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We give a theoretical framework to obtain a low-energy effective theory of quantum chromodynamics
(QCD) towards a first-principle derivation of confinement/deconfinement and chiral-symmetry breaking/
restoration crossover transitions. In fact, we demonstrate that an effective theory obtained using simple but
nontrivial approximations within this framework enables us to treat both transitions simultaneously on
equal footing. A resulting effective theory is regarded as a modified and improved version of nonlocal
Polyakov-loop extended Nambu-Jona-Lasinio (nonlocal PNJL) models proposed recently by Hell,
Rossner, Cristoforetti, and Weise, and Sasaki, Friman, and Redlich, extending the original (local) PNJL
model by Fukushima and others. A novel feature is that the nonlocal NJL coupling depends explicitly on
the temperature and Polyakov loop, which affects the entanglement between confinement and chiral-
symmetry breaking, together with the cross term introduced through the covariant derivative in the quark
sector considered in the conventional PNJL model. The chiral-symmetry breaking/restoration transition is
controlled by the nonlocal NJL interaction, while the confinement/deconfinement transition in the pure
gluon sector is specified by the nonperturbative effective potential for the Polyakov loop obtained recently
by Braun, Gies, Marhauser, and Pawlowski. The basic ingredients are a reformulation of QCD based on
new variables and the flow equation of the Wetterich type in the Wilsonian renormalization group. This

framework can be applied to investigate the QCD phase diagram at finite temperature and density.
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I. INTRODUCTION

The relation between confinement and chiral-symmetry
breaking is one of the long-standing puzzles in theoretical
physics. Recently, strong interest on this issue revived in
extreme environments especially at high temperatures and
baryon densities, stimulated by the heavy-ion programs at
GSI, CERN SPS, RHIC, and LHC, see, e.g., [1,2] for a
review. Quantum chromodynamics (QCD) for strong in-
teractions is a fundamental theory for solving this problem.

In pure Yang-Mills theory, i.e., in the limit of infinitely
heavy quark mass m, — oo of QCD, the Polyakov-loop
average (L), i.e., the vacuum expectation value of the
Polyakov-loop operator L, can be used as a criterion for
quark confinement [3]. The Polyakov-loop operator L is a
gauge-invariant operator charged under the center group
Z(N,) of the color gauge group SU(N,). The Polyakov-
loop average (L) vanishes (L) = 0 and quarks are confined
at low temperatures 7 << T,; where the global center sym-
metry Z(N,) is intact, while it is nonzero (L) # 0 and
quarks are deconfined at high temperature 7 > T, where
the global center symmetry Z(N,.) is spontaneously broken.
Thus, we can define T, as a critical temperature for con-
finement/deconfinement phase transition.

When dynamical quarks in the fundamental representa-
tion of the gauge group are added to the Yang-Mills theory,
the center symmetry is no longer exact. On the other hand,
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QCD with massless quarks m, — 0 exhibits chiral sym-
metry SU(Ny), X SU(N;)g. The chiral condensate (i),
i.e., the vacuum expectation value of a gauge-invariant
composite operator i i, is used as an order parameter
for chiral-symmetry breaking. The chiral condensate
(¢ ) is nonzero (¢ if) # 0 at low temperatures T < T,
where the chiral symmetry is spontaneously broken, while
it vanishes (¢ ) = 0 at high temperature T > T, where
the chiral symmetry is restored. Thus, we can define T,
as a critical temperature for chiral-symmetry breaking/
restoration phase transition.

For realistic quark mass (with finite and nonzero m,:
0 <m, < 0), there are no exact symmetries directly re-
lated to the phase transitions, since both the center and
chiral symmetries are explicitly broken, and (L) and (i i)
are approximate order parameters. In this case, there is no
critical temperature 7. in the strict sense, and the transition
can be a crossover transition for which the pseudocritical
temperature T’ is defined such that the susceptibility takes
the maximal value at T = T;. If quarks are in the funda-
mental representation, deconfinement (a rise in the
Polyakov-loop average) happens at the temperature where
the chiral symmetry is restored (chiral condensate de-
creases rapidly). The chiral and deconfinement transitions
seem to coincide, Ty = T} = T, [4,5], although the prop-
erty of the phase transition, e.g., the critical temperature
and the order of the transition depend on the numbers of
color N, and flavor N. Whereas, for quarks in the adjoint
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representation, deconfinement and chiral-symmetry resto-
ration do not happen at the same temperature, rather T, >>
T} [6]. Although there exist theoretical considerations on
the interplay between chiral-symmetry breaking and con-
finement at zero baryon density [7], the underlying reasons
for the coincidence are still unknown and uncertain at
nonzero baryon density [8—10].

The hadronic properties, especially chiral dynamics at
low energy have been successfully described by chiral
effective models such as the linear sigma model [11], the
Nambu-Jona-Lasinio (NJL) model [12—14], the chiral ran-
dom matrix model [15], chiral perturbation theory [16],
and so on. However, those models based on chiral symme-
try lack any dynamics coming from confinement dictated
by the Polyakov loop, although there are some efforts to
clarify the interplay between chiral dynamics and the
Polyakov loop [17,18].

Recent chiral effective models with the Polyakov-loop
degrees of freedom augmented called the Polyakov-loop
extended NJL (PNJL) model or quark-meson model
[19-26] are successful from a phenomenological point of
view to incorporate a coupling between the chiral conden-
sate and the Polyakov-loop. However, these PNJL/quark-
meson models are still far from treating the chiral
condensate and the Polyakov loop on an equal footing,
except for the work [26] where the back coupling of the
matter sector to the glue sector was discussed by changing
the phase transition parameter. In fact, the gluonic part in
these models has several fitting parameters which are
determined only from lattice QCD data.

Here we must mention a preceding work for a first-
principle derivation of confinement/deconfinement and
chiral-symmetry breaking/restoration crossover phase
transition based on the flow equation [27] of the functional
renormalization group [28,29] given by Braun, Haas,
Marhauser, and Pawlowski [30] for the full dynamical
QCD with 2 massless flavors (at zero and imaginary
chemical potential). In this work, the Yang-Mills theory
is fully coupled to the matter sector by taking into account
the Polyakov-loop effective potential [31] obtained in a
nonperturbative way put forward by Braun, Gies, and
Pawlowski [32] and Marhauser and Pawlowski [33].

The main purpose of this paper is to provide a theoretical
framework (a reformulation of QCD) which enables one to
describe in a unified way the chiral dynamics and confine-
ment signaled by the Polyakov loop. We give an important
step towards a first-principle derivation of confinement/
deconfinement and chiral-symmetry breaking/restoration
crossover transition. In fact, we demonstrate that a low-
energy effective theory of QCD obtained in simple but
nontrivial approximations within this framework enables
one to treat both transitions simultaneously on equal
footing.

The basic ingredients in this paper are a reformulation of
QCD based on new variables [34-51] and the flow equation
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of the Wetterich type in the Wilsonian renormalization
group [27-29]. The reformulation was used to confirm
quark confinement in pure Yang-Mills theory at zero
temperature and zero density based on a dual supercon-
ductor picture [52]. In this paper, it is extended to QCD
at finite temperature and density. In principle, our frame-
work can be applied to any color gauge group and arbitrary
number of flavors. For technical reasons, however, we
study two color QCD with two flavors in this paper.
The three color and/or three flavor case will be studied in
a subsequent paper. In future publications, this framework
will be applied to investigate the QCD phase diagram
at finite density. We hope that this paper will give an
insight into this issue complementary to other works,
e.g., [30].

In Sec. II, we give a reformulation of QCD written in
terms of new variables and explain why the reformulated
QCD is efficient to study the interplay between confine-
ment and chiral-symmetry breaking.

In Sec. III, we choose a specific gauge (modified
Polyakov gauge) to simplify the representation of the
Polyakov loop. We can choose any gauge to calculate
the Polyakov-loop average and the chiral condensate, since
both are gauge-invariant quantities and should not depend
on the gauge chosen.

In Sec. IV, we give a definition of the Polyakov-loop
operator and examine how the Polyakov-loop average is
related to the average of the time component of the gauge
field.

In Secs. V and VI, we study the confinement/deconfine-
ment phase transition in pure SU(2) Yang-Mills (YM)
theory at finite temperature. We exploit the Wilsonian
renormalization group in our framework to obtain the
effective potential Vg of the Polyakov loop L, whose
minimum gives the Polyakov-loop average (L). It is known
that the Weiss potential Vy, [31] calculated in the pertur-
bation theory to one loop exhibits spontaneous center-
symmetry breaking, i.e., deconfinement, irrespective of
the temperature 7. This result can be used at high tempera-
ture where the perturbation theory will be trustworthy due
to asymptotic freedom, while the nonperturbative approach
is necessary to treat the low-temperature case. The Weiss
potential can be improved according to the Wilsonian
renormalization group to obtain a nonperturbative effective
potential which is valid even at low temperature.

In Sec. V, we write down the flow equation of the
Wetterich type for the effective potential of the Polyakov
loop in our framework. In fact, the effective potential
obtained by solving the flow equation in a numerical way
shows the existence of confinement phase below a certain
temperature 7. This solution was shown for the first time
by Marhauser and Pawlowski [33] and by Braun, Gies, and
Pawlowski [32], see [53] for the previous works. In this
sense, this section is nothing but the translation of their
results [32,33] into our framework.
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In Sec. VI, we give a qualitative understanding for the
confinement/deconfinement transition given in Sec. V
based on the Landau-Ginzburg argument. We answer a
question why the center-symmetry restoration occurs as
the temperature is decreased, by observing the flow equa-
tion for the coefficient of the effective potential.

In Sec. VII, we describe the low-energy effective inter-
action among quarks by a nonlocal version of the (gauged)
NJL model in which the effect of confinement is explicitly
incorporated through the Polyakov-loop dependent non-
local interaction. The resulting effective theory is regarded
as a modified and improved version of nonlocal PNJL
models proposed recently by Hell, Rossner, Cristoforetti,
and Weise [22], Sasaki, Friman, and Redlich [23], and
Blaschke, Buballa, Radzhabov, and Volkov [24], extending
the original (local) PNJL model by Fukushima [19]. The
nonlocal (gauged) NJL model can be converted to the
nonlocal (gauged) Yukawa model to be bosonized to study
the chiral dynamics.

In Sec. VIII, we show that the nonlocal NJL interaction
among quarks becomes temperature dependent through the
coupling to the Polyakov loop. This is a first nontrivial
indication for the entanglement between the chiral-
symmetry breaking and confinement. This feature was
overlooked in conventional PNJL models.

In Sec. IX, we consider how to understand the entangle-
ment between confinement and chiral-symmetry breaking
in our framework. This is just a short sketch for our
strategy following the line given in the preceding sections.

The final section is used to summarize the results and
give some perspective in the future works. Some technical
materials are collected in the Appendices.

II. REFORMULATION OF QCD

To fix the notation, we write the action of QCD in terms
of the gluon field A , and the quark field ¢

SQCD = Sq + SYM’
5, = [ dPxPliy* DAL = g + w1

.o —1 wv
Sy = [ dPx S 6l F W[ ALFHLAD,

where ¢ is the quark field, A, = A4 T, is the gluon field
with su(N,) generators T, for the gauge group G =
SU(N.) (A=1,---,dimSU(N,) = N} — 1), m, is the
quark mass matrix, u, is the quark chemical potential,
y* are the Dirac gamma matrices (u =0,---, D — 1),
D,JA]:=0d, —igA, is the covariant derivative in
the fundamental representation, F,,[A]:=d,A, —
a, A, —ig[A, A,]is the field strength, and g is the
QCD coupling constant. In what follows, we suppress the
spinor, color, and flavor indices.

The main purpose of this paper is to give a theoretical
framework for extracting a low-energy effective theory

PHYSICAL REVIEW D 82, 065024 (2010)

which enables one to discuss the confinement/deconfine-
ment and chiral-symmetry breaking/restoration (crossover)
transition simultaneously on an equal footing. We refor-
mulate QCD in terms of new variables which are efficient
for this purpose. We start with decomposing the original
SU(N) Yang-Mills field A ,(x) = A4 ((x)T, into two
pieces V, = VA(0)T, and X, = X4(x)T4

A L) =V, () + X, ), 2

to rewrite the original QCD action into a new form
Sy= [ dPaldiyt DLLVY =iy + gy
+ 8T X,
Swe= [ FLIVD? - Xm0 X
- 60 X0} + S G

A-— o7 . i
where J#4 1= g.zﬂ VAT 4 s 1s.the colqr cgrrer}t, DM[V] =
dy = ig[VM, -] is the covariant derivative in the adjoint
representation, and

Wl V1= G"[ Vg, + 28" F.lV]
G V]:= ~(D,[VID V]
- _(apéAC + ngEC'VE)(apSCB + g fCFBYPF)
- —8%,5/‘3 + ngAchBFcygpr
+2gfABEVEGr + g fABEGPVE, 4)
In what follows we use the notation ‘A - B for two Lie-
algebra valued functions A = AAT, and B = BAT, in
the sense that A - B := A4BA = 2tr(AB) and espe-
cially A%?:= A4 - A = A4 A4
Historically, the decomposition of Yang-Mills theory
into new variables has been proposed by Cho [34] and
Duan and Ge [35] independently, and readdressed later by
Faddeev and Niemi [36]. The decomposition was further
developed by Shabanov [37].

The decomposition (2) is performed such that 'V o trans-

forms under the gauge transformation just like the original
gauge field A ,

V(0= V0, (x0)=0x)(V, () +ig7'a,)Q (x), (&)
while X, transforms like an adjoint matter field
X ) — X0, (x0) = Q) X, (0)Q 7 (x). (6)
In the decomposition (2), we introduce a new field
n(x) = n*(x)T,, (N

with a unit length in the sense that n(x)n?(x) = 1, which
we call the color field. In the decomposition (2), the color
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field n(x) plays a crucial role as follows. The color field is
defined by the following property. It must be a functional
or composite operator of the original Yang-Mills field
A, (x) such that it transforms according to the adjoint
representation under the gauge transformation

n(x)— n'(x) = Qx)n(x)Q (x). (8)

The color field plays the key role in the reformulation.
Once a color field is given, the decomposition is uniquely
determined by solving a set of defining equations and hence
% »(x) and X, (x) are written in terms of A , (x) and n(x).
For G = SU(2), the defining equations are given by

(I) covariant constantness of color field n(x) in V 2 (X)

0=D,[Vin(), ©)

(I) orthogonality of X, (x) to n(x)
0= X, - nx). (10)

Then the decomposition for G = SU(2) is uniquely deter-
mined as

V(%) = c,(n(x) + ig”'[n(x), d,n(x)]
cux) == A,(x) - n(x), (11)
X, (x) =ig7'[D,[A]nx), n(x)]

To arrive at the result (3), we have used the following

facts. See Appendix A for the details.

(i) The O(X) terms vanish, } F**[ V]-(D,[V]X, —
D,[V]X x) = 0, from the property of the new var-
iables as shown using the defining equations of the
decomposition (2). This is somewhat similar to the
usual background field method in which O(X) terms
in the quantum fluctuation field X, are eliminated
by requiring that the background field V# satisfies
the classical Yang-Mills equation of motion, i.e.,
DM['V]}"“”['V] = 0. In our case, however, VM
does not necessarily satisfy the classical equation
of motion.

(ii) To obtain Q45[V] in (4), an O(X?) term is
eliminated, — 1 X*A D4 VIDSE[ V]X"E = 0, by
imposing the condition

D, [V]X* =o. (12)

For the reformulated QCD to be equivalent to
the original QCD, we must impose such a constraint
to avoid mismatch in the independent degrees of
freedom, which is called the reduction condition
[38,41].

(iii) The O(X®) term vanishes, 1(D,[VI]X,
D,,[V]XM) <ig[ X*, X"] =0, since D#[V]XV—
D,['V]X, is orthogonal to [ X*, X"].
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For G = SU(2), 'V can be chosen in such a way that the
field strength F[ V] of the field V is proportional to n

T#V[V](X) = ayvy(x) - al/‘v;,c(x) - lg[VM(X), ‘Vy(x)]

=n(x)G,,(x), (13)
where G,, is a gauge-invariant antisymmetric
tensor of rank 2, i.e., ;W[V](x) = f#,,['V’] X

(1) = QW) F [ VIDQ ' (x) = n'()G ,,(x). The ex-

plicit form of G ,,, is written in terms of A , (x) and n(x) as

Gpuy(x) = d,n(x) - A,(x)] = 9,[n(x) - A, ()]
+ig " 'n(x) - [0,n(x), 0,n(x)]. (14)

In the present approach, we wish to regard the field
decomposition as a change of variable from the original
gluon field to new variables describing a reformulated
Yang-Mills theory in the quantum level [38,40,41] (see,
[42-47,54,55] for the corresponding lattice gauge formu-
lation). To achieve this goal, first of all, n(x) must be
written as a functional of A , (x) and thereby all new fields
are written in terms of the original gluon field A , (x). Such
a required relationship between A ,(x) and n(x) is given
by the reduction condition, which is given as a variational
problem of obtaining an absolute minimum of a given
functional. The condition for local minima is given in the
form of a differential equation. For G = SU(2),

[n(x), D, [AID,[Aln(x)]= 0. (15)

This is another form of (12). See [38] in the SU(2) case and
[41] in the SU(N) case for the full details.
Remarkable properties of new variables are as follows.
First, we remind you of the role played by the field V.
(i) The variable VM alone is responsible for the Wilson
loop operator W[ A ] and the Polyakov-loop opera-
tor L[ A] in the sense that

Wl Al=W[ V]  LIA]I=L[V] (@16)

where the Wilson loop operator is defined by

W A] = N tr[iPexp{ig }(C dx”ﬂlﬂ(x)}],
(17)

where P denotes the path ordering and the normal-
ization factor IV is the dimension of the representa-
tion R, in which the Wilson loop is considered, i.e.,
N = dy = dim(1y) = tr(1g). The Polyakov-loop
operator will be defined later. In other words, X L
does not contribute to the Wilson loop and the
Polyakov loop in the operator level. This is because
the defining equation for the decomposition is a
(necessary and) sufficient condition for a gauge-
invariant Abelian dominance (or 'V dominance)
in the operator level. This proposition was first
proved in [48] for SU(2) and for SU(N) in the
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continuum [49] and for SU(N) on a lattice [50]. On
the lattice, the equality does not exactly hold due to
nonzero lattice spacing €, but the deviation vanishes
in the continuum limit of the lattice spacing € going
to zero, € — 0. It should be remarked that both the
Wilson loop operator and the Polyakov-loop opera-
tor are gauge-invariant quantities and that their
average does not depend on the gauge-fixing condi-
tion adopted in the calculation.

(i1)) We can introduce a gauge-invariant magnetic mono-
pole current k in Yang-Mills theory (without matter
fields) where k is the (D — 3) form. For D = 4 and
G = SU(2),

ku(x) 2= 9,7G (%),
G,uV =nc TMV[V]
=0d,¢, — d,c, Tig 'n-[0,n, d,n] (18)

where f,, is gauge-invariant field strength. This is
because the field strength F,, [V]:=0d,V, —
aﬂ/# - ig[V#, "V, ]1is proportional to n

F ol Vl=n{o,c,—d,c,+ig'n-[d,n, 0,0l
(19)

(iii)) The gauge-invariant “Abelian” dominance [56,57]
(or 'V dominance) and magnetic monopole domi-
nance [58] (constructed from V) in quark confine-
ment have been confirmed at 7 = 0 (and u, = 0)
by comparing string tensions calculated from the
Wilson loop average by numerical simulations by
[43] for SU(2) and by [45] for SU(3). Here it
should be remarked that the Abelian dominance is
the dominance for the vacuum expectation value
(or average)

WA AD=W VD, (LIAD=(L[V]). 20)

Next, we pay attention to the role played by the remain-
ing field X. In the absence of dynamical quarks (corre-
sponding to the limit my = 00 of QCD, ie.,
gluodynamics), X“ decouples in the low-energy regime
as the correlator (X4 (x) X4 (y)) behaves like a massive
correlator with mass My. In fact, numerical simulations
demonstrate for G = SU(2) and D = 4 [44]

My = 1.2~ 1.3 GeV. @1)

We can understand this result as follows. The field X, can
acquire the (gauge-invariant) mass dynamically. This
comes from a fact that, in sharp contrast to the field A w
a “‘gauge-invariant mass term” for X, can be introduced

LM% 08 (x) X4 (), (22)

since X% (x)X%(x) is a gauge-invariant operator.
Moreover, this mass term can originate from a vacuum
condensation of “‘mass dimension 2,” (X5 (x) X2(x)) # 0

PHYSICAL REVIEW D 82, 065024 (2010)

as proposed in [59]. In fact, this condensation can be
generated through self-interactions O(X?) among X,
gluons, M% =~ (XB(x) X5(x)), as examined in [40,54]. Tt
is instructive to remark that the value (21) agrees with the
earlier result of the off-diagonal ““gluon mass” M, in the
maximally Abelian gauge [60] for the SU(2) case, M, =
1.2 GeV. See [61] for the SU(3) case, M, =~ 1.1 GeV. In
maximally Abelian gauge, it was shown that even at finite
temperatures Abelian dominance (diagonal part domi-
nance and off-diagonal part suppression) holds for the
spatial propagation of gluons in the long distance greater
than 0.4 fm. It was observed that the diagonal gluon
correlator largely changes between the confinement and
the deconfinement phase, while the off-diagonal gluon
correlator is almost the same even in the deconfinement
phase [62]. Although the similar results are expected to
hold in our formulation, this observation must be checked
directly, as will be confirmed in [63].

In the presence of dynamical quarks (m, < 00), X4 is
responsible for chiral-symmetry breaking in the following
sense. We consider to integrate out the field X% in a naive
way. This helps us to obtain an intuitive and qualitative
understanding for the interplay between the chiral-
symmetry breaking and confinement. Later, this integra-
tion procedure will be reconsidered from the viewpoint of
the renormalization group to obtain a systematic improve-
ment of the result.

Here we neglect O(X*) terms, which will be taken into
account later. Then the integration over Xﬁ can be
achieved by the Gaussian integration according to [40].
Consequently, a nonlocal 4 fermion-interaction is generated

QCD __ glue gNJL
Seff - Seff + Seff ’

SEE” = ] de_Tl@W[V])Z + % IndetQ[ V145
— ilndetG[ V45,
SE = dex{p(inDM[V] — fity + i)

2
+ f dPx f dDy%J§<x>Q-l[V]ﬁ€<x, NTH0),
(23)

where the last term — IndetG*8 in S&'° comes from the
Faddeev-Popov determinant associated with the reduction
condition (12) (see, [39] for the precise form).

This is a nonlocal version of a gauged NJL model
(realized after Fierz transformation). The chiral-symmetry
breaking/restoration transition and the phase structure of a
local version of gauge NJL models were first studied by
solving the Schwinger-Dyson equation in the ladder ap-
proximation for QED-like [64—66] (see, [67] for a review)
and QCD-like [68] running gauge coupling constants.
They are confirmed later by a systematic approach of the
renormalization group [69].
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The range of the nonlocality is determined by the corre-
lation length &, which is characteristic of the color ex-
change through gluon fields. Therefore, this correlation
length ¢ is identified with the inverse of the effective
mass My, i.e., £ =My'. In fact, (Q7")4E(x, y) is the X
field correlator; see (3).

In other words, My is identified with the ultraviolet
cutoff A below which the effective NJL model appears
and works well. Interesting enough, My is nearly equal to
the ultraviolet cutoff adopted in the NJL model

VP = As=14Gev,

see [14].

We can decompose the gauge field A, into the low-
energy (light) mode p < My and high-energy (heavy)
mode p > My

A u(p) = AL (P)0M5 — p?) + AL ()0(p* — M3).

(25)

Ipl = A; = 0.6 GeV; (24)

In the above treatment, X, (p) is supposed to have only
the high-energy mode. The low-energy mode, if any, will
be responsible for the vacuum condensation [40]. For the
precise understanding, we need the renormalization group
treatment as given later and the implications for the
nonlocal NJL model will be discussed there.

III. GLUON SECTOR AND GAUGE FIXING

The Polyakov-loop operator L and the chiral operator
Y are gauge-invariant quantities. Therefore, their aver-
age does not depend on the gauge-fixing procedure adopted
in the calculation. We can choose a gauge in which the
actual calculation becomes easier than other gauges.

In what follows, we treat the time component V, and
space component Vj of V# differently to consider the
finite-temperature case. We consider the following
Polyakov gauge modified for new variables in our refor-
mulation. If the color field n*(x) is uniform in time,

don(x) = 0 & n'(x) = n(x), (26)
then "V, reduces to
Vi(x) = colx)n’(x) A=1,223). 27)
Moreover, if ¢y(x) is uniform in time,
doco(x) = 0 & co(x) = colx), (28)
then "V, reduces to
Vi) =coont@x) (A=123), (29
which satisfies
o Vax)=0 (A=1,23). (30)

In this setting, Vj is given by
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'V‘}‘(x) = c;()nt(x) + g 1e*BConB(x)n(x). (31)

(1) In order to simplify the calculation of the Polyakov
line, we adopt the Polyakov gauge in which the
gauge field is diagonal and time independent: for
the background field V4 (x),

Vi) = cox)8%, (32
which leads to
do Va(x) = 0. (33)
This is realized, if we take the gauge '
n(x) = 4. (34)
In this gauge, the space component reads
V;‘(x) = ¢;(x)8%, (35)

which is not time independent, a, V4 (x) = 0.

(2) We expand the theory around the nontrivial uniform
background g~ !7'¢ 43 for the time component V7,
while the trivial background for space components

V42
J
Vi) = co(x)8",

colx) = g7 'To + vy(x),
’V?(x) =0+ v‘}‘(x),

such that (co(x)) = g~'T{(¢) + (vo(x)) = ¢~ 'T{¢)
with (vg(x)) =0 and (v}(x)) =0. Here the
prefactor g7 'T = (gB)~! was introduced just for
the purpose of simplifying the expression of the
Polyakov loop; see (41).

(3) We take into account the expansion up to quadratic
in the fluctuation fields v, and v;, which we call the
quadratic approximation.

In the calculation of Q45, if we neglect all fluctuation

v
fields vy and v;, namely, V{(x) =g 'Tes" and

(36)

'This is an oversimplified choice for the color field n(x). By
this choice, we cannot separate the nonperturbative contribution
coming from topological configurations such as the magnetic
monopole. It is desirable to take into account color field degrees
of freedom explicitly to see the effect of the magnetic monopole
in the confinement/deconfinement transition [70].

’I have assumed that the spatial component of 'V . has a trivial
background. In view of logical consistency, one must expand the
spatial and temporal components around nontrivial backgrounds,
and then one must search for the minima of the effective
potential calculated as a function of two variables, i.e., the
temporal and spatial backgrounds. In this paper, it is assumed
that a minimum is realized at vanishing spatial background and
that the neglection of the spatial background does not so much
affect the confinement/deconfinement transition temperature.
Indeed, it must be checked whether this assumption is good or
not.
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Aly) — c — () in OAB
Vj (x) = 0, then we can put FG,[V]=0in 048, and

5 is diagonal in the Lorentz indices
fxﬁ = GABg/Lw
GAB = — 54892 + (818 — §13683)(Tp)* + 2e'B3T ).
(37)
In this approximation, we have
GB = —54897 — DYC[VIDGE[ V], (38)

with
—DiTVIDSE[ V] = =883 + 2e*B3T 90,
+ (648 — 843883)(Tp)2.  (39)

Thus we rewrite the gluon part SE2°[ V] as

SUTVI= 38 [ @xVol(=a,0) Vot
+ % f dx VA -6 07 — 54803} VE(x)
T % j dx V=83 VE(x),
+ % IndetQ[ V118 — ilndetG[ VI8,  (40)

where S is the inverse temperature 8 := 1/T, and 'V and
"V, denote the transverse and longitudinal components of
v > Tespectively.

IV. POLYAKOV LOOP

For G = SU(2), the Polyakov-loop operator L(x) =
L[ V(x, -)] is defined by

L(x) := % tr(P),

B=1/T “h

P(x) := Texp[ig/

dxy Vi(x, xo) ﬂ],
0 2

where PPt = 1 and detP = 1. In the above gauge choice,
P(x) = expl:ig,Bco(x)nA(x)%:l.

After a suitable (#-independent) gauge transformation, the
color field n*(x) is eliminated

L(x) = % tr(exp[igﬁco(x) %]) = cos(

Owing to periodicity and center symmetry, we can
restrict the Polyakov-loop average to (L)=0 for
G = SU(2). Then the Polyakov-loop average (L[ V) is
bound from above by L[{ V(x, -))]

gBcy(x)
2

). (42)

0= (Vi D = LlVoto 0 = os(E). - @)
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where we have only to consider the range 0 = ¢ = 7. This
inequality follows from the Jensen inequality, since cos(x)
is concave for 0 < x = 7/2; see [33].

In the case of m, = oo, if the center symmetry is broken
(L) > 0, namely, deconfinement takes place, then the vac-
uum [as a minimum of the effective potential V()] is
realized at (@) < 7. If the vacuum is realized at {¢) = 77,
then the center symmetry is restored (L) = 0, namely,
confinement occurs. The relation (42) yields the relation-
ship for the average between the gauge field and the
Polyakov-loop operator

gBleo(®)) _ (¢) w

({arccosL(x)) = > 7

where the left-hand side is the average of an gauge-
invariant object (since L is gauge invariant) and happens
to agree with the average (V) of the gauge field in the
Polyakov gauge. It is also shown [33] that the converse is
true: In the center-symmetry-restored phase, (@) = 7,
since

% = (arccosL(x)) = arccos{(L(x)) = g (45)
Therefore, (V) or (@) in the Polyakov gauge gives a
direct physical interpretation as an order parameter for the
confinement/deconfinement (order-disorder) phase transi-
tion. The effective potential U ({L)) of the Polyakov-loop
average (L) could be different from the effective potential
Veir({ Vo)) of the gauge field average ( V) in the following
sense. Although both potentials give the same critical tem-
perature 7; as a boundary between (L) = 0 and (L) # 0,
the value of the effective potential Uy((L[ V])) does not
necessarily agree with U(L[{ V)]) = Ver(( V) at a
given temperature 7, since we have only an inequality
(L[ Vo] = L[ V,)]. This difference could affect the criti-
cal exponent and other physical quantities of interest.
Therefore, the result obtained from V.({V,)) must be
carefully examined.

V. DERIVING THE CONFINEMENT/
DECONFINEMENT TRANSITION

In this section, we restrict our consideration to the pure

glue case. We show that the pure gluon part Sf?fle can
describe confinement/deconfinement transition signaled
by the Polyakov-loop average (L). In this section, we
completely follow two remarkable papers by Marhauser
and Pawlowski [33] and by Braun, Gies, and Pawlowski
[32], which succeeded to show the transition for the first
time based on the functional renormalization group. In the
next section, we explain how these results are understood
from the Landau-Ginzburg argument.

We consider the flow equation called the Wetterich
equation [27] for the k (RG scale)-dependent effective
action I,
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—

niel +RQJ

1
O [ P] = ESTT{[ : achb,k},

(46)

ot

where t is the renormalization group (RG) time ¢ := Iny j{,
9, =4 = k ¢ for some reference scale (UV cutoff) A and
Rox 1s the regulator function for the field ®. Here STr
denotes the supertrace introduced to include both the com-
mutative field (gluon) and the anticommutative field
(quark, ghost). See [28,29] for reviews of the functional
renormalization group.

If we restrict our consideration to the pure glue case Syy
under the gauge n*(x) = 843, then the relevant fields & are
V4 (x), X (x) and Faddeev-Popov ghosts (ghost and anti-
ghost) CA(x), CA(x), i.e., ®F = (V4, X4,C4 C*). In this
section, we use the Euclidean formulation. In the modified
Polyakov gauge and within the quadratic approximation
adopted in Sec. I1I,

—

1 5 - -1
‘in{[W sy TR o

Tr{ln[QAB + 8488, R 1}

0,1

- atTr{ln[GAB + §4BR, 1}, (A7)

where the second contribution in the right-hand side comes
from the X field and the last one from the ghosts fields
[39], and we have used the same regulator function R; for
the gluon and ghost up to the difference due to the tensor
structure.

We neglect backreactions of the V|, potential on the
other gauge fields V» as in the treatment [33] Assuming

an expansion around V =0, I‘(z) = 51/* Fk 5% is block

diagonal like the regulators and the flow equation can be
decomposed into a sum of two contributions: under the
approximation (37),

1 1
o=t o]
+ 9, Tr{ln[GAB + 54BR, ]}, (48)

where the gluon regulator Ry ,, is a block-diagonal matrix
in field space,

R0 = Rox = ZoRopuk(p?),
Rk,Oj - 0 - Rk,jO’ (49)
Ry je = RriTje(p) = Z;T;e(p)Ropir, (PP,

where T = 6 p"—ff is the transverse projection
operator and Roptk(p ) is the (3 dimensional) optimized

choice [71]

PHYSICAL REVIEW D 82, 065024 (2010)
Ropk(p?) = (& — p?)O(K* — p?). (50)

The first term in the right-hand side encodes the quan-
tum fluctuations of "V, while the second one encodes
those of the other components of the gauge field and
ghosts. In the present truncation, the second term is a total
derivative with respect to ¢, and does not receive contribu-
tions from the first term. Therefore, we can evaluate the
flow of the second contribution, and use its output
Vr1(V) as an input for the remaining flow

= Bf(27)3[< (2) + Ry ) 0 R(),k:l + 9V
(51D

where for w = 27 Tn
Vi = Tr{ln[GAB + 848R, 1}

] S InGA . p) + 6805~ p)
nez

X 0(k3. — p?)]

f tIn[648p? — D3 + 845(12 — p?)
nEZ ( )
X 6(k; — p*)]

=Ty 4x

ne”z

—TY 4w f
nez (
Here we have introduced the Weiss potential Vy, which
was obtained by a one-loop calculation [31]
Vw = Trin[GA?]
dp -
=T — trIn[G*B(py = w,

n€”z

fT Pr < trIn[ 848 k2 — D3]

trln[aAB 2— D2]+ Vy. (52)

3
= TZ /(;771;3 trin[p? + (o + T)?]

ne”z

d3
+TY f—p3 wln[p? + (0 — Te)?],  (53)
n€Z (277)
where we have neglected the
"V ,-independent) contributions.
The closed form of the Weiss potential is obtained after
summing up the Matsubara frequencies

¢-independent  (or

)
Vi(p) = T4|:_é(¢ — )+ 12177_2 (p —m)* + E]

(mod 277). (54)

The Weiss potential Vy, is g independent and the overall
curve scales as T*. Vy, has the symmetries Vi (—¢) =
Vw(e) and V(@ + 2mn) = Viy(e). Vy(e) has the
minima at ¢ = 2mn, and the Polyakov loop has the
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TOWARD A FIRST-PRINCIPLE DERIVATION OF ...

nonvanishing value L = cos? = (—1)", implying decon-
finement; see Fig. 1. Therefore, V(o) is considered to be
valid at very high temperature where the perturbation

theory is trustworthy. In Fig. 2, we observe
limVy, = Vrg = Vy, limVr;, = 0. 55
iV 7,0 W mVr (55)

After integrating over the fields other than "V, we are
lead to the effective action of V,

Tl Vol = ﬁfdax{—%zovo(x)ajajvo(x)
LIVl
folﬁi[Vo] = Ve Vol + AV [ V] (56)

Then the flow equation is reformulated for AV, with the
external input Vg,

Ba(AV,[ Vo)) = %B [ (;l;’; [(r,?) 1+ Rk)OOG,Ro,k],
(57)

(normalized) SU(2) Weiss potential \;W(tp)
‘7W:=VW/T4

0.8
0.6 -
04+

0.2

P S S S S S S S RSP S |

0 1 2 3 4 5 6
SU(2) Polyakov loop L

1.0

0.5

=051

-1.0"-

FIG. 1 (color online). (Upper panel) (Normalized) SU 2)
Weiss potential Vi as a function of ¢. (Lower panel) SU(2)
Polyakov loop L as a function of ¢, L = cos(%).
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FIG. 2 (color online). VT,k for different values of & (reprinted
from [33]).

where
TP Vol = B{Zop® + 33, VI Vol (58)
Using the specific regulator, Ry, = Zo(k* — p*)0(k* —
p?), which yields
9 Rox = [0,Zo(k> — p?) + 2Zok*10(k> — p?),  (59)
we can perform the momentum integration analytically.
B (AV, [ V4]
2 1 (/5 + DE
3 (277)2 Z]:ngIBZa%p(VT,k[VO] + AVk[VO]) + kz,
(60)

where we have introduced the running coupling «;
defined by

2 2
8 =2;'¢ ak:=ﬂl;_=zk_lf_ﬂ_’ (61)
and the anomalous dimension 7, defined by
N = 9,InZ; = —9,Ina. (62)

By introducing the dimensionless RG scale k and the
dimensionless effective potential V defined by

ki=pk=k/T, V:i=pvV=Vv/T (63)
the flow equation is simplified as
. 1 (1+ /5K
aAAVA[’VO] ) Ta % 7 ’
k= Tk 6 1 + 4122 k a%o(vT,,;[Vo] + AV I Vo))

(64)

where all scales are measured in units of temperature. It
turns out that the input in solving the flow equation is just a
running gauge coupling constant «;. A specific choice for
the running gauge coupling constant is given in Fig. 3. For
the derivation from the renormalization group, see [72].

065024-9



KEI-ICHI KONDO

Q
o
S
— T= 0MeV
— T=150 MeV
— T =300 MeV
T =600 MeV
0.01 e S—
0.01 0.1 1 10

p [GeV]

FIG. 3 (color online). The running gauge coupling constant
a, for temperatures 7 =0, 150, 300, 600 MeV (reprinted
from [33]).

The flow is initialized in the broken phase at any tempera-
ture. By solving the flow equation in a numerical way with
an input for the running gauge coupling given in Fig. 3, the
full effective potential Veff (normalized to 0 at ¢ = 0) is
obtained in Fig. 4 for various temperature.

According to [33], a second order phase transition oc-
curs at a critical temperature

T, = 30514 MeV, T /o =0.69"%,  (65)

with the string tension \/o = 440 MeV. This agrees within
errors with the lattice result 7,;//o = 0.709. Moreover,
these results were confirmed by considering another gauge
[32].

VI. UNDERSTANDING THE EXISTENCE OF
CONFINEMENT TRANSITION ACCORDING
TO THE LANDAU-GINZBURG ARGUMENT

In this section, we show that some qualitative aspects of
the deconfinement/confinement transition found in the pre-

0 T T T T T T
0.1+ i
=
[}
<>
T =500 MeV
— T =400 MeV
-0.2 - — T =350 MeV|
— T =300 MeV
— T =250 MeV
. ] . ] . ] ;
0 n/2 32n 2n

S a

FIG. 4 (color online). Full effective potential Vg?f’e, normalized

to 0 at ¢ = 0 (reprinted from [33]).
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vious section can be understood without detailed numerical
works, although the precise value of the transition tem-
perature T,; cannot be determined without them.

For G = SU(2) in the pure Yang-Mills limit m, — oo,
the effective potential V(L) for the Polyakov loop L
must be invariant under the center symmetry Z(2).
Therefore, V(L) is an even function of L, i.e., Ve (L) =

Vowe(—L) where L is real valued L = L*. Thus the
Landau-Ginzburg argument suggests that the effective
potential Vegfl}w(L) for G = SU(2) has the power-series
expansion in L near the transition point L = 0

VES(L) = o + 2 5 272 4 & 1 L4+ O(LY).  (66)
As the vacuum is specified as the minima of the effective
potential, the confinement/deconfinement transition tem-
perature T; is determined from the condition ¢,(T;) = 0
so that the low-temperature (7' < 7,) confinement phase
(LY =0 1is realized for c¢,(T) >0, while the high-
temperature (7 > T,;) deconfinement phase (L) # 0 is
realized for c¢,(T) <0, provided that the positivity
¢4(T) > 0 is maintained across the transition temperature.
Consequently, the transition is of the 2nd order.

Indeed, we confirm that the Landau-Ginzburg descrip-
tion is correct and valid for the confinement/deconfinement
transition, by making use of the flow equation given in the
previous section. This is a microscopic justification of the
Landau-Ginzburg argument for the confinement/decon-
finement transition. In our treatment, however it is more

convenient to write the effective potential V, ff © in terms of
the angle variable ¢ (rather than L) around the transition
point ¢ = 77 (instead of L = 0). Defining ¢ := ¢ — 7, we
find that VE'*($) must be an even function VE(@) =
VE'(— @) due to the center symmetry and hence odd terms
(e.g., &, #*) do not appear

C, C
22+ et + 089, (67)

1
VER(E) = Co + 267+

At sufficiently high temperature, we observe that

C,(T) <0 and hence VE' has the minimum at & # 0
(&=L # 0) leading to deconfinement. In order to show
the existence of the confinement/deconfinement transition
at T =T, Co(T) must change the signature C,(7) >0
below this temperature 7 < T, and hence the minimum
occurs at @ =0 (<=L = 0) leading to confinement.
Therefore, the confinement/deconfinement temperature
T, is determined by C,(T,;) = 0, provided that the posi-
tivity C,(7T) > 0 is maintained.

For this purpose, we study the scale dependent effective
potential V&5 at k>0

C C
= Cop + 223>+ 225 + 089,  (68)

lue
Vg
eff,k 2 41
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and see how it evolves towards the limit k — O according
to the flow equation to obtain the physical effective poten-
. glue .__ y,glue

tial Vi *= Vi i—o-

As in (56), V&S is decomposed into two pieces
l A A
Vi = Voi AV, (69)

where we have defined the dimensionless potential accord-
ing to the rescaling (63). The first part VT, ¢ is the
(k-dependent) perturbative part (52) obtained essentially
by the one-loop calculation with the regulator function R,
being included. For this part, the closed analytical form can
be obtained; see Appendix B. While the second part AV,;
represents the nonpertubative part which is initially zero
AV,;I r=A = 0 and is generated in the evolution of the
renormalization group. This part is obtained only by solv-
ing the flow Eq. (64) and its analytical form is not available
(at this moment).
We expand VT‘ cinpowersof @ = o — 7

A A A
Ve =Ao+ ;" @+ :," 5+ 0(8%,  (70)
where coefficients are drawn as functions of k in Fig. 5; see
Appendix B for their closed analytical forms.
Suppose that AV, is of the form

AV = agy + 2k g2 + Dk gi 1 0(g), (71)

2 41

A flow equation (64) for the effective potential (56) is
reduced to a set of coupled flow equations for coefficients
in the effective potential (69) with (70) and (71)

(1 + Lok 47,;” (Agr + agp)
6 [1+ 4770“ Ay + ay )P

(1+ %nk)lgz [4mk (Agp + ag )P
6w [1+ (A + ay )P

algazyk = —

8,;614,,{ = +

(72)

which are coupled first-order ordinary but nonlinear dif-
ferential equations for coefficients. In Appendix C, we see
that this form (71) is justified as a solution of the flow
equation. In fact, it is easy to see that d;a;; = 0 and
dpaz, = 0 are guaranteed from the flow equation, if the
effective potential has no odd terms at arbitrary k.
Therefore, if an initial condition, a;;, =0 = a3, at
k = A is imposed, then a;;, = 0 and a;; = 0 are main-
tained for 0 =< k = A by solving the flow equation. In
performing numerical calculations, however, one must
truncate the infinite series of differential equations up to
some finite order to obtain a manageable set of equations.
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A A coefficient A of ¢*in V
12 14 k=iT
—04l
A A coefficient A i of ¢ in V
E— A E— A E— : L ]g:k/T
0 2 4 6 8 10 12 14

FIG. 5 (color online). A, and A4, as functions of k.

We can understand qualitatively why a 2nd order phase
transition from the deconfinement phase to the confine-
ment phase can occur by lowering the temperature.

The flow starts from a,; = 0 and hence Cy; = Ay +
ar <0 (because of A, <0) at k = A > 1. We assume
Cyp = Ay +ag,>0for0 =k = A, as a necessary con-
dition for realizing a 2nd order transition. Otherwise, we
must consider the higher-order terms, e.g., O(¢°). (This
assumption is assured to be true by numerical calculations
of the full effective potential [32,33], as reproduced in the
previous section.) This assumption allows us to analyze
just one differential equation for obtaining qualitative
understanding

(L+1n)  Ama(Agy + agy)
6m  [1+ 47“‘ (Agp + ar )P

dpar, = — (73)

Then the right-hand side of (73) is negative, since the
running coupling constant a; is positive and 1 + £, is
positive; see Figs. 6 and 7. Consequently, a, started at
zero becomes positive a, ; > 0 just below A and increases
(monotonically) as k decreases; see Fig. 8.

Note that the denominator can vanish 1 + 7"’" Ay +
ay;) = 0 at some k™ (since Cr; = Ayy + any < Oor0<
ar < —A,,) where the right-hand side of (73) becomes
negative infinity and a,; blows up there. To avoid this
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a, (k)
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0.0 0.5 1.0 1.5 2.0 2.5 3.0
(k) The running gauge coupling constant
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FIG. 6 (color online). The running gauge coupling constant «;,
at T = 0.001, 0.125, 0.25, 0.50, 1.0 GeV, from the top at the
lowest temperature 7 = 0.001 GeV to the bottom at the highest
temperature 7 = 1.0 GeV. (Upper panel) «; as functions of k.
(Lower panel) a; as functions of k. For a given temperature,
there is a critical value IQC separating the deep IR region (76)
from the higher momentum region (75). The discontinuity of the
derivative seen at k. comes from a crude approximation in which
we have taken into account just the first linear term (i.e., c; =
¢, = - -+ =0) in the expansion (76), and can be avoided if we
take into account higher-order terms as explained below (76).
However, this is not essential to see qualitative behaviors of the
solution of the flow equation.

pathology and to obtain the solution all the way down to
the limit k — 0, a,; must grow relatively rapidly so that
|Ay i + as] << 1 towards the limit k — 0.

An important observation of the flow equation (73) is
that the explicit temperature dependence comes from
the running coupling constant alone. At zero temperature,
the running coupling constant is well parametrized by the
fitting function [73]

47X 0.709/N,
In[e + a,(k*)® + b,(kK*)*2]’

oy (74)

where a; = 5.292, a, = 2.324, b, = 0.034, b, = 3.169 in
units of GeV.
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n(k) anomalous dimension

10f

1.55 \
\

05F

-05F

—10t

FIG. 7 (color online). The anomalous dimension 7, as func-
tions of & at T = 0.001, 0.125, 0.25, 0.50, 1.0 GeV. In each graph
for a given temperature, there is a critical value &, of k separating
the deep IR region 7, =~ —1 from the higher momentum (inter-
mediate and UV) region n; > 0. The temperature is distin-
guished by k. ranging from the smallest value at the highest
temperature 7 = 1.0 GeV to the largest value at the lowest
temperature 7 = 0.001 GeV where 7, =~ —1 for k< Igc and
e =0 for k> k.. The discontinuity of the derivative seen at
IQL. is due to the same reason as that explained in Fig. 6 and is not
essential to see qualitative behaviors of the solution of the flow
equation.

a; A coefficient a; of ¢? in A\A/T’ﬁ

kK =k/T

k =k/T

2 4 6 8 10 12 14

FIG. 8. a,; vs —A; as functions of k for T <T,.
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For the perturbative region k > T, i.e., k> 1,we adopt
this form: k2 = 722,

g 471 X 0.709/N,
a, =8k - . . (75
4w In[e + a,(T?k*)* + by (T*k*)"2]

For the nonperturbative region k < 27T, i.e., k< o(1), we
adopt the running coupling which is governed by an infra-
red fixed point [72]

ko ke kY
ak:a3df+cl<? +C2<? + -
= ajk+ ok + ek A, (76)

where coefficients ¢y, ¢,, ... are determined such that the
coupling at zero temperature (75) and its derivative with
respect to k are connected continuously with this ansatz
(76) at the scale set by the lowest nonvanishing bosonic
Matsubara mode w = 27T. However, the running cou-
pling constant at small momenta (76) does not contribute
to the explicit T dependence in the scaled flow equation,
since it is written in terms of the scaled & alone and hence
denoted by a common curve going through the origin for
any temperature 7 in the second figure of Fig. 6. Therefore,
the running coupling at very small momentum region
cannot be responsible for the confinement/deconfinement
transition at finite temperature, if this observation is cor-
rect. As can be seen from the second figure of Fig. 6, the
dominant contribution comes from the intermediate mo-
mentum region above O(1) GeV. Thus, we can avoid the
issue of the gauge-fixing artifact in the deep IR region due
to Gribov copies in the zero-temperature case; see, e.g.,
[74,75] and reference therein.

We consider a solution of the reduced (or normalized)
flow equation as a function of k, rather than k, for a given
temperature 7. Then the difference between high- and low-
temperature phases attributes to the behavior of the running
coupling constant a;, as a function of k = Tk, which brings
the explicit T dependence to the reduced flow equation. In
the case of high-temperature 7> 1, k = Tk becomes
large for a wide range of k and the running coupling
constant «; remains relatively small. The resulting slow
increase of a,; keeps a,; small such that C,; = A, +
arr <0 oray, <—A; even at k = 0. This leads to the
center-symmetry breaking at high temperature.

In the case of low temperature 7 < 1, k =T k becomes
small for the same range of k and the running coupling
constant «;, gets into the intermediate region of O(1) GeV
rapidly and becomes larger as the temperature becomes
smaller. At sufficiently low temperature, a, increases in
decreasing k so rapidly that a,; eventually reaches to the
point Ay + a,, =0 or a,, = —A,, at a certain value
k= 120. In other words, the graph of a, ; intersects with that
of —A,, at k= 120. In the region 0 < k < ky where C,; =
Ay T ay, > 0oray, > —A,,, the flow equation reads

PHYSICAL REVIEW D 82, 065024 (2010)

1+ I (Agp + ag )kt
6’7T2 47TC¥k(A2,k + Gz]k)z ’

0 12612‘ k = (77)
the right-hand side gets small negative, and a,; becomes
flat near the IR limit; see Fig. 8. Finally, a, reaches the
value realizing Cp; = Ay + axp >0 or ay, > —A,, at
k = 0. This leads to the recovery of the center symmetry.
The difference is clearly seen from the second figure of
Fig. 6 where the running gauge coupling «; is drawn as a
function of k for various temperatures.

In our treatment, the difference between the three-
dimensional RG scale k; and the four-dimensional one k
is neglected by equating two scales kr = k just for sim-
plifying the analysis, since it is enough for obtaining a
qualitative understanding for the transition. This is not the
case for obtaining quantitative results, see Appendix C of
[33] for the precise treatment on this issue.

VII. QUARK PART AND GAUGED
NONLOCAL NJL MODEL

We examine the quark self-interaction part S, =
[dPx [dPyl P4 (x)g*(Q [ VIViE(x, y) T E(y). In esti-
mating the effect of Q~'[ V], we take the same approxi-

mation as the above. Consequently, the inverse
(O 148["V]is diagonal in the Lorentz indices:
(@ NHAlV]
= gm(G V]
J[F,+F_,1 —%[F,—F_,]1 0
=8" %[F‘P - F—éa] %[F<p + F—qo] 0] @8
0 0 Fy
where F, is defined by
F(id) : !
id) \=
¢ (i0¢)* + (idg + Te)?
1
(719)

T (0,7 + (Te) + 2Tgidy

In what follows, we consider only the diagonal parts of
(G™Y*B["V]. This is achieved by the procedure

2
%(Q‘l):‘ﬁ(x, y)=g"8"Gx—y),  (80)
which yields
2 AB
g, 8ur O
G —y) =50 utx )= NZT (81)
Then the nonlocal interaction is obtained as
2t(G™Y) g*F,+F_,+F
Gr—y=8"ZF 18 Tel e 770 (g

2 N2—-1 2 3
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This approximation is used just for simplifying the Fierz
transformation performed below and hence it can be
improved by taking into account the off-diagonal parts of
G~ ! if it is necessary to do so.

For D = 4, we use the Fierz identity [76] to rewrite the
nonlocal current-current interaction as

St — j d'x ] Ay TG — y)THA(y)
- f d'x [ dyG(x = N cal GO, P())

X (I ()
= [ @ [ #:60F culits + /DT 0ix — 2/2)
X A= 2/2Tap(x + 2/} (83)

where the I', are a set of Dirac spinor, color, and flavor
matrices, resulting from the Fierz transform, with the
property 70F:§(70 = I',,. Although the Fierz transformation
induces mixings and recombinations among operators, the
resulting theory must maintain the symmetries of the origi-
nal QCD Lagrangian. A minimal subset of operators sat-
isfying the global chiral symmetry SU(2); X SU(2)
which governs low-energy QCD with two flavors is the
color singlet of scalar-isoscalar and pseudoscalar-isovector
operators. Thus, by restricting I, hereafter to

Iy = (1, iys7) (84)

and ignoring other less relevant operators (vector and
axial-vector terms in color singlet and color octet chan-
nels), we arrive at a nonlocal gauged NJL model

S = f )iy D, V] = iy + iy m) ()

+ Sint’
St = f d'x f d2G@Fx + /DT a i (x — 2/2)
X (x — z/2)T i (x + 2/2)]. (85)

This form is regarded as a gauged version of the
nonlocal NJL model proposed in [22]. The function G(z)
is replaced by a coupling constant G times a normalized
distribution C(z)

G(2) = gC(z), [ d*zC(z) = 1. (86)
The standard (local) gauged NJL model follows for the
limiting case C(z) = 8§*(z) with [d*zC(z) = 1.

In contrast to [22], however, G and C are determined in
conjunction with the behavior of the Polyakov loop L or ¢
at temperature T using the Fourier transform G(p) of G,
they are expressed as

PHYSICAL REVIEW D 82, 065024 (2010)

g —G(p=0, Cp)=Gp)/Gp=0), ®
where
Gp) g; Fu(p) + F’_;(p) + Fo(p),
1 (88)
F,(p)

Note that F,(p = 0) and hence G diverge at T = 0. This
comes from an improper treatment of the 7 = 0 part. To
avoid this IR divergence at T =0, we add the T =0
contribution M§ = M% and replace F,(id) by

1
F(i9) =
¢(i9) (00 + (i0g + T@) + M2
1
= , 89
(i0,)* + (Te)* + 2T pidy + M} (89
and
Fo(p) = 1
P by + Te) + M3
1
(90)

P+ (Te)> +2Topy + M

In fact, such a contribution § M3 comes in GA? as an addi-
tional term M358 from the O(X*) terms [note that O(X?)
terms are absent for G = SU(2)], as already mentioned
above.

Another way to avoid this IR divergence is to introduce
the regulator term which is needed to improve the one-loop
perturbative result and obtain a nonperturbative one
according to the Wilsonian renormalization group:

AS, — f de%Xﬁ(x)[ﬁABgWRk(ia)]Xg(x)

_ (4P 1
2m)P 2

Xo(=p)6*8g,, R (p)IXE(p), (O1)

where k is the RG scale and R, (p) is the Fourier transform
of R.(i9). The regulator function R, introduces a mass
proportional to k?, which plays a similar role to M3 in
the above, as long as k > 0.

The NJL model [12] is well known as a low-energy
effective theory of QCD to describe the dynamical break-
ing of chiral symmetry in QCD (at least in the confinement
phase), see, e.g., [13,14]. The theory given above by
S — geve 4 g8V i able to describe chiral-symmetry

breaking/restoration and quark confinement/deconfine-

ment on an equal footing where the pure gluon part S

describes confinement/deconfinement transition signaled
by the Polyakov-loop average. We can incorporate the
information on confinement/deconfinement transition into
the quark sector through the covariant derivative D[ V]
and the nonlocal NJL interaction G (G and C), in sharp
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contrast to the conventional PNJL model where the entan-
glement between chiral-symmetry breaking/restoration
and confinement/deconfinement was incorporated through
the covariant derivative D[ V] alone and the nonlocal NJL
interaction G is fixed to the zero-temperature case. In our
theory, the nonlocal NJL interaction G (G and C) is auto-
matically determined through the information of confine-
ment/deconfinement dictated by the Polyakov loop L
(nontrivial gluon background), while in the nonlocal
PNJL model [22] the low-momentum (nonperturbative)
behavior of C was not controlled by first principles and
was provided by the instanton model.

To study chiral dynamics, it is convenient to bosonize
the gauged nonlocal NJL. model as done in [22]. The non-
local gauged NJL model (85) can be bosonised as follows:

define
D, (x) 1= (o(x), 7(x)). 92)

To eliminate the quadratic term in the nonlocal currents,
we insert the unity

1= [Da’@?rexp{—/dﬁC(z)/d“x%[fba(x)
+GY(x + /2T, ¢ (x — 2/2)][ P, (x)
+ Gi(x + 2/ h (x — z/2)]*}, (93)

where we have used f d*zC(z) = 1. Then we have the
gauged Yukawa model:

gL

f@@@(/,e o j@&@¢/DaD%exp{—S§§},
94)
x—z/2,

where with x' := x + z/2, y' 1=

s = [av [avie o6 = =i DV

1 I+ !
+ i, + iy4,u,q) + EC(X/ — y’)Fa[(Pa(x > y)

x +y

s (D) Jeon + [exsp o,

(95)
or

SgY d p d4
eff (2 )4 (2 )4

X (=y*(p, +& V. (p) + iy +iviu,)

w(p)[(%)“é“(p P

+ %é(p P )Fa[cba(p —p)+Dh(p - p’)]] g (p')
d'p 1 )
L) 96)
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Finally, the bosonized theory of the gauged NJL model
is obtained by way of the gauged Yukawa model by
integrating out quark fields as

/@zwlpe*iﬂ /@U@ﬂ'[@d/@l,{/exp{ se¥y
— f Do Diexpl—Steson), 97)
where the bosonised action S8°" is

Sboson — —Trln{é“(x’ = y)(=iy*(a, — igVM) +iytu,)

l+ !/
+ i, +10(x’—y’)ra[<ba(x . y)

+ CD*<x +y)]} fd4x—cb ()DL (x),  (98)

or

Shoson = —Trln{<2w>4a4<p — v (p, + g V,)

/

I @alp = p)

1~
+iytg] + iy + §C<p

2
4
#@up -+ [ 55 S PP

99)

VIII. IMPLICATIONS OF THE POLYAKOV
LOOP FOR CHIRAL-SYMMETRY BREAKING
AT FINITE TEMPERATURE

The thermodynamics of QCD can be studied based on
our effective theory derived in this paper in the similar way
to the nonlocal PNJL model [22]. But this must be done by
including the effect of gluon properly. In the PNJL model,
the effect of the gluon was introduced by the standard
minimal gauge coupling procedure, i.e., replacing the nor-
mal derivative d,, by the covariant derivative D,[ A ] :=

— ig A . Inour effective theory, the effect of the gluon
is introduced through the NJL coupling constant G and
the nonlocality function C, in addition to the minimal
coupling D[ V]. The nonlocal NJL interaction among
quarks are mediated by gluons at finite temperature in
QCD. Therefore, both G and C characterizing nonlocal
NIJL interaction inevitably have temperature dependence,
which could be different depending on whether quarks are
in confinement or deconfinement phases.

At T = 0, QCD must be in the hadron phase where the
chiral symmetry is spontaneously broken, which means
that the NJL coupling constant G(0) at zero temperature
must be greater than the critical NJL coupling constant G,

1
G0)=g>—>0G.. 100
0) =g 2 (100)
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The nonlocality function or the form factor C(p) at T = 0
behaves as

2 2
Gy =& | G0) =& L
6 =5 w90 =TF5p (0D
and
5 M%
C(p) = pzTM%' (102)

As an immediate outcome of our effective theory, this
determines the temperature dependence of the coupling
constant G of nonlocal NJL model. Using (87), we have

G(T) = %gz[ (103)

2 1
S ——
(Te)* + Mj Mg]
which lead to the NJL coupling constant normalized at
T=0

G(T)/G(0) =

2
[ My (104)

ﬁ??ﬁ*@

In the presence of the dynamical quark m, < oo, the
Polyakov loop is not an exact order parameter and does not
show a sharp charge with discontinuous derivatives. Even
in this case, we can introduce the pseudocritical tempera-
ture 77, as a temperature achieving the peak of the suscep-
tibility. Below the deconfinement temperature T, i.e.,
T <T;, therefore, L =0 or ¢ =, the NJL coupling
constant G has the temperature dependence

2M3

1
G(T)/G(0) = g[m + 1] (T<T). (105)

This naive estimation gives a qualitative understanding
for the existence of chiral phase transition. Since G(T) is
(monotonically) decreasing as the temperature 7 increases,
it becomes smaller than the critical NJL coupling constant
Tloo=G]|O.

1
G0) = 8>+ 5> G, (106)

0
Thus, the chiral transition temperature 7', will be deter-
mined (if the chiral-symmetry restoration and confinement
coexist or the chiral symmetry is restored in the confine-
ment environment before deconfinement takes place, i.e.,
T, = T,) by solving

G(T,) =

2
G(0) [ 2M3 1o

+q:@
3 LTi7* + Mj

Here we have assumed that the nonlocality function @(p)
gives the dominant contribution at p = 0, namely, C(p) =
C(0) = [d*zC(z) = 1 and that the occurrence of the chiral
transition is determined by the NJL coupling constant
alone.
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At finite temperature T, the form factor reads
Cx—y) = /
ne”z (2 )3
= TZ / &’p Mo [ 2
<) Qm)P 3 Lp*+ (0 +Te)* + Mj

+ —]elp (x—y)
2 2 2
p°+ 0+ M

[ dp M} 5 sinh(e,/T)
B [(277')3 @[ cosh(e,/T) — cos(p)

sinh(e,/T)

= w, p)eiP'(x_.Y)

P iy 108
cosh(e,/T) — 1] (108)
where we have defined €, := 4/p? + M3 and used
Tz 1 1 sinh(e,/T)
S (w+ C)P? + e, 2e, cosh(e,/T) — cos(C/T)’
(109)

The form factor C does not change so much around the
deconfinement temperature 7 ~ T7; (or ¢ ~ 7). This is
reasonable since the form factor is nearly equal to the X
correlator Q !, as already mentioned in Sec. II.

For more precise treatment, we must obtain the full
effective potential Vi (o, ¢) as a function of two order
parameters o (or (¢ ¢)) and ¢ (or (L)), and look for a set
of values (o, ¢) = (0¢, ¢y) at which the minimum
Vegs(0o, 0o) of Vo, @) is realized. Then ¢ must be
replaced by ¢, in the above consideration. For this goal,
we must develop the RG treatment for the full theory. This
issue will be studied in a subsequent paper.

IX. HOW TO UNDERSTAND THE
ENTANGLEMENT BETWEEN CONFINEMENT
AND CHIRAL-SYMMETRY BREAKING

To discuss the entanglement between confinement and
chiral-symmetry breaking, we wish to obtain the total
effective potential VP of QCD written in terms of two
order parameters, i.e., the Polyakov-loop average (L) and
chiral condensate (i /), so that its minima determine the
vacuum for a given set of parameters m,, T and u, when
N, and N are fixed. Here m, 1 o0 is the pure Yang-Mills
limit and m,, 1 0 is the chiral limit.

The effective potential for the quark part is obtained by
integrating out quark degrees of freedom. The simplest
form is obtained, e.g., from the bosonized model as

yauark — —Trin{iy#a, + m, + Co — gAY+ i,LLq’)/4}

1
+— 2

e (110)

Then the RG scale k dependent effective potential V"™

for the quark part must be given as the solution of the flow
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equation. In the same approximation as the above, it is
written in terms of two order parameters o and ¢

quark
Vk

(0': ‘P)mq,T,u,q = /(2 )’; trln[za)ny pjyj

ne”z

+m, + C(p)o — TeTyy* +ip,y*

Ry L

e (111)

where Ty = 03/2 and RM™™ is the regulator function for
quarks. In the limit & | 0, indeed, V,‘juark (111) reduces to
yavak (110). The effective potential V,‘juark (111) depends
onm,, T,and u, when Nc and N are fixed. Because of the
po dependence of the “mass” function M(p) which is an
immediate consequence of the nonlocality of the present
NJL model, it is difficult to obtain the closed analytical
form by performing the summation over the Matsubara
frequencies.

In our strategy, a full effective potential V.
QCD is given by summing three parts:

flc,((a' ¢) of

V3L (0, 0) = VE“(@) + Vi (0, @) + AVEDP(0, @),
(112)
with the pure gluon part VE**(¢) = V7, (56);
VEIUC(QD) — Tr{ln[GAB + 5ABRI<]}»
— Te{ln[— 54%a2 + (848 — 53 55)(T )2
+2eAB3T i, + SABR, ]}, (113)
with the quark part (111),
1
unark(a ) = EU — Trinfiy*a, + m, + Co
— TeTsy* +ip,y* + RM™ Y, (114)

and a nonperturbative part AV]?CD(O', ¢) induced in the RG
evolution according to a flow equation. We assume that the
total effective action of QCD obtained after integrating out
the fields other than those relevant to chiral symmetry and
confinement is the form

Fk = jOI/T dX4 fd3x{%20[ajvo(x)]2 + %Za[aja-(x)]z

+ Vi (o, so)}, (115)
and obeys the flow equation
1 5 g -1
1 5 g -1
+-T| ==1vr—=>+R -aR}. 116
2 r{[(ﬂ/f PR k] Rip (11O
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If the flow equation was solved, we would have obtained
the effective potential of QCD, ngc ,13(0', @), which has the
following power-series expansion with respect to two
variables o and ¢ in the neighborhood of the transition
point where o = 0 = L according to the Landau argument
(as demonstrated in the pure glue case).

VAP (o, @) = VE(p) + V(o) + V(0. ),
C, , C C
V@) =Co+ C1g+ 7+ 2297 + 19" + 0(8)
Ez E,
q 2+ 4+ 6
Vi(o) = > 1 O(a®),
Ve(o, @) =F,07@+ -, (117)

where V&($) denotes a part written in terms of ¢ alone, and
V(o) denotes a part written in terms of o alone, while
V¢(o, @) denotes the cross term between o and &.

Once dynamical quarks are introduced, the exact center
symmetry in pure Yang-Mills theory is no longer intact.
Therefore, the QCD effective potential includes the explic-
itly center-symmetry breaking term. For G = SU(2), the
center symmetry @ — — @ is explicitly broken as C; # 0,
C; # 0in V&(¢), and F; # 0in V¢(o, ¢). The existence of
the cross term is important to understand the entanglement
between center symmetry and chiral symmetry, as pointed
out by [19]. In fact, the one-loop calculation leads to C; =
0.97434N; >0 and F; = —0.106 103N; <0 (u, =0
case) which appears to be a good indication for this pur-
pose and serves as the initial condition in solving the flow
equation.

In the paper by Schaefer, Pawlowski, and Wambach
[26], a sort of backreaction from quarks has been intro-
duced to improve the effective potential of the Polyakov
loop, while the NJL coupling remains local. In contrast,
this paper introduces a backreaction from gluons to im-
prove the NJL interaction, leading to the nonlocal NJL
coupling. However, this does not mean that two treatments
are considered to be alternative. In the presence of dynami-
cal quarks, the running coupling « is changed due to
fermionic contributions. In [26], this effect has been taken
into account as a modification of the expansion coefficient
in the effective potential of the Polyakov loop, resulting in,
e.g., the N, flavor-dependent deconfinement temperature
T,(N;). Remembering that the input of our analysis is just
a running coupling, a sort of backreaction from quarks
considered in [26] is easily included into our framework
by using the running coupling modified by quark contri-
butions. Thus, the treatment in this paper is already able to
take into account backreactions from quarks and gluons
mentioned above.

This section is a sketch of our strategy of understanding
the entanglement between center symmetry and chiral
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symmetry. The detailed analysis will be given in a subse-
quent paper.’

X. CONCLUSION AND DISCUSSION

In this paper, we have presented a reformulation of QCD
and suggested a framework for deriving a low-energy
effective theory of QCD which enables one to study the
deconfinement/confinement and chiral-symmetry restora-
tion/breaking crossover transition simultaneously on an
equal footing. A resulting low-energy effective theory
based on this framework can be regarded as a modified
(improved) version of the nonlocal PNJL model [22]. In
our framework, the basic ingredients are a reformulation of
QCD based on new variables and the flow equation of the
Wetterich type for the Wilsonian renormalization group.

A lesson we learned in this study is that a perturbative
(one-loop) result can be a good initial condition for solving
the flow equation of the renormalization group to obtain
the nonperturbative result. In gluodynamics, recently, it has
been demonstrated [32,33] that the existence of confine-
ment transition, i.e., recovery of the center symmetry
signaled by the vanishing Polyakov-loop average can be
shown by approaching the phase transition point from the
high-temperature deconfinement phase in which the center
symmetry is spontaneously broken. Indeed, the effective
potential for the Polyakov loop obtained in the one-loop
calculation which we call the Weiss potential leads to the
nonvanishing Polyakov-loop average, i.e., spontaneous
breaking of the center symmetry.

For the gluon sector, to understand the existence of
confinement transition by approaching from the deconfine-
ment side, we have given the Landau-Ginzburg description
in the neighborhood of the (crossover) phase transition
point by analyzing the flow equation of the functional
renormalization group. The deconfinement/confinement
phase transition is consistent with the second order tran-
sition for G = SU(2), while the first-order transition is
expected for G = SU(3). The detailed study of the SU(3)
case will be given in a subsequent paper.

The input for solving the flow equation was just a
running gauge coupling constant, in sharp contrast to
the PNJL model including several parameters. From the
viewpoint of a first-principle derivation, this is superior to
phenomenological models with many input parameters.

*It is known that the appearance of a mixed term @ plays an
essential role in the chiral-confinement entanglement. Such a
term appears in the original PNJL model and leads to the 2
crossovers happening almost simultaneously. In the following
paper posted to the archive after this paper was submitted for
publication, it has been shown [77] that an effective Polyakov
loop-dependent four-quark interaction derived by this paper
yields stronger correlation between the chiral and deconfinement
transitions, making T, ~ T, more tight, than the usual PNJL
model.
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For the quark sector, it is possible to obtain the chiral-
symmetry breaking/restoration transition from the first
principle. However, we need more hard works, especially,
to discuss the QCD phase diagram at finite density and the
critical endpoint. A possibility in this direction from the
first principle of QCD was demonstrated in one-flavor
QCD based on the functional renormalization group [78].
It will be possible to treat chiral dynamics and confinement
on an equal footing based on our framework along this line
[79]. Still, however, we must overcome some technical
issues to achieve the goal of understanding full phase
structures of QCD. The detailed studies will be hopefully
given in a subsequent paper.
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APPENDIX A: REFORMULATION OF QCD

We apply the decomposition (2) to the QCD Lagrangian.
The quark part is decomposed according to (2) as

L, = ¢liy*D,[A] = g+ ipny)
= Y(iy* D[ V] =g+ iny" )y + ghy"* X, 4,
(A1)

where the covariant derivative fD#[V] is defined by
fDM[V] =9, — igVM.

(A2)

The Yang-Mills part is treated as follows. For the general
decomposition A, (x) = VM (x) + X, (x), the field
strength F,, is decomposed as
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FulAli=0,A,-0,A, —iglA, A,
= Ful V1+0,X,—0,X, —ig[V, X,]
—igl X, V.1 - ig[ X, X, ]
= FulV1+D,[VIX, -D,[VIX,
—igl X, X,] (A3)

where the covariant derivative D M[V] in the background
field 'V, is defined by

D,[V]:=0d,1-ig[V, ] (A4)
or, equivalently,
D, [VIC:= 9,8 + gf1BCVE, (A5)

PHYSICAL REVIEW D 82, 065024 (2010)
The Lagrangian density Lyy = — 3 F,,[A]- FH[A]
of the Yang-Mills theory is decomposed as

Lyy = —3F ulAT (A6)

= 1 FulVF=3F#1V]-(D,[VIX, - D,[V]IX,)
- Zl;(D;L[‘V]XV - DV[V]XM)Z
+3Fuwl V1-iglX#, X 1+ 3D, [V]X,

—D,[VIX,)-igl X+, X"]— (ig[ X,, X, D% (AT)

Here the third term on the right-hand side of the above
equation is rewritten using integration by parts (or up to
total derivatives) as

1(DLVIX, = D[ V]X,)? ==X, - D,LVID'[VIX+ + X, - D,[ VID*[ V]X")
= 3X# A=D,[VID’[V]g,, + D,[VID [ VX"

where we have used
[D,[V]D,[VI*® =[D,[ V] D,[VI?]
= =g/ FLIV] (A9)
Thus, we obtain
Lyy = =3 Ful VP = 3F#[V]-(D,LVIX,
— D,,['V]XM) — IXHAWAE X VB
+3(D,[VIX, = D,[V]X,) - ig[ X, X"]
— 3(ig[ X, X, ]2 (A10)
where we have defined
Wit = (D L VIDP[V])*Pg,, + 28 f**C FG,[ V]
+ D, [VIAD,[V]E. (A11)

In the usual background field method, the O(X) term is
eliminated by requiring that the back ground field V
satisfies the equation of motion D #['V] F#[V]=0

IF#V]-(D,[VIX, - D,[VIX,)
= =3O LVIF#[V]- X, = D[VIF[ V] X,)
= 0. (A12)

In our framework, V does not necessarily satisfy
the equation of motion. Nevertheless, the O(X) term van-
ishes from the defining equations which specify the decom-
position. For G = SU(2), DM[V]n =0and X, - n=0
lead to

2
X =D, [VID,[VD*?g,, = [D,LV] DI VI + (DL VID,[ VX"
s XEN=(D,LVID, [ Vg, + ¢ f**C FLLV]+ D, LVID,[VIPIXY,

(A8)
FrV]-(D,[VIX,)
=G*'n-(D,[V]X,)
=0. (A13)

In order for the reformulated theory written in terms of new
variables to be equivalent to the original QCD, we must
impose the reduction condition [38]:

D, [V]X* =o. (A14)

This eliminates the last term of W45 in (A11).
Moreover, the O(X?) term is absent, i.e.,

3(D,[VIX, = D,[VIX,) ig[X*, X"]=0, (Al5)

since D#[V]XV - D,,[V]XM is
[X#, X¥]; see [38,41,49].
Thus, the Yang-Mills Lagrangian density reads
Ly = AFLIVE = 3X0 03X
—1Gig[ X, X, )%
where we have defined
ﬁg = _(Dp[V]Dp[V])ABgMV + zngBCT,LCLV[‘V]
(A17)

For G = SU(2), the O(X3) term is absent, because
}’W[V] and —ig[ X, X, ] are parallel to n (this is also
the case for the sum F,,[V]—ig[X,. X,]), while

orthogonal to

(A16)
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D M[V]X ,—D,[V]X . is orthogonal to n (which fol-  where
lows from the fact n - X,, = 0). For G = SU(2), there- Qﬁﬁ[V] _ —(DP[V]D”[V])ABgW
fore, we have

ABC,,C
¢ V1=nG,,[V] (A18) + 28N G, [ V] (A20)

Then the SU(2) gluon part is rewritten into
APPENDIX B: COEFFICIENTS IN THE

Lyy = 4G, [ V] = iXrA048[ V]XE EFFECTIVE POTENTIAL
— 4(ig[ X, XD (A19) We expand VT,/E defined by
|
. . kr dp p* , . ) )
Vei=Vy+ 4[ (zplgz {In(1 — 2e ¥ cosp + e 27) — In(1 — 2¢ 7 cosep + e 27)}, (B1)
, o
in a power series of @ by using the expansion — cosg = — cos(7 + @) = cos(¢) = 1 — 1@ + L ¢* + 0(g°) as follows:
. . kr dpH? . . 1 . .
Vo=V + f epp {m[l +2ehr —ohgt Dokt o2 4 0(956)]
, 0

R R 1 . R
— ln[l +2e P —e PP+ Ee_l’qﬁ4 + 720 + 0(956)]}

N b d D2 . . 1 .
=Vy + f ! pf {ln[(l +e k)2 —ehr@r+ —e kgt + 0(@6)]
o 12

. . 1 R
- ln[(l F eI = PGt e o(;pﬁ)]}

) & dpp* y e hr e kr
=Vy + [ {ln(l +e k)2 + ln[l -t ——— 3+ 0(@6)]
IS (1 + e fry2 12(1 + ekr)?
N _[3 e_ﬁ
—In(1 + *Pz—ll:l——e B R S — ~4+0~6:|}. B2
n(l +e77)* —1In T+e72% "aren? (¢°) (B2)

By using log(1 + x) = x — $x? + O(x%), therefore, VT, ¢ has the polynomial expansion

. Apk _n  Agk -
Vi = Ao+ 8+ L8+ 0(8), (B3)

where the coefficient is given by the integral form

Az,k__1+[121df)[92[ eh ek ]
2 6 o m La+e?)? (14 k)2t

Age 1 fir dﬁfaz[—&_zﬁ +e P(L+e PP —6e 2+ eh(1 + e_’eT)z] (B4)

o 7 12(1 + e~ P)* 12(1 + e Fry

kr dp p? 5 R
Aoy = [ TEPP fn(1 + e Fr)2 — In(1 + e P2},
0 T

The integration can be performed analytically and the coefficient has the closed form

Ay 1 1 [ ess3 e’s? , , 77'2]
e LI et B + —2log(1 + ¢*)s — 2Liy(—e*) — —

2 6 Tl 30 ey TTre 2lellte)s m2be) mom ]
Ay 1 N e25(—2s3 + (s> + 6) cosh(s)s + 65 + 3(s> — 2) sinh(s) — 3 sinh(2s))

4! 1272 18(1 + e*)*a?

(B5)
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where Li,(z) = PolyLog[n, z] is the polylogarithm func-
tion, and in particular, the dilogarithm satisfies Li,(z) =
I log(l 9 dt which is known as the Spence integral.

Note that the function (1+—*)2 is monotonically decreas-
ing in x and hence the second term in A, is positive
(non-negative). The coefficient A, ; is negative and mono-
tonically increasing in k and approaches zero for k — o

Aoy 1 1 _ Ag
ok = — ——=-—=<0 for k€ |0, 00),
2 6 6 2 or k & [0, )
(B6)
or
1< 9% .
_§_G¢2VT'£|¢:O<O for k € [0, o). (B7)

This is because

ky —p 1
dpp? / dpp? — -
o PP (1 +e (1 d+ed? 6"
(B3)
" —ky 1 - —ky
/Tdﬁﬁ267A=—k 0. (BY
0 (1+e k)2 3 7 (1+ e k)2

The coefficient A, is positive and approaches O for
k — o0, although A4 ; is not monotonically decreasing in k.

Ago _ 1 Ay
o a >0 fork€[0,0). (B10)
This is because
kro o [ —6e72 + e (1 + e P)? 1
[ram[ o
0 12(1 + e7?) 12
A o » (B11)
by [ —6e 2k + k(1 + e7kr)?
I T
0 12(1 + e k)
1 [ —6e 2% + k(1 + ¢ )2
=—k%[ ¢ erlte )]—»0. (B12)
3 12(1 4 e Fry*
APPENDIX C: FLOW EQUATION FOR THE
COEFFICIENT
Suppose that AV,; is of the form
AV, = ag, + + Dkgr g Dk gy ) Gak ga
aogrp +a @ > ¢ 31 ¢ 21 ¢
+ 0(g9). (CDH
The left-hand side of the flow equation reads
sz ~ a3k -
6AV —(')ka()k 3 2+(9]€? 3
+ 0 gt 4 0(g). (C2)

k4;
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The flow equation d;a,  for the coefficient of @" is ex-
tracted by differentiating both sides of the flow equation n
times and by putting @ = 0. The left-hand side is

an
8,2an,k a n —0; AVk| (C3)
Define
. 47Tak A A
fl@) 1= —=(Vyp + AV)p). (C4)

The right-hand sides of the flow equation d;a, ; are calcu-
lated from

1 =0l f(e)
sali a%pf(qo)] “hrofer Y
2 [ 1 ]: —0ufle) _, —[opf(e)F
0> L1+ 03 f(e) ] [1+a2f(@) “[1+aif(e)]
(C6)
3 1
8—953[—1 n aﬁ,f(qo)]
_ mafle) =30 fle)agfle)
[1+ 32f(o) [1+02f(e)]
6 —[af(o)P €7

[1+ a5 ()]

4 1
[1 + 82f(¢)]
-5 f()
[+ 2 f(@)F

—69.f (@)L f ()
[1+02f(e)]

_, T4/ (@)3f(e) — 3 f ()P
[1+ 5f(@)F
lrer
[1+ 05/ ()]’
(C8)

If f is an even polynomial in @, then the flow equation is
simplified

algalyk =

el ©

_ —0uf(e)
o0 1+ 02 f(oF

’

~a o
el + ar(e)
(C10)
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(5]
(6]

(71

(8]

a? 1
D pctn = a—¢3[71 - afaf(go)] 0 11
L)
gt L1+ 05/ (@) | =0
_ —0f(e) [0%f (o)
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Therefore, with an initial condition, a;; = 0 = a3, at
k = A, the flow equations in the above

Blgal,k = 0, 6,;613’,{ = O, (C13)
guarantee the solution
a = 0, asp = 0 (O =k= A) (C14)
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