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We examine the dependence of parton distribution functions (PDFs) on the value of the QCD coupling
strength a(M,). We explain a simple method that is rigorously valid in the quadratic approximation
normally applied in PDF fitting, and fully reproduces the correlated dependence of theoretical cross
sections on «; and PDF parameters. This method is based on a statistical relation that allows one to add
the uncertainty produced by «a,, computed with some special PDF sets, in quadrature with the PDF
uncertainty obtained for the fixed a value (such as the CTEQG6.6 PDF set). A series of four CTEQ6.6AS
PDFs realizing this approach, for a; values in the interval 0.116 = (M) = 0.120, is presented. Using
these PDFs, the combined «; and PDF uncertainty is assessed for theoretical predictions at the Fermilab

Tevatron and Large Hadron Collider.
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I. INTRODUCTION

The global analysis of quantum chromodynamics
(QCD) refers to the use of data from many short-distance
scattering processes to construct, within some approxima-
tions, universal parton distribution functions (PDFs) that
can be used to calculate hadronic cross sections for the
QCD and electroweak theories. An important part of the
analysis is to determine the uncertainties of the PDFs.
The uncertainties have several sources, both experimental
and theoretical. An example of an uncorrelated experimen-
tal uncertainty, i.e., an uncertainty induced by data, is the
statistical error on the cross section measurements used as
the input to the global analysis. An example of a correlated
experimental uncertainty, also induced by data, is the
luminosity error, which modifies the normalization of all
cross sections measured by one experiment by the same
factor. An example of a theoretical uncertainty is the
choice of a momentum scale Q used in the theoretical
calculations for some process; this uncertainty depends
on the order of perturbative approximation (next-to-
leading order, NLO, in «, for the CTEQ analysis in
this paper) and is highly correlated between different
points in the phase space of the process. Methods for
calculating these various uncertainties have been devel-
oped for the CTEQ analysis [I] and other analyses of
PDFs [2-6].

Two overall theoretical uncertainties of the global analy-
sis are the ‘““parametrization error’” and the uncertainty in
the QCD coupling strength «;. The first concerns the
parametric form for the nonperturbative PDFs at a low
momentum scale @, used as a boundary condition for
predicting the PDFs at other scales through their perturba-
tive evolution. The choice of the functional form affects the
predictions and so contributes an uncertainty to the pub-
lished PDFs.
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The strong coupling «, is another basic parameter that
affects every theoretical cross section in the global fit. As
with the PDF parametrizations, one must decide how to
evaluate the scale dependence of the running coupling
constant «,(Q) and provide a value of «, at some scale
Q' as a boundary condition. Both choices contribute addi-
tional uncertainties to the determination of PDFs. The Q
dependence of a,(Q) is not uniquely determined, but
estimated from the NLO approximation of the renormal-
ization group (RG) equation for a,(Q):

das __Po,»_ B
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where By = 11 — (2/3)n;, and B, = 102 — (38/3)n;. In
NLO perturbation theory, we neglect terms of order a?.
Then there are different solutions of (1), formally equiva-
lent in the NLO approximation, but differing in higher
orders of perturbation theory. Previous studies have shown
that the associated uncertainty, coming from the approxi-
mation for the Q dependence of a,(Q), is small compared
to other sources of the PDF uncertainty [7].

In this paper we are concerned with the value of «; at
a typical scale (Q) for hard interactions. The differential
Eq. (1) requires an initial value, commonly taken from a
combination of precise experimental measurements. The
conventional choice is the value of «,(Q) at the Z boson
mass, Q = M. Any value of Q could be taken to set the
initial value, but Q = M is the natural choice, because M,
is known precisely, and some experiments determine the
strong coupling directly at this momentum scale.

The input value of a (M) and its uncertainty are con-
tinually being refined, as new experimental data are ob-
tained. The global PDF analysis itself could “determine”
(i.e., estimate within the errors) the value of a (M) from
the comprehensive hadronic data it examines. However,
the resulting determination turns out to be quite uncertain:

0 ai + 0(a)), )
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the included scattering processes (deep-inelastic scatter-
ing, Drell-Yan process, pp — jets, etc.) have limited
accuracy for measuring « (M), precisely because they
depend on uncertain PDFs.

The most accurate value of a (M) is instead available
from a worldwide compilation provided by the Particle
Data Group (PDG) [8,9]. The 2009 world-average
value of «, based on eight different measurement tech-
niques is [8]

a,(M,) = 0.1184 * 0.0007. )

Most experimental data that are an input to this world
average are independent of parton distributions. For
example, precision data from e*e” annihilation at LEP
provide strong and direct constraints on a(M,), indepen-
dently of the PDFs. The uncertainty range in Eq. (2)
nominally corresponds to the 68% confidence level (CL);
yet, when assigning this level, one must be aware that the
analysis mixes NLO and NNLO calculations in various
techniques and relies on some theoretical models. Even
with these caveats, the accuracy of the world-average value
is clearly superior to the value determined solely from the
hadronic scattering data.

Traditionally, our analysis presents the best-fit PDFs and
their parametrization uncertainties for a constant value of
a,(M,) close to its latest world-average central value.
Separately, the uncertainty in the PDFs induced by the
uncertainty in a,(M,) is assessed, by producing a few
alternative PDF fits for a range of values of a (M) around
the central a,(M,) value [7]. We add the two uncertainties
in quadrature to estimate the total uncertainty resulting
both from the PDF parametrization and «,. In this
paper, we examine this procedure (designated as ““fitting
method 17”) in detail, in order to determine how well it
captures the correlation, or interplay, of the a;, uncertainty
and PDF uncertainty.

On the other hand, the most complete method to evaluate
the combined PDF + « uncertainty in the global fit is to
vary the theoretical value of « (M) as an additional fitting
parameter, while including the world-average value of
ay(My) with its experimental uncertainty as a precise
experimental constraint on a,(M,), in combination with
the rest of the hadronic data. The uncertainty from «, can
then be deduced by this technique—designated as ““fitting
method 2”’—on the same footing, and by the same Hessian
techniques, as the uncertainties in the PDF parameters [1].

Our main finding is that the simpler framework of the
fitting method 1 (based on the «; series) is sufficient to
reproduce all correlated dependence of «; and PDF pa-
rameters arising in the fuller treatment of the fitting method
2. Consequently, the «a; series of CTEQG.6 fits, generated
in fitting method 1, is sufficient for determining the total
PDF + «, uncertainty in theory calculations, e.g., predic-
tions for the Large Hadron Collider (LHC). This conclu-
sion is borne out both numerically and formally, within the
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quadratic approximation for the log-likelihood function y?
in the vicinity of the best-fit. The total PDF + «; uncer-
tainty can be thus calculated without resorting to the
alternative, quite elaborate, methods [6,10,11], but simply
by computing the theoretical cross sections for two addi-
tional CTEQ6.6 PDF sets for the extreme values of «y,
besides the usual cross sections for the 44 CTEQ6.6
eigenvector PDFs.

Our conclusion that the addition in quadrature is suffi-
cient, regardless of the magnitude of the correlation,
follows from an easily overlooked distinction between
the “absence of correlation,” on one hand, and ‘““the inde-
pendent addition of the «; uncertainty and PDF uncer-
tainty,” on the other hand. As we show, variations in «a
generally induce compensating adjustments in the pre-
ferred PDF parameters (correlation) to preserve agreement
with those experimental data sets that simultaneously con-
strain « and the PDFs. At the same time, it is possible to
define an “a uncertainty’ that quantifies all correlation
effects, is independent from the PDF uncertainty for the
best-fit ;, and can be added in quadrature.

Section II presents the new «; series of PDFs, based on
the 2009 world-average value of a,(M,) = 0.118 and four
additional PDF sets found for 0.116 = a, = 0.120. This
series, denoted as CTEQG6.6AS, extends the CTEQ6.6
series of PDFs [12]; it uses the same input data and
methods as the CTEQG6.6 study. In the same section, we
also introduce an alternative fit, designated CTEQ6.6FAS,
with a floating «,, constrained by the world-average value
as an experimental input. We provide a heuristic explana-
tion of why the CTEQ6.6AS and CTEQ6.6FAS methods
should result in close estimates of the total PDF + «
uncertainty. The detailed proof is given in the Appendix.
In Sec. III, we compare the CTEQ6.6AS and CTEQ6.6FAS
methods numerically. Also, applications based on the
resulting PDFs are shown, including our estimates for the
current « uncertainty on select theoretical predictions for
the LHC.

Section IV addresses a separate issue, the degree of
the correlation between the «; and PDF uncertainties
imposed by the hadronic data in the current fits. We eluci-
date this issue by applying the correlation analysis
of Refs. [1,12,13] to explore which data sets in the
CTEQ6.6 sample impose the tightest constraints on «;.
The paper concludes in Sec. V with our recommendation to
use the «a; series, CTEQG6.6AS, combined in quadrature
with CTEQ6.6, to assess the effect of a, uncertainty on
theoretical predictions.

II. QCD COUPLING AS AN INPUT AND OUTPUT
OF THE PDF ANALYSIS

A. Diagonalization of the error matrix
with respect to «

Perturbative QCD cross sections calculated to next-to-
leading order (NLO) have uncertainties arising from (1) the
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residual scale dependence of the cross section due to the
truncation of the series at NLO, (2) the PDF uncertainties
derived from the global PDF fits and (3) the uncertainty in
the value of a (M) used in the cross section calculation.
The residual scale dependence will depend on the individ-
ual perturbative cross section being evaluated. The PDF
uncertainty can be determined using the PDF eigenvector
sets provided by the global fitting groups. CTEQ and
MSTW provide eigenvector PDFs (44 for CTEQ6.6 [12]
and 40 for MSTW2008 [10]) determined using the Hessian
method, while the NNPDF Collaboration provides ~1, 000
PDFs [6]. The value of a (M) used in any cross section
evaluation must be the same as its value in the global fit
providing the PDFs. Thus, the uncertainty in « (M) must
be evaluated by using the PDF sets in which the same value
of a,(M,) has been assumed.

The treatment of the « uncertainties in any NLO cross
section evaluation depends on their relative size compared
to the intrinsic PDF uncertainties, and on whether there
exists a correlation between the value of a (M) and the
Hessian error PDFs. One cannot exclude the possibility
that the PDF and «, uncertainties affect each other. For
example, it has been known for a long time that the shape
of the gluon PDF found from the global fit changes con-
siderably if a,(M,) is changed in the fit.

There are two prevailing approaches to the choice of the
value of a,(M,) in the global PDF fits: either the world
average is taken as an input, or a,(M,) is determined as
an output of the global fit. The CTEQ, HERAPDF [14] and
NNPDF sets of PDFs use the first approach, while MSTW
uses the second. Related to this choice is the evaluation of
the uncertainty in a,(M,): either the uncertainty can be
directly related to that determined by the world average, or
the uncertainty can be determined by examining the impact
of varying a,(M) in the global fit. Again, the CTEQ and
the NNPDF Collaborations have used the first approach,
and MSTW the second.

The reason behind the first approach is that the most
precise processes contributing to the world average (7 and
quarkonium decays and e e~ event shapes at the Z-pole
energy) are free of the PDF uncertainties and place
stronger constraints on the value of a (M) than the had-
ronic scattering data alone. Knowledge gained from those
processes, summarized in the most recent PDG value of
a,(M,), naturally provides a useful external input to the
global QCD analysis. After all, the idea of global analysis
is that QCD is a fundamental theory that describes all
aspects of strong interactions. The value of a (M) is
universal. The value that we use should be the most accu-
rately determined value.

The second approach has the advantage of being inde-
pendent from other sources. It circumvents the issue of
combining constraints on a,(M;) from heterogeneous
measurements and mixing different theoretical frame-
works in the combination procedure. The price to pay,
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however, is the loss of the constraining power supplied
by the most precise measurements.

As an example of the uncertainty in a (M), consider
again the 2009 world average [8] in Eq. (2); its determi-
nation is dominated by the processes that do not require the
PDFs. The interpretation of the confidence level assigned
to this uncertainty (nominally 68%) is still not fully settled
for the reasons mentioned in Sec. I. For the purposes of
this study, we adopt a somewhat more conservative esti-
mate of the uncertainty proposed at the 2009 Les Houches
workshop [15] and adopted by the PDFALHC working
group [16],

ays(Mz) = 0.118 = 0.002 (90% CL), 3)

corresponding to an uncertainty of *=0.0012 at the 68%
CL.

Compare that to the value obtained by MSTW from
fitting «, in the PDF analysis [3,10],

+0.0012

(M) = 0.1202{ o (68%CL), (4)
B +0.0039

a,(My) = 0.1202{ Ry (90%CL)  (5)

at next-to-leading order; or

ag(Mz) =0.1171 = 0.0014 (68% CL) (6)

at next-to-next-to-leading order. Or, compare that to our
own determination of a((M,) = 0.118 = 0.005 (90% CL)
from a fit without the world-average constraint that is
described below, cf. Eq. (13). The result is consistent
with that in Eq. (2); but the uncertainty on a (M) is
considerably larger if « is fitted without the world-average
constraint. The central value of a (M) returned by this fit
is 0.118, which coincides with the fixed value used in the
CTEQG6.6 PDF analysis.

One can also envision a third, most general approach, in
which the a (M) range measured by the most precise
techniques, i.e. the world-average value, is included as an
input together with the usual hadronic scattering data; and
the theoretical value of a (M), fitted as a free parameter
together with the PDF parameters, is returned as an output
constrained by the combination of all measurements. Such
a fit is the most direct in quantifying improvements in the
accuracy of the output a (M) resulting from the hadronic
scattering data (as compared to the more precise con-
straints) as well as in probing the correlation between
a,(M,) and PDF parameters.

In this paper, we examine the CTEQ global hadronic
data and the world-average a (M) in Eq. (3) according to
this more general approach, and apply the usual Hessian
technique [1] to study the combined PDF + « uncertainty
(i.e. the usual PDF shape parameters plus 1 more parameter
for a,). However, when implemented straightforwardly,
this approach runs into a practical inconvenience: each of
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the eigenvector PDFs is associated with its own value
of a,(M,).

The quadratic approximation provides a remarkable
bypass for this shortcoming. By applying the Data Set
Diagonalization method introduced in Ref. [17], it is pos-
sible to rediagonalize the parameter space so that only one
eigenvector corresponds to the change of «, whereas all
the other eigenvectors are immune to the change in «;.
(As shown in Ref. [17], this conclusion also holds for any
other distinct parameter in the global analysis.) In other
words, it is easy to construct a pair of additional PDF sets
corresponding to the maximal tolerated excursions of «;.
The « uncertainty computed from the difference of these
PDFs can be added in quadrature to the CTEQ6.6 uncer-
tainty to reproduce the combined uncertainty with the full
PDF-«; correlation. We refer to the reduced computation
as “fitting method 1,” and the full computation as “fitting
method 2.”

A formal proof that methods 1 and 2 are equivalent,
within the quadratic approximation, is given in the
Appendix. Here we provide a heuristic argument that
illustrates the choice of the two PDF eigenvector sets
probing the a uncertainty.

The a, parameter in the full fit is associated with a new
twenty-third direction that is orthogonal to the hyperplane
of the PDF parameters for the central value of a (M ) =
0.118; i.e., the 22-parameter space probed by the CTEQ6.6
PDF set. Originally, the orthonormal eigenvector PDFs of
the CTEQ®6.6 fit correspond to a representation such that
the excursion by the same distance from the best fit in the
22-dimensional hyperspace results in the same increase of
,\/2; that is, the surfaces of constant )(2 are 22-dimensional
hyperspheres.

If a, is allowed to deviate from its best-fit value, a
preferred direction emerges in the 22-dimensional hyper-
space, along which Ayx? grows most slowly, because
changes in a;, are compensated by changes in some linear
combination of the PDF parameters. Rotate the CTEQ6.6
basis so that the ““physical”” PDF parameter a; corresponds
to the variation of this preferred combination from its
best-fit value, and analogously, the physical parameter a
corresponds to the variation of a (M) from its best-fit
value (which remains at 0.118). With this choice, ay = 0
and a; = 0 at the best fit. All correlations between «, and
PDFs are encapsulated in the x> dependence on a, and a;.
Let us focus on this dependence. Uncertainties due to the
other (combinations of) PDF parameters a,, ..., d
are independent of «, and can be added in quadrature at
the end.

In the {ag, a;} plane, the set of the allowed PDFs corre-
sponds to the inside of an ellipse A y> < T2, where T is the
tolerance parameter or some other parameter defining
the typical y? at the boundary of the allowed region. The
CTEQ6.6 fit is equivalent to probing the inside of the
ellipse for a fixed a; = 0, as shown in the left inset of
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Fig. 1. The contribution of the a; direction to the CTEQG6.6
uncertainty for an observable X can be evaluated as

AX} = (X(B) ~ X(D), )

where X(B) and X(D) are the values of X at points B and D
in the figure.

Next, consider the minimal and maximal excursions of
the parameter a, allowed inside the ellipse, for a free
parameter a;. These excursions are reached at points A
and C shown in the right inset of Fig. 1. The uncertainty
along this direction is

AXZ = %(X(A) - X(0))2. (8)

In practice, points A and C are found by a scan of the
dependence of Ax?*(ay, a,) on ay, for a varying a,. To
describe the uncertainty of an observable X, we rotate the
{ay, a;} basis to a basis {y,, y;} of eigenvectors of the
Hessian matrix. The orthogonal directions y, and y; spec-
ify the principal axes of the ellipse, as seen in the left inset
of Fig. 2. Since the maximal range of the a, parameter is
specified by the line segment AC in Fig. 1 or Fig. 2, we

Physical basis a;
Ax? =Y, ; Hijaia;

ai al
a1 uncertainty

Ax? =17 (for ap = 0)
SRS

ap uncertainty
(correlated
with a1)

Ax?=1(X(B)-X(D))> AXE=1(X(4)-X(0))?

FIG. 1 (color online). Imagine fitting two free parameters. The
left figure shows uncertainties computed in a fit with a; = 0 and
free a,. The right figure shows a y? scan over a, with free a;.

Eigenvector bases y;, z;
Ax2 =97 =327

Physical basis a;
Ax? =Y Hijaia;

AX2 =1[(X(4) - X(C))*+ (X(B) — X(D))?]
= AX3+ AX?

FIG. 2 (color online). Imagine fitting two free param-
eters. Relations are illustrated, between the basis of physical
parameters {ag, a;}, the principal axis basis {y,, y;}, and the
ag-excursion basis {zp, z;}-
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could further rotate the {yo, y;} basis to another basis
{zo, 1}, after rescaling the eigenvectors y, and y; to unity,
as shown in the right inset of Fig. 2. The vector z, is chosen
to be along the AC direction. It is shown in the Appendix
that the vector z; is along the direction of the line segment
BD. 1t is perpendicular to the z, direction in the {z;, z;}
representation, even though the z, and z; directions are not
perpendicular in the {a(, a;} representation. Taking this
conclusion for granted here, we could easily see from the
left inset of Fig. 2 that there is no a, dependence along the
z, direction. From the right inset, the total uncertainty of
the observable X can be computed as

AX? — %[(X(A) ~ X(O) + (X(B) = X(D)?]  (9)

= AXZ + AX2 (10)

This uncertainty is equal to the quadrature sum of the
uncertainties along the AC and BD directions, as has
been stated.

We see that the z, and z; directions, which are initially
not orthogonal in the {a, a;} basis, can be made such by
rotation and scaling. Alternatively, the orthonormal {z, z;}
basis can be obtained from the {ay, a;} basis by a shear
transformation in the negative a; direction, followed by a
scaling transformation along the a, direction. In the 23-
dimensional case, the condition ay = zo = 0 defines the
hyperplane spanned by the 22 CTEQ6.6 PDF parameters,
for the fixed best-fit «;. This hyperplane is made orthogo-
nal to zo by a rotation and scaling transformation, or,
equivalently, by a shear and scaling transformation, anal-
ogously to the 2-dimensional case. See the Appendix for
the full discussion.

B. Fits with a variable «a,: explicit realizations

We will now explicitly construct two next-to-leading
order (NLO) fits of the kinds described above, using the
CTEQ6.6 sample [12] of hadronic data.! To this end, we
modify the setup of the CTEQ6.6 analysis to allow a (M)
to vary within the global fit, and to constrain these
variations by the world-average (w.a.) value (ay)y. *
(ag)ya = 0.118 £ 0.002 (at 90% CL) included as a sepa-
rate data input, in addition to the complete CTEQ®6.6 set of
hadronic scattering data. Agreement with this precision

"Like in all CTEQ global fits, we include full NLO matrix
elements in DIS and most Drell-Yan observables. In calculations
for inclusive jet production and W lepton asymmetry, where the
full NLO/resummed results are prohibitively CPU-extensive, K-
factor tables are used to look up the ratio of the NLO cross
section to the LO cross section (with the LO cross section
calculated using the NLO PDFs, and using the 2-loop «)
separately for each data point. The look-up tables depend very
weakly on the input PDF parameters. They are updated in the
course of the fitting to ensure that the K-factors have not drifted
from their initial values, and we again check that the calculations
retain their full NLO accuracy at the end of the global fit.
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data value is just as desirable (or more so) as agreement
with individual data points in the hadronic data sets. So, to
assure this agreement, we add a new contribution X%n to the
global log-likelihood function in the global analysis:

X* = Xetegss + Xaw (11)
where
as(Mv) - (as(M ))w . 2
§Y=A[ “Ba) : a]. (12)

The ,\/121 term is multiplied by a weighting factor A to match
the confidence interval of the world-average «, with the
tolerance on the increase in y? allowed for acceptable fits.
We choose A so that « (M) values outside of the 90% CL
interval, a,(M,) =< 0.116 or a,(M,) = 0.120, result in a
penalty beyond the tolerance for the increase in y?.
Without the contribution of the world-average value, the
constraints of the global fit on «, are relatively weak,

a,(Mz) = 0.118 = 0.005 (90% CL). (13)
The central value returned by this fit is practically identical
to either the PDG or Les Houches workshop central values.
When the world-average constraint is included, the final

result of the global analysis changes to

a,(Myz) = 0.1180 = 0.0019 (90% CL). (14)
Again, its central value is practically the same, but the
uncertainty is much smaller. Thus the constraint on a (M)
is dominated by the world-average uncertainty, (Say)y , -
We explore the vicinity of the best-fit in two ways. First,
we construct best-fit PDF sets for four alternative values

Of aS(MZ)s

a(M,) =0.116,0.117,0.119, and 0.120. (15)
These PDFs are named as
CTEQ6.6AS = AS_,, AS_;,AS,,, and AS,,. (16)

The CTEQG6.6AS PDFs for the two extreme variations,
AS_, and AS,, correspond to slightly more than 2 stan-
dard deviations according to the PDG error in Eq. (2), or
approximately to the 90% CL uncertainty according to the
2009 Les Houches prescription in Eq. (3). The intermedi-
ate PDF sets, AS_; and AS ., provide additional informa-
tion on the «, dependence.

Alternatively, the combined PDF and «, uncertainty is
quantified by the diagonalization of the Hessian matrix, in
terms of 46 extreme PDF eigenvector sets for 23 indepen-
dent combinations of theoretical parameters. Each eigen-
vector set is associated with its own a (M) value within
the best-fit range of Eq. (14). This series of eigenvector
PDFs is called CTEQG6.6FAS. It will be compared with the
CTEQG6.6AS series in the next section.
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III. NUMERICAL RESULTS

A. Comparison of the PDF and «, uncertainties

The AS_, and AS, PDFs of the CTEQ6.6AS series for
the gluon, u quark, and s quark are compared with the
CTEQG6.6 PDF uncertainty band for the momentum scale
Q =2 GeV inFig. 3, and for Q = 85 GeV in Fig. 4. Each
figure shows the ratio of f(x, Q) in the AS, set to the
CTEQ6.6M PDF of the same flavor (solid and dashed
curves), as well as the asymmetric CTEQ6.6 PDF uncer-
tainty for this flavor (shaded region), as functions of the
momentum fraction x. The upper and lower boundaries

g at Q=2 GeV

Ratio to CTEQ6.6M
>

0.8
0.6
1(;’5 16’4 1(;’3 0.61 ofoz 0.65 Oil oiz ois 0.7
X
u at Q=2 GeV
14}

0.6 |

ratio to CTEQ6.6M
S
{
\
‘\

0.01 0.02 005 0.1 0.2
X

10 107* 107

s at Q=2 GeV

—
L

ratio to CTEQ6.6M

0.01 0.02 0.05 0.1 0.2 05 07
X

10° 107* 1073

FIG. 3 (color online). Comparison of the PDF and « uncer-
tainties for the gluon, u quark, and s quark, at Q = 2 GeV. The
vertical axis is the ratio of f(x, Q) to the CTEQ6.6M best fit. The
CTEQ6.6 PDF uncertainty range for the central «; value, 0.118,
is shown as the shaded region. The ratio of AS, and AS_, PDFs
to the corresponding CTEQ6.6M PDFs are shown as the solid
and dashed curves, respectively.

PHYSICAL REVIEW D 82, 054021 (2010)

gat Q=85 GeV

14t
g
S 12
&
m
5 10 —=
2
2
S 08|
o~

0.6 t

107° 107* 107 0.01 002 005 0.1 0.2 0.5 0.7

X

u at Q=85 GeV

1.0 ==

0.8 |

Ratio to CTEQ6.6M
o
j‘& |

0.6 |

0.01 0.02 0.05 0.1 0.2
X

107 107* 1073

s at Q=85 GeV

0.8 |

Ratio to CTEQ6.6M

0.6 |

0.01 0.02 0.05 0.1 0.2 05 0.7

X

107° 10* 107

FIG. 4 (color online). The same as Fig. 3, for Q = 85 GeV.

1+ [Af(x, Q)]«=/f(x, Q) of the PDF uncertainty band are
given by the asymmetric PDF errors, as

22
[Af(x, Q)]+ = \JZ[fi(x» Q) - f()(x) Q)]Z for fi > fO’
i=1

22
[Af(x Q)] \JZU,-(x, Q) — folx, QP for f; < fo.
i=1

7)

For the shown partons (g, u, and s), the PDF uncertainty
is larger than the «, dependence over the range 0.116 =
ay,(M;) = 0.120. The figures for the d quark (not shown)
looks similar to the figures for the u quark. The relation
between the PDF and «, uncertainties for i and d quarks is
in between these relations for the u and s quarks. Finally,
the ¢ and b uncertainties are qualitatively similar to those
for g.
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We now add the CTEQ6.6 PDF uncertainty in quadra-
ture to the CTEQ6.6AS «, uncertainty, and compare
this sum to the uncertainty of the 23-parameter fit
CTEQG6.6FAS with the floating «, and the world-average
constraint. The result is shown in Fig. 5. The figure com-
pares the PDF uncertainty bands from the two realizations
of the «; fit, for the parton flavors that show the largest «;
dependence: gluons and charm quarks. The CTEQG6.6
error band is indicated by dashed lines; while the two
realizations of the «; fit by a hatched error band with solid
borders and a filled error band with dotted borders. We
observe only small differences between the CTEQ6.6 +
CTEQ6.6AS and CTEQ6.6FAS PDFs for the flavors shown
in the figure. The differences are even smaller for the other
quark PDFs. Thus, the two realizations of the «; series
produce nearly identical results, confirming the adequacy
of adding the PDF and «, uncertainties in quadrature.

B. Uncertainties of cross section predictions

Using the a; series of PDFs, and including the PDF
uncertainty, we can estimate the uncertainties of cross
section calculations.

For any calculated quantity o, we denote the central
prediction, corresponding to «a,(M,) = 0.118, by oy.
There are two contributions to the uncertainty. The sym-
metric PDF uncertainty, denoted A opp, is calculated from
the Hessian error PDFs by the “‘master formula™ [1]

1| -
AO’PDF == E\JZ(UEJr) — 0'5 ))2 (18)
i=1
Here d is the dimension of the parameter space, and O'E.i) is

calculated with the eigenvector PDFs.? The a, uncertainty
of o is

1
Mg, = 5ylou(d ) — oo(aF. (19)
The combined uncertainty Ao for CTEQ6.6 +
CTEQG6.6AS is
(AU')2 = (AU'PDF)2 + (Aa-ab\.)z' (20)

For the CTEQG6.6FAS series, the full uncertainty is com-
puted according to Eq. (18) for d = 23. Then the predic-
tion for the quantity o is

21

o=o0y*Ao.

Table I lists the predictions for a sample set of NLO
cross sections at the Tevatron and LHC energies. Four

2For these PDFs, based on CTEQ6.6, the number of fitting
parameters is d = 22. PDF sets +i and —i are variations of the
central fit corresponding to displacements in the + and —
directions along eigenvector i. The symmetric error formula,
Eq. (18), is sufficient for the comparison here; at other times, we
would use more detailed asymmetric error estimates, Eq. (17).
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FIG.5 (color online). Comparison of CTEQ6.6 +

CTEQ6.6AS (blue solid) and CTEQ6.6FAS (green hatched)
uncertainty bands and CTEQG6.6 uncertainty bands (indicated
by black dashed lines), normalized to the standard CTEQ6.6M
fit, for gluon and charm PDFs at Q = 2 and 85 GeV.

processes are calculated: 7 production [18,19], using a
program from Ref. [19]; and standard model Higgs boson
production, gg¢ — H, for Higgs masses My = 120, 160
and 250 GeV [20]. The production cross sections
are predicted for three LHC energies: 7, 10 and 14 TeV.
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TABLE I.

PHYSICAL REVIEW D 82, 054021 (2010)

Predicted cross sections for 77 production and Higgs boson production at the Tevatron and LHC, for different scattering

energies. Cross sections are given in picobarns. The renormalization and factorization scales are chosen to be the top quark mass and
Higgs boson mass for the 17 and gg — H cross sections, respectively. The columns present the central prediction oy, PDF uncertainty
Appr, @, uncertainty A, , and total PDF + a; uncertainty Ao, computed according to the CTEQ6.6AS and CTEQ6.6FAS methods.

Process CTEQ6.6 + CTEQ6.6AS CTEQG6.6FAS
1t (171 GeV) o Aoppg Ao, Ao oy + Ao
LHC, 7 TeV 157.41 10.97 7.54 13.31 160.10 = 13.93
LHC, 10 TeV 396.50 18.75 16.10 24.71 400.48 = 25.74
LHC, 14 TeV 877.19 28.79 30.78 42.15 881.62 * 44.27
gg — H (120 GeV) o Aoppr Ao, Ao oy + Ao
Tevatron, 1.96 TeV 0.63 0.042 0.032 0.053 0.64 = 0.055
LHC, 7 TeV 10.70 0.31 0.32 0.45 10.70 = 0.48
LHC, 10 TeV 20.33 0.66 0.56 0.87 20.28 = 0.93
LHC, 14 TeV 35.75 1.31 0.94 1.61 35.63 = 1.70
gg — H (160 GeV) o) Aoppg Ao, Ao oo+ Ao
Tevatron, 1.96 TeV 0.26 0.026 0.015 0.030 0.26 £ 0.031
LHC, 7 TeV 5.86 0.16 0.18 0.24 5.88 £0.26
LHC, 10 TeV 11.73 0.33 0.33 0.47 11.72 = 0.50
LHC, 14 TeV 21.48 0.68 0.56 0.88 21.43 £ 0.94
gg — H (250 GeV) oy Aoppg Ao, Ao oy + Ao
Tevatron, 1.96 TeV 0.055 0.0099 0.0044 0.011 0.058 = 0.012
LHC, 7 TeV 2.30 0.085 0.081 0.12 2.32 £0.12
LHC, 10 TeV 5.08 0.14 0.15 0.21 5.10 £0.22
LHC, 14 TeV 10.03 0.26 0.27 0.37 10.04 = 0.41

The central predictions o, and uncertainty ranges Ao are
given first for CTEQ6.6 + AS (fitting method 1) and then
for CTEQ6.6FAS (fitting method 2). Clearly, the predic-
tions by the two methods are very close, even though not
identical due to secondary effects like deviations from the
quadratic approximation.

In fitting method 1, we can also compare the relative
sizes of the PDF uncertainty and the «, uncertainty. For
processes dominated by the gluon scattering, such as the 7
production or Higgs production examined here, the o, and
PDF uncertainties can be comparable, as is observed in the
table. These results are illustrated for 7# production at the
LHC with energies 7 TeV and 14 TeV in Fig. 6, and for
Higgs boson production (Mg = 120 GeV) at the LHC
with energies 7 TeV and 14 TeV in Fig. 7. The figures
show the cross sections from individual CTEQ6.6(AS)
eigenvector sets, as well as the resulting PDF and «
uncertainties, versus the corresponding «a (M) values.
The overall prediction based on the full CTEQ6.6 + AS
eigenvector set, o = Ao, is shown by an error bar: the
inner bar is the PDF error alone; the outer bar is the
combined PDF + «, error. According to the figures,
the a, uncertainty of the total cross section in the shown
processes constitutes between 70% and 110% of the PDF
uncertainty.

IV. CORRELATION BETWEEN «a; AND THE PDFS

The independence of the «, uncertainty from the PDF
uncertainty in the CTEQ6.6AS method does not preclude
existence of some correlation between the «, and PDF

parameters. This correlation arises from the hadronic
scattering experiments, which probe a variety of combina-
tions of the PDFs and «;. Let us now examine which PDF
flavors are most affected by variations in a,(M,), and
which scattering experiments impose the most relevant
constraints.

For this purpose, we go back to the full fit CTEQ6.6FAS
with the floating «, and examine the correlation between
ay,(M,) and individual PDF f,(x, Q) using the method
outlined in Refs. [1,12,13]. Let Y (for i =1,...,23)
denote one of 46 eigenvector PDFs f,(x, Q) for a
chosen a, x, and Q, corresponding to the maximal
acceptable displacements of orthonormal PDF parameters
{z1, ..., 2o3} from their best-fit values in the positive ( + )
and negative ( — ) directions, respectively. Given 46 values
of a,(M) (denoted as Xl(t)), we compute the correlation
cosine,

23
cosg = > -x T -y @
i=1

4AXAY
where AX and AY are the symmetric PDF errors, found
from Eq. (18) for d = 23. Values of cos¢ close to +1, 0,
—1 indicate strong correlation, no correlation, and strong
anticorrelation between « (M) and the PDF f,(x, Q)
in question.

Figure 8 shows cos¢ versus x, for the PDFs that have the
largest correlations with a (M), at Q = 2 and 85 GeV.
Other PDFs have little correlation with a (M) and are not
shown in the figure. We also identify the experimental data
sets that cause the largest correlations. As shown in Fig. 8,
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FIG. 6 (color online). Cross section for ¢7 production at the
LHC, at center-of-mass energies of 7 TeV and 14 TeV, as a
function of a,(M). The predictions for the central set and the 44
eigenvector PDF sets are shown for a (M) = 0.118. For
the other values of a,(M,) (0.116, 0.117, 0.119, 0.120), only
the central prediction is shown. The combined uncertainty range
(CTEQ6.6 + CTEQ6.6AS) is shown as the error bar; cf. Table 1.
The inner error bar is the PDF error alone, and the outer error bar
is the combined PDF + «; uncertainty.

at O = 2 GeV, the most significant correlation (or anti-
correlation) of a (M) occurs with:
(i) the gluon PDF g(x, Q) (anticorrelated at x ~ 0.01
due to neutral-current DIS constraints from HERA);
(ii) the singlet PDF X (x, Q) (correlated at x ~ 0.4 due to
constraints imposed by BCDMS and NMC neutral-
current deep-inelastic scattering (DIS) data);
(iii) the heavy-quark PDFs, c(x, Q) and b(x, Q) (corre-
lated at x = 0.05-0.2 due to constraints by HERA
charm and bottom semi-inclusive DIS data).

At Q = 85 GeV, these correlations are reduced by the
PDF evolution, with the exception of the heavy-quark
PDFs. The same conclusions can be drawn from the sim-
pler CTEQ6.6AS analysis, as well as from the correlation
analysis by NNPDF [11].

The best-fit value of a,(M,) is thus determined by
several types of the data, probing the gluon evolution in
DIS at moderately small x, the singlet PDF evolution in
DIS at large x, and HERA charm semi-inclusive DIS data.
The correlation of each kind disappears if the relevant
data set is removed. For example, it is believed that the
low-Q/large-x BCDMS and NMC DIS data prefer
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FIG. 7 (color online). Same as Fig. 6, for production of stan-
dard model Higgs boson with mass 120 GeV at the LHC.

somewhat lower a,(M,) values than the rest of the experi-
ments [21], indicating the possible presence of higher-twist
terms that are not explicitly included in most PDF analyses
[22]. With the most suspect part of these data excluded, the
central a;(M,) value indeed increases to 0.119-0.120; the
spike in cos¢ for the singlet PDF 3(x, Q) at x ~ 0.4 also
disappears from Fig. 8.

V. CONCLUSION

We conclude with this important point: while there are
correlations between a,(M;) and some PDFs, as demon-
strated in Fig. 8, the total uncertainty of the CTEQ6.6FAS
fit is essentially the same as the CTEQ6.6 + CTEQ6.6AS
fit, as demonstrated in Fig. 5. The CTEQG6.6 +
CTEQ6.6AS method captures all the correlation of a;
and PDF parameters as a mathematical consequence of
the quadratic approximation, upon which the Hessian
method is based. The ability of the quadrature method to
reproduce the total PDF + «a; uncertainty (also observed
in a related NNPDF study [11]) is thus more than a
coincidence.

We may predict cross sections using the CTEQ6.6FAS
PDFs, with their 23 X 2 Hessian eigenvector PDF sets. The
results are shown in the final column of Table I. The
predictions agree well with those of the simpler method
based on the CTEQ6.6 + CTEQ6.6AS PDF sets. This
again justifies our recommendation to use the CTEQ6.6 +
CTEQ6.6AS PDFs to estimate uncertainties induced by the
PDFs and «;, according to Eq. (20).
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CTEQ6.6FAS: correlation of ag(My) with f,(x,Q)
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FIG. 8 (color online). Correlation cosine cos¢ between the
best-fit QCD coupling a (M) and PDFs f,(x, Q), plotted as a
function of the momentum fraction x at Q =2 GeV and Q =
85 GeV.

The experimental measurements included in the world
average give a smaller a, uncertainty than the hadronic
scattering data can match. Therefore, when making pre-
dictions for the LHC or Tevatron colliders, the most real-
istic estimate of the « uncertainty will result from the
CTEQ6.6 + CTEQ6.6AS «; series, which covers

ay(Mz) =0.116,0.117,0.118,0.119, and 0.120. (23)

The central value of this series (assumed in the CTEQ6.6
eigenvector set) is closest to the world average. The PDFs
for a; values at 0.116 and 0.120 provide an estimate of
the a uncertainty at approximately 90% CL, which is to
be combined in quadrature with the CTEQ6.6 PDF uncer-
tainty. The CTEQ6.6AS PDF sets are available from the
CTEQG6.6 PDF website [23] and as a part of the LHAPDF
library [24].
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APPENDIX A: ERROR MATRIX
DIAGONALIZATION FOR THE QCD COUPLING

In this Appendix we provide a proof of the method
advocated in this study, whereby an uncertainty induced
by the small variation of « value is added in quadrature
with the fixed-a; PDF uncertainty. The only necessary
assumptions are the usual quadratic approximation for
x>, and the understanding that the PDF sets for the “up”
and “‘down” variations of « are obtained through fits in
which all of the PDF parameters are free.

Assume we have an initial fit in which there are N free
parameters, with an additional parameter held fixed.
The additional parameter can be any additional degree of
freedom that one wishes to study. Here it is intended to be
a,(M,); but no special features of that parameter will be
invoked.

We begin by carrying out the traditional Hessian diag-
onalization procedure, applicable in the vicinity of the
best-fit (BF) combination of the PDF parameters. Starting
from the “‘shape’” parameters that control the input PDFs at
scale Q,, we define new fitting parameters ay, ..., ay that
are coefficients of the eigenvectors of the original Hessian
matrix, to obtain

N
X = xgp + D al (A1)
i=1

We now wish to include an additional degree of freedom
in the fit. Hence we introduce a new parameter a,, which
could be defined as proportional to the deviation of a (M)
from its best-fit value, (M) — a,pr(My); or better, as
proportional to In[a(M7)/agr(M7)]. Including the new
degree of freedom, we have, in general,

N N
X = X + bag + Y Y Hjaa;, (A2)
i=0 j=0
where
1 P1 P2 P3 PN
pr 1 0 0 0
p, 0 1 0 0
H=|7? 9 0 1 0 (A3)
\py O 0 0 ... 1/
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Here

1 (:)2 2
L= — A4
pi 2<8aoaa ) (A4)

H describes the correlation between a, and a;, as it gives
the variation of y? in the {ay, a;}-subspace. The linear
term ba, in (A2) allows for the possibility that the new
minimum might not be at ay =0. Note that b =
(dx*/dag)pr, which describes how y? varies with a at
the original best fit. The new diagonal element H,, was
chosen to be 1 by including an appropriate scaling factor
in the definition of a.

As ag varies, the PDF parameters ay, . . ., ay are adjusted
so as to reduce the increase in x?. The direction
along which this increase is minimal (direction AC in
Fig. 1) corresponds to dy?/da; =0 for i=1,...N,
i.e., it is a line given by a; = —p,;ay according to
Egs. (A2) and (A3).

Define new variables z; as

z;=a; + pjag, fori=1,...,N, (AS)
b
= V1 - Cap + ——, (A6)
N e
where

N
=42, P2 (A7)

i=1

Since y? is assumed to have a minimum, hence, 0 = C <
1. The transformation (AS5) and (A6) to the z; coordinates
consists of an ay-dependent translation (shear) along the
PDF coordinates a;, followed by a scaling and a translation
along the a, coordinate a,. In the new coordinates, y? is
diagonal,

* = X A8
X XBF 4(1 _ Cz) ZZ (A8)
Variations along z, and z; for i = 1,... N are explicitly

independent, and we can calculate the symmetric uncer-
tainty AX for an observable X(zg, zj, ..., Zy) by

1 N
(AX)? =1 S[XO.....z; =T,...,0)
i=0

-X0,...,z;=-T,...,0]% (A9)

for tolerance A y> = T2.

Below, we will focus on the case that » = 0, which is
valid in this paper. From Egs. (AS5) and (A6), the extreme
values of a; consistent with Ay? = T? are a; = z; =
*T. They occur at ay = zo = 0 (i.e., at the best-fit ay)
and z; = 0 for k # i. The extreme values of a, occur
at zzy==T and z=0 for i=1,...,N, ie,

PHYSICAL REVIEW D 82, 054021 (2010)

ay = *T/v1 - C? and a;i = —p;a;. Hence Eq. (A9)
corresponds exactly to adding in quadrature the uncertainty
based on the allowed range of a; computed at a, =0
(analogous to the CTEQG6.6 uncertainty in our application)
to the uncertainty based on the allowed range of a,
computed with a; at their preferred values for the
extreme excursions in aq (analogous to the CTEQ6.6AS
uncertainty).

An alternative way to construct the z; basis is to find the
eigenvectors of the (N + 1) X (N + 1) Hessian matrix H
in Eq. (A3) and then perform an additional orthogonal
transformation. To find the eigenvectors, note that H can
be written in a block form

_(1 p"
H <p I) (A10)
where 1 is a unit element, pT IS a row vector
(p1, P2 -+, py), and I'is an N X N unit matrix.

(i) One eigenvector is

o)

All
p (ATD)

corresponding to an eigenvalue Ay =1+ C. The
normalization factor is F = 1/(~2C).
(i) A second eigenvector is

v = F(_C), (A12)
P
with an eigenvalue A; =1 —C
(iii) Now consider vectors of the form
0
\" =< ) Al3
q (A13)

where p’q = 0. These are orthogonal to the first
two eigenvectors; the N-dimensional vector q is
orthogonal to p. For any q, we have HV = V.
All their eigenvalues are A; =1, for j=
2,3,...,N
So we have a set of eigenvectors of H, denoted by
vO v yv@ YWV and satisfying the orthonormality
condition

S 1/0y0)
D ViV =6y
k=0

(Al4)

The next step is to use the eigenvectors VU to define new
coordinates f, ..., ty by

< ()
j=0

(A15)

It is easy to compute x> from Eq. (A2) by making use of
the eigenvector properties
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HV ) =\, V0, (A16)

where Ag=1+C, A} =1—C, and A; =1 for j=
2,...,N; and then using the orthogonality property
(A14). The result has the expected diagonal form

N
X =xgp+t1+03+1-08+> 17 (A1)
i=2

which is further simplified to

N
X = Xae + Q¥ (A18)
i=0
by rescaling of the first two coordinates:
yo = V1 + Cip; yi=v1—Cty
(A19)
yi=t fori=2...,N.

The function y? is explicitly diagonal in the new coor-
dinates y;, but not in the parameter a that is of interest
here, given that

ay = yo/V2(1 + C) — y; /¥2(1 = C).

It can be made so by a further orthogonal transformation
called the Data Set Diagonalization [17]. The general
method for finding the necessary transformation is to
write aj = YN, ¥, G;jw;w; and use the eigenvectors
of G as new basis vectors. However, in the present case, the
required transformation can be found more simply by

(A20)

PHYSICAL REVIEW D 82, 054021 (2010)

observing that one of the new coordinates must be propor-
tional to aq, and the others must be orthogonal to it.
The result is

_[t-c  N1+C
20 > Yo 3 Vi
1+C 1-C (AZD)
= -
21 3 Yo 3 Y1
zj=y; forj=2..,N,
which yields
N
X =xk+ D2 (A22)
j=0

equivalent to Eq. (A8) with b = 0. Because y? is a sum of
independent terms for each z;, the uncertainties of these
variables should be combined in quadrature. This conclu-
sion does not depend on the value of C, i.e., the strength of
correlation between the new degree of freedom a, and
the original parameter space of a; in Eq. (A1). The depen-
dence of y? on a, comes entirely from the coordinate z,.
The space spanned by zj,...,zy at zo = 0 has ay =0,
so it is the same fitting space spanned by ay,...,ay in
the original N-parameter fit. Hence the uncertainty asso-
ciated with zy, ..., zy is the same as the uncertainty asso-
ciated with ay, ..., ay. It is therefore not necessary to
explicitly carry out the transformations, and the overall
formula for the uncertainty is the result we have used in
Eq. (20).
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