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Six-dimensional methods for four-dimensional conformal field theories
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The calculation of both spinor and tensor Green’s functions in four-dimensional conformally-invariant
field theories can be greatly simplified by six-dimensional methods. For this purpose, four-dimensional
fields are constructed as projections of fields on the hypercone in six-dimensional projective space,
satisfying certain transversality conditions. In this way some Green’s functions in conformal field theories
are shown to have structures more general than those commonly found by use of the inversion operator.
These methods fit in well with the assumption of AdS/CFT duality. In particular, it is transparent that if
fields on AdSs approach finite limits on the boundary of AdSs, then in the conformal field theory on this
boundary these limits transform with conformal dimensionality zero if they are tensors (of any rank), but
with conformal dimension 1/2 if they are spinors or spinor-tensors.
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I. INTRODUCTION

Let us first review some well-known fundamentals. The
action of conformal transformations in four spacetime
dimensions on a general field "(x) is given by its com-
mutators with the generators J#” of Lorentz transforma-
tions, P* of translations, K* of special conformal
transformations, and S of dilatations:

iLIe7, ()] = (x”i — i)w"oc)

dx, ax,,
— i) (), (1)
iP7, ()] = = ), @)
p
e, (0] = (2000 S — 2o
p

= 200, (j*)" " (x) + 2dxP " (), (3)

iLS, ¢"(x)] = (x‘ o+ d)!!f”()é), 4

where d is the conformal dimensionality of the field, and
jP? is the appropriate matrix representation of the Lie
algebra of the Lorentz group, satisfying the commutation
relations

l'[j,u,vy jp(r] — ,nvpj/,ur _ np,rh()jwr _ T]V(rj,u,p + ,n,utfjvp‘

&)
We can work out the consequences of conformal symmetry
for Green’s functions of general fields by direct use of these
commutation relations, but this is complicated, especially
for nonscalar fields, for which j?7 # 0, and for three-point
and higher Green’s functions. A widely practiced alterna-
tive [1] is to make use of invariance under the a single
action of the inversion x* — —x*/x2, but this is also

*weinberg @physics.utexas.edu

1550-7998/2010/82(4)/045031(11)

045031-1

PACS numbers: 11.10.Kk, 11.25.Hf

complicated, and not necessarily valid. The inversion is
not an element of the connected part of the conformal
group, but only an outer automorphism, so that it is pos-
sible for the commutation relations (1) through (4) to be
satisfied without invariance under the inversion. This
makes no difference for two-point functions, or for some
more complicated Green’s functions involving only scalar
fields, but in Sec. V we will see examples of Green’s
functions for spinor fields that are not invariant under the
inversion, even when the commutation relations (1)
through (4) are satisfied. (These comments do not apply
if one acts with the inversion an even number of times, but
this gets complicated, and it is not what is usually done in
deriving the structure of Green’s function.) Here we are
going to offer a different method for the calculation of
Green’s functions in four-dimensional conformal field
theories, based on very elementary calculations in six
dimensions." Though no dynamical assumptions are

"This work was done in preparing a course on quantum field
theory given in Spring 2010. Since the original version of this
paper was posted on the hep-th archive, I have learned of
previous work in which dynamical equations are assumed for
fields in six dimensions, and then used to derive physical field
equations in four dimensions. The literature on this goes back to
Dirac [2], where electromagnetic fields and free spinor fields
were considered. Among the first following Dirac to use this
approach were Mack and Salam [3]. Other early references are
given in a historical review by Kastrup [4]. Extensive work has
been done on six-dimensional field equations (including con-
straints on six-dimensional fields found here) corresponding to
realistic theories in four-dimensions, by Bars [5]. Related work
was done by Ferrara, Grillo, and Gatto [6] for the case of
symmetric tensors, and extended to superconformal theories by
Ferrara, Iliopoulos, and Zumino [7]. Of course, much work on
the AdS/CFT correspondence deals with related problems [8]. In
contrast to all of this previous work, the aim of the present paper
is the modest one of using six-dimensional field theories to
derive only those properties of Green’s functions in four dimen-
sions that follow solely from conformal invariance, with no
dynamical assumptions.
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made here, to achieve conformal invariance in four dimen-
sions, it is found necessary to specify certain relations
between the fields in four dimensions and in six dimen-
sions and to impose constraints on the six-dimensional
fields, both of which may prove useful in dynamical
theories.

It is well-known that the connected part of the conformal
group in four spacetime dimensions form the group
SO(4, 2), which can be realized as linear transformations

in a six-dimensional projective space. This six-
dimensional space is a hypercone,
N XKXE =0, (6)

where K, L, etc. run over the values 1, 2, 3, 0, 5, 6, and ng;,
is the metric of the six-dimensional space, a diagonal
matrix with nonzero elements

Moo = Mes = — L.
(7)

It is a projective space, in the sense that AXX is identified
with XX for any nonzero A. The connection between six
and four dimensions is provided by the formula for the
spacetime coordinates x*,

M= M2 = M3 =nss = t1,

XH
XS+ XS
where as usual u, v, etc. run over the values 1, 2, 3, 0. The
conformal group consists of transformations

x:u’

®)

XK AKLXL, 771<LAKMALN = MmN

)]
DetA =1,

which generate the group of conformal transformations on
the x* given by Eq. (8). The generators JKf = —JLK of
these transformations satisfy the commutation relations

i[JKL, JMN] — nMLJKN _ 77KMJLN _ ,r’LNJKM
+ T]KNJML, (10)

with the generators of translations, special conformal trans-
formations, and dilatations identified as

§=J%.
)

The inversion operation x* — —x*/x? is simply the re-
flection that changes the sign of X°, leaving all other XX
unchanged. It violates the condition DetA = +1, and
hence belongs to O(4, 2) but not to SO(4, 2).

Because of the simplicity of the conformal transforma-
tion rule (9), it is very easy to work out the consequences of
conformal invariance for the Green’s functions of fields in
the six-dimensional projective space. We can tell by in-
spection whether a Green’s function of fields in six dimen-
sions is SO(4, 2)-invariant, in much the same way that we
can tell at a glance whether a Green’s function in four

PHo= oK+ JOu KE = — PR SO,
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spacetime dimensions is Lorentz invariant. The question,
then, is how can we convert information about six-
dimensional Green’s functions into information about the
Green’s functions of fields in four-dimensional spacetime?
Fields in six dimensions of course have more components
than the corresponding fields in four dimensions; for in-
stance, a six-dimensional tensor of rank r has 6" compo-
nents, rather than the 4” components in four dimensions,
and a spinor field in six dimensions has eight, rather than
four, components. In order to construct suitable four-
dimensional fields from fields in six dimensions, we need
both to impose constraints on the fields in six dimensions
and to write the four-dimensional fields as suitable projec-
tions of the six-dimensional fields.

We show how to do this for tensor fields in Sec. II. In
Sec. III we apply these methods to derive the structure of
various Green’s functions of tensor fields in four-
dimensions. Section IV deals with spinor fields, and in
Sec. V we find some new results for spinor Green’s
functions.

Although the methods of this paper described in Secs. 11,
III, TV, and V do not in any way depend on assumptions
about holography, they were in fact inspired by AdS/CFT
duality [9], especially as explained by Witten [10]. The six-
dimensional methods introduced here are applied to AdS/
CFT duality in Sec. VI and are used to find the conformal
dimensionality d of fields in four-dimensional conformal
field theories that arise from fields in five-dimensional anti-
de Sitter space that approach finite limits on the boundary
of the space. For general tensors, it has the familiar value
d = 0, but for spinor or spinor-tensor fields, itis d = 1/2.

I1. TENSOR FIELDS

A tensor field T51K2K:(X) of rank r in six dimensions
has the conformal transformation rule

TKI'”K’(X) > AL]KI e ALrKrTLlu-L,(AX), (12)

with A satisfying Eq. (9). (Indices K, L, etc. are lowered
and raised with 1k, and its inverse nX’.) For infinitesimal
SO(4, 2) transformations, this can be expressed as formulas
for the commutators of 7X1K2"K- with the generators JK-
of these transformations:

J J
i[JMN, TR K (X)] = (XN— - XxM —)T’(r“’@(x)
90Xy aXy
—i(FMNPE TR (X)), (13)
where JMV is the tensor representation of the SO(4,2)
algebra:

l'(JMN)Igll:::frr _ (77MK1 51211 _ 77NK1 51L\/1])51L<22 - 512: 4o
+ (MK SY — K ) SE - S,

(14)

Because we identify XX with AXX, 7KK+ (X) must satisfy
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a scaling relation
TK " K(AX) = A79TK K (X)), (15)

where for the present d is just some unknown number. For
reasons that will become clear, we also require that the
hypercone condition (6) must not be affected by any of the
differential operators

d d
, DY , TKI.V.KV X ,
axki 0 XK

TKI,..Kr(X)

so that 751 %+(X) must be transverse on each index

Xy, TKK(X) =0,-++,  XgTEK(X) = 0. (16)

Now, consider the four-dimensional field
e (x) = (X + Xﬁ)del’é]‘ (x)-- -e,’é:(x)TK""Kf(X),
a7
with

el (x) = 8%, ef(x) =el(x) = —x*. (18)

Because of the scaling condition (15), the field (17) is only
a function of the ratios of the XX, so that when we elimi-
nate X° — X® by imposing the hypercone condition (6), the
field (17) can indeed be regarded as a function only of the
spacetime coordinate x* given by Eq. (8).

It is straightforward though tedious to use Eqgs. (6), (8),
(11), (13), (15), and (16) to show directly that the four-
dimensional tensor field given by Eqs. (17) and (18) does
satisfy the conformal transformation rules (1) through (4),
with (j#7)5.}" here given by the tensor representation of
the Lorentz group:

(PO = (pPH 89 — nH I AR I SR
+ (gPrr 8 — mTHe 8 )8Y - S
(19)

In this paper we will instead show this by a less direct but
more illuminating method.

It is shown in the Appendix that the usual conformal
transformation rules of tensor fields just amount to the
statement that under general conformal transformations a
tensor of rank r and conformal dimensionality d transforms
as a tensor density of weight

w=—(d+r)/4 (20)

So this is the condition that must be satisfied by the field
(17). To show that this condition is satisfied, we note by
differentiating Eq. (8) that

ax*(X)
axk

= (X° + X%) ek (),

so that the field (17) can be written
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() = (X5 + Xﬁ)d‘”

xm(X)  axke(X)
e “ e e T
aX" aX"r

K (X),

Hence, under a coordinate transformation X — X' =
AKX, XE, we have

axt1(X')  axtr(X)
axk Xk
X Ay KA, KTl Le(X),

tp.]---p,,(x) — (XIS + X/f))d+r

Now, for any displacement dX on the hypercone (6), we
have

Xt (X') v _
ax't X

axt(X) axt(X')
S XK = S A Kax,

But this is only for dX'* on the hypercone, i.e. for
X} dX"t =0, so

axt(x') _ ox(X')
ax’t axXx

AK =X

Under the transversality condition (16), the term propor-
tional to X makes no contribution, so we see that
%K(IX)- : -%T“"‘Kf(x) transforms as a tensor under
general conformal transformations. Furthermore, it is
straightforward to show that under general conformal
transformations x — x/, the quantity X> + X° transforms
as a scalar density of weight —1/4:

ax' | —1/4

ox

XIS + X/6

X+ X6

Hence t*1"#r(x) does indeed transform under general
conformal transformations as a tensor density of weight
given by Eq. (20), the condition for conformal invariance.

It may be noted that e%(x)XX = 0, so t#""#r(x) is un-
changed if we shift 751" %-(X) by an amount proportional
to any of XX or XX2 etc. This lowers the number of
physically relevant components of 75K-(X) from 6" to
57, and the transversality conditions (16) lowers it further
to 4”, the appropriate number for a four-dimensional tensor
of rank 7.

It may also be noted, as a consequence of Eq. (16), that
traces of the four-dimensional tensor 1" #r(x) are propor-
tional to the corresponding traces of the six-dimensional
tensor TX1%+(X). For instance,

nmﬂztll«lﬂ«z"'#r(x) = (X5 + XS)dellg(x)ez:(x)
. TIKIKZTK]KZWK'(X)-
In particular, the condition of being traceless carries over

from a six-dimensional tensor 751" K-(X) to the corre-
sponding four-dimensional tensor ##!""#r(x). The same is
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obviously also true for conditions of symmetry or antisym-
metry. Hence, six-dimensional tensors belonging to irre-
ducible representations of SO(4, 2) yield four-dimensional
tensors belonging to the corresponding irreducible repre-
sentations of SO(3, 1).

ITI. TENSOR APPLICATIONS

We will first apply the method described in the previous
section to a few familiar simple examples, and then turn to
more complicated applications.

A. Scalar fields

First, consider the Green’s function (¢, (x)¢,(y)), for a
pair of scalar fields ¢;(x) and ¢,(y) of conformal dimen-
sionality d; and d,, with x — y spacelike. According to the
scaling condition (15), the Green’s function for the corre-
sponding six-dimensional fields ®,(X) and ®,(Y) must be
of order —d; in X and —d, in Y, but it can only depend on
the scalar X - Y, so there must be an equal number of
factors of X and Y, and therefore dy = d, = d. As is
well-known, this is the one thing beyond scale invariance
that we learn in this case from conformal symmetry. To
check that the Green’s function in four dimensions has the
familiar form dictated by Poincaré and scale invariance, we
note by using Eq. (8) that the scalar here is

1
X Y=X,Yr+ E(XS + X%) (Y — Y9)
1
+ E(XS - X%)(Y® + Y®)

2 2
= (X5 + XO)(¥5 + Y6)<x -5 y?)

1
= S 06+ X+ ¥ (x - )2 e
so the six-dimensional Green’s function is proportional to
(X )7 = [4X0 + X0 + YO)(x — yP)

But according to Eq. (17), the four-dimensional scalars are
related to the six-dimensional scalars by

@1(x) = (X° + X6)7D,(X),

(22)
@a(y) = (Y7 + YO) 1D,y (Y),

so the factors X° + X® and Y° + Y° cancel in the four-
dimensional Green’s function, which we see is propor-
tional to [(x — y)*]~¢, the well-known result of Poincaré
and scale invariance.

It is almost as easy to deal with the three-point function
(@1 (X)2(y)@3(2))9. According to the scaling condition
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(15), the corresponding six-dimensional three-point func-
tion for ®(X), ®,(Y), and P5(Z) must be of order —d, in
X, —d, in Y, and —d, in Z, so it must be proportional to

X-Y)(Y-2)"Z-X),

where a + ¢ = d;,a + b = d,, and b + ¢ = d3, and thus
must be proportional to

(X - Y)(d3—d1—d2)/2(y . Z)(dl—dz—ds)/2(z . X)(dz—dl—ds)/2
o (X3 4 X6)~d (Y5 4 YO) (2 + Z6)~h

X ((x — y)2)ds=di=d)/2((y — 7)2)(di=dr=d3)/2

X ((z — x)?)(da=di=d3)/2,

The factors (X° + X0)~91, (Y + Y°)~%, and (Z°> + Z06)~%
are canceled by similar factors in the relation (22) between
the ¢s and ®s, leaving us with a three-point function

(@1(x)@2(y)¢3(2)) proportional to
((x — y)Z)(ds—dl—dz)ﬂ((y _ Z)Z)(dl—dz—d3)/2
X ((z = 2)A) =2, (23)

another known result.

B. Vector fields

We next turn to vector fields. The two-point function of
the six-vector fields VK(X) and VZ(Y) must be a linear
combination of the two tensors that vanish when contracted
with either X or Y;:

yKxL
XY’

nKL

XKyE,

with coefficients that are functions only of X - Y. Because
XKek(x) = 0, the second of these makes no contribution to
the four-dimensional Green’s function, and can be ignored.
Each term in the first transverse tensor contains zero net
factors of X and Y, while the scaling condition (8) requires
that the two-point function be of order —d; in X and of
order —d, in Y, so we see again that the two-point function
vanishes unless d; = d, = d, in which case it is propor-
tional to

Ykxt
X-Y —d( KL __ )’
X-Y)n S
with a constant coefficient. Using Eq. (17), we see that the
four-dimensional Green’s function (v*(x)v”(y)), is pro-
portional to

068 + X005 + - V) eyt~ 20)

X-Y)

Now, we note that
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ex()ef ()™t = 9, (24)
and
Y el (x) = YH# — xH (Y + Y6) = (Y° + YO)(y* — x#),
(25)
and likewise XXe#(y) = (X5 + X6)(x* — y*). Equa-

tion (21) then shows that the factors (X°> + X°) and (V> +
Y%) all cancel, leaving us with the result that (v*(x)v" (y)),
is proportional to

(x —Hx —y)
(x—y)?

Here the conformal dimensionality d is arbitrary, but if we
now impose the further condition that these vectors are
conserved currents, we find that d must have the canonical
value d = 3.

(=) 2 ) eo

C. Symmetric second-rank tensor fields

The two-point function of two symmetric six-tensors
TKL(X) and TYN(Y) is required by SO(4,2) invariance
and the transversality condition (16) to be a linear combi-
nation of the transverse tensors

|

rPrvngt? + rPrtn?? + rorP gkt + roritntP

PHYSICAL REVIEW D 82, 045031 (2010)

(oY) (5 55)
XY XY
% (UKN _ YKXN><UKL YEXL + YLXK)
XY
y (WMN _ XMyN + YMXN)
XY
and
XKXLyMyN

in all three cases with coefficients that are functions only of
the scalar X - Y. Each term in these three tensors (including
their coefficients) has equal numbers of factors of X and Y,
while the scaling condition (15) requires the number of
factors of X and Y to equal —d, and —d,, respectively, so
we must have d; = d, = d, just as for scalars and vectors.
Because XXek(x) = YMel (y) = 0, the third of these ten-
sors makes no contribution to the four-dimensional two-
point function and will therefore be ignored. So the six-
dimensional Green’s function must be a linear combination
of the first two tensors, with coefficients proportional to
(X - Y)~9. Using Egs. (21), (24), and (25), the two-point
function of the four-dimensional tensors defined by
Eq. (17) is then

(2 ()P (y))o = A[rz]"”[ LA A

+ B[rZ]—dT’,uVT’pa"

where r = x — y, and A and B are constants.

So far, d like A and B is an arbitrary number, but all these
constants become tightly constrained if we require that the
tensor is conserved. Operating on Eq. (27) with 9/dx*
gives a quantity proportional to

2d — 8)(r"n" + rTmP?) — (4A + 2dB)r* nPe

rP r"r”

+ A(32 — 8d)

so the conservation condition tells us that d = 4 and A =
—2B. These are just the properties we expect for the
energy-momentum tensor in a conformally-invariant the-
ory—its canonical dimension is d = 4, while the condition
A = —2B tells us that the tensor is traceless.

IV. SPINOR FIELDS

We now consider how to convert information about the
Green’s functions of spinor fields on the hypercone in six-
dimensional projective space into information about the
Green’s functions of spinors in four-dimensional space-
time. Let us first recall some well-known facts about
spinors in six dimensions.

rPrortr?
2 ()2 :I

27)

The Clifford algebra for SO(4,2) has a 202 =
8-dimensional irreducible representation:
0 iys 7“) ( 0 75)
e, e (0 )
iysyt 0 ys 0

. ( 0 1) (28)
-1 0/
which obeys the anticommutation relations
{TK, Tt} = 29KE, (29)
(Here vy, is the usual 4 X 4 Dirac matrix,> and ys =

—iy%y?y%y3.) From these matrices, we can construct the
8-component Dirac representation of the SO(4, 2) Lie al-
gebra

T =~ ([T T1] (30)

for which

2Qur notation for Dirac matrices is the same as used in [11].

045031-5



STEVEN WEINBERG
i[jKL, FM] — FK‘I]LM _ FLT]KM, (31)

and so

i[jKL, jMN] — ,r’LMjKN _ ,),’KMjLN _ nLNjKM
+ nKNjLM. (32)

Explicitly,
(" 0 s _ L(y* 0O
ny — M= _
7 (0 JM) 7 =30 )

1 7 0 i 0
o — [ YsY ) 56:7(75 )
J 2( 0 —ysy*) J 2\0 —vys5/
(33)

where j*” is the Dirac representation of the Lorentz group
Lie algebra:

) i
==yl (34)

The block diagonal form of the matrices (33) indicates that
this representation of the Lie algebra of SO(4, 2) is reduc-
ible, the top and bottom blocks furnishing the two different
irreducible four-component spinor representations of the
Lie algebra of SO(4, 2).

The 8-component spinor fields in six dimensions have an
SO(4, 2) transformation given by the commutation rela-
tions

LKL, W (X)] = (xL & XK a%)qr X)
— i(TEE), P (X). (35)

We note that the matrices I'* and JX% obey reality con-
ditions

(o)t = —pIkp,  (JEHT = b TKLD,
b= (7075 0 ) _ p (36)
0 s ’

so the adjoint of Eq. (35) gives
= ad d \- -
KL [y % _yk_9 . KL
LKL, F(X)] (x X aXL)\p(x) + (0T,
(37)
where
W(X) = ¥H(X)b. (38)

We can therefore form six-tensors from bilinears in W: For
any 8 X 8 matrix M, we have

PHYSICAL REVIEW D 82, 045031 (2010)
i[JKE, (P (X)MW(X))]

] 9 \q
_ (XL P XK E)(\P(X)M‘I’(X))

+i(WX)LTKE, MW (X)), (39)

so for instance [W(X)['¥W(X)] is a vector field,
[W(X)JXLW(X)] is an antisymmetric tensor, etc.

As in the case of tensor fields, we assume that W(X)
obeys a scaling law,

P(AX) = A~4H129(X) (40)

so that (X3 + X®)?~1/29(X) is a function only of ratios of
the XX. So far, d — 1/2 is just some unknown number; the
reason for writing it in this form will become apparent
soon. With X> — X° eliminated in favor of X> + X® and
X*X, by use of Eg. (6), we can regard (X°+
X0)4=1/29(X) as a function only of the coordinate x* given
by Eq. (8):

(X5 + X0~ 129(X) = (). 41)

It will be convenient to separate W(x) and {(x) into four-
component segments

W(x) = (‘1’+(X) )

v () £=(x) = (X° + X)WL (X).

(42)

Equation (33) shows that the V.. transform according to
the two fundamental spinor irreducible representations of
SO(4,2). Although the {.(x) are functions only of x*,
neither of these four-component fields have the right con-
formal (or even translation) transformation properties (1)—
(4) to serve as conventional four-dimensional spinor fields,
but they will be ingredients in the construction of such
fields.

Using Egs. (35) and (33), we can work out the commu-
tators of the . fields with the generators J*” of Lorentz
transformations; the generators P* = J3* + JS of trans-
lations, the generators K#* = Jo%* — J># of special confor-
mal transformations, and the generator § = —J¢ of scale
transformations:

0 d
W, £ = (x5 —
dx, 0x,

)ft(x) —ij*reL (x),
(43)

P £ = =200 = S0 % ey da(o), (44)
"

i[K*, {e(x)] = (Zx“x)‘aa? — xz% + (2d — l)x”)g’i(x)
m

3 (1F y5)yeLao) (45)
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ad 1 1
15, 6] = (x5 05+ d = 36 = 5958w (46
The second terms in Eqs. (44) through (46) are very
different from the matrix terms in the commutation rela-
tions (1)—(4) of general fields in four dimensions. In par-
ticular, the presence of a matrix term in the commutation
relation (44) shows that /. (x) does not have the usual
transformation rule under translations. In order to construct
suitable four-dimensional spinor fields, we must impose a
condition on W(X) analogous to the transversality condi-
tion imposed on tensors in Sec. II, and we must apply a
projection matrix to {.(X), analogous to the quantities
e (x) in Eq. (17).

First, to eliminate the matrix term in Eq. (44), we define
a pair of chiral fields

Po(x) =51 F y5)a (). (47)

Because y5 commutes with j*”, multiplying Eq. (43) with
(1 ¥ y5)/2 gives the same Lorentz transformation rule:

ad
0x,

1, ] = (5

axM

)wi(x> — i (),
48)

while multiplying Eq. (44) with (1 ¥ y5)/2 gives what is
now a conventional transformation under spacetime trans-
lations:

iPA, (9] = == g () (49)
1%

When we multiply Eq. (46) with (1 * vy5)/2, the second
term becomes just ¢ + (x)/2, canceling the —1/2 in the first
term:

iLS, - ()] = (xA o d)mx). (50)

This is why we wrote the scaling relation for fermions in
the form (40); Eq. (50) shows that with this form of the
scaling relation, d is the conformal dimension of the spinor
fields. Finally, multiplying the commutation relation (45)
with (1 F y5)/2 gives

KH, ()] = <2x“x’\i)\ 2% - 1)x”>

dx 3x,,
X fo(x) + iyt x«(x), (5D

where y. is the opposite-chirality part of {.:
X+ () =31 = y5) L+ (0). (52)

This is still very different from the desired transformation
rule under special conformal transformations.

To proceed, we must impose a transversality condition
on the spinor fields W(X) in six dimensions. The natural
such condition is
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XKW (X) = 0. (53)

This manifestly respects SO(4,2) invariance, and it is
consistent with the fact that (X -T)> = (X-X) =0, so
that zero is the sole eigenvalue of X - I'. Equation (53)
has the immediate consequence that the vector field
(PI'XW) obeys the same transversality —condition
Xg(WIKW) =0 that we imposed on vector fields in
Sec. II. The same transversality holds for the other vector
field (W', TXW¥), where

I; = —il°T'T2r3rsTe = ( (1) _01 ) (54)

and also for the antisymmetric tensors (W[I'X, I'X]W¥) and
(WI5[TX, TL]¥). The only other six-dimensional tensors
that can be formed from bilinears in W(X) are the totally
antisymmetric tensors of third rank

(PTETLTMI), (OT, TIKTETMI),

the square brackets indicating antisymmetrization. These
are not strictly transverse; instead, Eq. (53) gives

X (WTIKTLTMI) = XL(PTMW) — XM (UTLW),

and similarly for Xx(WI,IKTLTMI), If we think of
these tensors as three-forms

(WTIKTLTMI) dX (o d X, dX )y,

(VT TIKTLT M dX  d X, dX
with anticommuting differentials dX* tangent to the hyper-
cone (6), so that XXdXy = 0, then these 3-forms are
transverse, in the sense that they vanish if we replace any
dXX with XX. But the real justification for the transversal-
ity condition (53) is that, as we shall now see, it gives the

results we need in four dimensions.
By multiplying the transversality condition Eq. (53) with

the matrix
] - ')/5 O
0 1 + ')/5 ’

we find a simple formula for y. in terms of ¢ +:
X+ = —ix,y e (55)
Thus, the last term in Eq. (51) is
iyt xe =Yy x, e = (H 4201,

The special conformal transformation rule (51) thus reads
i[KF, s (x)] = (2x/‘x’\ % - xZ% + 2dx'“)g[/i(x)

+ 2047, - (). (56)
Equations (48)—(50) and (56) show that the fields ¢« (x)

are conventional four-dimensional Dirac fields, satisfying
the commutation relations (1)—-(4) with the generators of
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the conformal group, and with conformal dimension d. The
other fields y+ have no obvious physical interpretation. Of
course, we can assemble the chiral fields ¢+ into a four-
component Dirac field

()= (x) + ()
= (X5 + X6)d~ 1/2[(1 )‘Iu(X)

(1 +2y5)~1f ] (57)

It is this form of the spinor field that will be used to work
out the consequences of conformal symmetry for Green’s
functions involving spinor fields.

By combining the methods of this section and of Sec. I,
we can see that a field WX K-(X) with tensor indices as
well as an 8-component spinor index, if subjected to the
transversality conditions,

X, WK (X) = o = X W R (X)
=X -Dwk k(X)) =0
yields a spinor-tensor in four dimensions

PrRe(x) = (X5 + XG)d*I/ZeMI(x) -
(1 = ¥s) 7k,
<[ S

(1+ys) K,
o Tk (x)],

(where W, and W_ are the upper and lower four compo-
nents of W, with I'; = +1 and I'; = —1, respectively),
which transforms under conformal transformations accord-
ing to Egs. (1)—(4), with conformal dimensionality d.

ek’ (x)

V. SPINOR APPLICATIONS

First, let us consider the Green’s function (/| (x) 1, (y)),
where ¢ = Ty y5. Invariance under SO(4, 2) tells us
that the corresponding two-point function of W(X) and
W,(Y) in six dimensions must be a linear combination

A+BX-T)+C(Y-T)+D[X-T,Y-T]

with A, B, C, and D all functions only of the scalar X - Y.
(Here we are ignoring the possibility of including terms
involving the matrix I';. We will consider such terms
presently.) The transversality condition that (X -
W, (X) = 0 tells us that C = 0 and A = 2DX - Y, while
the condition that W,(Y)(Y - T') = 0 tells us B = 0 and,
again, A = 2DX - Y. So the six-dimensional Green’s func-
tion must have the form

A(l RS 2; .Yy' F]) _

AX-T)(Y-T)
xX-v)

Every term here has equal numbers of factors of XX and YX
(including those in A), while the scaling condition (40) tells
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us that the Green’s function must be of order —d; + 1/2 in
XX and of the order —d, + 1/2 in YX, so we must have
d, = d, = d, and the whole Green’s function must be
proportional to

X-IYy T
XY 1/2—d<1 + [7) 58
(X-Y) v (58)
with a constant proportionality coefficient.
From Egs. (30) and (33), we find
. (M 0
[X -T,Y-T]=4iXgY, JKt = 41( 0+ " )
where
. 1
Mi = ],u, X,LLYV + 5(1 * YS)YM(XSY/.L - YSX;L)
i
= ysy* (XY, — YeX,) * 575(X5Y6 — Y5Xe).

From Eq. (§7), we then have
(Y1 () P2 () o= (X7 + X)X + YO (X - )2

1¥ 1+
% Z( 275)Mi< 275)'
Only the vector and axial vector terms in M. survive, SO
this simplifies to
(P 1 (D)2 () o (X7 + X2y + YO) 12 (X - y) 12
Xy (X5 +X0)Y, — (Y° +YO)X,).

From (8) and (21), we have then
(W) P2 (p) o ((x = )12y (x, =y, (59)

This is of course just what we should expect in a Poincaré
invariant and scale invariant theory with spinor fields of
equal dimensionality d.

Now let us return to the possibility of including the
matrix I'; defined by Eq. (54) in the six-dimensional
Green’s function. That is, we consider the possibility of
multiplying Eq. (58) with a factor (1 + al’;), with some
arbitrary «, so that the Green’s function in six dimensions
is proportional to

_ X -TI,Y T
. y)1/2-d
(1 + a0+ Ee )
The effect is to multiply the terms M. with (1 = a), so that
the Green’s function (59) becomes

(0o () o (k= )~V = ays)yH(x, = y,)-
(61)

(60)

This is allowed by SO(4, 2) invariance, since I'; commutes
with all the generators J X%, but it is not allowed in a theory
that is invariant under O(4, 2), since I'; changes sign under
transformations (9) with DetA = —1. In particular, I';
terms seem to be ruled out if we impose invariance under
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the inversion x* — —x*/x?, which just amounts to the
reflection that changes the sign of X° and leaves all other
XX unchanged.

The presence of a I'; term in the six-dimensional
Green’s function (60) or a s term in the corresponding
four-dimensional Green’s function (61) does not in itself
violate invariance under O(4, 2), because we can eliminate
these terms by a redefinition of the fermion fields. It is only
necessary to replace W with

RS CL NI L)
(62)

so that instead of Eq. (56), we have
w00 = 6+ x99 (14 ()
+(1— a)_l/z(#)\l’_(X)]. 63)

The real sign of a breakdown of O(4,2) to SO(4, 2) is the
presence, in one or more Green’s functions, of
0O(4, 2)-breaking I'; terms that cannot all be eliminated
by redefinition of the fermion fields.

Here is an example. Consider the Green’s function
(1 (x)h,(y)@(2))y of two fermion and one scalar field,
of dimensionality d;, d,, and dj3, respectively. Invariance
under O(4,2) would require the corresponding six-
dimensional Green’s function to take the form

A+BX-T)+C(Y-T)+DZ-TI)
+EX-TY-TIFlY-I,Z-T]+G[Z-T, X -I]
+HX -I)Z-T)(Y-D),

with A, B, etc. functions of the scalars X - Y, Y- Z, and
Z - X. (Any other ordering of the I" matrices in the last
term would differ only by terms of the same form as those
already included.) This must vanish when we multiply with
X - T" on the left; the vanishing of the terms proportional to
[X-T,Y-T],[X-T,Z-T], and Xx Y, Z,, TIKTLETM] gives
C =0,D = 0,and F = 0, while the vanishing of the terms
proportional to X -I' gives A =2EX -Y. It must also
vanish when we multiply on the right with Y - I'; the
vanishing of the terms proportional to [X - I, Y - I'], [Y -
', Z - T'], and XY, Zy, T'KTLTM] gives B = 0, D = 0, and
G = 0, while the vanishing of the terms proportional to Y -
I" again gives A = 2EX - Y. In both cases the vanishing of
terms proportional to the unit matrix gives nothing new. So
we conclude that the Green’s function in six dimensions is

of the form
[X-T,Y-T
A(l + W) +H(X-T)Z-T)(Y-T).

Now, according to the scaling properties of the fields, the
total number of factors of X, Y, and Z must be, respectively,
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—d, +1/2, —d, +1/2, —ds, so
Ax(X-Y)«Y-2)"Z-X)"¢,
H « (X . Y),Q,I/Q(Y . Z)fbfl/z(z . X),C,l/z’

wherea+c=d, —1/2,a+b=d, —1/2,b + ¢ = ds.
The Green’s function for two spinors and a scalar in six
dimensions thus takes the form

(X . Y)(d37d|7d2+1)/2(y . Z)(dlfdzfds)/Z(Z . X)(dzfdsfdl)/z
X[a<1+[x-r,y-r1>+h X-T)Z-T)(¥-T) ]
XY JX DT -2Z %
(64)

where a and / are constants.

The contribution of the second term to the four-
dimensional Green’s function is complicated, and is not
needed for the point I wish to make, so I will take 7 = 0 in
what follows. Then, following the same arguments as for
the two-spinor Green’s function, we have

(W12 (0)e(2))o
o ((x — y)2)(d37d17d27])/2((y — Z)Z)(d1*d2*d3)/2
X (¢ = xRy~ ), (65)

But in a theory that is invariant under SO(4,2) but not
0(4,2), we are free to include a factor 1 + BI'; multi-
plying the first term in Eq. (64), so that (for 4 = 0) in place
of Eq. (65) we have

(1) P, e(2))
o ((x — y)Z)(d3*d1*d2*])/2((y _ Z)Z)(d]7d27d3)/2

X ((z = x))\ a1 — Bys)yt(x —y),.  (66)

Now, by redefining the fermion fields we can eliminate the
1 + aI’; factor in the two-point function, which eliminates
the ys term in Eq. (61), or we can eliminate the 1 + BI';
factor in the three-point function, which eliminates the y;
term in Eq. (66), but unless 8 = a we cannot do both. We
see then that it makes a difference whether we assume
invariance under O(4,2), which includes the inversion
x* +— —x*/x%, or only invariance under SO(4, 2), which
does not include the inversion.

VI. ADS/CFT

In the preceding sections the six-tensors 751" %+ (X) and
eight-component spinors W(X) were fictions, merely
means to the end of calculating Green’s functions for fields
in four spacetime dimensions. But 751 %-(X) and W(X)
may also be regarded as actual fields on five-dimensional
anti-de Sitter space (AdSs). This space is the surface of the
hypersphere in six dimensions

Mk XEXE = R? (67)

with the same metric ng; as in Secs. I, II, III, IV, and V,
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and arbitrary R > 0. It is manifestly maximally symmetric,
with isometry group SO(4, 2) consisting of the transforma-
tions (9). Tensors TX1K-(X) on AdSs transform as in
Eq. (12), and without upsetting the isometry can be subject
to the transversality condition (16). We can also introduce
8-component spinor fields W(X) on AdSs, with the same
SO(4,2) transformation properties as in Sec. IV, but we
cannot here adopt the transversality condition (53), which
requires that (X - )W = 0, because on the hypersphere,
we have

(X-T2=X-X=R

and so the only eigenvalues of X - I" are R and —R. But we
can instead adopt the SO(4, 2)-invariant condition

X -TW(X) = R¥Y(X). (68)

There is no loss of generality in taking the coefficient of
W(X) on the right-hand side to be R rather than —R,
because if W(X) satisfies Eq. (68), then I';W(X) satisfies
the same constraint with R replaced with —R.

Of course, XX and AXX here can not both be on the
hypersphere (67) except for A = *1, so we can not impose
a scale invariance condition like (15) here. But in the limit
that some components XX become much larger than R,
with the ratios of all components held fixed, the hyper-
sphere (67) effectively becomes the hypercone (6), and the
constraint (68) on spinor fields effectively becomes the
transversality condition (53). The AdS/CFT conjecture
deals with fields on AdSs that approach c-number values
TXK(X) or Wo,(X) in this limit, satisfying scaling con-
ditions of the form

X)) = A TETRX), We(AX) = ATL(X).

(69)

Of particular interest are massless degrees of freedom,
represented by fields with a = 0; massive degrees of free-
dom generally have a < 0.

We know from the work of Secs. II and IV that, from
such asymptotic fields 7KK (X) and W, (X), we can form
tensor fields (17) and spinor fields (57) in four dimensions
that transform as usual under the four-dimensional confor-
mal group, with conformal dimensions d = —a for tensors
of any rank and d — 1/2 = —a for spinors, or spinor-
tensors of any rank. In particular, in the important case a =
0 for which fields approach finite limits on the boundary
X — oo of AdSs, as well known a tensor current on the
boundary must have conformal dimension d = 0, and the
four-dimensional tensor field with which it interacts must
therefore have dimensionality d = 4, the expected dimen-
sionality for the energy-momentum tensor in conformally-
invariant theories. On the other hand, a spinor or spinor-
tensor field, which arises from a spinor or spinor-tensor
field on AdS;s that approaches a finite value on the bound-
ary, has d = 1/2, so the four-dimensional spinor or spinor-
tensor fields with which these fields interact must then have
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dimensionality 7/2, the correct expected dimensionality
for the supersymmetry current in conformally-invariant
supersymmetric theories.
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APPENDIX

This Appendix will justify the claim made in Sec. I, that
the usual conformal transformation rules of tensor fields
just amount to the statement that under general conformal
transformations a tensor of rank r and conformal dimen-
sionality d transforms as a tensor density of weight given
by Eq. (17):

ox | —(r+d)/49xH
R B (x) > | — -
ax' ax'™
dxH2 AxHr
e tV]Vz"'V, x/ , Al
ax/uz axlvr ( ) ( )

where |0x/9x’| is the determinant of the matrix dx*/dx'".
This is trivial for Lorentz transformations and translations.
For the scale transformation x'# = (1 + b)x*, Eq. (Al)
gives

12BN (x) > (1 + D)k (1 + b)x),  (A2)

which for infinitesimal b is the same as the scale trans-
formation rule (4). Similarly, for an infinitesimal special
conformal transformation

XM X = x4 2(x - c)xt — cPa?,

we have
IxH
x,y =8y —2(x - c)8Y — 2(xtc, — ctx,),
Jx
ax
ﬁ =1- S(X : C),

so here Eq. (A1) reads
PR B (x) > R B () + 2d(x - o)t Ee R (x)

— (2x*1c, — 2c*1x,) P B (x)

+ o0 = (2xHre, — 2ctrx, )RR (x)

+ 2(x - c)x* — c“xz)aﬂt“'“f”“'(x). (A3)
This is the same as the transformation rule (3) (contracted

with ¢”), with Lorentz transformation matrix j*“ given by
Eq. (19).
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