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2Departamento de Fı́sica Teórica II, Universidad Complutense de Madrid, 28040 Madrid, Spain

3Instituto de Estructura de la Materia, CSIC, Serrano 121, 28006 Madrid, Spain
(Received 16 July 2010; published 22 September 2010)

A field in the vacuum state, which is in principle separable, can evolve to an entangled state in a

dynamical gravitational collapse. We will study, quantify, and discuss the origin of this entanglement,

showing that it could even reach the maximal entanglement limit for low frequencies or very small black

holes, with consequences in micro-black hole formation and the final stages of evaporating black holes.

This entanglement provides quantum information resources between the modes in the asymptotic future

(thermal Hawking radiation) and those which fall to the event horizon. We will also show that fermions are

more sensitive than bosons to this quantum entanglement generation. This fact could be helpful in finding

experimental evidence of the genuine quantum Hawking effect in analog models.
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I. INTRODUCTION

Quantum entanglement has been recognized to play a
key role in black hole thermodynamics and the fate of
information in the presence of horizons; some previous
studies were performed in stationary cases, namely, the
eternal acceleration scenario and the stationary eternal
Schwarzschild black hole [1–8], not addressing issues
related with dynamics and time evolution of gravitating
quantum fields. On the other hand some studies involving
entanglement dynamics in expanding universe scenarios
have shown that the interaction with the gravitational field
can produce entanglement between quantum field modes
[9,10].

In this paper we analyze the issue of entanglement
production in a dynamical gravitational collapse. With
this aim, we consider both a bosonic (scalar) and a fermi-
onic (Grassmann scalar) field which initially are in the
vacuum state and compute their asymptotic time evolution
under the gravitational interaction in a stellar collapse. The
vacuum state evolves to an entangled state of modes in the
future null infinity (which gives rise to Hawking radiation
[11]) and modes that do not reach it because they fall into
the forming event horizon.

We will argue that the initial vacuum state in the asymp-
totic past does not have any physical quantum entangle-
ment, and that it evolves to a state that is physically
entangled as a consequence of the creation of the event
horizon. This entanglement depends on the mass of the
black hole and the frequency of the field modes. In par-
ticular, for very small frequencies or very small black
holes, a maximally entangled state could be produced.

The entanglement generated in a gravitational collapse
thus appears as a quantum resource for nondemolition
methods aiming to extract information about the field
modes which fall into the horizon from the outgoing
Hawking radiation. These methods would be most relevant

for cases such as the formation of micro-black holes and
the final stages of an evaporating black hole when the mass
is getting smaller and, therefore, quantum correlations
generated between the Hawking radiation and the infalling
modes grow to become even maximal, as we will show.
Earlier works proved that fermions and bosons have

qualitatively different behaviors in phenomena such as
the Unruh entanglement degradation [2,6,7] and the entan-
glement generation in the background of expanding uni-
verses [9,10]. Here, we will show that for fermions the
generation of entanglement due to gravitational collapse is
more robust than for bosons. This robustness is more
evident from the peak of the thermal spectrum of
Hawking radiation towards the ultraviolet.
Previous works in the literature (see for example

[12–15] among many others) showed that Hawking radia-
tion is correlated with the field state falling into the col-
lapsing star. However, neither the analysis of the associated
entanglement entropy as a function of the black hole
parameters nor the comparison between fermionic and
bosonic behavior have been carried out so far. The study
of these issues, the nature of the entanglement produced
in a gravitational collapse and, more important, its depen-
dence on the nature of the quantum field (bosonic/
fermionic) is decisive in order to gain a deeper understand-
ing about quantum entanglement in general relativistic
scenarios as it was proven for other setups such as accel-
eration horizons, eternal black holes, and expanding uni-
verses [2,6,7,9,10].
Since entanglement is a pure quantum effect, under-

standing its behavior in these scenarios can well be relevant
to discerning the genuine quantum Hawking radiation from
classical induced emission in black hole analogs [16] (see,
for example, Ref. [17]), where both classical and quantum
perturbations obey the same evolution laws. It will also
follow from our study that fermionic modes could be more

PHYSICAL REVIEW D 82, 064028 (2010)

1550-7998=2010=82(6)=064028(5) 064028-1 � 2010 The American Physical Society

http://dx.doi.org/10.1103/PhysRevD.82.064028


suitable for this task since they are more reliable in
encoding entanglement information.

Finally, we will argue that the entanglement between the
infalling and the Hawking radiation modes neither existed
as a quantum information resource nor could have been
acknowledged by any observer before the collapse occurs,
namely, in the asymptotic past. This is important in order to
understand the dynamics of the creation of correlations in
the gravitational collapse scenario since these correlations
are exclusively due to quantum entanglement, as discussed
in the literature [12–15].

II. GRAVITATIONAL COLLAPSE

In order to analyze the entanglement production induced
by gravitational collapse we will consider the Vaidya dy-
namical solution to Einstein equations (see e.g. Ref. [13])
that, despite its simplicity, contains all the ingredients
relevant to our study. Refinements of the model to make
it more realistic only introduce subleading corrections. The
Vaidya space-time (Fig. 1) is conveniently described in
terms of ingoing Eddington-Finkelstein coordinates by
the metric

d s2 ¼ �
�
1� 2MðvÞ

r

�
dv2 þ 2dvdrþ r2d�2; (1)

where r is the radial coordinate, v is the ingoing null
coordinate, and MðvÞ ¼ m�ðv� v0Þ. For v0 < v this is
nothing but the ingoing Eddington-Finkelstein representa-
tion for the Schwarzschild metric whereas for v < v0 it is
just Minkowski space-time. This metric represents a radial
ingoing collapsing shockwave of radiation. As it can be
seen in Fig. 1, vH ¼ v0 � 4m represents the last null ray
that can escape to the future null infinity Iþ and hence that
will eventually form the event horizon.

Let us now introduce two different bases of solutions to
the Klein-Gordon equation in this collapsing space-time.
On the one hand, we shall define the ‘‘in’’ Fock basis in

terms of ingoing positive frequency modes, associated with
the natural time parameter v at the null past infinity I�,
which is a Cauchy surface:

uin! � 1

4�r
ffiffiffiffi
!

p e�i!v: (2)

On the other hand, we can also consider an alternative
Cauchy surface in the future to define another basis. In
this case, the asymptotic future Iþ is not enough and we
also need the future event horizon Hþ. The ‘‘out’’ modes
defined as being outgoing positive frequency in terms of
the natural time parameter �out at Iþ are

uout! � 1

4�r
ffiffiffiffi
!

p e�i!�out ; (3)

where �out ¼ v� 2r�out and r�out is the radial tortoise coor-
dinate in the Schwarzschild region. It can be shown (see
e.g. Ref. [13]) that, for late times �out ! 1 at Iþ, these
modes uout! are concentrated near vH at I� and have the
following behavior:

uout! � 1

4�r
ffiffiffiffi
!

p e�i!ðvH�4m lnðjvH�vj=4mÞÞ�ðvH � vÞ: (4)

These modes have only support in the region v < vH. This
is evident as only the light rays that depart from v < vH

will reach the asymptotic region Iþ since the rest will fall
into the forming horizon defined by v ¼ vH. This is the
only relevant regime, as far as entanglement production is
concerned.
For the ‘‘hor’’ modes defined at Hþ, there is no such

natural time parameter. A simple way to choose these
modes is defining them as the modes that in the asymptotic
past I� behave in the same way as uout! but defined for
v > vH, that is to say, as modes that leave the asymptotic
past but do not reach the asymptotic future since they will
fall into the horizon. This criterion is the simplest that
clearly shows the generation of quantum entanglement
between the field in the horizon and the asymptotic region.
In any case, since we will trace over all modes at the
horizon, the choice of such modes does not affect the
result. Therefore, we define the incoming modes crossing
the horizon by reversing the signs of vH � v and ! in (4)
so that, near I�, these modes are

uhor! � 1

4�r
ffiffiffiffi
!

p ei!ðvH�4m lnðjvH�vj=4mÞÞ�ðv� vHÞ: (5)

We are now ready to write the annihilation operators of
bosonic field modes in the asymptotic past in terms of the
corresponding creation and annihilation operators defined
in terms of modes in the future:

ain!0 ¼
Z

d!½��
!!0 ðaout! � tanhr!a

hory
! Þ

þ �!!0ei’ðahor! � tanhr!a
outy
! Þ�; (6)

FIG. 1. Carter-Penrose diagrams for gravitational collapse:
Stellar collapse (left) and Vaidya space-time (right).
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where tanhr! ¼ e�4�m!. The precise values of’ and�!!0

are not relevant for this analysis.
Hence the vacuum j0iin, annihilated by (6) for all fre-

quencies !0, acquires the following form in terms of the
‘‘out-hor’’ basis:

j0iin ¼ N exp

�X
!

tanhr!a
hory
! aout

y
!

�
j0ihorj0iout; (7)

where N ¼ ðQ! coshr!Þ�1 is a normalization constant.
We can rewrite this state in terms of modes jn!i with
frequency ! and occupation number n as

j0iin ¼
Y
!

1

coshr!

X1
n¼0

ðtanhr!Þnjn!ihorjn!iout: (8)

III. ANALYZING ENTANGLEMENT

This is a two-mode squeezed state. Therefore, it is a pure
entangled state of the modes in the asymptotic future and
the modes falling across the event horizon. Given the
tensor product structure no entanglement is created be-
tween different frequency modes. Hence, we will concen-
trate the analysis in one single arbitrary frequency !.

We can compute the entropy of entanglement for this
state which is the ultimate entanglement measure for a
bipartite pure state, defined as the Von Neumann entropy
of the reduced state obtained upon tracing over one of the
subsystems of the bipartite state. To compute it we need
the partial state �out ¼ trhorðj0iinh0jÞ, which turns out to be
�out ¼ Q

!�out;!, where

�out;! ¼ 1

ðcoshr!Þ2
X1
n¼0

ðtanhr!Þ2njn!iouthn!j: (9)

This is, indeed, a thermal radiation state whose tempera-
ture is nothing but the Hawking temperature ð8�mÞ�1, as it
can be easily seen. However, this is only the partial state of
the field, not the complete quantum state, which is globally
entangled. If we compute the entropy of entanglement
SE;! ¼ trð�out;!log2�out;!Þ for each frequency, after some

calculations, we obtain

SE;! ¼ ðcoshr!Þ2log2ðcoshr!Þ2 � ðsinhr!Þ2log2ðsinhr!Þ2;
(10)

which is displayed in Fig. 2. As (8) is a pure state, all the
correlations between modes at the horizon and modes in
the asymptotic region are due to quantum entanglement.

Analogously we can compute the entanglement for fer-
mionic fields. If we consider a spinless Dirac field (either
one dimensional or a Grassmann scalar), the analysis is
entirely analogous considering now both particle and anti-
particle modes. We assume again that the initial state of the
field is the vacuum that, after some long nontrivial calcu-
lations, can be expressed it in the Fock basis at the asymp-
totic future and the ‘‘hor’’ modes:

j0iin ¼
Y
!

�
ðcos~r!Þ2j00ihorj00iout � sin2~r!

2

�ðj01!ihorj1!0iout � j1!0ihorj01!ioutÞ

� ðsin~r!Þ2j1!1!ihorj1!1!iout
�
; (11)

where tan~r! ¼ e�4�m!. Here, we are using the double
Fock basis, the first figure inside each bracket representing
particles and the second antiparticles.
We can compute the entropy of entanglement of this

pure state. The partial density matrix in the asymptotic
future �out ¼ trhorðj0iinh0jÞ ¼ Q

!�out;! is given by

�out;! ¼ ðcos~r!Þ4j00iouth00j þ ðsin2~r!Þ2
4

ðj1!0iouth1!0j
þ j01!iouth01!jÞ þ ðsin~r!Þ4j1!1!iouth1!1!j;

(12)

which is again a thermal state with Hawking temperature
ð8�mÞ�1, and

SE;! ¼ �2½ðcos~r!Þ2log2ðcos~r!Þ2 þ ðsin~r!Þ2log2ðsin~r!Þ2�;
(13)

which is also displayed in Fig. 2.
Figure 2 shows that the entanglement decreases as the

mass of the black hole or the frequency of the mode
increase. When comparing bosons with fermions one
must have in mind that the entropy of entanglement is
bounded by (the logarithm of) the dimension of the partial
Hilbert space (‘‘out’’ Fock space in our case). Therefore,
due to the Pauli exclusion principle, the maximum entropy
of entanglement for fermions is SE;! ¼ 2, which corre-

sponds to a maximally entangled state. On the other hand,
for bosons, the entanglement is distributed among the
superposition of all the occupation numbers and the
entropy can grow unboundedly, reaching the maximally
entangled state in the limit of infinite entropy. In this sense,

FIG. 2 (color online). Entanglement between bosonic (con-
tinuous blue line) and fermionic (red dashed line) field modes
in Hþ and in Iþ. The lesser the mass of the star or the mode
frequency, the higher the entanglement reached.
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the entanglement generated in the fermionic case is more
useful and robust due to the limited dimension of the Fock
space for each fermionic mode.

This result can be traced back to the inherent differences
between fermions and bosons. Specifically, it is the Pauli
exclusion principle which makes fermionic entanglement
more reliable. Similar results about reliability of entangle-
ment for fermions were also found in the expanding uni-
verse scenarios [10]. This responds to the high influence of
statistics in entanglement behavior in general relativistic
settings as it was investigated in [6,7]. On the other hand,
Vaidya space-time has all the fundamental features of a
stellar collapse and shows how the entanglement is created
by the appearance of an event horizon. Hence, in other
collapsing scenarios or including the subleading grey-body
factor corrections, these fundamental statistical differences
will not disappear. The qualitatively different behavior of
entanglement for bosons and fermions is not an artifact of
choosing a particular collapse scenario but is due to fun-
damental statistical principles.

In the above analysis we have considered plane wave
modes, which are completely delocalized. However, an
entirely analogous analysis can be easily carried out using
very well localized Gaussian states, with the same results
about quantum entanglement behavior.

IV. CONCLUSIONS

We have shown that the formation of an event horizon
generates entanglement. If we start from the vacuum state
in the asymptotic past, after the gravitational collapse
process is complete we end up with a state in the asymp-
totic future which shares pure quantum correlations with
the field modes which fall into the horizon. One could think
that this entanglement was already present before the
collapse, arguing that (as proved in [18]) the vacuum state
of a quantum field can be understood as an entangled state
of spacelike separated regions. In other words, if we arti-
ficially divided the Cauchy surface in which the vacuum
state is determined into two parts, we would have a quan-
tum correlated state between the two partitions. In princi-
ple we could have done a bipartition of the vacuum state in
I� such that it would reflect entanglement between the
partial state of the vacuum for v < vH and the correspond-
ing partial state for v > vH. However, it is not until the
collapse occurs that we have the information about what
vH is. So, achieving beforehand the right bipartition (trying
to argue that the entanglement was already in the vacuum
state) would require a complete knowledge of the whole
future and, consequently, there is no reason a priori to do
such bipartition. The entanglement, eventually generated
by the collapse, will remain unnoticed to early observers,
who are deprived of any means to acknowledge and use it
for quantum information tasks. It is well known that if we
introduce artificial bipartitions of a quantum system, its
description can show entanglement as a consequence of the

partition. However, not being associated with a physical
bipartition this entanglement does not codify any physical
information and, hence, cannot be used to perform any
quantum information processes. (One example of this kind
of nonuseful entanglement is statistical entanglement be-
tween two undistinguishable fermions [19]).
Gravitational collapse selects a specific partition of the

initial vacuum state by means of the creation of an event
horizon. In the asymptotic past there was no reason to
consider a specific bipartition of the vacuum state, whereas
in the future there is a clear physically meaningful biparti-
tion: What in I� was expressed as a separable state, now
becomes expressed in terms of modes that correspond to
the future null infinity and the ones which fall across the
event horizon. This means that gravitational collapse de-
fines a particular physical way to break the arbitrariness of
bipartitioning the vacuum into different subsystems. This
gravitational production of entanglement would be a physi-
cal realization of the potentiality of the vacuum state to be
an entangled state and is therefore a genuine entanglement
creation process.
We have computed the explicit functional form of this

entanglement and its dependence on the mass of the black
hole (which determines the surface gravity). For more
complicated scenarios (with charge or angular momen-
tum), it will depend on these parameters as well.
For small black holes, the outgoing Hawking radiation

tends to be maximally entangled with the state of the field
falling into the horizon for both bosons and fermions. This
means that if a hypothetical high energy process generates
a micro-black hole, a projective measurement carried out
on the emitted radiation (as, for instance, the detection of
Hawking radiation) will ‘‘collapse’’ the quantum state of
the field that is falling into the event horizon and give us
certainty about the outcome of possible measurements
carried out in the vicinity of the horizon. Furthermore, at
least theoretically speaking, the available quantum infor-
mation resources would be maximum and, therefore, one
could perform quantum information tasks such as quantum
teleportation with maximum fidelity from the infalling
modes to the modes in the asymptotic future Iþ if the
observer of the infalling modes managed to dispatch an
outgoing classical signal before crossing the horizon. On
the other hand, low frequency modes become more en-
tangled than the higher ones. So, the infrared part of the
Hawking spectrum would provide more information about
the state at the horizon than the ultraviolet.
Arguably, similar conclusions can be drawn for the final

stages of an evaporating black hole: As the mass of the
black hole diminishes, the temperature of the Hawking
radiation spectrum increases, and therefore, the quantum
state of the field tends to a maximally entangled one in the
limit of m ! 0.
We have seen that the entanglement generated in fermi-

onic fields is more robust than for bosons. Although the
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entropy of entanglement in the zero mass limit is greater in
the bosonic case due to the higher dimension of the partial
Hilbert space, we have argued that the information is more
reliably encoded in the limited Fock space of fermionic
fields. Furthermore, as we consider higher frequency
modes, fermionic entanglement proves to be much more
easily created by the collapse. What is more, the turning
point in which the entropy of entanglement for fermions
becomes numerically larger than for bosons is actually
near the peak of the thermal emission (Fig. 2). This means,
that, in general, a measurement carried out on Hawking
radiation of fermionic particles will give us more informa-
tion about the near-horizon field state. This might also be
useful in analog gravity realizations as we have already
discussed, specifically in systems where the field excita-
tions are fermionic (see e.g. Ref. [20]), which would be, as

shown, at an advantage over the bosonic cases. To account
for this quantum entanglement in analog experiments one
should carry out measurements of the quantum correlations
between the emitted thermal spectrum and the infalling
modes and detect Bell inequalities violations. This is easier
as it gets closer to the maximally entangled case.
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