave back-
ground [16,17]. Moreover another matrix model describing
the DLCQ of type IIB string theory on the maximally
supersymetric ten dimensional pp-wave background has
been introduced in [18], namely, the tiny graviton matrix
model. By regularizing the spherical D3-brane in the ten
dimensional pp-wave background, the Hamiltonian of the
tiny graviton matrix model is obtained. In the following,
the gauge field on the D2-brane is replaced by a scalar field
and, by using the logic of [16,17], a matrix model is
introduced.

The gauge field living on a D2-brane has only one
physical degree of freedom and it can be replaced by a
scalar field in three dimensions. We are going to replace
electric and magnetic fields in the LC Hamiltonian by
derivative of scalar field. In the case of the D2-brane, it
is easy to show that

1 o
“CDBI = \/detg(l + EF/lﬁF#V)

1 p 1 .
——detg + =1+ =F,,F*"), 21
2 etg 2( >Fan ) (21

where p is a Lagrangian multiplier (and DBI refers to
Dirac-Born-Infeld). Let us define

FAV = Bel?ap, (22)

where B and ¢, are arbitrary constant and vector, respec-
tively. By using the equation of motion for the gauge field
coming from (21) together with (22) we find

PE = Be”asgo, B = BQD (23)

Terms including electric and magnetic fields in the LC
Hamiltonian are thus simplified as follows:

ly = 040,

(2pL)? 1

=5t el

p 2pT g
B? 2B + 1 \2 5p*
2 2 (B g
pes 38 4 p- 3 36

(24)

where 8 = leg— and p, = %. Since we are looking for a
DLCQ description we need to compactify x~ on a circle of
radius R_

X =x +27R_. (25)

This leads to the quantization of the LC momentum p™*

065027-3



M. ALI-AKBARI

J
=" 26
p R (26)

By following [17,18], we replace xi, pi with J X J
matrices, 1.€.,

doxi plogpl (27)

together with

1
ot ] Foe—Ty  {FGl = JFGL  (O8)

where x! = (x/, ¢). Equation (19) then becomes
: 1 1 2
H= R_Tr[(P’)2 4 Z(ng -t 2ga)ya)

1 2 1 1 2
+ (P¢ _?)RTUL‘) +Z<2P3 +R_7(§a - 2§a)Xu>

| 5 1 1
+— X’,X“+—U2——[( 3——)
2g§[ ] 36R2 4 4R ¢a =g
X (X2 +Y2) - (Ui)z] — —— €U, U"]].

2R_g;

(29)

Inspired by [17,18], this matrix model describes the DLCQ
of M-theory on the uplifted pp-wave backgrounds obtained
from AdS, X CP3.

As mentioned earlier, the background pp-waves consid-
ered here (1) are not a deformation of the dimensionally
reduced 11 dimensional maximally supersymmetric pp-
wave. Hence, as can also be seen from (29), the matrix
model is not a deformation of the BMN matrix model.
Nonetheless, the zero energy vacuum configurations of
(29) which are given through X, =Y, = U; = 0 and

1 . R_ ... 2
=—T U’——”kU/,Uk>] 30
& (v -Serwn )] o
are the same as those of BMN matrix model [2,16]. These
vacuum configurations are of the form concentric fuzzy
sphere giant graviton.

IV. BPS CONFIGURATION

In this section we study BPS configurations involving
electromagnetic fields. The case of our interest is the static
electromagnetic fields. Our solutions include giant gravi-
ton and deformed giant graviton. Moreover a giant graviton
rotating in transverse directions will be found as a BPS
state.

A. Giant-like solution

We start with the case where u/ # 0 while other fields
are set to be zero. In this case the LC Hamiltonian is
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+ 2 o 2
u? + ———{u, u/y? —
( (p*g,)? ptg

fijkui{uj, uk})

S
. | I 2
(u’ ———¢€Mul, uk}) . 31)
D 8
We consider the following ansatz:

. (074 .
ut = 517*5'51‘, (32)

where « is a constant and J'’s satisfy
{Ji, 17} = €likJk (33)

which specifies a two-sphere whose radius is one. By
substituting (32) in the LC Hamiltonian we then have

Hic=%p")igia(l — o) (34)

The usual BPS argument tells us that FH | is minimized
when

a=0 o a=1 (35)

The above solutions (35) are graviton (« = 0) and giant
graviton' (a = 1) where their radii are zero and % Phgs
respectively. These are % BPS [12 out of 24 in the case (2a)]
configurations whose LC energy is zero and preserve
SO(3) symmetry.

One can turn on a constant magnetic field on the spheri-
cal D2-brane, i.e., B = Fj, = constant. This magnetic
field does not change the spherical shape and the radius
of the giant graviton but moves its center of mass from

u4=0tou4=p3+3g.
;

B. BIGGons solution
For the pure electric field, (19) simplifies to

4
e =gy
__4

(p*)?

" +)3/2 .
where i’ = %(u’

(PR + (@)

— ﬁ €7 ui, u*}) and RV is a SO(3)
rotation. Hence, the BPS equation is

ii' = RiPL. (37)

This BPS equation was discussed in Sec. 3.1 of [13] for the
case of a three sphere giant graviton where the electric field
is turned on. There, the shape deformation induced by the
electric field sourced by two equally and opposite point
charges placed on the North and South Poles of the
three spherical brane was obtained. The findings of [13]
generalize Blons [20] to spherical D3-brane BIGGons.

'The giant graviton in the AdS, X CP? background is dis-
cussed in [19].
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Remarkably, (37) and its solutions are the same to those
found in [13]. In other words we have found BIGGons
solutions for spherical D2-branes. Physically this family of
solutions describes open strings ending on a two-sphere
giant graviton.

C. Rotating giant graviton solution
Another family of solutions that we consider are rotating
giant gravitons. We turn on u'(7, "), x%(7), and y“(7)
fields and the LC Hamiltonian thus becomes

7o 1 L 2
g-[LC — p_(uz -— e”k{u], uk})
4 P gs
a + 1 + 2 a — 1 + 2
+| Py T3P Y +| Py TP ax
+ (Ia+ - é:a - Zé/a)psclya + (é:a - 2ga * a’*)p;xa’
(38)

where

1
A=y -(8-5) 0
If the coefficients of the last two terms in (38) are equal
they will show an angular momentum. Let us consider case
(2a). In this case a+ = % and hence?

tro 1 . 2 1 2
Hic = p—(ul s eHu, u"}) + (pﬁ? + —p+ya)

4 s 4
a — 1 + 2 - 1 a a
+ py + Zp Xa + i(pxya - pyxa . (40)
The BPS equations are given by
N 1,
u' = + € {MJ’ u }’ p? = in Yar
Py = F P e

and the LC Hamiltonian is

2A similar solution exists for the case o, = — 3
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j—[LC = %p-'—(x% + y%) = Lx[,ya- (42)

The above solution (41) describes a giant graviton rotating
in the x%— y? plane whose angular momentum is
& pT(x2 + y2). This configuration is { BPS and preserves
SO(3) X U(1) X U(1). Obviously one can also consider a
giant graviton rotating in the x; — x, or y; — y, plane.

V. CONCLUSION

There are three different pp-wave backgrounds coming
from AdS, X CP? where they have a different number of
spacelike isometry. We consider a D2-brane in these
pp-wave backgrounds and the LC Hamiltonian of this
system is found by applying LC gauge fixing. There is a
contribution coming from the gauge field living on the D2-
brane in the LC Hamiltonian considered as a electric and
magnetic fields. We show that in three dimensions these
fields are replaced by the derivative of a scalar field. Using
the idea of a matrix model [16,17], we propose a matrix
theory describing M-theory on the uplifted pp-wave
backgrounds.

We then find BPS configurations. Half-BPS solutions are
graviton and giant graviton with SO(3) symmetry. For a
pure electric field, we reproduce BIGGons configurations
describing open strings ending on a giant graviton. These
are 1 BPS configurations.

A giant graviton rotating in transverse directions is
another }1 BPS configuration. Our solution has SO(3) X
U(1) X U(1) symmetry and rotates in the x — y¢ plane.
Rotation can be easily extended to other planes in trans-
verse directions.
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