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The scale invariant of the effective potential of the standard model at two loop is used as a boundary
condition under the assumption that the two-loop effective potential approximates the full effective
potential. This condition leads with the help of the renormalization-group functions of the model at two
loop to an algebraic equation of the scalar self-coupling with coefficients that depend on the gauge and the
top quark couplings. It admits only two real positive solutions. One of them, in the absence of the gauge
and top quark couplings, corresponds to the nonperturbative ultraviolet fixed point of the scalar
renormalization-group function and the other corresponds to the perturbative infrared fixed point. The
dependence of the scalar coupling on the top quark and the strong couplings at two-loop radiative

corrections is analyzed.
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I. INTRODUCTION

The standard model requires, through Higgs mechanism
[1], the existence of a neutral scalar Higgs boson that
survives after spontaneous breakdown of the electroweak
symmetry. In this mechanism the weak gauge bosons and
the charged fermions as well as the scalar Higgs itself
acquire their masses from the asymmetry of the vacuum
[2]. At tree level the scalar Higgs boson self-coupling A,
and thus the Higgs boson mass (my), is a free parameter of
the model and its determination self-consistently poses a
challenging problem. Many efforts, theoretically and ex-
perimentally, have been devoted to it.

One of the primary goals of the LHC is to search for the
standard model Higgs boson. Recent high energy experi-
ments excluded the region my = 114.4 GeV [3] and
electroweak precession data excluded the region
160 GeV < my < 170 GeV [4]. The region 114.4 GeV <
my < 160 GeV is a favored one, while the region my >
180 GeV, though disfavored, is not ruled out. The current
fits lead to 130 GeV < my < 260 GeV [5]. Recently the
global fit obtained by the Gfitter Group showed that the
95% C.L. allowed range for the complete fit (including the
direct searches) is [114, 153] GeV, and above this range
only the values between 180 and 224 GeV are not yet
excluded at 3 standard deviations or more [6]. Several
papers have presented upper bounds based on avoiding
triviality of pure ¢* theory [7], lower bounds on the bases
of vacuum stability [8], and constraints based on some
theoretical assumptions. The requirement, for example,
that the coefficient of the quadratic divergent term of the
square of the scalar Higgs boson mass at one loop is equal
to zero leads to the well-known Veltman condition [9], the
assumption that the one-loop effective potential effectively
represents the full effective potential leads to an algebraic
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equation that fixes, in the absence of fermion contributions,
the scalar self-coupling [10], and from the assumption that
the ratio of the scalar coupling to the square of the top
quark coupling is scale invariant allows one to fix the Higgs
boson mass at one and two loop [11].

In the standard model for the potential (m> <0, A > 0)

lmzqoz +£¢4, (1)

v =
2 4!

the two-loop renormalization-group function 3, for pure
¢* theory is given by [12]
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This equation admits two constant solutions: the pertur-
bative infrared fixed point A = 0, and the nonperturbative
ultraviolet fixed point Ayy = 72.9. It is expected, similar
to the one-loop case [13], that the perturbative fixed point
is removed in the presence of interactions with gauges and
fermions while the nonperturbative one persists [14,15].
We show that this is the case, under the assumption that the
two-loop effective potential approximates the full effective
potential. This assumption leads to an algebraic equation
that fixes the scalar self-coupling in the perturbative region.
The ultraviolet fixed point, where perturbation expansion
breaks down [14,15], is shown to occur in the region where
all other couplings, but the scalar coupling, are neglected in
comparison. The full effective potential V(¢(z)), which is
constructed from the one-particle-irreducible Green’s
functions at zero external momenta [16], satisfies, in the
mass-independent scheme of Weinberg 't Hooft [17], the
renormalization-group equation (RGE) dV(e(?))/dt =
DV(e) = 0, where D is a first order partial differential
operator that depends on the renormalization-group func-
tions of the model and 7 is an arbitrary running parameter
related to the renormalization scale w(r = In(u/u(0)).
This equation is just a statement that V is scale invariant
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V(e(1)) = V(¢(0)) [16]. When perturbative expansion to a
given order is employed to V one may take this scale
invariance as a boundary condition for the solution of the
first order partial differential equation. In the present work
we use this boundary condition at two loop to obtain a
relation that fixes the scalar coupling in terms of the gauge
and top quark couplings. This relation expresses the valid-
ity of the scale invariant of the two-loop effective potential.
This paper is organized as follows: in the following section
we calculate the effective potential at two-loop approxi-
mation using the renormalization-group equation in the
mass-independent subtraction scheme. In Sec. III we im-
pose the scale invariance on the two-loop effective poten-
tial that allows one to obtain a condition that expresses the
validity of the scale invariant at two loop, which depends
on the renormalization-group functions at two loop. This
condition leads to an algebraic equation of degree 5 in A,
which has only one perturbative real positive solution, and
one nonperturbative real positive solution. In Sec. IV the
perturbative solution is used to estimate the mass of the
Higgs boson at one- and two-loop approximation, the
dependence of the Higgs boson mass on the strong inter-
action coupling «, and the top quark mass m, is discussed,
and in this section we apply the matching condition to
estimate the physical mass of the Higgs boson. Finally in
Sec. V we give our conclusion.

II. CALCULATION OF THE EFFECTIVE
POTENTIAL AT TWO LOOP

In the mass-independent subtraction scheme of
Weinberg-’t Hooft, the scale invariance of the full effective
potential of a renormalizable quantum field theory leads,
under infinitesimal transformation, to the RGE of the
effective potential [17]:

0
—)Veff(%) =0, 3

d d
mo—+ 6,8, =t ve
< r "aAP ‘9o,

op
where u is a renormalization mass parameter and vy is the
anomalous dimension, A, = (m% A, g, g/, g3, &), & &/, 83
are the SU(2), the U(1), and the SU(3) gauge couplings,
respectively, g, is the top quark coupling and &, equals m?
for mass coupling and 1 otherwise, and B, is the
renormalization-group function:

dA M
=% with 1=t
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In the loop expansion, the effective potential is given
by [14]

Ve = VO + 3, _ a0y, 4)

Following the procedure of Ref. [18], we can write the
following recursion equation for the effective potential up
to order n:

PHYSICAL REVIEW D 82, 053008 (2010)

d
Ma_v(n) +D,VO + D, vV 4+ ...+ D VD =0,
M
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where the differential operator D, is given by
D =5 (n) 4 40 , 6
B]’ (9)\ 7 gDc aQDC ( )

n=123...

(,f) is the n-loop contribution to the renormalization-

group function:

and V™ is the n-loop contribution to V, and

:817 = 2n=1,‘;l(n)B£7n)' (7)

To find the one-loop effective potential we use
Egs. (5)—(7) and the zero-loop (the tree level) potential of
Eq. (1), which give
L R =BV + 4y (8
—&algo n?, where a; = B, vA, (8)
and for the two loop we substitute Eqgs. (1) and (8) into
Eq. (5) to find

1 1 0*\2
Ve = 41—+—b (1 —),
489 M2 T (e
where
a=ay"V+a, with a,= ﬁ&z) + 4y (9)
and
=g\ fﬁ + 880y + 16A(yV)2 + G, (10)
with
(1) aB)\ (1)37() By
G = By 4By ¢ g
g
9 9 ay\
+arp 7 +3> BA +aapP
g, ag,

Therefore, the full effective potential approximated to two-
loop effective potential becomes

V=v04+yh4yQ@

¢’ ¢%\?
:AO +A1g04ln—2+A2g04(ln—2) , (12)
" ,u

1 1
Ay=-mPo* +—o, A1=&(a1(1+7(1))+32): (13)

M 4 4q. 40 4 )
Ay = 192< ABY + day )+ G) (14)

The renormalization-group functions used in this work
are [12]
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and

k= 1672

III. A CONDITION FROM THE SCALE
INVARIANCE AT TWO LOOP

As stated in the Introduction, when a perturbative
expansion of the effective potential to a given order is
employed, the boundary condition

Vi), A1), p(0) = V(g A, ), (16)

where ¢(1) = zp, w(t) = e'u leads to a restriction on the
coupling constants that expresses the validity of this
scale invariant to this order. Employing these transforma-
tions in the two-loop effective potential (12), we obtain the
following conditions:

A (D4 + 4A,(0) 1n(§) = A,(0), (17)

and
Ay (4 = A,(0). (18)

Differentiating Eq. (17), using Eq. (18) and the definition
of y:

_ldz

z dt’

we obtain the following relation:

19)

% +4Ay FAA(y — 1) =0, att=0. (20)
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Substituting A; and A, from Eqs. (13) and (14) and using
Egs. (9) and (10) we finally obtain

(1 + 704y B+ (B + 4y + G)

40" + )+ yO)BY + 4y

d
+ (BY + 4y PN + = (1 + y)(BY + 4y

+(B? + 4y@2) =0, 21)

where G is as given in Eq. (11). Substituting Eq. (11) and
the one- and two-loop renormalization-group functions
from Eq. (15) into Eq. (21), and after simplifying, we
obtain an equation of degree 5 in A:

MN+CA+CNB+CA+CA+Cs=0, (22

where C, (n = 1, 2, ..., 5) are functions in the couplings g,
g/, g3, &, and the explicit expressions of them are given in
the Appendix. This equation allows one to obtain the scalar
Higgs coupling in terms of the gauge couplings and the top
quark coupling at the renormalization scale u = M,
where M, is the mass of the weak neutral gauge boson.
In the following section we use the matching condition to
relate the scalar coupling calculated from Eq. (22) to the
physical Higgs boson mass (‘“‘the pole mass’”) which is the
measurable quantity.

IV. THE HIGGS BOSON MASS

In the absence of the couplings g, g/, g3 and g,, Eq. (22)
has only two solutions, one of them corresponds to the
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ultraviolet fixed point solution Ayy = 72.9, in which the
perturbative expansion breaks down, and the other is
the infrared fixed point solution A = 0. This result can be
taken as a check of the validity of the scale invariant of the
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effective potential at two-loop corrections. In the presence
of these couplings the nonperturbative solution continues
and we are left with only one real positive perturbative
solution which we use to analyze the dependence of the

TABLE I. Values of the scalar coupling A obtained from Eq. (22), for different values of the top quark mass m, (GeV) and the strong
coupling ag; column 4 gives the Higgs boson mass at tree level [Eq. (26)], column 5 at 1 loop [Eq. (27)], column 6 at 2 loop [Eq. (28)],

and column 7 the physical Higgs boson mass from Eq. (29).

ag m, (GeV) A Mp-tree (GEV) M -1 1oop (GeV) M -2 100p (GeV) My loop (GeV)
0.1073 160 24517 224.56 223.93 226.56 227.16
162 2.457 64 224.83 223.60 226.3 226.71
164 246305 225.08 22321 225.98 226.20
166 2.46793 225.30 22277 225.62 225.64
168 247224 225.50 222.27 225.2 225.02
170 247597 225.67 221.70 224.72 224.33
172 24791 225.81 221.08 224.18 223.59
174 2.48159 22592 220.38 223.58 222,77
176 248343 226.00 219.62 22292 221.90
0.1127 160 2.54599 228.83 229.14 231.88 232.71
162 2.55308 229.15 228.88 231.7 23232
164 2.559 66 229.45 228.56 231.46 231.87
166 256571 229.72 228.20 231.18 231.38
168 257121 229.96 227.77 230.84 230.82
170 2.576 15 230.19 227.29 230.45 230.21
172 2.58052 230.38 226.75 230.00 229.54
174 2.58428 230.55 226.15 229.49 228.81
176 2.58741 230.69 22548 228.92 228.01
0.1161 160 2.604 18 231.43 232.31 235.13 236.10
162 2.61198 231.78 232.09 234.99 235.75
164 2.61927 232.10 231.82 234.81 235.34
166 2.626 04 232.40 231.50 234.57 234.88
168 2.63227 232.68 231.13 234.28 234.38
170 2.63795 232.93 230.69 23393 233.80
172 2.64306 233.16 230.20 233.53 233.17
174 2.64758 233.35 229.65 233.08 232.49
176 2.65149 233.53 229.03 232.57 231.74
0.118 160 2.636 34 232.86 234.05 236.92 237.97
162 2.64453 233.22 233.85 236.80 237.63
164 2.65222 233.56 233.61 236.64 237.25
166 2.659 38 233.87 233.31 236.43 236.81
168 2.66601 234.17 232.96 236.16 236.32
170 2.67209 234.43 232.56 235.85 235.78
172 2.67761 234.67 232.09 235.48 235.17
174 2.68254 234.89 231.57 235.05 234.51
176 2.686 88 235.08 230.98 234.56 233.79
0.1202 160 2.6732 234.48 236.03 238.95 240.10
162 2.68184 234.86 235.86 238.87 239.79
164 2.68997 235.22 235.65 238.73 239.43
166 2.69759 235.55 235.38 238.55 239.02
168 2704 67 235.86 235.06 238.31 238.56
170 271122 236.14 234.68 238.03 238.03
172 27172 236.40 234.24 237.69 237.45
174 272261 236.64 233.75 237.29 236.82
176 272743 236.85 233.20 236.84 236.13
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scalar coupling for a range of values of g3 and g,. Our input
parameters are obtained from the relations:

2My, AM>
g=""2, g = \/—ZZ - g%
v v

g, =27, with v = 246.2 GeV.
v

Mz =91.19 GeV, My = 80 GeV, g/(M,) = 0.35554,
and g(M,) = 0.649 88. We take the mass of the top quark
in the range 160 GeV = m, = 176 GeV, and the strong
coupling «ayg in the range 0.1073 = ay = 0.1202 [19]. In
Table I, we present our results for the scalar Higgs coupling
in the above ranges of m; and «g. The Higgs boson mass, at
zero external momentum, is defined by [16]

, _d*V
my =—s
de™ | p=v

, (23)

where v is the vacuum expectation value which has the
expansion up to two loop:

v =y + hv + n2v®, (24)
and satisfies
av
de | p=v

The Higgs boson mass at tree level is

2 where vy = 246.2 GeV,  (26)

—1y,2
my = 3Avg,

at one loop, using Eq. (8), is

T 1 v
m%_l loop = (g)\ + Zd] + gal lnz)v%, (27)

where
v =vyt+ av),
and at two loop, using Eq. (12), is

1
Mooy = (g" + 124, + 84, + 16(A; + 34,) ln%

2
+ 32A2<1n2) )vg, (28)
M

where
v, = vy + A2,

A comparison between the tree-level potential and the two-
loop effective potential for ag=0.1161 and m, =
171 GeV is shown in Fig. 1, while for ag = 0.118 and
m, = 171 GeV is shown in Fig. 2. Here it should be noted
that all other figures with different values of ag and m,
show similar trends. As can be inferred from these figures
the two-loop contribution to the effective potential almost
cancels the one-loop contribution in the region in between
the positions of the two minima of the potential and as a
result the position of the vacuum is slightly shifted (by less
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FIG. 1. A comparison between the tree-level (the solid line)

and the two-loop (the dashed line) effective potentials for
ag = 0.1161 and m, = 171 GeV.

than 1%) [20]. For each of the obtained values of the scalar
coupling the positivity of the effective potential at two
loop is checked from the condition V() >0, for
|| > ¢*, where ¢* is the nontrivial positive solution of
V(¢*) = 0. When the perturbative real positive solution of
Eq. (22) is substituted in the tree-level Eq. (26), one-loop
Eq. (27) and the two-loop Eq. (28) we find the mass of the
Higgs boson at M, to be

224.56 GeV = my_yee = 236.85 GeV,
219.62 GeV = my. 100p = 236.03 GeV,
222.92 GeV = my100p = 238.95 GeV.

The dependence of m . 1o0p and My 100p ON the top quark
mass and the strong coupling a is shown in Fig. 3, which
is in qualitative agreement with Ref. [14] (see Fig. 3a there)
and Ref. [21] (see Fig. 3 there) in the region considered.

Using the matching conditions, the initial value m (M)
is related to the physical Higgs mass My to one-loop order
at the scale M, [19,21,22] by

fg ~ T~ 1
1x10";\
oF

~1x108F i

s [ 1
> [ ]
—2x10° r ]
—3x10°F 1
—ax108f Nt Nt -

N s = PRI PG L A TR

-300 -200 -100 0 100 200 300
¢

FIG. 2. A comparison between the tree-level (the solid line)
and the two-loop (the dashed line) effective potentials for
ag =0.118 and m, = 171 GeV.
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FIG. 3. The Higgs boson mass my (GeV) verses the top quark
mass m, (GeV) for different values of the strong coupling aj.
The black lines correspond to the 1-loop case and the gray lines
correspond to the 2-loop case.

m3, = M%(1 + 8(M)), (29)

where

1 M%
o(M) = W 7[§f1(§, M) + fo(f, M)
+ETf(E M) (30)

where & = M7, /M7 and f,(€, M), fo(£, M), and f (£, M)
are given in the Appendix. Inserting the input parameters,
we find that the physical mass of the Higgs boson is
221.9 GeV = My = 240.1 GeV. This result is in the ex-
pected range of the recent global fit to all precision elec-
troweak data [5,6]. Now we compare our result with some
results of other authors employing different approaches. In
Ref. [23] a value of about 218 GeV for the Higgs boson
mass (my) is obtained from using renormalization-group
methods to include all leading-logarithm contributions to
the effective potential, and in Ref. [24] a value of my =
221 GeV from consideration of scalar-field theory projec-
tion of the effective potential. In Ref. [25] using the
renormalization-group improved effective potential and
results from Ref. [26] they obtained an upper bound of
my around 196 GeV. In Ref. [27] from their estimate of the
top quark mass using the Goldberger-Teller relation and
the Veltman condition they found my around 317 GeV. The
assumption made in Ref. [28] that the scalar coupling
equals the top quark coupling led to a value of my around
348 GeV. Finally, an estimated value of my = 700 GeV
has been obtained in Ref. [29] from the assumption that the
ratio of the Higgs boson mass to the vacuum expectation
value is a cutoff independent.

If the Higgs boson mass is experimentally discovered in
the favored region (114-160 GeV), then the calculation of
the effective potential shows that the main contribution
comes from one loop; in this case, due to the mass of the
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top quark, the scalar coupling becomes negative, which is a
possible indication of physics beyond the standard model.

It is desirable at this point to discuss the stability
of our perturbative solution beyond the two-loop order.
Unfortunately not all the renormalization-group functions
of the standard model are available at present. However
under the assumption that the main effect to three-loop
order comes from pure ¢* interaction [30], our finding is
that the Higgs boson mass is shifted by an amount of order
1 GeV for the range of values of the top quark mass and the
strong gauge coupling considered in this work.

V. CONCLUSION

In this paper we have used the scale invariant of the
effective potential at two loop as a boundary condition.
This condition which expresses the validity of the scale
invariant of effective potential at two loop results in an
algebraic equation of degree 5. In the physical ranges of the
top quark mass and the strong gauge coupling it admits
only two real positive solutions. In the absence of the gauge
and the top quark couplings one of these two solutions
corresponds to the ultraviolet fixed point of the scalar
renormalization-group function, where perturbation theory
breaks down, and the other one lies in the perturbative
regime. Our findings support, in general, several other
works. Of these, the two-loop contribution almost cancels
the contribution of the one-loop contribution in the region
between the minima of the potential, and thus the vacuum
expectation value of the scalar Higgs boson is slightly
shifted by renormalization at one-loop and two-loop quan-
tum corrections. The other finding is that the variation of
the Higgs boson mass as a function of the top quark mass
initially decreases in the region considered. Finally we
have made a comparison of our result with some results
of other authors employing different approaches.
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APPENDIX

(—476928g/> — 143078 4g>

€1 = 120864
+ 189388 8g2 — 317030472),
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1
Cs = J50ae3 299721 68/° + 510249 6gr'g? + 304444 815" — 405734 4g° + 304 128¢/"g}

+ 746 496g% g3 — 727968g/g? + 116 640g*g? + 654 336g/°g3g7 + 174 182g°g3¢?
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+22635648g/7g0m* — 2642025688 7> — 18745344g/°g2 7% + 210677 76g/* g* g2 > — 887500 8g/>g* g2 7*
—42550272g%g7 7> + 106 16832gr* g3 g?m* + 6912000g/* gf > — 25132032g* g} 7> + 760872 96g/* g3 g7 7
+143327232g%g3 g7 7> + 244187 136g4 g} m* — 492687 36g/° g8 m* — 403 107 84g%g0m?> — 429981 696g3 g0 7>
+ 865935368 7> — 7776417 g*g7(3024g% — 369g} + 64(64g3 — 27g7)m?)),

M?* 3 1 (1 c? 9025 =
fl(f, M) = 611’1M—%] + E lnf - EZ(—) - Z(-) - 1nC2 + —<— - —>,

M? M? 3¢ & 1 c\ 3c?Inc? 15
= —6In—5|1+22—2—L|+ = +2Z( ) + 42 Z(— ) + ——5— + 12¢%Inc? — —(1 + 2¢?
fo(é, M) 6In— [1 2¢= —2 2] In— 22(5) 4c Z( ) 12¢*Inc 7 (1 +2¢%)

% 21 &= ¢ ¢ s

M? M? M?
- 3—;[2z<—2f) +4In— — 5],
MLLT\MLé M2

053008-7



H.A. ALHENDI, T. BARAKAT, AND I. GH. LOQMAN

1‘42 M4 1
f—l(er) = 6lnM_%|:l + 204 — 4M_Zi| — 6z<_>

(2]

(3]

(4]

(5]

(6]

(71

(8]

(91

3

2
- 12c4z<%) — 12¢*Inc? + 8(1 + 2¢%)

M M? M?
+ 24—;[111—; -2+ Z( 5 )]
MZ MZ MZf

z

c? = cos’Oy, s2 = sin’@y,

and

1 1 1+A 1
Z(z) = 2A arctan— (z > —) =Aln (z < —),

with
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