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We first construct generalized normal coordinates by using autoparallels, instead of geodesics, in an
arbitrary Riemann-Cartan spacetime. With the aid of generalized normal coordinates and their associated
orthonormal frames, we obtain a momentum-space representation of the Feynman propagator for scalar
fields, which is a direct generalization of Bunch and Parker’s works to curved spacetime with torsion. We
further derive the proper-time representation in n-dimensional Riemann-Cartan spacetime from the
momentum-space representation. It leads us to obtain the renormalization of the one-loop effective
Lagrangians of free scalar fields by using dimensional regularization. When the torsion tensor vanishes,

our resulting momentum-space representation returns to the standard Riemannian results.
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I. INTRODUCTION

General relativity (GR) was developed almost a century
ago and has been considered as one of the most successful
classical theories of gravity. Nevertheless, GR is estab-
lished (by hypothesis) in the pseudo-Riemannian (i.e. tor-
sion free) framework, so the conservation law of angular-
momentum does not involve intrinsic spin of elementary
particles, i.e., there is no spin-orbit coupling. In most of the
torsion theories of gravity, e.g., Einstein-Cartan theory and
Poincaré gauge theory of gravity (PGT) [1], the intrinsic
spin does play a significant role and becomes the source of
torsion field. Hence, Riemann-Cartan spacetime, which is
characterized by a metric g and a metric-compatible con-
nection V, provides a natural geometrical structure to
cooperate with the intrinsic spin. Moreover, recent astro-
physical observations, e.g., supernova Type Ia observa-
tions, indicate that the expansion of the present Universe
is in an accelerating phase [2]. This is contrary to the
prediction of standard cosmological model, which is based
on GR plus the known matter fields. Hence, a new cosmo-
logical model beyond the standard model is necessary. A
recent development on torsion cosmology yields a power-
law inflation in the early Universe [3], and also presently
accelerating phase without introducing the dark energy
[4,5]. These results show that torsion has notable effects
on cosmology.

Since torsion and intrinsic spin have direct interactions,
spin-polarized bodies are used to detect torsion directly in
the laboratory (see the review article [6]). Up to the
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present, there is no experimental evidence showing the
existence of torsion field due to the smallness of torsion-
spin coupling [6,7] in the laboratory. However, the cosmo-
logical observations, e.g., cosmic microwave background
radiation (CMB), provide other possibilities to search for
torsion-spin coupling in the early Universe. Instead of
looking for a torsion-spin coupling, Dereli and Tucker
considered a spinless particle following an autoparallel
curve in the Brans-Dicke theory with torsion, and then
estimated the precession rate of Mercury’s orbit [8,9].
Later, the precession rate of a gyroscope following an
autoparallel in the Kerr-Brans-Dicke field with torsion
had also been calculated [10].

The discovery of the CMB and its anisotropic structure
provides us with a window to understand the evolution of
our early Universe. It can be expected that the quantum
effects will become significant in the very early Universe
(near the Planck scale). Since there is no completely sat-
isfactory quantum theory of gravity, a semiclassical ap-
proximation, i.e. quantized matter fields in a background
classical gravitational field, becomes important to study a
region where quantum effects of gravitational field can be
neglected.

Quantum field theory in the pseudo-Riemannian struc-
ture of spacetime has been extensively investigated
[11-13]. The covariant approach to study the renormaliza-
tion of stress-energy tensor was discussed by using
DeWitt-Schwinger proper-time method [12,14] with
some regularization methods. It requires to introduce a
bi-scalar world-function o(x, x'), i.e., one-half the square
of the geodesic distance between x and x’, and then solve a
heat kernel equation in the normal neighborhood of a point
x', which is defined by the exponential map [15]. This
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covariant approach had been generalized to Riemann-
Cartan spacetime [16,17]. However, it immediately en-
counters a question: which curve, autoparallel or geodesic,
should be used to construct the exponential map? In [16],
the DeWitt-Schwinger ansatz was applied to solve a heat
kernel equation in Riemann-Cartan spacetime by using
autoparallels. However, we found that these curves are
not autoparallels since the one-half the square of the auto-
parallel distance o(x, x') satisfies the equation o(x, x') =
%ngﬂ oV, o (see Eq. (3.8) in [16]), which is actually the
geodesic equation [12]. It is still nontrivial how to apply
autoparallel interval to the DeWitt-Schwinger proper-time
representation.

Besides the DeWitt-Schwinger proper-time representa-
tion, Bunch and Parker [18] developed a momentum-space
representation which is useful for discussing the renorma-
lizability of interacting fields, e.g., A¢* theory, in a general
pseudo-Riemannian structure of spacetime. By construct-
ing the Riemann-normal coordinates in the normal neigh-
borhood of an original point x’, they solved the Feynman
Green’s function G(x, x') of free scalar and Dirac fields in
the large wave number k approximation and also showed
the equivalence of momentum-space and proper-time
representations.

The method of momentum-space representation can be
naturally extended to Riemann-Cartan spacetime. The ma-
jor difference is that the background field variables are
changed from the metric tensor g = g,,dx* ® dx” to
orthonormal coframes {e“ = e“,dx*} and connection
1-forms {w*, = w*, de“}, so we should construct a local
coordinate system {x*}, where the coefficients of e* » and
OX in the Taylor series expansions can be systematically

expressed in terms of full curvature, torsion and the cova-
riant derivative V, at the original point x’. Tucker estab-
lished Fermi coordinates with associated orthonormal-
frames in Riemann-Cartan spacetime [19]. Instead of using
geodesics, he used autoparallels vy, (A) to define an expo-
nential map and then the Fermi coordinates can be con-
structed in the normal neighborhood of a timelike curve.
We follow a similar process to construct generalized nor-
mal coordinates at a point x’. A detail construction will be
presented in Sec. II. A recent investigation on normal
frames in a general connection (non metric-compatible)
can be found in [20]. By using generalized normal coor-
dinates, we then extend Bunch and Parker’s work to
Riemann-Cartan spacetime.

In [18], the divergent terms of the one-loop effective
action for a free scalar field require one to calculate an
approximate solution of Feynman Green’s function,
G;(x, x') to fourth-order, though the discussion of renor-
malizability of A¢* theory only needs G,(x, x') to second-
order. Since solving Gs(x, x') and Gyu(x, x') involves
extremely complicated and tedious calculations in a
general Riemann-Cartan spacetime, we will restrict our
background torsion to be fotally antisymmetric in the
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calculation of the G3 and G4. Furthermore, we will first
concentrate on the renormalization of the effective action
of a free scalar field in this paper.

The discussion of quantum field theory in Riemann-
Cartan spacetime has another approach by considering
torsion as an extra background field (see the review article
[21]). In this approach, the fundamental variables are the
components of metric g,,, and torsion T¢,,, with respect
to a coordinate basis {9, }. The full connection V will be

separated into Levi-Civita connection V and a contortion
part. Following this approach, the divergent terms of
the one-loop effective action of matter fields turn out
to be the geometrical invariants associated with the
Riemannian curvature, torsion and \Y [21-23]. It is still
unclear to us whether our results obtained in this paper are
equivalent to theirs. This will require a further algebraic
computation.

Sec. II presents a detail construction of generalized
normal coordinates with associated orthonormal frames
in the general Riemann-Cartan spacetime, and then calcu-
lates the expansions of e " and o, u 0 fifth-order. Hence,
these expansion coefficients are expressed in terms of full
curvature, torsion and V, at the original point x’. In
Sec. III, we solve the equation of Feynman Green’s func-
tion in the generalized normal coordinates with the large &
approximation, and then obtain the solutions G,(k) up
to second-order in general background torsion. In
Section IIT A, the solutions G;(k) to fourth-order are de-
rived in the totally antisymmetric background torsion.
Sec. IV shows the equivalence of the proper-time repre-
sentation and the momentum-space representation in n
dimensional Riemann-Cartan spacetime. Since the solu-
tions G;(k) are valid in n dimensional spacetime, we use
dimensional regularization to study the renormalization of
one-loop effective action. In Appendix , we present the
detailed and tedious calculations for writing down the
equation of Feynman Green’s function in the generalized
normal coordinates.

In this paper, we use the units 7 = ¢ = 1, and for n
dimensional spacetime, the metric signature is
(=, +, -+, +). The Greek indices «, B3, y - - - are referred
to coordinate indices and the Latin indices a, b, - - -
referred to frame indices. Both types of indices run
from O to n — 1. The covariant derivative V, on any
tensor components Z¢? ., is defined by (VZ)X
(e« -+, eb, X, Xy aM). Any geometrical object de-
fined by the Levi-Civita connection V will have a~on it.

II. GENERALIZED NORMAL COORDINATES

In a general Riemann-Cartan spacetime, the definitions
of autoparallels and geodesics are completely different.
However, they become equivalent in the pseudo-
Riemannian geometry. Autoparallels y: A — y(A), which
satisfy
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V,y =0, (1)

where vy denotes the tangent vector of 7y, are defined in
terms of connection V, but geodesics C: t+— C(t), which

satisfy
8 [ Ve(C C)dt =0, 2)

are defined in terms of g. It is worth pointing out that
autoparallels and geodesics coincide if the background
torsion tensor is totally antisymmetric. Since Eq. (1) and
(2) both provide unique solutions with given initial values,
it is not difficult to see that either autoparallels or geodesics
can be used to construct a local coordinate system.

If one uses geodesics to construct local coordinates y<,
i.e., the Riemann-normal coordinates, with origin at point
x' in the Riemann-Cartan spacetime, the expansion of the
metric components g,,, (i.e. g(d,,9,)) in these coordi-
nates is given by [24]

67R#ayﬁy“yﬁy7 + ...,
(3

which has the same result as in the pseudo-Riemannian
geometry. Here R, denotes the components of Riemann
curvature. Furthermore, it can be shown that in the expan-
sions of all geometric quantities, e.g. torsion tensor com-
ponents 7%, , the coefficients will only involve R ,peq and
V, instead of the full curvature R,;,., and connection V.
Since our background gravitational variables are {¢“} and
{w?,}, we should construct a local coordinates, where both
{e} and {w“,} can be systematically expanded. It is ob-
vious that the Riemann-normal coordinates are not a
proper choice. It leads us to establish the generalized
normal coordinates, where the expansion coefficients of
{e’} and {w“,} will be expressed in terms of the full
curvature R“, ,, covariant derivative V,, and torsion
T¢,.. Generalized Fermi coordinates have been con-
structed by using autoparallels and the associated ortho-
normal coframes in the Riemann-Cartan spacetime [19].
Here, we apply a similar procedure to establish generalized
normal coordinates.

Consider an autoparallel y,: A — v,(A) € M with its
initial values

[ N

1~
g,uv = 6,41,1/ - gRﬂaVﬁy yﬁ -

7,(0) = X/, )

v,(0) = v, 5)

where M denotes an n-dimensional Riemann-Cartan
spacetime. Provided 7,(1) exists, the exponential map
expy: TwM — M is then defined in an open neighborhood
U of x' by

expy(v) = v,(1) EM, (6)

where TvM denotes the tangent space to M at x’. Using
expy with an orthonormal frame {X,} at x/, we obtain the
generalized normal coordinates x“
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Ve (expyv) = x%, @)

where W is a coordinate chart, and

n—1
v=Y 8,xX, (8)
a=0
where 67, = diag(l, - -+, 1). In the following, ~ on any
tensor field Z denotes Z|._o (i.e. Z at x'). A
natural induced coordinate basis {d,}, by construction,
has {3, = 6,X,}.
It will be useful to introduce generalized normal hyper-
spherical coordinates {A, p®} defined by

x* = Ap%, €))

where A is the radial coordinate with affine parametrization
and p® are the direction cosines of tangent vectors of
autoparallels y, at x’ satisfying

n—1
D> pipe =1 (10)
a=0
From the inverse relations
n—1
A2 =) xoxe, (11)
a=0
one has
6/\ = paaa’ (12)
dp* =0, (13)

and v = Ad,. It should be mentioned that Z = Z|,_,
denotes the initial value of any tensor field Z in hyper-
spherical coordinates {A, p®}. Using {A, p*}, we can par-
allel transport {X,} along autoparallels 7, , tosetup a field

of orthonormal frames {X,} and its dual coframe field {e¢“}
on U.
From the above construction, one has
V, et =0, (14)

A

iy, 0% = w0, (3,) =0, (15)

with its initial value é* = §¢,dx* = 6%,p“dA. Since 9,
are tangent vectors of autoparallels, we further obtain

I(e(ap) = 0. (16)

It turns out that e%(d,) is independent of A and equal to its
initial value p?. So {e“} in {A, p“} gives

e’ = 6% pd\ + ﬂl“ﬂdp“ (17)
with the initial values
Ad= A%, dp* = 0. (18)

Equation (15) indicates that w“, does not contain the dA
term, so
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w’, = €, dp* (19)

with the initial values
Coy = C",dp* = w,(d,)dp* = 0. (20)

It is known that the Riemann-normal coordinates in the
pseudo-Riemannian geometry have a local Minkowski
structure  (i.e. g,,(x") = n,,, @*,(x') = 0), which is
associated with the equivalence principle. Similarly,
Egs. (18) and (20) also represent a local Minkowski struc-
ture of spacetime at x’ in the Riemann-Cartan spacetime, so
the revised version of the equivalence principle has been
discussed [25].

Since we have completely constructed the generalized
normal coordinates with the associated orthonormal co-
frames {e“} on U, the next step is to expand the funda-
mental variables {e“} and {w“,} with respect to radial
variable A and then to express their coefficients in terms
of the full curvature R?,_,, torsion 7. and their covariant
derivative V.

We start from the Cartan structure equations defined by
the torsion and full curvature [26]:

de® = —w“bAe”+T“, (21)
do‘, = —w’. Ao, + R, (22)
where

1
T“=§T"hceb/\ec and RY, =_R%, e Ne? (23)

N[ =

are torsion 2-forms and curvature 2-forms in the coframe
field {e“}. Substituting Egs. (17) and (19) into Egs. (21) and
(22) and equating the forms containing dA A dp® on each
side gives ordinary differential equations for /A“ and C%:

AN = 8% dp® + €80 p* + T4, 8" p* AC, (24)

C/ub — Rudeacapaﬂd’ (25)

where / denotes the radial derivative 9,. A’ and C",
denote (9, A%, )dp® and C', = (3,C%, )dp°, respec-
tively. In the remaining part of Sec. II, we will use the
notations dp® = 6%,dp® and p* = 6“,p®.

We know that the Taylor series representations of A
and C¢, with respect to the radial coordinate A are

ﬂl“=ﬁl“+ﬁl’”)\+%ﬂ”%\2+---, (26)

N N 14
Cy =Cl% +C%A+ 5 C" A% 4o (2T)
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It should be mentioned that, for any function f, f' ™’
denotes (9, - - - 9,f)|\—o- By successively differentiating
Egs. (24) and (25) with respect to A and then evaluating the
results at A = 0, one can obtain A"’ and C""'*, in terms
of R, ,, T, and their radial derivative 9,. Since the
discussion of renormalization of W in terms of the
momentum-space representation requires us to calculate

A" and "', to fifth-order, we will present our results
to fifth-order of the radial derivative. To first order in A, one
finds

A’ = dpe, (28)

Clab = 0. (29)

The curvature and torsion start to appear at the second
order:

ﬁ na — f"abcpbdpcy (30)

¢, =R, .pcdp“. (31)
At the third order:

./’AZ\ Na — Iéabcdpbpcdpd + 2T/abcpbdpc
+ T 1 4 p" pldp®, (32)

a ///ab — zR\Iadepcdpd + R\adeTdeprpedpf’ (33)

which have one radial derivative of the curvature and
torsion. The two radial derivatives of the curvature and
torsion start to appear at the fourth order:

A" = 2R, pbpedpd + R, T pPpe pedp!
+ 37", pPdp© + T, R 4 p" p?pedp’
+ 37", T¢,,p"pldp® + 27, T, p* p*dp*
T Tabcfcde Tefgpbpdpfdpg, (34)

c", = 3R", 4 pedp? + R, qR? s p© p¢ pf dp?
+ 31?’“bc.dfdefp”pedpf + Zﬁ“bcdf'defp"pedpf
+ R T T p P pEdp. (39)
At the fifth order, it becomes much more complicated

and involves three radial derivatives of the curvature and
torsion:
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peaP’Pdp? + 3R, T, pPpepedp’ + R, 4R, p ppp/dps + 2R, T, p? pe pedp’

+ IéabcdfdefffghPbpcpepgdl’h +47", pPdpc + 61", . T¢ ,p" pedp? + 47A"/abclécdefpbpdpedl’f

+ 8T/abc Tlcdepb

pldp® + 41", 7€, T 1, p" p?p’ dp® + 2T, R* 1, p" p? pedp’

+ T R o 17 0 p?pepodp" + 37, 1" 4, pP pldp® + 31, T, T 1, " p* p’ dp*

+ 7AWbc7%del'i’efghll’dePngdph + 2TabcfcdeflengdePfdPg + fabcTcdeTengngbePdPthi (36)

D llla — A plia
Grma, = 4R,

+ 4Ié/alzc-dfde,fffghPcpepgdph + Zﬁabcdﬁldefgpcpepfdpg + R, 4R,

apedp? +6R", T, ppedp’ + 4R", R, p¢ p¢pfdp® + B8R, T, p¢pedp’

o6 nip<pep’ pdp’

+ 3R, T pepedp! + 3R T (T e pe pdp" + Ry T R yyip© p? pS phdp!
+ 2Iéubcd7qdeff(fghpcpepgdpi + Iéubcdfdeff'fghfhijpcpepgpidpj 37)

Although these expressions involve the radial derivative
d,, it can be changed to the covariant derivative V; by
using Eq. (14), e.g.,

VGARahcd = (VaAR)(ea, Xb’ XC’ Xd)
=V, (R(e*, X, X, X;)) = 9,R%,, .. (38)

Moreover, it is understood that any tensor-field compo-
nents Z4P, . satisfy Z4P. =89 8587 -
8% 7ok y.s» SO there is no dlfference of usmg the
Greek or Latin indices for any tensor-field components at
the original point x'. In the following, we will adapt the
Greek indices on any tensor-field components at x’.

III. MOMENTUM-SPACE REPRESENTATION
OF THE FEYNMAN PROPAGATOR
OF A SCALAR FIELD

The classical action functional of a scalar field in the
pseudo-Riemannian (i.e. torsion free) structure of space-
time is [11]

Slg 1= —% fM dp A*xddp + (m> + ER) P2 * 1,

(39)

where * is the Hodge map associated with g, m is the scalar
field’s mass, ¢ is an arbitrary real number, and R is the
Ricci scalar curvature. Since the background gravitational
field is now described by g and V in the Riemann-Cartan
spacetime, the basic gravitational variables will be a class
of arbitrary local orthonormal 1-form coframes {e?} on
spacetime related by SO(3, 1) transformation and connec-
tion 1-forms {w“,}, which is a representation of V with
respect to {e?}. A direct generalization of Eq. (39) to
Riemann-Cartan spacetime is

e,y 1= =5 [ dd Axd + 2+ R 51

(40)

|
where R is the full scalar curvature. Varying S with respect
to ¢, the equations of motion of ¢ can be obtained
68
0—%=—d*d¢+(m + ER)p * 1. 41
The classical stress 3-forms 7, and spin 3-forms S,”
defined as

S 1
7, = =—(i,dp AN*xdp +do ANi, *de
det 2
- m2¢2 * €, — érd)thc A *eabc)’ (42)
Sb = ﬁ = _§¢ (2d¢ *e,” + TC A *ecah>;
ow“, ¢

(43)

where i, = iy _is the interior derivative, {X,} is the dual
basis of {¢?}, and e®?, ,=e"A...NeP Ne. A...e4

Using the path-integral quantization [11], we obtain the
one-loop effective action

Wle?, w*,] = —% [M<x| InG|x) * 1, (44)

where (x|G|x’) = G(x, x’) is the Feynman Green’s func-
tion, and also the vacuum expectation value of 7, and S,°
defined by

oW _ (r.) oW
oe o ow“,

= (8,"). (45)

From Eq. (40), one can show that the Feynman Green’s
function of a scalar field satisfies [11,12]

M[— *Vdxd+ m* + ERIG(x, x') = &(x — x'),
(406)
where [g(x)| = |detg,,(x)|. It is useful to define
G(x, x') by
G(x, x') = |g(x)|4G(x, x')| g (x)[ /4, 47)
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and Eq. (46) becomes
[(—lg@I* %71 d x dlg(x)|~1/*) + m?
+ éR]G(x, x') = 8(x — X'). (48)

It is known that, in the coincident limit x — x’, the diver-
gences of G(x, x') and also the effective action W come
from the high frequency field behavior [11,27]. In the

1) pv Q) pv (3) p
e+ F pxe + F

(€14

+SQB.X XB+SQB7

Opr @ Q)
where the coefficients F ..., S ..., and P... involve the i

derivatives of orthonormal coframe. The explicit expres-
sions of these coefficients in terms of 7, R, and their
covariant derivatives are given in Appendix . We have only
retained the coefficients for i =<4 in Eq. (49) since the
divergences of W involve the coefficients up to four de-
rivatives of {¢“}. However, due to the complicated compu-
tation of the coefficients i =4, the discussion of
renormalization of W will be restricted in totally antisym-
metric torsion, i.e., Typ. = T[apc], Where square brackets
indicate index antisymmetrization. On the other hand, the
divergences of [G], which are used to study the renorma-
lizability of interacting scalar fields, involve the coeffi-
cients for i =< 2, and these coefficients can be obtained in
the general background torsion. More specifically, we will
find an approximate solution of G up to second-order in
general background torsion in the remaining part of
Sec. 111, and the approximate solution of G to fourth-order
in the background totally antisymmetric torsion will be
presented in Sec. IIT A.

By making the n-dimensional Fourier transformation,
G(x, x') in the momentum space yields

G(x,x’)=f(dnk

ik, x®
Sy ¢ GR), (50)

where G(k) = G(k; x') is assumed to have compact support
in the normal neighborhood of x'. We consider the follow-
ing expansion of G(k)

G(k) = Go(k) + Gy(k) + Gao(k) +--+,  (51)

and

_ d'k ., .-

Gilxx) = f ko Gy (k) (52)

Q2m)"
) pv v

where G,(k) involves the coefficients F .., S ..., and
(i) ©) pv (0) 0)
P.... For i =0, we have }"M .=8.=P.=0. On

dimensional ground, G,(k) is of order k_(2+i)_ so Eq. (51)
corresponds to an asymptotic expansion of G(k) in large
k [18].

@) pv —
IBX xﬁ"'f ozﬁxxﬁxy-’_j: 01,37/\)6 xﬁx)’x )a J G_m2G+(S +S )C

x*xBx")o,G + [(fP — ¢éR) + (fPa -
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following, we will use [Z] to denote the coincident
limit of any two-point function Z(x, x'), ie., [Z]=
lim,_,+Z(x, x'). These ultraviolet divergences can be ob-
tained by solving Eq. (48) in the generalized normal coor-
dinates with asymptotic expansion in large wave number k.

Equation (48) in the generalized normal coordinates x*
with associated orthonormal coframe {e?} gives

(0024 v

3

EVI R + (P — EV;V\QR)x“xB]G_ = —5(x), (49)

In [18], the discussion of the renormalizability of A¢*
theory needed the solution G; to second-order, i.e. i <2,
so our calculations on G; will be considered in general
background torsion field, which will be useful for our
future investigation on interacting scalar fields.

By substituting Eq. (52) into Eq. (49), the lowest-order
equation yields

n*"d,0,Gy — m> = —8(x), (53)

which has the Minkowski-space solution

Gok) =

. 54
k* + m? (>4
From Eq. (53), we also know that G(x, x’) is a function of
N upX*x” = x,x”, i.e. Lorentz invariant. The equation for
G, (x, x') gives

(1) pv

— v _
m?G, + j—‘ «X%9,0,Gy+ S 9,Gy = 0.

(55)

Substituting the solution Gy(x, x’) into Eq. (55) and using
Egs. (A8) and (A9), we obtain

_ [ 1
G, (k)= _ZT“aa(m)’ (56)

where T, = T# pa 18 the trace torsion, and 9% = 9 [0k, It
turns out that G, (k) = 0 in the pseudo-Riemannian geome-
try, which has been shown in [18]. Using integration by
parts, one can show that [G,] = 0 (see Sec. IV).

The equation for G,(x, x) gives

nluja,uavél -

(1) pv

n*"d,0,G, — m*G, + f «X%9,0,G,

nv _ 2 pv _
+88G1+_'F apX®xPd,9,Gy

Qv (2)
+ 8 x%0,Gy + (P — ER)G, = 0. (57)

By substituting the solutions Gy (x, x'), G, (x, x’), Egs. (A8)
—(A12) into Eq. (57) and integrating by-parts, a straightfor-
ward but tedious calculation yields
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Gz@j::[(é——g)R——%TaTa+—%V§?ﬂ——éfgﬁyfaﬁy
_éT“ﬁyTyBa](kZ +1m2) zls[zltT T
1. m @ p
—gTaﬁuT +4(F, B+t F app
@ u @ 1
+2F up M)—zsaﬁ]a“aﬁ(m), (58)

where the indices are raised and lowered by n*” and 7,
and round brackets indicate index symmetrization. In
Sec. 1V, it will be shown that the terms involving

aaaﬁ(kzjmz) in Eq. (58) does not contribute to [G,]. In
pseudo-Riemannian geometry, Eq. (58) reduces to

- oR

Gy(k) = T m (59)

which is the same as in [18].

A. A special case: Total antisymmetric torsion

In this subsection, we will consider the background
torsion to be totally antisymmetric and find the divergences
of the effective action W in this restricted background
gravitational field. The reason is that the totally antisym-
metric torsion plays a significant role for generating
inflation in the early Universe [3]. Moreover, since it is
necessary to obtain G, (k) for finding the divergences of W,
this consideration will largely simplify our calculations.

When T,p, = Tapy) the)autoparallels and geodesics
() pv v

will coincide, and it gives F , =S = 0. So Eq. (55)
gives a trivial solution G,(k) = 0. Since Gy(x,x') is a
function of x,x", and using Egs. (Al4) and (Al5), we
obtain

)

_ @v _
f””aﬁxaxﬁ(}#@yGo + S axaa,,Go = (. (60)

Therefore, Eq. (57) becomes

_ - ) Al =
n#"d,0,G, — m?>G, + (P — éR)G, = 0, (61)

which has a solution
1

G0 = [ (g~ )R+ 54 Tus?™ [y
(62)
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Equation (61) indicates that G,(x, x’) is Lorentz invariant
and hence it is also a function of x“x,. It follows that
G,(x, x') also satisfies Eq. (60). Moreover, by using Egs.
(A17), (A18), (A20), and (A21), a straightforward but
tedious calculation gives two more identities

3) (€04

FH apyxxPx79,0,Go + S opx*xP9,Go =0, (63)

@ il

F M apyaX®xPxx2,9,Go + S opyx*xPx79,Gy = 0.
(64)

s0 G5(x, x) and G4(x, x') satisfy

— — (3) — _
1%9,09,G3 — m*Gs + (P, — éV,R)x*Gy = 0, (65)
_ _ ) Al =
77’“’6,“6,,G4 - m2G4 + (T - fR)GQ
(4) —— _
+ (Taﬁ - gVﬁvaR)an’BGo =0. (66)

By substituting Eq. (A19) into Eq. (65) and integrating by
parts, we obtain
G (k) = i[<1 —g)v’?a+ ! (2vﬁ7e\
3 2L\12 “* 12 (Be)

Y
+ 2R( B)A

A R 1
+ 5TWNATW)](? @ T (67)

a HBA a
T8, + TPV (W T yp

—

where V¥ = ¢*#V ;. When torsion vanishes, Eq. (67)
reduces to

- (1 - 2 1
Gs(k) = %(g - f)VaRaa(szrmz)z» (68)

where the Bianchi identities have been used. This agrees
with the result in [18]. Similarly, substituting Eqgs. (A16)
and (A22) into Eq. (66) and integrating by-parts yields

] 1 P
Galk) = [(_ - f)R +agTas? ] &+ m?)?
2pwa I
+ — —
3 (T “ 2 fDR) (k* + m?)?
W wop 1
g(?aﬁ A R)a wr ©

where [0 = V*V, and
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4 a 1 —_— 1 — 1 ~ ~ 1 ~ ~ ~ - 1 N A~ N
_ _ afB _ a A _ Aa
P o =550R + 15 ViV R = 5 RapR A ﬁRaﬁR/3 o0 KIaVaT ey = 3 RV T T oy
3 — . 1 — /\}\ 1 —_ A —_ 1 P /\)\
— g VeV T Ty = o VgT78 VTV + oV TANIT ) = VI T78, VT,
11 vA 11 DAV 75 75 5 v Y 15 Aap
+ITORK,,MT" 77, L BT sy T on ~ g0k s VT, + %RW R, \ga
1 A . A
+ —OR%BMRMB — ﬁT)‘BVTABKTW"T“”y 14 OTVB T"T o T, (70)

Sec. IV will show that [G5] = 0 and the second line of Eq. (69) does not contribute to [G,]. When torsion vanishes, Eq. (69)

becomes

_ 1 240 1/1 -~ 1 2 2aq
I - f\ A
——-URp
120 90

which agrees with the result in [18]. The Feynman propa-
gator can be obtained by giving m? an infinitesimal nega-
tive imaginary part i€, i.e., m? + ie, and take i€ to be zero
at the end of calculation. Since our calculations are valid in
n dimensions, it is natural to use dimensional regulariza-
tion to handle the divergences of the Feynman propagator
and effective action in the coincident limit.

IV. RENORMALIZATION OF A SCALAR FIELD IN
RIEMANN-CARTAN SPACETIME

It is known that the proper-time representation can be
derived from the momentum-space representation in the n
dimensional pseudo-Riemannian structure of spacetime
[18]. We will show that the derivation can be extended to
n dimensional Riemann-Cartan spacetime. In the follow-
ing, we only consider the approximate solution of G(x, x)
up to G, (x, x). Substituting Egs. (54), (56), (58), (67), and
(69) into (57) and integrating by parts yields

d"k
(2m)"

+ (a + byx* + caﬁx“xﬂ)<—

(o)l
¢ om? K+ m?%

_ I 1.
G(x, x) = etka [1 — =T ox® + a,pxxP

4
d )
am2

(72)

(73)

(74)

1 ~ypray ] 1
—R"R
50 YR [ (k2 + m?)?

[5(e - )77
= an

RW,\B]GO‘Bﬁ (k* + m

. o RN
+ 2R (apn TP + TUBIV (T 1

1

+ zf[ayﬁ]vAf[AYB]>]’ (75)

Yo, —tvVoR 76
Cap =3\ Fap ~ 5 VeVak) (76)

o]

1/@wa —
+ = - = .
: (TP “ "5 gDR) (77)

It should be stressed that the coefficients a and a,g are
considered in a general background torsion field but the
other coefficients b,, c,p and c are considered in a back-
ground totally antisymmetric torsion field.

Defining

F(x, x';is) =1 — %f"ax“ + a,px*xP + (a + box®
+ copx®xP)is + c(is)?, (78)
and using the integral representation
(K*+m?+ie) ' = j:o idsexp[—is(k’> + m?> +i€e)], (79)
one then performs d"k integration in Eq. (72) to obtain
(dropping i€)
Gx, ') = i(dm) " [0 " ids(is) "2
(80)

where o(x, x') = §x“x, is half the square of the autopar-
allel distance between x and x. Since |g(x’)| =1 in the
generalized normal coordinates, it gives

X exp[—im*s — (o /2is)]F(x, x'; is),
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G(x, x") = |gx)|"V*G(x, x'). (81)
By introducing a determinant defined by’
A (o) = =gl def—a,0,0]lg() 1> (82)

and noticing that Eq. (82) reduces to |g(x)|~!/2 in the
generalized normal coordinates, we obtain

Gy, ) = Lo )1/2 A(f:;’r; /)21/ 2 fo " ids(is) "2

X exp[—im?*s — (a/2is)]F(x, x'; is),  (83)

which may be considered as the proper-time representation
in n-dimensional Riemann-Cartan spacetime. When tor-
sion vanishes, Eq. (83) yields a usual expression of the
DeWitt-Schwinger proper-time representation in the
n-dimensional pseudo-Riemannian structure of spacetime.

It is known that the first 7 terms of Eq. (83) are divergent
in the x — x/ limit [11]. If one considers that n can be
analytically continued throughout the complex plane,
Eq. (83) at x — x’ limit becomes

Glx, x) = W[m’lr(— g + 1) + a(x)F(—g + 2)
+ m-zc(x)r(—g + 3)] (84)

When n — 4, Eq. (84) indicates that only the first two
terms are divergent.
From Eq. (44), it can be shown that [11]

W= —% /M[lim [m ids(is)_lG(x,x’)]*l. (85)

x—x' Jo

By substituting Eq. (83) into Eq. (85), the divergent terms
in the four dimensional spacetime yield

_ 1 1 e 2 _n
L4y = }ll_IH G2 [m F( 2) +m a(x)r( 5 + 1)

+ c(x)F(— o+ 2)] (86)

It turns out that the divergent terms are entirely geometrical
and involve only a(x) and c(x). By adding the counter-
terms, which contain bare coefficients, into the gravita-
tional Lagrangian, the infinite quantities of Lg, can be
absorbed into bare coefficients to obtain renormalized
physical quantities. It should be pointed out that, for totally
antisymmetric torsion, a(x) and c¢(x) may be compared to
the coefficients b, and b, (i.e. Eq. (4.2.27) and (4.3.10)) in
[16]. It is easy to see that a(x) in totally antisymmetric
torsion case, which is referred to Eq. (62), is equivalent to
b,. However, we have not verified the equivalence of c(x)
and b, yet, since it involves using the Bianchi identities.

1Equation (82) returns to the well-known Van Vleck determi-
nant in pseudo-Riemannian geometry.
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V. CONCLUSION AND DISCUSSION

We obtain the momentum-space representation of the
Feynman propagator of a free massive scalar field in
Riemann-Cartan spacetime. Moreover, the proper-time
representation in n-dimensional Riemann-Cartan space-
time has been derived from our momentum-space repre-
sentation. It leads us to find the divergences of the one-loop
effective action by using dimensional regularization. It
turns out that the divergences of one-loop effective action
of the scalar field are purely geometrical and involve full
curvature, torsion and their covariant derivatives. It is
interesting to notice that though there is no direct coupling
between torsion and the scalar field in the classical action,
those divergences do contain torsion parts. When torsion
vanishes, our momentum-space representation agrees with
the results in [18].

It has been demonstrated that the momentum-space rep-
resentation is useful for studying the renormalizability of
interacting fields in the pseudo-Riemannian structure of
spacetime [18]. So our current work can be directly applied
to study the renormalizability of interacting scalar fields in
Riemann-Cartan spacetime. Moreover, finding momentum-
space representation of the Feynman propagator for spin
1/2 field in Riemann-Cartan spacetime is straightforward
by using the generalized normal coordinates. These con-
siderations will be taken up in our future work.

Our original motivation was to study quantum effects of
our inflation model [3] in Riemann-Cartan spacetime. It
turns out that our inflation model, which contains quadratic
curvature terms, is a subclass of the effective action.
Therefore, it might be interesting to find the renormalized
stress 3-forms and spin 3-forms, and study these quantum
effects in the early Universe. A further investigation on
reheating and primordial perturbations will also be studied
in the future.
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APPENDIX A: FEYNMAN PROPAGATOR IN THE
GENERALIZED NORMAL COORDINATES

In Sec. II, we obtained the orthonormal coframes {e%}
and connection 1-forms {w?,} in the generalized normal
coordinates. To obtain Eq. (48) in the generalized normal
coordinates, it is useful to find the metric components g,z
with respect to {dx®}. Using
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(A1)
and substituting Egs. (28), (30), and (32) into (A1) gives

g = e’ ®e’ = 8apdx® ® dxP

. 17,
8ap = Map ~ TiappyX” + g[RwaB)s

— 1 A A A N
—2V5T (apyy T+ E(Ta'yeTeéﬁ + TpyeT¢5,)

3.0 &
+ 2T Tespla?x® + - o1,

1 (A2)

1 1.

PHYSICAL REVIEW D 82, 064007 (2010)

which can be used to find the solutions G (x, x'), G, (x, x’)
and G,(x, x). However, the solutions Gs(x, x') and
G,(x, x') are restricted to the background of totally anti-
symmetric torsion T g, = T[4y}, SO substituting Egs. (28)
, (30), (32), (34), and (36), into (A1) and considering the
torsion field to be totally antisymmetric yields

A A 1 — 1 . N 1. = K
gap = Map T gl:Rv(aﬁ)E + ZTayeTES,B]xyxs + ﬁ[_vaRavﬁe T 5Raye Thop ETLY’}’KV(ST eB

1

2 120

2

A AK 1 —_— — A N N
Y a'yKR Sep tae B]x7x5x€ + [_(_3vxveRa738 + 3veRa75/\T)lKﬂ + Ray&)\RAeK,B

~ —~ A ~ ~ ~ P ~ 1 P ~ 1 P —~ A
+ 2Ra76/\veT KB + Ra'yS/\T)‘K,uT'ue,B + 9vev5Ta'y)\T/\KlB) - EVET(I’}/AR)‘GK,B + %vaTay)\va ep

1o~ ey "
+ ﬁvﬁTay)\T enl g~ ET‘YV/\V R s5ep —

s pa gu g 1.
+ mTayAT)‘E#T'U’KVTVaB + _R/\V(SCVRAEKB + a — B]xyxﬁxex;( + .. .

72

where « < 3 denotes interchange of the indices. It is not
difficult to verify that when the torsion field vanishes,
Eq. (A3) will return to the well-known result obtained in
the pseudo-Riemannian geometry [24].

Since Eq. (48) only involves exterior derivative d acting
on G, it can be expressed in terms of g, p and the

Christoffel symbol I By
g*P9,05G + 0,8P3,5G
1 WBF I g & s, L= N
- (Eaag 'Br'yﬁy + Zg Bryayréﬁ + Eryﬁy,ag B)
X G —(m+ éRG = —8(x — x). (A4)

In the generalized normal coordinates, one has the follow-
ing expansions

1) pv 2) pv (3) pv
g =+ Foax® + F o apxixP + F pyxxPx?
@ pv
T F appaxxPxrxt 4+ (A5)
wr Qv o
0,87 =8 +8 x*+S8 aﬂx“x'g
@v
+ 8 apyxxPx? + -, (A6)

and,
B P RNELIR. T NS
E a8 vB Zg ya 6B E yB a8

) (3) )

=P+ Poux + PopxxP + - (A7)

A

N 1 . N ~
A A
ay/\R EK,U,Tlugﬁ - 30 Ta)/AT E/LRMKSB

(A3)

By substituting Eqgs. (A5)—(A7) into Eq. (A4), we then
obtain Eq. (49).
Using Eq. (A2), we obtain

(1)

Fhe =T, (A8)

77, (A9)

N =

2 - Ny _1 b (uv) _ = (uv) 1
F'ap = Tal" ﬂﬁﬂxa2WJ «*3

o o 3 i
X (T g7 + T T 5H) + ZTEC,MTEﬁ”],

(A10)

PP =~ (1)
R AR a4V, T,
— 2V, T + 17, T + T+, T°,"),  (All)

@ 3. . s leo~<a 1.
P=-—TT,+-R+=V,T

— —T o5, TP
16 3 24~ @By

@)}

(A12)

In the case of totally antisymmetric torsion, one may use
Eq. (A3) to obtain

064007-10



MOMENTUM-SPACE REPRESENTATION OF THE FEYNMAN ... PHYSICAL REVIEW D 82, 064007 (2010)

m (0014 Q) pv 1

1 4 .
v _ - nov
fﬂa—s —O, (A13) T LY,BV__]2< V,BR a y+§R KTKB
1. == K v 1. A
S LA s (T SRR
@ mv = —l(ﬁ (uv) + l’]’\“,u ’IAWE V) (A14) 2 ak ¥ p Y 2 By I V)
T DZB 3 oz,B 4 aEe ﬁ y
(A17)
@, _ 15, ) 1. v
o= (R R STl (A15)
3) G) v B vu G vy
S'ap=F paptF anptF apw  (Al8)
@ 1 1
P = 6(R + 4TWTW) (A16)

(3) 1 P P — A A N —~ 1 N aKA v
P, = ﬁ(vaR +V, R +V,R "+ 2R, (0 T — T NV, T", — STV, T, M), (A19)

v)p

@) pv

—_— m ~ » ~ ~ v ~ —~\ v ~ ~ ~ »
aByd = [120( 3V5V R" +3V7R apr 15" T RE g RY 5"+ 2R* o\ VT 7+ RE o) T4 5. T,

+9V, V1" T, )—EVBTMMR)‘YB +%VBTMMV3T y +%VBTM

A 14 A v 1 S S
——T*,,VsR g, —@T R 5T, —%T“QAT"
1 . . 1/~ 1. . . PR
+ Ry R 5"+ v] + §<R Mo+ ZTMETEB")(RY(“”)S + ZTKyeTfaV), (A20)

D v 1 7 7 FK v
yeReﬁﬁ + %T#a/\T/\yeTESKT B

@, @ vy @ ru @ vu @ ru
S apy T F mapy +F appBy +F aBpy +F aByw (A21)

) 1@Qv @u 1low (v Qu 1 @« Q) pv 1 @urvk @ @ prv(k @
Pap =58 «F o _13: p 0F wop T53F T ap 5 (F cFun ¥ F @ F s

1 @Qur @ « @pu v @pu v @Bu v Gu v @“u v @ w v

+§:F aB:Fy,I/ K+ (.T;Lvaﬁ+fyavﬁ+fyaﬂv+f pna BV+:F na VB+.,F nap I/)‘ (AZZ)

[1] E. W. Hehl, P. von der Heyde, G. D. Kerlick, and J. Nester, [11] N.D. Birrell and P.C.W. Davies,Quantum Fields in

Rev. Mod. Phys. 48, 393 (1976). Curved Space (Cambridge University Press, Cambridge,
[2] A.G. Riess et al., Astron. J. 116, 1009 (1998). England, 1982).
[3] C.H. Wang and Y. H. Wu, Classical Quantum Gravity 26, [12] B.S. DeWitt, in Relativity, Groups and Topology, edited

045016 (2009). by. B.S DeWitt and C. DeWitt (Gordon & Breach, New
[4] H. Chen, FE. H. Ho, J. M. Nester, C. H.-Wang, and H.J. Yo, York, 1965).

J. Cosmol. Astropart. Phys. 10 (2009) 027. [13] B.S. DeWitt, Phys. Rep. 19, 295 (1975).
[51 K.E. Shie, J.M. Nester, and H.J. Yo, Phys. Rev. D 78, [14] S.M. Christensen, Phys. Rev. D 17, 946 (1978).

023522 (2008). [15] S.W. Hawking and G.E.R. Ellis, The Large Scale
[6] W.T. Ni, Rep. Prog. Phys. 73, 056901 (2010). Structure of Space-Time (Cambridge University Press,
[7]1 V.A. Kostelecky, N. Russell, and J. D. Tasson, Phys. Rev. Cambridge, 1973).

Lett. 100, 111102 (2008). [16] W.H. Goldthorpe, Nucl. Phys. B 170, 307 (1980).
[8] T. Dereli and R. W Tucker, arXiv:gr-qc/0107017. [17] H.T. Nieh and M.L. Yan, Ann. Phys. (N.Y.) 138, 237
[9] T. Dereli and R. W. Tucker, Mod. Phys. Lett. A 17, 421 (1982).

(2002). [18] T.S. Bunch and L. Parker, Phys. Rev. D 20, 2499

[10] C.H. Wang, Ph.D. thesis, Lancaster University, unpub- (1979).
lished (2006). [19] R. Tucker, Proc. R. Soc. A 460, 2819 (2004).

064007-11


http://dx.doi.org/10.1103/RevModPhys.48.393
http://dx.doi.org/10.1086/300499
http://dx.doi.org/10.1088/0264-9381/26/4/045016
http://dx.doi.org/10.1088/0264-9381/26/4/045016
http://dx.doi.org/10.1088/1475-7516/2009/10/027
http://dx.doi.org/10.1103/PhysRevD.78.023522
http://dx.doi.org/10.1103/PhysRevD.78.023522
http://dx.doi.org/10.1088/0034-4885/73/5/056901
http://dx.doi.org/10.1103/PhysRevLett.100.111102
http://dx.doi.org/10.1103/PhysRevLett.100.111102
http://arXiv.org/abs/gr-qc/0107017
http://dx.doi.org/10.1142/S021773230200662X
http://dx.doi.org/10.1142/S021773230200662X
http://dx.doi.org/10.1016/0370-1573(75)90051-4
http://dx.doi.org/10.1103/PhysRevD.17.946
http://dx.doi.org/10.1016/0550-3213(80)90152-2
http://dx.doi.org/10.1016/0003-4916(82)90186-5
http://dx.doi.org/10.1016/0003-4916(82)90186-5
http://dx.doi.org/10.1103/PhysRevD.20.2499
http://dx.doi.org/10.1103/PhysRevD.20.2499
http://dx.doi.org/10.1098/rspa.2004.1311

YU-HUEI WU AND CHIH-HUNG WANG

[20] J.M. Nester, Ann. Phys. (Berlin) 19, 45 (2009).

[21] I.L. Shapiro, Phys. Rep. 357, 113 (2002).

[22] G. Cognola and S. Zerbini, Phys. Lett. B 214, 70
(1988).

[23] Yu. N. Obukhov, Nucl. Phys. B212, 237 (1983).

[24] A.Z. Petrov, Einstein Spaces (Pergamon, Oxford, 1969).

PHYSICAL REVIEW D 82, 064007 (2010)

[25] P. von der Heyde, Lett. Nuovo Cimento Soc. Ital. Fis. 14,
250 (1975).

[26] I.M. Benn and R. W. Tucker, An Introduction to Spinors
and Geometry with Applications to Physics (Institute of
Physics Publishing, Bristol, 1987).

[27] S.M. Christensen, Phys. Rev. D 14, 2490 (1976).

064007-12


http://dx.doi.org/10.1002/andp.200910373
http://dx.doi.org/10.1016/S0370-1573(01)00030-8
http://dx.doi.org/10.1016/0370-2693(88)90453-4
http://dx.doi.org/10.1016/0370-2693(88)90453-4
http://dx.doi.org/10.1016/0550-3213(83)90303-6
http://dx.doi.org/10.1007/BF02745635
http://dx.doi.org/10.1007/BF02745635
http://dx.doi.org/10.1103/PhysRevD.14.2490

