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Symmetries of tree-level scattering amplitudes in N = 6 superconformal Chern-Simons theory

Till Bargheer,* Florian Loebbert,” and Carlo Meneghelli*

Max-Planck-Institut fiir Gravitationsphysik, Albert-Einstein-Institut, Am Miihlenberg 1, 14476 Potsdam, Germany
(Received 30 April 2010; published 16 August 2010)

Constraints of the 03p(6|4) symmetry on tree-level scattering amplitudes in N° = 6 superconformal
Chern-Simons theory are derived. Supplemented by Feynman diagram calculations, solutions to these
constraints, namely, the four- and six-point superamplitudes, are presented and shown to be invariant
under Yangian symmetry. This introduces integrability into the amplitude sector of the theory.
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I. INTRODUCTION

While the prime example of the AdS/CFT correspon-
dence is the duality between four-dimensional N = 4
super Yang-Mills (SYM) theory and type IIB superstring
theory on AdSs X S° [1], another remarkable instance
equates N = 6 superconformal Chern-Simons (SCS) the-
ory in three dimensions and type IIA strings on AdS,; X
CP? [2]. In the study of the spectrum on both sides of these
two correspondences, the discovery of integrability [3—10]
in the planar limit has been of crucial importance and has
lead to the belief that the planar theories might be exactly
solvable.

Exact solvability would suggest that integrability also
manifests itself in the scattering amplitudes of the above
theories. For the AdSs/CFT, correspondence, this is in-
deed the case. Motivated by a duality between Wilson
loops and scattering amplitudes in N = 4 SYM theory
[11], a dual superconformal symmetry of scattering ampli-
tudes was found at weak coupling [12]. This dual symme-
try can be traced back to a T-self-duality of the AdSs X S°
string background [13,14] (see also [15] for a review). In
addition to the standard superconformal symmetry, the
dual realization acts on dual momentum variables leaving
all N =4 SYM tree-level amplitudes invariant [16].
Integrability at weak coupling then arises as the closure
of standard and dual superconformal symmetry into a
Yangian symmetry algebra for tree-level scattering ampli-
tudes [17]. In fact, N =4 SYM tree-level amplitudes
seem to be uniquely determined by a modified Yangian
representation that takes into account the peculiarities of
collinear configurations due to conformal symmetry [18—
20]. There has also been remarkable progress on the ap-
plication of integrable methods to the strong-coupling
regime of scattering amplitudes in N = 4 SYM theory
[21].

On the other hand, little is known about scattering
amplitudes in the AdS,/CFTj; correspondence. For N =
6 SCS, so far only four-point amplitudes have been com-
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puted [22]. In particular, while some possibilities for 7-
self-duality have been explored [23], no direct analog of
dual superconformal symmetry was found for this theory.

Given the perturbative integrability of the spectral prob-
lem of N = 6 SCS theory paralleling the discoveries in
the AdSs/CFT, case, and the recent findings on scattering
amplitudes in the latter, it seems reasonable to search for
integrable structures (alias Yangian symmetry) in N = 6
SCS scattering amplitudes. In the absence of a dual sym-
metry, a straightforward generalization of the develop-
ments in N =4 SYM appears to be obscured. Even
without a dual symmetry, however, a procedure to consis-
tently promote certain standard Lie algebra representations
to Yangian representations is well known [17,24,25]. That
is, Yangian generators that act on scattering amplitudes in a
similar way asin N' = 4 SYM can be constructed directly.
However, a priori it is not true that invariants of the
standard Lie algebra representation are also invariant under
the Yangian algebra. Invariance of scattering amplitudes
under the Yangian generators would be a manifestation of
integrability.

The standard 05p(6|4) symmetry of N =6 SCS is
realized on the tree-level amplitudes AT as a sum of

the action of the free generators S(o?)k on the individual legs

k’
n
I A = 3 JPALE =0, (1.1)
k=1

For scattering amplitudes in N" = 4 SYM, as well as for
local gauge invariant operators both in N" = 4 SYM and
in 2N = 6 SCS, the Yangian generators 3&” at tree level
are realized according to the construction of [24,25]: They
act as bilocal compositions of standard symmetry gener-
ators,

RPN LD SRR (12)

i<k
Hence these are also natural candidates for Yangian sym-
metry generators for N° = 6 SCS scattering amplitudes.
In this paper, the constraints of the 030(6]4) (level-zero)
symmetry algebra on n-point scattering amplitudes are
analyzed. The four- and six-point superamplitudes of
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N = 6 SCS theory are given as solutions to these con-
straints and are shown to be invariant under the Yangian
(level-one) algebra constructed as described above. This
introduces integrability into the amplitude sector of N =
6 SCS theory.

The paper is structured as follows: In Sec. II, the kine-
matics for three-dimensional field theories are discussed,
and momentum spinors are introduced. An on-shell super-
space and the corresponding superfields for N = 6 SCS
are presented in Sec. III, where also color ordering is
discussed. The realization of the symmetry algebra
05p(6]4) in terms of the superspace variables is exhibited
in Sec. IV. In Sec. V the invariants of this realization are
studied. The four- and six-point tree-level superamplitudes
are presented in Sec. VI. In Sec. VII, the realization of the
05p(6]4) Yangian algebra is analyzed and shown to be
consistent by means of the Serre relations. Yangian invari-
ance of the four- and six-point amplitudes is shown. After
concluding our results in Sec. VIII, finally, our conventions
as well as several technical details, including the compu-
tation of two six-point component amplitudes from
Feynman diagrams, are presented in the Appendixes.

II. THREE-DIMENSIONAL KINEMATICS

A. Momentum spinors

The Lorentz algebra in three dimensions is given by
30(2, 1) being isomorphic to 3((2; R). Thanks to this iso-
morphism, an $0(2, 1) vector equivalently is an $[(2;R)
bispinor. More explicitly, three-dimensional vectors can be
expanded in a basis of symmetric matrices o*,

0 1
— (P —p p
P =) p, = ( )
M pZ pO + pl
and any symmetric 2 X 2 matrix p® can be written as
(2.2)

By means of the identifications (2.1) and (2.2), the
square norm of the vector p* equals the determinant of
the corresponding matrix:

p#pp. == det(pah) = _(Aasubﬂ‘h)z'

In particular, this means that the masslessness condition
p? = 0 can be explicitly solved

pab — /\a)tb‘

Q2.1

pab — )l(“,u,b).

(2.3)

(2.4)

Given a massless momentum, the choice of A% in (2.4) is
unique up to a sign being the manifestation of the fact that
the group SL(2; R) is the double cover of SO(2, 1). That the
sign is the only freedom in the choice of A? is due to the
fact that the little group of massless particles' is discrete in
three dimensions. For massive momenta on the other hand,
the choice of A%, u“ in (2.2) has an R* X U(1) freedom

'SO(d — 2) in d dimensions.

PHYSICAL REVIEW D 82, 045016 (2010)

A4 — cAY, ut— u/c, c e C\{O}- (2.5)
In particular this contains the little group U(1) of massive
particles® in three dimensions.

Some comments on reality conditions for A are in order.
Physical momenta are real; this means that A“ can be either
purely real or purely imaginary. For positive-energy mo-
menta (p° > 0), A¢ is purely real, while it is purely imagi-
nary for negative-energy momenta. Even for complex
momenta, p®® is expressed in terms of a single complex
A as in (2.4). This seems very different to the four-
dimensional case, where momenta can be written as

paby = 24X, (2.6)

and A¢ and A” are independent in complexified kinematics.
In Minkowski signature, A* and A are actually complex
conjugate to each other. This is the origin of the holomor-
phic anomaly [26]. Looking at (2.4), nothing similar ap-
pears to happen in three dimensions if one imposes the
correct reality conditions.

It is worth noting that the existence of a spinor-helicity
framework in a certain dimension is intimately connected
to the existence of superconformal symmetry in that di-
mension; cf. Table I. For the six-dimensional case the
spinor-helicity formalism has been recently applied to
scattering amplitudes in [27].

B. Kinematical invariants

In terms of momentum spinors, two-particle Lorentz
invariants can be conveniently expressed as

NPt Py = X124 (k) = Mg Al (27)

It is easy to count the number of (independent) Poincaré
invariants that can be built out of n massless three-
dimensional momenta. Every spinor carries 2 degrees of
freedom resulting in 2n variables for n massless momenta.
The number of two-particle Lorentz invariants one can
build from these is 2n — 3, where 3 is the number of
Lorentz generators. This can be explicitly done using
Schouten’s identity

CkIXijy + ki)l + CkjXli) = 0.

Finally, total momentum conservation imposes three fur-
ther constraints, such that the number of Poincaré invari-
ants is 2n — 6. Note that for n = 3 there is no Poincaré
invariant, even in complex kinematics.

(2.8)

C. One-particle states

One-particle states are solutions of the linearized equa-
tion of motion. This equation is an irreducibility condition
for the representation of the Poincaré group. For massless
particles, these Poincaré representations are lifted to rep-

250(d — 1) in d dimensions.
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TABLE I.
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Spinor-helicity formalism and superconformal symmetry in various dimensions.

Lorentz SO(d — 1,1) Conformal SO(d, 2)

Lightlike momentum

Little group  Superconformal group

d=73 SL(2;R) SP(4;R)
d=4 SL(2;C) SU(2,2)
d=6 SL(2;H) =SU*4) SO*(8)

pl =290 Z
pab — Aa/‘b A U(l)
p[AB] — GHbAAa/\Bb Piag) = fab)‘z)\lé

OSP(N l4)
(P)SU(2, 2| N =4)

SU(2)? OSP(8]2), OSP(8|4)

resentations of the conformal group SO(d, 2). Once again,
the existence of the spinor formulation in three dimensions
makes it possible to explicitly solve the irreducibility
condition.

For scalars, the irreducibility condition is trivially sat-
isfied by an arbitrary function of the massless momentum:

Pro(p®) = 0= $(p®) = ¢p(A“2"). (29

For fermions, the irreducibility condition is given by the
Dirac equation, which forces the fermionic state W, to be
proportional to &,,A”,

PP (ph) = 0=V, (pe) = e A" P(A°XY). (2.10)

Thus when A changes its sign, the scalar state is invariant,
while the fermionic state picks up a minus sign. Once
again, this just corresponds to the fact that fermions are
representations of Spin(2, 1) ~ SL(2; R), which is the
double cover of SO(2, 1). Put differently,

exp(iﬂ')l“ a(j\a)IStat@ = (—1)7|State), (2.11)
where F denotes the fermion number operator.

It is worth mentioning that these representations of the
conformal group SO(3,2) ~ Sp(4, R) have a long history.
They go back to Dirac [28] and were particularly studied
by Flato and Fronsdal in an ancestor form of the AdS/CFT

correspondence [29].

III. SUPERFIELDS AND COLOR ORDERING

A. Field content

The matter fields of N = 6 superconformal Chern-
Simons theory comprise eight scalar fields and eight fer-
mion fields that form four fundamental multiplets of the
internal 311(4) symmetry:

AN, dad), (),
JA(N), A E{1,23, 4}

The fields ¢* and ¢, transform in the (N, N) representa-
tion, while ¢,, * transform in the (N, N) representation
of the gauge group U(N) X U(N).?> The former shall be
called “‘particles,” the latter “antiparticles.” In addition,
the theory contains gauge fields A, A p that transform in
(ad, 1), (1, ad) representations of the gauge group. The

(3.1)

*N: fundamental representation of U(N); N: antifundamental
representation of U(N).

gauge fields however cannot appear as external fields in
scattering amplitudes, as their free equations of motion
druA,; = 0= 0dp,A,) do not allow for excitations.

B. Superfields

For the construction of scattering amplitudes, it is con-
venient to employ a superspace formalism, in which the
fundamental fields of N = 6 superconformal Chern-
Simons theory combine into superfields and supersymme-
try becomes manifest. In N = 4 SYM, the fields (gluons,
fermions, scalars) transform in different representations of
the internal symmetry group. Thus in the superfield of
N =4 SYM, the fields can be multiplied by different
powers of the fermionic coordinates n* according to their
different representation. Internal symmetry, realized as
N4, ~ n19/an®, is then manifest. All particles in N =
6 SCS form (anti)fundamental multiplets of the internal
31(4) symmetry. Thus an analogous superfield construc-
tion, i.e. one in which R symmetry only acts on the fermi-
onic variables, seems obstructed for this theory.
Nevertheless, by breaking manifest R symmetry, one can
employ N = 3 superspace, in which the fundamental
fields combine into one bosonic and one fermionic super-
field with the help of an 511(3) Grassmann spinor n*,

DA) = $*N) + 4 (N) + 3 eancn 7N

1
+ 3 eapc* 0Py (N),
’ (3.2)

) = T + 7' Ga(X) + 3 eancn 0 PO

1 -
+ 3y 8asc 7 1P nCha(A).
Here and in the following, A is used as a shorthand
notation for the pair of variables (A, 1). Introducing these
superfields amounts to splitting the internal $11(4) symme-
try into a manifest 11(3), realized as W45 ~ 79/ n?, plus
a nonmanifest remainder, realized as multiplication and
second-order derivative operators. For the complete repre-
sentation of the symmetry group on the superfields, see the
following Sec. IV.
Using the superfields, scattering amplitudes conven-
iently combine into superamplitudes

A, = AP, Dy Dy, .., D), D= D(AY).

(3.3)
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Component amplitudes for all possible configurations of

fields then appear as coefficients of JAZln in the fermionic
variables n{, ..., n4.

C. Color ordering

In all tree-level Feynman diagrams, each external parti-
cle (antiparticle) is connected to one antiparticle (particle)
by a fundamental color line and to another antiparticle
(particle) by an antifundamental color line.* Tree-level
scattering amplitudes can therefore conveniently be ex-
panded in their color factors:

A @4, D0 b D

14, 34y
= Z ~7[,,(/\(,1, ...,AU”)
TE(S,/2%8,2)/Cya
Avy §Boy oAcy By,
X 5302 55(;3 53(,4 51401 . 3.4)

Here, the sum extends over permutations o of n sites that
only mix even and odd sites among themselves, modulo
cyclic permutations by two sites. By definition, the color-
ordered amplitudes A, do not depend on the color indices
of the external superfields. The total amplitude ﬁln is
invariant up to a fermionic sign under all permutations of
its arguments. Therefore the color-ordered amplitudes A,
are invariant under cyclic permutations of their arguments
by two sites,

A (As, o Ay AL Ay) = (D2 A (A, A,

(3.5)

where the sign is due to the fact that ® is bosonic and ® is
fermionic. While the color-ordered component amplitudes
can at most change by a sign under shifts of the arguments
by one site,” the superamplitude A, might transform non-
trivially under single-site shifts, as the definition of
A, (Ay, ..., A,) in (3.4) implies that A,qq/even belong to
bosonic/fermionic superfields.

For the color-ordered amplitudes A ,, the superanalog
of the condition (2.11) takes the form

d 0
+ g W)ﬂtn —(-1}A, (6

expiw()\z Y
k

Note that this local constraint looks similar to the (local)
central charge condition in four dimensions. Moreover,

expim(A¢ & + 7 ﬁ) is central for the 03p(6|4) realiza-

tion given in the next Sec. I'V.

“This implies, in particular, that only scattering processes
involving the same number of particles and antiparticles are
nonvanishing.

A single-site shift amounts to exchanging the fundamental
with the antifundamental gauge group, which equals a parity
transformation in 2N = 6 SCS [2].
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Note that the above color structure (3.4) is very similar
to the structure of quark-antiquark scattering in QCD; see
e.g. [30].

IV. SINGLETON REALIZATION OF 05p(6/4)

The 03p(6]4) algebra is spanned by the 3p(4) generators
of translations 3%, Lorentz transformations X¢ »» Special
conformal transformations & ,,, and dilatations ‘®, by the
30(6) R symmetries N5, M4, and N,p as well as 24
supercharges %4, Q¢,, &4, and ©,,. Here we use 5[(2)
indices a, b,...=1,2 and su(3) indices A B,...=
1,2, 3. As mentioned above, the internal $0(6) symmetry
is not manifest in this realization of the algebra. The
generators N 45 and N4? are antisymmetric in their indi-
ces, while 4 ; does contain a nonvanishing trace and thus
generates $1(3) + u(1). Hence, in total we have 15 inde-
pendent R-symmetry generators corresponding to $0(6) ~
311(4); cf. also Fig. 1.

A. Commutators

The generators of 03p(6|4) obey the following commu-
tation relations: Lorentz and internal rotations read

[gah’ %c] — +5[cﬂt\sa _ %5(;;%0;

N N 4.1)
['80};’ f\\sc] = _52%1) + %52&%)

[MA, €T = +85J4, [ Il = — 8435 (4.2)

[mAB: qNSC] = 5%%/4 - 551@83, 4.3)
[NAE, Jc] = SEI* — 8E3°.

Commutators including translations and special conformal
transformations take the form

%ab N

<A Qe -
Ras Ly, DR p RAB o
@a,q @‘2 -1
'@ab -2
D
B N 0 | ) Rucy

FIG. 1. The generators of 03p(6]4) can be arranged according
to their dilatation charge and their 11(1) charge under i€ .
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[Sp, Bed] = sd¢e, + 8504, + 598, + 5529,

+ 28985 + 25554, (4.4)
Yeab A1 — _ sa§bA _ b@aA
[Aseb, 4] 548 8 @5)
[ D] = 5534 + 6524,
ab (X — _5a b _ 5b
(B, Sa] = =607 24, “6)

[Sap, 24] = 0584 + 8584,

while the supercharges commute into translations and
rotations:

{Qed Qb = 54RP, {(San G = 858, (4.7)
{QA, By} = 8529, — 84MA, + 5364D, 45
{Qod, BB} = — 5948, '
@a’f"B _58 a _;’_b‘a B 6A5a‘ ,
{04 ©p v i 505 (4.9)

{94, St =

Furthermore the nonvanishing dilatation weights are given
by

[, %07] =+,

_5})9{143.

[D, D] = +10,

(4.10)
[, 04] = +104,
(28] = S [D.811= -4
4.11)
[@ @aA] aA

All other commutators vanish. Note that in contrast to the
p31(2, 2|4) symmetry algebra of N = 4 SYM theory, all
fermionic generators are connected by commutation rela-
tions with bosonic generators.

B. Singleton realization

The above algebra 03p(6|4) can be realized in terms of
the bosonic and fermionic spinor variables A¢ and n*
introduced in Secs. II and III. Acting on one-particle states
the representation takes the form (cf. also [31], used in the
present context in [7,32]):

Ly = A9, —384A°0,, PP = A9AP,
D=, +3 K =0,0,  NE=nylnh
Ny = ntap — 363 Nap = 0495
Qe = raqt, C;‘ =10, = A0y,
Soa = 0,04. (4.12)

For a general discussion of representations of this type,
cf. Appendix A. The multiparticle generalization of these
generators at tree level is given by a sum over single-
particle generators (4.12) acting on each individual particle

PHYSICAL REVIEW D 82, 045016 (2010)

k, i.e.
n

o~vsingle
- 2

o € 03p(6[4). (4.13)

As opposed to p311(2, 2|4), the symmetry algebra of N =
4 SYM, the algebra 03p(6]4) cannot be enhanced by a
central and/or a hypercharge. Since in N = 4 SYM theory
the hypercharge of p311(2, 2|4) measures the helicity, this
can be considered the algebraic manifestation of the lack of
helicity in three dimensions. Still we can define some
central element like in (3.6).

V. CONSTRAINTS ON SYMMETRY INVARIANTS

We are interested in the determination of tree-level
scattering amplitudes of n particles in N = 6 SCS theory.
These should be functions of the superspace coordinates
introduced in Sec. III and be invariant under the symmetry
algebra 03p(6]4) of the N' = 6 SCS Lagrangian. In order
to approach this problem, this section is concerned with the
symmetry constraints imposed on generic functions of n
bosonic and n fermionic variables A¢ and 1, respectively.
That is, we study the form of invariants 7,(A;, ;) under the
above representation of 03p(6]4). It is demonstrated that
requiring invariance under the symmetry reduces to finding
30(6) singlets plus solving a set of first-order partial dif-
ferential equations, the latter following from invariance
under the superconformal generator ©. Invariance under
all other generators will then be manifest in our
construction.

Because of the color decomposition discussed in
Sec. 11, scattering amplitudes are expected to be invariant
under two-site cyclic shifts. Since the generators given in
the previous section are invariant under arbitrary permuta-
tions of the particle sites, they do not impose any cyclicity
constraints. Those constraints as well as analyticity con-
ditions are important ingredients for the determination of
amplitudes, but are not studied in the following. Note that
apart from assuming a specific realization of the symmetry
algebra, the investigations in this section are completely
general. In Sec. VI, we will specialize to four and six
particles and give explicit solutions to the constraints.
The following discussion will be rather technical. For
convenience, the main results are summarized at the end
of this section.

A. Invariance under 3p(4)

The subalgebra 3p(4) of 03p(6]4) is spanned by the
generators of translations 5]3“” , Lorentz transformations
e »» special conformal transformations &5, and dilata-
tions ®. Invariance under the multiplication operator
Pab = A2 )\b constrains an invariant of $p(4) to be of the
form

L,(A;, m;) = 83(P)G(A;, my), (5.1

045016-5



TILL BARGHEER, FLORIAN LOEBBERT, AND CARLO MENEGHELLI

where P% = 3" A¢AY is the overall momentum and
G(A;, m;) some function to be determined. The momentum
delta function is Lorentz invariant on its own so that
G(A;, ;) has to be invariant under L9, as well. As §3(P)
has weight —3 in P, dilatation invariance furthermore
requires that 37_, A{9;,G = (6 — n)G. We will not spec-
ify any invariance condition for the conformal boost here,
since invariance under §,, will follow from invariance
under the superconformal generators &,,, ¥ using the
algebra.

B. Invariance under £ and N

Invariance under the multiplicative supermomentum
£94 requires the invariant I, to be proportional to a
corresponding supermomentum delta function:

1,(A, m;) = 8 (P)S(Q)F(A;, my),
where one way to define the delta function is given by
Q) = []e“  04=3 A

a=12 i=1
A=123

5.2)

(5.3)

Again, the function F(A;, ;) should be Lorentz invariant,
and dilatation invariance implies
> Aoy, F = —nF. (5.4)
k=1
Invariance under the second momentum supercharge £4
will follow from R symmetry, but will also be discussed in
(5.19).

In order to construct a singlet under the multiplicative
R-symmetry generator W48 = 3" | n4n® one might want
to add another delta function 8(R) to our invariant. Things,
however, turn out to be not as straightforward as for the
generators I3 and £). As a function of the bosonic object
N8 made out of fermionic quantities, §(R) is not well
defined.

We first of all note that invariance under the (1)
R-symmetry generator

MNE=nc—3n (5.5)
fixes the power m of Grassmann parameters 7 in the n-leg
invariant 7, to

m = 3n. (5.6)

Hence, increasing the number of legs of the invariant by 2
increases the Grassmann degree of the invariant by 3
(remember that amplitudes with an odd number of external
particles vanish). This is a crucial difference to scattering
amplitudes in N = 4 SYM theory. As a consequence, the
complexity of amplitudes in N = 6 SCS automatically
increases with the number of legs. There are no amplitudes
with a similar simplicity as the maximally helicity violat-
ing (MHV) amplitudes for all numbers of external particles
as in the four-dimensional counterpart. Rather, the n-point
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amplitude resembles the N ~/2MHV amplitude in N =
4 SYM theory (being the most complicated).

We can ask ourselves what happens to the R-symmetry
generators in the presence of 83(P)8%(Q). To approach this
problem, we introduce a new basis for the fermionic pa-
rameters 77

A A A A
yn_)a‘]) j)Qa)Ya)
n—4

2 .

That is, we trade n anticommuting parameters n* for n =
2X (n—4)/2+ 4 new fermionic variables. The new
quantities are defined as

04, i=1,...
(5.7)

J=1...,

af i=xj -t =3 xjml,

i=1

(5.8)
B i=x; -t = x;ml,

=1

n
yer =yt =3 yin, (5.9)
i=1
where the coordinate vectors x7;(A;) and y¢(A;) express the
new variables «;, B;, and Y“ in terms of the old variables
n;. At first sight, introducing this new set of variables
might seem unnatural. It will, however, be very convenient
for treating invariants of 03p(6]4) and appears to be a
natural basis for scattering amplitudes in N = 6 SCS
theory.

In order for the new set of Grassmann variables (5.7) to
provide n independent parameters, the coordinates have to
satisfy some independence conditions. Since the two var-
iables Q¢ are given by the coordinate n vectors A{ for a =
1, 2, a natural choice are the orthogonality conditions

x7 AL =0,

a ., &= —
X3 0,

(5.10)

ya . )lb — Sab’ y

where the dot represents the contraction of two n vectors as
in (5.8) and (5.9). For convenience we furthermore choose
the following normalizations:

ye-yb =0.
(5.11)

Given A{ such that A“ - AP =0, (5.10) and (5.11) do not fix
x; and y* uniquely. The leftover freedom can be split into
an irrelevant part and a relevant one. The irrelevant free-
dom is

s = + - —
xp~x; =0, xX; -x; =0y,

X = X+ vgAf, (5.12)

ya — ya + w4,
where v}; and w are functions of A. The freedom expressed
in (5.12) is nothing but the freedom of shifting the fermi-
onic variables defined in (5.8) and (5.9) by terms propor-

tional to Q. In the presence of 8°(Q) this freedom is
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obviously irrelevant. The relevant freedom corresponds to
A-dependent O(n — 4) rotations of xj ; see Appendix B for
more details.

We can now explicitly express 7); in terms of the new
parameters,

(n—4)/2 (n—4)/2
n = Z Xapi @y T Z Xu1iBy —ab Y?QbA
M=1 M=1
+ a5 AGYPA, (5.13)

Since for general momentum spinors A{ obeying overall
momentum conservation the two operators

(n—4)/2
+ —
Z Xri*sjy By
J=1

define projectors on the x* and A-y subspace, respectively,
the statement that the new variables span the whole space
of Grassmann parameters can be rephrased as

(n—4)/2

+ = ay,b
2 ik TR
J=1

Here (- - -) denotes symmetrization in the indices, whereas
[+ - -] will be used for antisymmetrization in the following.
Equation (5.15), however, only represents the coordinate
version of rewriting the multiplicative R-symmetry gen-
erator in terms of the new parameters:

53 (PYRAE = 53(P) Z nin?

= £ A0 (5.14)

ke

(5.15)

(n—4)/2
= 63(P)( > i+ sahQ“[AY“B])
J=1

(5.16)

Introducing the new set of variables {a, B8, Q, Y} was origi-
nally motivated by this rewriting. In particular, we now find
that the R-symmetry generators further simplify under the
supermomentum delta function
(n—4)/2
S (P)S(QNE = 83(P)5%(Q) Y. o' By. (517
J=1

In order to investigate the properties of the unknown

function F in (5.2)

LAy @, B,Y, Q) = (P)S(QF(A;, @, B,Y, Q) (5.18)

in terms of the new fermionic variables, we act with 4 on
the invariant and use the properties of x=, y¢, and A under
the momentum delta function to obtain

D4l =~ P T (519)

YbA .

Since 4% invariance forces this to vanish, the
Y dependence of F is constrained to
oF
— ~ 0. 5.20
57 Q (5.20)
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All terms of F proportional to Q vanish in (5.18) such that
under 8°(Q) we find

F=F\, a B). (5.21)

This guarantees invariance under £24. Hence, introducing
the new set of fermionic variables and making use of %
and @ﬁ invariance, we fixed the dependence of the invari-
ant on 12 of the Grassmann variables. Rewriting the
R symmetries in terms of the new variables we obtain the
conditions

(n—4)/2 \
MABT, = 83(P)5°(Q) Z ABBIE(M, @, B)=0
. (n—4)/2 0 9
g{ABIn = 5 ( 8 Q) JZI P [A B] F()\,, «, B)_
(5.22)

Note that since «, B are independent of Q, these equations
equivalently have to hold in the absence of the supermo-
mentum delta function. Solutions to these equations for
n = 6 will be given in Sec. VI. Invariance under

4= ot 1)

J=1
follows from (5.22) using the algebra relations (4.3). For
more details on the solutions to these equations, see
Appendix B (cf. also [31]).

The analysis up to here concerns only the super-Poincaré
and R-symmetry part of 03p(64). Since this part of the
symmetry is believed to not receive quantum corrections,
the considerations up to now are valid at the full quantum
level.

(5.23)

C. Invariance under ©

In this paragraph we consider the implications of
S invariance on the function /,. This is the most involved
part of the invariance conditions in this section and will
imply invariance under the conformal boost §t,;, by means
of the algebra relation {S,,, ©5} = 65%,;,. We apply the
generator &7 to the invariant /, after imposing invariance
under %3, &, D, O, and N as above:

96°(0)

@'gln(/\: «a, 18’ Q) = 5:;(P)I: aQaB

RABF + 56(Q)@AF]
(5.24)

Expressing the R-symmetry generator in terms of the
parameters « and 8

98%(Q) " [A HB]
E ay BF
108 &~

138%(0)
9Q®

41, = 53(p)[

+ &, YIEFQP + 56(Q)”AF:|

(5.25)
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the first term vanishes by means of (5.22). Using
0" 96%(Q)/00 = 526%8%(Q), we can rewrite this as

B, = F(P)13(Q)ec Y™ + EDF, (526)

and express the second term in this sum in the form of

i(nzél)/Z (8le 9 +ax,‘j 0 )F
e, aA 9aB " aAd opF

Jik=1
+ 9t F, (5.27)
Here we have defined the partial derivative of F as
IF(\, a,
F, = IF @, B) (5.28)
a/\? «, B=const

If we now expand 7; in (5.27) in terms of the new fermi-
onic basis (5.13) and use the conditions (5.10) and (5.11),
the first term in (5.26) cancels and the invariance condition
for the § symmetry takes the form of a differential equation
for the unknown function F":

(n—4)/2
Sl = (P80 Y
J=1

(n=4)/2
><{ D [(aAMZWa—

d
A B
MZMNJa)aN 9ok
M,N=1

J

_ o J
+ (BII?IZITJNJa + ali?/lZMNJa)aﬁ’ aBB]F
J

+ (- Fad + {(a, +) < (B, —)}} (5.29)
Here we have defined for convenience
+ 4+ - + + axt'
Ziggin = > XXl (5.30)
jk=1 dAY

Once the differential equation (5.29) is satisfied, invariance
under ©,_, follows from the commutation relations of
03p(6[4). While this equation is trivially satisfied for n =
4, we will give explicit solutions to it for n = 6 in Sec. VL.

D. Summary

To summarize the previous analysis, a general n-point
invariant /,, of the superalgebra can be expanded in a basis
of R-symmetry invariants F, .,

K
In = 53(P)66(Q) Z fn,k(A)Fn,ky

k=1

(5.31)

where a priori some f, ;(A) could be zero. The number K
of basis elements F, ; is given by the number of singlets in

SMore precisely, the quantities F, ; have to be multiplied by
8°(Q) in order to be actual R-symmetry invariants. In a slight
abuse of notation, we refer to the F,, , themselves as R-symmetry
invariants.
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the representation (4 ® 4)®~4); cf. Appendix B. We have
introduced a new basis {a;, B, Y, O} for the fermionic
superspace coordinates. Using invariance under $2¢4 and
£24 these are very helpful to fix the dependence of the
invariant on 12 of the Grassmann variables: The basis
elements F, ; are functions only of the n — 4 Grassmann
spinors af, B, ..., af‘n iy ,8‘(“”7 4/»» multiplied by the
supermomentum delta function §°(Q). They have to satisfy
the invariance conditions (5.22). In particular this implies,
via the 11(1) R charge (5.5), that they have to be homoge-
neous polynomials of degree 3(n — 4)/2 in the {ay, B;}
variables. This is very different than in N =4 SYM,
where the n-point amplitude is inhomogeneous in the
fermionic variables, and the coefficients of the lowest
and highest powers (MHV amplitudes) have the simplest
form. Here, the n-point amplitude rather resembles the
most complicated (N"~4/2MHV) part of the N =4
SYM amplitude. When expanding a general invariant in
the basis {F,;}, the momentum-dependent coefficients
must be Lorentz invariant and are further constrained by
the S-invariance equation (5.29). The analysis of that
equation for general n is beyond the scope of the present
paper. One would have to analyze whether and how the
basic R-symmetry invariants F,; mix under (5.29).
Moreover, the invariants F,; transform into each other
under a change in the choice of {«;, 8;} (for more details
see Appendix B). One nice thing about (5.29) is that it
expands into a set of purely bosonic first-order differential
equations.

VI. AMPLITUDES FOR FOUR AND SIX POINTS

After the general analysis of 03p(6]4) n-point invariants
in Sec. V, the simplest cases n = 4 and n = 6 are discussed
in this section.

A. Four-point amplitude

After imposing (super)momentum conservation via the
factor 83(P)8°(Q), invariance under the 1(1) R charge
(5.5) already requires the four-point superamplitude to be
of the form

A, =& P)18(Q)f(),

where f(A) is a Lorentz-invariant function of the A; with
weight —4. A, then trivially satisfies the R- and
S-invariance conditions (5.25) and (5.29) and as a conse-
quence is 03p(6]4) invariant. A field-theory computation
[22] shows that indeed the superamplitude is given by’

(6.1)

"The two expressions are equal due to the identity 0 =
83(P)(2|P|4) = 83(P)({21){14) + (23)(34)). Note that we could
also write A, = zsgn((l2)(14))83(P)86(Q)/\/<12)<23>(34)(41
which seems more natural comparing to MHV amplitudes in
N =4 SYM theory. Then, however, one has to deal with the
sign factor such that we decided not to use this square root form
of the four-point amplitude.
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_8(P)8°(Q) _ 8 (P)8°(Q)

As= Q1X14)y  —(23)34)’

where we neglect an overall constant. For later reference,
we state the component amplitudes for four fermions and
for four scalars:

(6.2)

B ] 24y _ B(PN13)

Ay = Ay, P4, 94) = SI(14) (6.3)
- S ((Psy |

Asg 1= Ay(d*, bo, d*, ba) = @n(14)

B. Six-point invariants

In the case of six points, there is only one pair of
fermionic variables «, 8. The space of R-symmetry invar-
iants in these variables is spanned by the two elements
(cf. Appendix B)

1
8 (a) = ysABCaAaBaC = a'a’a?,

] (6.4)
(B = §8ABCBA,BB,3C = B'B*p.

Thus the most general six-point function that is 03p(6]4)
invariant is given by

Is = & (P)S(Q(fT (V& (@) + [~ (VS (B)),

where @« = x* - n, B =x" - 7, and x* satisfy (5.10) and
(5.11). In order to be Lorentz invariant, the functions f=(\)
must only depend on the spinor brackets (2.7). For being
invariant under the dilatation generator (5.4), they further-
more must have weight —6 in the A;’s. Finally, they have to
be chosen such that invariance under &% is satisfied. As
there is only one pair of x* in the case of six particles,
many of the quantities Z;** defined in (5.30) vanish.
Namely, 0 = Z}** = Z_,**, as can be seen by acting
withx® - 9/0A%on 0 = x* - x* (5.11). The ©4 invariance
equation (5.29) thus reduces to

(6.5)

9 +
sity = o eo(v - s -3z )prea)

') = (6)}) (6.6)

Invariance under &4 is therefore equivalent to

6 + 6 F

1 af~ ax;
0= = -3 L) 6.7
SilFag S im) O

J

For given x*, this eliminates 1 functional degree of free-
dom of f=, which generically depends on 2n — 6],_¢ = 6
kinematical invariants (cf. Sec. II).

C. Six-point amplitude

It appears very hard to find a solution to (6.7) directly.
Moreover, a solution would not fix the relative constant

PHYSICAL REVIEW D 82, 045016 (2010)

between the two terms of (6.5). In order to obtain the six-
point superamplitude, one thus has to calculate at least one
component amplitude from Feynman diagrams. With two
component amplitudes, the invariant (6.5) can be fixed
uniquely, without having to solve (6.7).* The latter can
then be used as a cross-check on the result. It is reasonable
to compute the amplitudes Ag, = Ag(hy, ¥, g, %,
l/’4’ l/’4) and A6¢ = A6(¢4y ¢4y ¢4y ¢4’ (1[)4’ ¢4)’ as these
have relatively few contributing diagrams.

To obtain the component amplitudes Ag,, and Ag, from
the superamplitude A, one has to extract the coefficients
of ninin? and n3nin?, respectively, in the expansion of
(6.5). The Grassmann quantities 77 appear in expressions
of the form

8% (- 1%) = 8°(0) & (a),

where we introduce ¥ = (A%, x") (so @ = 1, 2, 3). The

n;m}m; term in (6.8) is proportional to

(6.8)

1 2 3\3 I 32 +\3
tli té l‘g /\ll )\lz )C{F
det N = det /\j )\j X;
honon Mo A xf
= {(ijyx; + Glox + (ki)x}r)3.

(6.9)

In this way one can extract from (6.5) rather simple ex-
pressions for the component amplitudes in terms of =, x™:

Ay = ([(13)x5 + 35)x] + Sx)3fr

+ ((13)x5 + 35x; + (Sx3)3f,
Agg = (Q4)xt +(46)x3 +(62)x) )3

+ ((24)xg + (46)x; +(62)x; )3 f .

(6.10)

As shown explicitly in Appendix C, the equations (6.10)
indeed determine f* and can be rewritten as

Asy e i
=zft+ 7,
(=(py + ps + ps)2/2)3? (6.11)
iSA6 _ _
¢ 7 — Zf+ —z lf ,

(—=(p1 + p3 + p5)*/2)

where s is an undetermined sign and both s and z are
functions of A. The functions s and z parametrize the
relevant O(2) freedom in the choice of x™ mentioned
below (5.12) and discussed in Appendix B. z can obviously
be reabsorbed in the definition of f=, and the sign s
corresponds to the interchange of f* with f~.

Using the explicit form of Ag,, and Agy obtained from a
Feynman diagram computation in Appendix D, the equa-
tions (6.10) determine f=(A) and thereby the whole six-
point superamplitude:

8This was noted already in [22].

045016-9



TILL BARGHEER, FLORIAN LOEBBERT, AND CARLO MENEGHELLI

A= P)Qf (V& (@) + [~ (1S (B)). (6.12)

We do not state f*(A) here, as their form is not very
illuminating. Note that an explicit six-point solution of
(5.10) and (5.11) for x* is given by

L1 (jk .

X = Eijk , I, j,k odd,
2v2 B T (35)2 + (51)2

L i (jky

i, j,k even.

Xj

BN AN ey o
(6.13)

That the resulting superamplitude indeed satisfies the in-
variance condition (6.7) can be seen by symbolically eval-
uating the latter and plugging random numerical
momentum spinors A; on the support of §(P) into the
result. In fact, as can be seen already in (6.6), invariance
implies that the two terms

S (PO f TN (@), (P~ (N (B)

(6.14)

are separately S invariant.

D. Factorization and collinear limits

There is a general factorization property (see e.g. [33])
that any color-ordered tree-level scattering amplitude has
to satisfy as an intermediate momentum P, = p; + - -+ +
Pr goes on shell’:

2 —0 ~ ~
— Ak+1(1,...,k, )l)

1
2 +1)F>»

2
int. part. p 1k

X Ap_pe1(FiA k+1,...,n). (6.15)

Here A, = A,8%(P) and A“ is defined by the equation
A“AP = P§b, while F, denotes the fermion number of
particle p. The freedom in the choice of the sign of A“ is
compensated by the term (#+1)%». We sum over all internal
particles such that the amplitudes on the right-hand side of
(6.15) are nonvanishing. Finally, the power 2 of 1/P}; in
(6.15) follows from dimensional analysis, keeping in mind
that

[An]mass dim. =3~ g
The purpose of this paragraph is to consider (6.15) using
the explicit expressions for the component amplitudes A4y,
Ayy (6.3) and Agy, Agy (6.10) and check for consistency. In
particular, since in the theory under study only amplitudes
with an even number of legs are nonvanishing, A,, should
be finite in the generic factorization limit of an even
number of legs, i.e. have no pole in P7,,.

(6.16)

“Since we are dealing with cyclically invariant amplitudes,
there is no loss of generality in this choice of momenta.
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For the four-point amplitude we can distinguish two
cases for the two-particle factorization ( = collinear) limit.
Using momentum conservation we have (p; + p, +
p3)? = p2 =0. If we take P2, —0, i.e. A% = x4 for
some constant x, this gives

0= (p; + py+ p3)* =201+ x)p, - p;.

For generic x, this equation implies p, + p3 = 0, yielding
that all momenta are collinear and therefore all kinematical
invariants vanish, (jk) ~ (12), i.e.

(6.17)

Ay~ (12) for {12) — 0. (6.18)

On the other hand (6.17) is satisfied if x = =i or in other
words'®

py+py =0, P+ pl =0 (6.19)

For this special momentum configuration A, does not
vanish in the two-particle collinear limit, but is singular.
For the six-point amplitudes there are two different
limits to be considered'":
() k=3: (p, + po + p3)> — 0. In this case (6.15)
reads
~ | _
Ag— P_2A4A4 + finite. (6.20)
13

(11) k=2: (pl + p2)2 == 2p1p2_’0, P1 + P2 # 0. In
this case (6.15) reads
- 1 . -
Ag— PTA3A5 + finite = finite. (6.21)
12

The latter case is supposed to give a finite result since
amplitudes with an odd number of legs vanish. We checked
that (6.20) and (6.21) are indeed satisfied for the amplitudes
A6¢ and A6,// given in (610)

What are the implications of the pole structure of Ay,
Agg on the functions f=(A)? First note that (6.3)

24)
A4l//(/\1, ey /\4) = ®A4([)()l1’ P, /\4)
=+ A4(Ap o, Ay), (6.22)

because p; + p3 = —p, — ps and thus (13)? = (24)?;
therefore the sign depends on A;. This implies that in the
three-particle factorization limit

Res p2 _oAgy = *Resp _oAgq. (6.23)

""We thank Yu-tin Huang for pointing our attention to this
second case.

""For the two six-point amplitudes we computed (6.10), there is
no sum over internal particles.
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A6 OO2 X A4 X A4

2
P123 — 0
1112 | PE — 0 1112/|13

12(13

002 X A3:U X A5:0 + finite 0o X Ay

FIG. 2. Generic collinear (]|) and factorization (P?> — 0) limits
of the six-point amplitude.

Comparing this to (6.11) shows that either £ () or f~(A)
does not contribute to the factorization limit. Note that this
is consistent with Appendix E, where the superanalog of
(6.15) is worked out. In the three-particle factorization
limit, only one of the basic R-symmetry invariants §°(a),
53(B) survives.

To finish this section, we comment on the limit of three
momenta becoming collinear. This kinematical configura-
tion is nothing but the intersection of the two limits con-
sidered above. If we first take the sum of three momenta to
be on shell and further restrict to the configuration where
these three momenta become collinear we obtain

N P—0A,(1,2, 3, /i)&;()i, 4,5,6)
A(1,2,3,4,5,6) > =2
ol )T T2 23 + (137

s (12)
(12)?

where P3; ~ (12)? + (23)> + (13). Hence, the (12)72 di-
vergence in (6.20) becomes (12)~! because A4(1,2, 3, A)
goes to zero as in (6.18). On the other hand we could start
from the two-particle collinear limit (6.21) and see that the
finite part on the right-hand side diverges as (12)~! if the
third particle becomes collinear to the (already collinear)
first two particles (cf. Fig. 2).

Note, in particular, the difference to N = 4 SYM the-
ory, where the two-particle factorization limit already re-
sults in a pole proportional to a nonvanishing lower-point
scattering amplitude. Furthermore the two-particle factori-
zation and the two-particle collinear limit are equivalent as
opposed to the limits for three particles relevant for N =
6 SCS theory.

Ay4,5,6,0), (6.24)

VIL. INTEGRABILITY ALIAS YANGIAN
INVARIANCE

In this section, we show that the four- and six-point
scattering amplitudes of JN" = 6 SCS theory given above
are invariant under a Yangian symmetry. In the following,
we will refer to the local Lie algebra representation of
03p(6[4) given in Sec. IV as the level-zero symmetry
with generators %9, e.g. ¥ — RO Based on this level-
zero symmetry, we will construct a level-one symmetry

with generators ;NS(QI) using a method due to Drinfel’d [24]:
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We bilocally compose two level-zero generators forming a
level-one generator and neglect possible additional local
contributions. This results in the bilocal structure of the
level-one generators that also appear in the context of
N =4 SYM theory; see e.g. [25,34]. Up to additional
constraints in the form of the Serre relations, the closure of
level-zero and level-one generators then forms the Yangian
algebra. Note, in particular, that, while the dual super-
conformal symmetry in 2N =4 SYM theory was very
helpful for identifying the Yangian symmetry on scattering
amplitudes [17], it is not a necessary ingredient for con-
structing a Yangian.

To be precise, a Yangian superalgebra is given by a set of

level-zero and level-one generators 359) and :ngl) obeying

the (graded) commutation relations
X930 = Fop?Y R W = fap7Y
(7.1)

as well as the Serre relations'?

[, (35, 351 + (=Dl [, S0
(=P TIEDED [, 31

h2
= (P Ap R o, S )
(7.2)

Here, & is a convention dependent constant corresponding
to the quantum deformation (in the sense of quantum
groups) of the level-zero algebra. The symbol || denotes
the Grassmann degree of the generator ¥, and {,.,.]
represents the graded totally symmetric product of three
generators. Given invariance under Sg)) and Sg), succes-
sive commutation of the level-zero and level-one genera-
tors then implies an infinite set of generators.

In the case at hand the level-zero generators S\(L?) can be
identified with the standard 03 (6|4) generators defined in
Sec. IV, where indices «, B, ... label the different gener-
ators. We define the level-one generators by the bilocal

composition

~ ~(0)~(0
IV = Y I

1=j<i=n

(7.3)

The definition (7.3) implies that the level-one generators
transform in the adjoint of the level-zero symmetry (7.1).
Note that in contrast to the local level-zero symmetry, these
bilocal generators incorporate a notion of ordered sites.
Also note that (7.3) singles out two ‘‘boundary legs™ (1 and
n in this case), while in the amplitudes A, all legs are on
an equal footing. It was demonstrated in [17] that for

"2Note that there is a second set of Serre relations that for finite-
dimensional semisimple Lie algebras follows from (7.2); see
[35].
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03p(2k + 2|2k) this definition of the Yangian is still com-

patible with the cyclicity of the scattering amplitudes. That

is to say, [J, U] vanishes on the amplitudes A4, where

U is the site-shift operator.

In explicitly determining the Yangian for 0$p(6[4), we
follow the lines of [17], where similar computations were
performed for p3u(2,2|4). To evaluate (7.3), we require
the structure constants f,, ;7 of 05p(6]4) that can be easily
read off from the commutation relations in Sec. I'V. In order
to raise or lower their indices we also need the metric
associated with the algebra whose explicit form is given
in Appendix F. That the Yangian indeed satisfies the Serre
relations (7.2) is shown further below.

We want to show Yangian invariance of the four- and
six-point scattering amplitudes. In order to do so, we need

to compute only one level-one generator SS) by means of
(7.3). All other level-one generators can be obtained by
commutation with level-zero generators of the 03p(6]4)
algebra (7.1). Hence invariance under all other level-one
generators follows from the algebra provided we have
shown invariance under the level-zero algebra as well as
under one level-one generator. The former was done above,
the latter will be demonstrated here. We will therefore only
compute the simplest generator BV*? and show invariance
of the scattering amplitudes under this generator. As dem-
onstrated more explicitly in Appendix G, the level-one
generator reads

sB(l)ab _ Z(@(O)(MQ(O)b)

]<l

= PP = (= ),

(7.4)

after we have changed the basis of generators for conve-
nience by combining the dilatation and Lorentz generator
into

YOa = Q04 + 50DO (1.5)

A. Yangian invariance of the four-point amplitude

We now check that the four-point scattering amplitude
introduced in Sec. VI

3(p)so 3(P)68°
A, =83 (P)SYQ)f(A) = 5<(1};)>f4§>Q) - 5<(21;)>?34(1>Q)
(7.6)

is annihilated by the Yangian level-one generator {3()e?

given in (7.4). To this end we make use of

o, 958(0) o 98(P)
9:0(Q) = Mt o5 b = 2007 o
. 06(Q) '
9.46(Q) = Af BQ—“A’

such that plugging in the explicit form of the generators
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straightforwardly yields the action of R on A, in the
following form:

1 a a r
sB(l)athzu _ EZ(@l(p)( Rgﬁo)b)R _ g)go)( rSBE-O)b)
J<i
—(i=j)A,
1
= 3P T (R e a
Jj<i

oo
+380F G JQ. (7.8)

Using the different expressions in (7.6) we can rewrite f(\)
in the form of

F@) =

1 1
<<12><41> <23><34>)’ (7.9)

which yields the following derivative with respect to one of
the spinors:

AL
1 i)

Now we make use of this property of the function f(A).
First of all defining the quantity

U® = e A%9,,f(A),

() = eg= (< A7+11>—< )f(/\) (7.10)

(7.11)

we find that for all j, the symmetric part U%
satisfies (here n = 4)

n (ays)

Z symi — ( Aj A /\(a)‘i)ﬂ

sym,i <];] n 1> - <n’ N+ 1>)f(/\), (7.12)

_ Ufa\)

sym,i

i=j+1

where we have used momentum conservation P’ = 0.
This implies that Ug,, ; does not contribute to (7.8),

r(b
Zsrs% ( U?;rynl =

Jj<i

(7.13)

Hence, in (7.8) only the antisymmetric piece Ugjg,,; =

UE‘”] survives and can be shown to take the form

U, = e ().

asym, i

(7.14)

Thus the four-point scattering amplitude is invariant under
the action of the level-one generator R(V°:

1
ROP A, =2 5(P)S(Q)
<SR (560 =352 )0 — = )
j<i
= 0. (7.15)
As indicated above, invariance of A, under all other level-

one generators follows from the algebra and hence the
four-point scattering amplitude is Yangian invariant.
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B. An n-point invariant of RV

Note that the proof of ") invariance of the four-point
scattering amplitude is based on the property (7.10) of the
function f(A). Hence we can build an n-point invariant of
the level-one generator RV

n = 8 (P)8(Q)f (),

where the only constraint on f(A) is given by (7.10). In
particular, this holds for the choice

1
1223y - - (nly

(7.16)

f) =

(7.17)

The Grassmann degree of B,,, however, is too low for being
invariant under the level-zero 1(1) R symmetry (5.6), and
thus B,, cannot be an invariant of the whole Yangian.

C. Yangian invariance of the six-point amplitude
The six-point superamplitude was introduced in (6.5)
= 8 (P)8(Q)(fT (V& (@) + f7 (V)& (B)), (7.18)
with £=(\) as defined in (6.10). We will show that in fact
each part of this scattering amplitude
Ag = &(P)SUQfT (V& (a),
Ag =8 P)8Qf (W& (B),
is separately invariant under Yangian symmetry.
Demonstrating this for A, invariance of Ay follows
by interchanging +, — and «, B in the following

calculation.
In the above paragraph we have seen that

1

23— 6D
(7.20)

(7.19)

B ODB = RO (P)5(Q)

Since BV is a first-order differential operator up to con-
stant terms, we can factor out the invariant By in the
invariance equation for the six-point amplitude in order
to simplify the calculation

BBV (1) ()

+ FT ()& ()R B,

SB (l)abﬂg— _
(7.21)

Here, of course, the second term vanishes. We have defined

= (12)(23) - - - (61)f (),

and have to drop constant terms in BV since they are used
up for the invariance of Bg:

SB (Dab = gg(l)ablconstants dropped*

Now we rewrite (7.21) as

Fro (7.22)

(7.23)
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%(l)aber()l)a’j(a) __Bﬁz(A(a)\b)(ana — )J&,,)

J<i
— (i = N6 (a).

After expanding 7; in terms of «, B, Q, and Y (5.13) and
using

(7.24)

(7.25)

which follows from (5.10), this yields a differential equa-
tion for the function f*(A) in (7.18)

ax;

Rab A + = 53 ZI:)\(“,\”)(:SX x = 3Nx —+ Y%

j<i
~ Xy logf* ) (= ) |+ 8@ 20
(7.26)

We have evaluated this equation symbolically using ex-
plicit solutions of (5.10) and (5.11) for the coordinates x™
as well as the explicit form of f* given in (6.10). Plugging
in specific numerical momentum configurations then
shows that (7.26) is indeed satisfied. Hence, both sum-
mands of the six-point scattering amplitude A; and
A, are independently invariant under the level-one gen-
erator R and thereby, as argued above, under the whole
Yangian algebra. Note, in particular, that both A as well
as (7.26) are independent of the choice of coordinates x*.

D. The Serre relations

In this paragraph we show that the Serre relations are
indeed satisfied for the Yangian generators defined above.
We do not try to prove the relations by brute force but first
analyze their actual content; cf. also [24,35,36]. This leads
to helpful insights simplifying the application to the case at
hand.

The Yangian algebra Y(g) of some finite-dimensional
semisimple Lie algebra @ [here 03p(6]4)] is an associative
Hopf algebra generated by the elements J © ana gV
transforming in the adjoint representation of 7(©,

[7Y (0) j(O)] aﬁyj(O), [T (0) j(l)] aﬂyj(yl)'
(7.27)

In all other parts of this paper we do not distinguish
between the abstract algebra elements J and their repre-
sentation . For the purposes of this paragraph, however, it
seems reasonable to make this distinction. Making contact
to the paragraphs above, we note that defining a represen-
tation p of the Yangian algebra Y(g), we have

Y(q) = End(V),  p(J©) =IO,

p(TM) = 0. 7
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The level-zero and level-one generators are promoted to
tensor product operators of Y(g) ® Y(g) by means of the
Hopf algebra coproduct defined by

AT =79e1+10 79, (7.29)
AT =TV e1+18 70 + gfaﬁyjfg) ®JY.
(7.30)

For consistency of the Yangian, the coproduct has to be an
algebra homomorphism, i.e.

A (X, YD) =[A(X). A(Y)]

for any X, Y in Y(g). This equation trivially holds for X,
VY being jff), jg) and for X, Y being jg)), jg). The case

(7.31)

AT, TP) =147, 4791 (132
however, is not automatically satisfied and will lead to the
Serre relations. We will now derive a rather simple crite-
rion for (7.32) to be satisfied by a specific representation. In
particular, this criterion will be satisfied by the Yangian
representation of 03p(6]4) given above.

First of all note that both sides of (7.32) are contained in
the asymmetric part of the tensor product of the adjoint
representation with itself. We decompose this as'?

(Adj ® Adj)™™ = Adj @ X, (7.33)

which defines the representation X (not containing the
adjoint). The adjoint component of (7.32) defines the cop-
roduct for the level-two Yangian generators. The Serre
relations imply the vanishing of the X component of the
equation. For seeing this, one can expand the right-hand
side of (7.32) using (7.30), and project out the adjoint
component. As shown explicitly in Appendix H, this yields
an equation of the form

0= A(Kaﬂy) - KaB)/ ®1—-1® Kaﬂ}/’ (734)

The Serre relations then are nothing but K = (, or more

explicitly
[T [T, YN+ [T 175, 77
+ [TV [T, T

aPy

h2
= il oot £y FP7HT O 7O 701 (7.35)

It is very important to note that only the X component of
{J, J, J} contributes to the right-hand side of these equa-
tions; cf. Appendix H. This will be useful in the following.

It is standard knowledge (cf. also Appendix H) that one
can construct a representation of the Yangian algebra

This is a standard property of all finite-dimensional semi-
simple Lie algebras.
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starting from certain representations of the following form:
pTO) =30, p(TM) =0,

where J© is a representation of the level-zero part. The
representations J© for which this construction is consis-
tent with (7.31) are singled out by the Serre relations. In the
language of the present paper, p is nothing but (4.13) and
(7.3) for one site, i.e. n = 1. For the representation (7.36),
the Serre relations boil down to the vanishing of the right-
hand side of (7.35). As we have seen that the Serre relations
are the result of a projection onto the representation X, this
is equivalent to

(7.36)

{CNS(O) ~(0) m(O)}lX =0
R .

a5 57 Sy (7.37)

By repeated application of the coproduct to the generators,
the representation p is lifted to a nontrivial representation
of the Yangian algebra. The consistency of the construction
is ensured by the homomorphicity of the coproduct (7.32).
The form (4.13) and (7.3) for generic n follows from this
construction.

In the following we explicitly show that (7.37) is satis-
fied for the singleton representation of 03p(2k|2¢€) relevant
to this paper; cf. (4.12) and (A14). Let us start with the case
k=0 or € =0. As demonstrated in Appendix A, the
representation we are using is the superanalog of the spinor
representation of $0(2k) and the metaplectic representa-
tion of 3p(2¢).'*

Consider the decomposition (7.33) of the antisymmetric
part of the tensor product of two adjoint representations:

(H ® H)asym H @ Hj g—traceless

asym __ ]
(ED & ED) =0 & Q- traceless

s0(2k) :

sp(2¢8) :

(7.38)

where g and () are the relevant symmetric and symplectic
form, respectively. Note that the second contribution in
these two cases corresponds to what was called X above.
As explained in detail in Appendix A, the generators of the
spinor and metaplectic representations acting on one site
take the form

TV ~ [y, /], S~ {&, &}, (7.39)
respectively, where
v, v/} =g", [£, ] = QY. (7.40)

This means that for any product of the generators (7.39) the
symmetrized g-traceless or antisymmetrized {)-traceless
part in two indices vanishes, respectively. Hence, in par-
ticular, the quantity {3, <, I} evaluated for (7.39) cannot
contain the representation X defined in Eq. (7.38). In full

"“The treatment generalizes to $0(2k + 1).
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detail:

30(2k) : {(TY, T+, T™}  decomposes into E ® 2H

ap(20) : (ST, skl gmny

Thus the right-hand side of (7.35) vanishes for these two
cases.

For the generalization to the super case 03p(2k|2€),
notice that the two equations in (7.38) are related to each
other by flipping the tableaux. They generalize to

(H ® H)asym = H @ ng—traceless ’

(7.42)

03p(2k|20) :

where in the tableaux for superalgebras, symmetrization
and antisymmetrization are graded. Symmetrization in the
|

03p(2k[24) : {3 0 (0)

’\Sa "’\Sﬂ

in particular it does not contain the representation X. This
proves the Serre relations.

Note that only the last part of this proof used the explicit
choice of the algebra and form of the representation.
Hence, adapting these last steps might help to prove the
Serre relations for different algebras and representations.

E. Note on the determination of amplitudes

As shown in Sec. V, all n-point 03p(6|4) invariants are
given by (5.31)

K
1, = 8(P)8%Q) Y fur(VF, (7.45)
k=1

where 8%(Q)F, is a linear basis of R-symmetry invari-
ants; that is F, ; are homogeneous polynomials of degree
3(n — 4)/2 of the Grassmann variables a;, By, ..., @,_4,
B,—s such that (5.22) is satisfied. As is explained in
Appendix B, the number K of R-symmetry invariants is
given by the number of singlets in the representation (4 ®
4)80—4),

Assuming that invariance under the Yangian algebra not
only holds for the four- and six-point amplitudes, but for all
tree-level amplitudes, one can ask to what extent the am-
plitudes are constrained by Yangian symmetry. Before
addressing this question for the general n-point case, let
us summarize the cases n = 4 and n = 6. After imposing
Poincaré invariance, the K functions f, ;(A) a priori de-
pend on 2n — 6 kinematical invariants; cf. Sec. II. Further

decomposes into

3]
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(7.41)

O ¢ 2.

I
tableaux by convention is defined as (anti)symmetrization
in the (sp) $o indices. Antisymmetrization is defined
analogously. The form G is composed of the metric g
and the symplectic form (); cf. Appendix A. Equations
(7.39) and (7.40) generalize to

(04, 0%} = gA% P~{04 0% (743
The right-hand side of (7.35) generalizes to the graded
totally symmetrized product of three generators. It contains
only the representations

decomposes into E ® 2H, (7.44)

Irequiring dilatation invariance reduces this number to 2n —
7. Hence for four points, there remains only one functional
degree of freedom. Since there are no fermionic variables
a, B in this case, S invariance (5.29) is automatically
satisfied. Invariance under RV (7.4) imposes one first-
order differential equation on f(A) and thus completely
constrains the four-point superamplitude up to an overall
constant. In the case of six points, f7(A) and f~(A) (6.5)
depend on 2n—7=135 parameters. Both S and
R invariance impose one differential equation on each
f* and f~ (6.7) and (7.26) without mixing the two func-
tions. Thus after satisfying these equations, three of the
functional degrees of freedom of f* and f~ remain un-
determined, and they constitute two independent Yangian
invariants.

For a general number of points n, the S-invariance
Eq. (5.29) expands to

K (n74)/2
2, =@ Y ( 3 (@ +pix))
J=1

k=1

aafn,k()‘)Fn,k + fn,k()‘)ééFn,k)! (746)
where B is a first-order differential operator in the fermi-
onic variables «, ;. Since the F,; are independent as
functions of a, B;, also all elements of {a*F, ;, BAF, i}
are independent (but some of them might vanish). Thus
expanding (7.46) in the fermionic variables yields at most
n — 4 first-order differential equations for each of the
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functions £, ;(A). From the term ¥, BAF, . it might yield
additional equations which only depend on the coordinates
x7 that define «;, B;. Given that the x7 only parametrize a
change of basis in the fermionic variables, assuming that
there exists an invariant /,, already implies that these addi-
tional equations can be solved by some choice of x7.
Furthermore requiring Yangian invariance, i.e. invariance
under BNV (7.4), yields another first-order differential
equation for each function f,, ;(A):

K
RWabp, = §3(P)s(Q) Y (C £, 1 (W)F,
k=1

+ fux(MD®F, ), (7.47)

where C“? is a first-order differential operator in A j» wWhile
D is a first-order differential operator in a,, 3,. Again,
the term Zkﬁ“b F,; might yield additional equations
which are solved by some xj, assuming existence of an
invariant. In conclusion, there remain at least 2n — 7) —
(n —4) — 1 =n — 4 functional degrees of freedom for
each function f, ;(A).

While for six-point functions, the two basic R-symmetry
invariants do not mix under the S- and 3(-invariance
equations, for a higher number of points the mixing prob-
lem is less trivial. Nevertheless, an analysis of the relevant
freedom (B7) suggests that the mixing should take place (at
most) among the $0(6); singlets contained in the same
30(n — 4)e1evan Multiplet (see Table I and Appendix B for
details). This point deserves further investigation.

The above analysis shows that the invariant (7.45) and
thus the n-point amplitude cannot be uniquely determined
by Yangian symmetry as constructed in Sec. VI
Moreover, Yangian invariance not only leaves constant
coefficients but functional degrees of freedom undeter-

TABLE II. Summary of the basic R-symmetry invariants and
the freedom in the definition of the fermionic variables «;, 3,
(5.8). n is the number of legs. 30(n — 4) is the relevant freedom
(B7). The Yangian invariants I, = 8°(P)8°(Q)I, are also invari-
ant under this 30(n —4) freedom. deg X R means that the
30(n —4) representation R appears deg times among the
R-symmetry invariants. The index 7 labels this multiplicity,
and the indices z, k, v are 30(n — 4) fundamental indices.

n N-symm. Relevant Irreducible rep. Invariants
invariants $0(n —4) of 30(n — 4) I,

41 X X f
o 8@ s@-u)  + Frwst@ |
8(B) - F(s(p)

] F s0(4) 2x1 fTOF7 ?

Fler 236 ForlfiW F i
o G 50(6) 8 X 6 e 9

Gl 6 X 20
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mined. As in the case of N =4 SYM [18,19], in order
to fully determine the amplitudes, symmetry constraints
have to be supplemented by further requirements. First of
all, the color-ordered superamplitude ‘A, must be invari-
ant under shifts of its arguments by two sites. This is a
strong requirement that has not been included in the analy-
sis above. Furthermore, one can require analyticity prop-
erties such as the behavior of the amplitudes in collinear or
more general multiparticle factorization limits.

VIII. CONCLUSIONS AND OUTLOOK

In this paper we have determined symmetry constraints
on tree-level scattering amplitudes in JN° = 6 SCS theory.
Supplemented by Feynman diagram calculations, explicit
solutions to these constraints, namely, the four- and six-
point superamplitudes of this theory were given. Most
notably we have shown that these scattering amplitudes
are invariant under a Yangian symmetry constructed from
the level-zero 03p(6|4) symmetry of the theory.

In order to deal with supersymmetric scattering ampli-
tudes, we have set up an on-shell superspace formulation
for N" = 6 SCS theory. This formulation is similar to the
one for N = 4 SYM theory, but contains two superfields
corresponding to particles and antiparticles. Furthermore,
one of the superfields is fermionic. The realization of the
05p(6]4) algebra on superspace was used to determine
constraints on n-point invariants under this symmetry. In
the case at hand, introducing a new basis {«, 8, Y, Q} for
the fermionic superspace coordinates seems very helpful in
order to find symmetry invariants. In particular it simplifies
the invariance conditions for amplitudes with few numbers
of points. We have demonstrated that the determination of
symmetry invariants can be reduced to finding $0(6) sin-
glets plus solving a set of linear first-order differential
equations.

In four dimensions, helicity is a very helpful quantum
number for classifying scattering amplitudes according to
their complexity (MHV, NMHYV, etc.). In three dimensions,
however, the little group of massless particles does not
allow for such a quantum number, and thus a similar
classification does not seem possible. Furthermore, only
the four-point amplitude in N = 6 SCS theory is of
similar simplicity as MHV amplitudes in N =4 SYM
theory. The six-point amplitude determined in this paper is
already of higher degree in the fermionic superspace co-
ordinates than the four-point amplitude. Its complexity is
comparable with that of the six-point NMHYV amplitude in
N = 4 SYM theory. Except for the four-point case, there
are no simple (MHV-type) scattering amplitudes, but the
amplitude’s complexity increases with the number of scat-
tered particles. In terms of complexity, the n-point ampli-
tude in N = 6 SCS theory seems to be comparable to the
most complicated, i.e. N"~4/2MHV amplitude in N = 4
SYM theory.
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We have checked that the six-point amplitudes consis-
tently factorize into two four-point amplitudes when the
sum of three external momenta becomes on shell. The two-
particle factorization limit on the other hand results in a
product of scattering amplitudes with an odd number of
external legs which vanish in 2N° = 6 SCS theory. This is
an important difference to N = 4 SYM theory, where the
two-particle collinear limit results in nonvanishing lower-
point amplitudes. In particular, this was used to relate
N =4 SYM scattering amplitudes with different num-
bers of external legs. Symmetry plus the collinear behavior
seems to completely fix all tree-level amplitudes in N =
4 SYM theory [18,19]. Note that similar arguments for
N = 6 SCS theory would have to make use of a three-
particle factorization or collinear limit (which are not
equivalent).

In [18], this relation of different N" = 4 SYM scattering
amplitudes in the collinear limit was implemented into the
representation of the p311(2, 2|4) symmetry on the scatter-
ing amplitudes. This implementation makes use of the so-
called holomorphic anomaly [26], which originates in the
fact that four-dimensional massless momenta factorize into
complex conjugate spinors (ps; = AA). In three dimen-
sions, on the other hand, massless momenta are determined
by a single real spinor (p3; = AA) which does not allow for
a holomorphic anomaly. Hence, a straightforward general-
ization of the symmetry relation between amplitudes in the
collinear or factorization limit to 2N = 6 SCS theory is not
obvious. It lacks a source for a similar anomaly as in the
four-dimensional case.

In N =4 SYM theory, studying the duality between
scattering amplitudes and Wilson loops revealed a dual
superconformal symmetry. The presence of this extra sym-
metry then leads to the finding of Yangian symmetry of the
scattering amplitudes. Even more, the dual symmetry was
identified with the level-one Yangian generators [17].
Though in N = 6 SCS theory a similar extra symmetry
is not known, there is a straightforward way to construct
level-one generators from the local 03p(6|4) symmetry
yielding a Yangian algebra. We showed that the four- and
six-point tree-level amplitudes of N" = 6 SCS theory are
indeed invariant under this Yangian algebra, and that the
Yangian generators obey the Serre relations, which ensures
that the Yangian algebra is consistent.

The fact that N = 6 SCS theory in the planar limit
gains extra symmetries in the form of integrability seems to
be related to special properties of the underlying symmetry
algebra 03p(6[4), namely, the vanishing of the quadratic
Casimir in the adjoint representation (see also [37]). It is
interesting to notice that, while in the four-dimensional
case the algebra with this special property is the maximal
superconformal algebra p311(2, 2|4), in three dimensions it
is not the maximal superconformal algebra 03p(8|4), but
03p(6[4) that has this special property.

Our findings point toward further investigations. Among
others, one should consider the AdS/CFT dual of N = 6
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SCS theory, since in N = 4 SYM theory the comparison
with results from AdSs X S3 strings has been extremely
useful. The dual superconformal symmetry of scattering
amplitudes in N" = 4 SYM theory can be traced back to a
T-self-duality of the AdSs X S° background of the dual
string theory [13,14]. Such a duality seems to not be
admitted by AdS, X CP3, the string theory background
corresponding to N' = 6 SCS theory [23]. Can this prob-
lem be reconsidered?

In their search for a T dualization, the authors of [23]
assume that the dualization does not involve the CP?
coordinates. On the other hand, the structure of the
03p(6[4) algebra seems to call for a T dualization of 3 +
3 bosonic and 6 fermionic coordinates dual to the gener-
ators {39°, NAB 94} (cf. Fig. 3). The contributions to the
dilaton shift coming from bosonic and fermionic dualiza-
tion seem to cancel out. However, this formal T duality is
not compatible with the reality conditions of the coordi-
nates; still it seems worthwhile to investigate it further."
The problem with T dualizing the coordinates of CP3
appears to be connected to the lack of a definition of
S(R) in our setup.

Other hints for rephrasing the Yangian symmetry in
terms of some dual symmetry could come from perturba-
tive computations in N" = 6 SCS. In particular, the IR
divergences for scattering amplitudes could possibly be
mapped to the UV divergences of some other object
(maybe a Wilson loop in higher dimensions). Any results
in this direction might also shed light on the duality be-
tween non-MHYV amplitudes and Wilson loops in N = 4
SYM theory, since the amplitudes in /N" = 6 SCS theory
are very similar to those. A starting point for the inves-
tigation of Wilson loops in N° = 6 SCS was set in the very
recent work [38].

There are many more open questions and directions for
further study. They comprise the extension of our results to
higher point amplitudes, their extension to loop level and,
in particular, the understanding of corresponding quantities
in the AdS/CFT dual of the three-dimensional gauge the-
ory. One of the most interesting problems seems to be
whether one can find a systematic way to determine
(tree-level) scattering amplitudes in N = 6 SCS theory.
An apparent ansatz would be an adaption of the BCFW
recursion relations [39] of N =4 SYM theory. This
problem is currently under investigation.

Recently, a remarkable generating functional for N =
4 SYM scattering amplitudes was proposed [40]. The
functional takes the form of a Grassmannian integral that
reproduces different contributions to scattering amplitudes.
These contributions have been shown to be (cyclic by

>The T duality we are proposing is very similar to another
formal T duality noticed in Sec. (3.1) of [13]. In that case one
T dualizes the coordinates dual to {{3%¢, "', Q97 7}, Here,
the indices r, ' correspond to the breaking $11(4)z — 31(2) X
31(2). This version of the T duality has not been used so far.
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FIG. 3. The symmetry generators of 03p(6]4) (Ieft-hand side) and p311(2, 2|4) (right-hand side). In p311(2, 2|4) the generators can be
arranged according to their hyper- and dilatation charge. Similarly, we can arrange the generators of 03p(6[4) if we replace the
hypercharge by a 11(1) R-symmetry charge. In N = 4 SYM theory, the dual or level-one Yangian generators B0 and Q) were
identified with the generators ©© and &©, respectively. The picture on the left suggests a similar dualization for N = 6 SCS theory

incorporating the R symmetry.

construction) Yangian invariants [41]. It would be interest-
ing to investigate whether an analogous formula exists
for the three-dimensional case studied in this paper. The
(S)Clifford realization presented in Appendix A could play
a similar role for 08p(2k + 2|2k) as the twistorial realiza-
tions play in the case of psu(m|m).
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APPENDIX A: FROM (S)CLIFFORD ALGEBRA TO
SPINOR/METAPLECTIC REPRESENTATIONS

In this Appendix we want to stress that the singleton
representation of 03p(6]4) we are using in this paper (see
Sec. IV) is nothing but the natural generalization'® of the
familiar spinor representation of $0(2k). Moreover we will
emphasize some special properties of this realization that
make the Yangian generators defined in Sec. VII satisfy the
Serre relations (7.2).

Let us first review the familiar $0(2k) case. It is well
known that if one has a representation of the Clifford
algebra:

{y, ¥/} = gY, (A1)

16Gee also [42] for 03p(IN|4) and [43] for 3p(2€).

for a given symmetric form g, where i, j =1,..., 2k,
then the objects
TV ~ [y, 9], (A2)
satisfy the $0(2k) algebra commutation relations
[T, TH] ~ gIATil + - - - (A3)

where the dots mean the following: Add three more terms
such that the symmetry properties of the indices are the
same as on the right-hand side. The realization (A2) still
does not look like the R-symmetry generators in (4.12). To
obtain (4.12) from (A2) one has to choose an embedding of
(k) into $0(2k) and define creation/annihilation-type fer-
mionic variables

nt= Ay, % = ALY, (A4
where A = 1, ..., kis a 11(k) index and ﬂf"‘, J’Zl;j have to
satisfy

AAGIAL =5, AMAGIA =0,

. (A5)
ﬂl;l.g'fﬂlgj =0,

9
relations. More explicitly, the R-symmetry generators in
(4.12) are related to the ones in (A2) via

NAE ~ AFAAFETI,  RE~ AFAAL T,
. (A6)
mAB -~ ﬂ;l.ﬂEJTU

in order that n4, % satisfy canonical anticommutation

The realization one obtains in this way is not irreducible,
but splits into two irreducible representations (with oppo-
site chirality). Indeed, the full space of functions (neces-
sarily polynomials) of the variables n* splits into two
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spaces: one made of polynomials with only even powers of
14, the other with only odd powers of . None of the
generators in (4.12) connects the two.

This construction works in the very same way for
3p(2¢€), the main difference is that in this case the repre-
sentation one obtains is infinite dimensional. This repre-
sentation is the direct analog of the spinor representation
and is usually called metaplectic representation. If one
starts with a representation of the algebra:

(¢, ¢]= QY (A7)
for a given antisymmetric (nondegenerate) form )%/, then
the objects

S~ 1€, &} (A8)
satisfy the $p(2¢) algebra commutation relations
[Sij, Skl]"'ijSil+ cee (A9)

where again the dots mean the following: Add three more
terms such that the symmetry properties of the indices are
the same as on the right-hand side. As before, one has to
choose an embedding of 1(€) into $p(2€) and define
creation/annihilation-type bosonic variables

: P o
A= Biegl, PO B, &, (A10)
where a = 1, ..., k is a u(£) index and B¢, B;j have to

satisfy

B/ OB, =8,  BfQIB =0,

, (A11)
BB, =0
in order that A“, ﬁ satisfy canonical commutation rela-
tions. More explicitly, the bosonic generators in (4.12) and
(7.5) are related to the ones in (A8) via

%ab — B?—aB;_bSij, @g — B?—aB;jSt'j’

i - (A12)
S~ B;B;jS’-/.
Let us stress that at the group level spinor and metaplectic
representations are representations of Spin(2k), Mt(2¢),
respectively, which are the double covers of SO(2k),
Sp(2¢).
All this easily generalizes to 03p(2k|2€) algebras. If one
starts with objects satisfying

[0, 08} = GAZ, (A13)

where A, B label the 2k + 2€¢-dimensional fundamental
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representation of 03p(2k|2€), then

JAE ~ 104 08, (A14)

satisfy 03p(2k|2€) algebra commutation relations. After
choosing an embedding of 11(k|€) into 03p(2k|2€), one
obtains oscillator-type realizations, like the one in (4.12).

APPENDIX B: 30(6) INVARIANTS

In this Appendix we will study the problem of determin-
ing invariants under the following realization of 30(6):

P
R =3 o'y (B1)
J=1
29 d
Ras =Y —o —5 (B2)
Jzzlaa[f 0B
94 f( Voo =i b) (B3)
R — S (ar 0 2 g1}
B “ J8a§ aB‘tl} J

where @, B4 are anticommuting fermionic variables and
A, B are SU(3) indices. p is some integer; it is related to the
number n of amplitude legs as 2p = n — 4. This realiza-
tion is completely equivalent to the following one:

2p
RAE =3 plpt, (B4)
=1
2p
a9
RNap= ) ——=, (BS)
e zzzlap? ap?
2 9 9
Wy =3 (ot art) B0
’ z=212 ap?  9p?

where p; are linearly related to o}, 37, the map between p
and a, B is parametrized by a O(2p) freedom. Notice that
this last realization makes sense also for odd 2p.

All the generators written above are invariant under
O(2p) rotations among the family indices. In the following
we will refer to this group as dual. O(2p)gua rotation
symmetry is manifest in the form of the generators written
in terms of p2 as a rotation of the indices 7. On the
generators written in terms of @, 8 O(2p)qua acts in the
following way:
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:81_)(5_1 ﬂﬁj,

a;— Bla
I =1 &)

ay— a;+ QB

ay— ,31, 31 - ap

where Q) = —QJ!. The Z, is the conjugation of 311(p)
(outer automorphism). Notice that we raised the family
index of B. We have to do this in order to interpret the
family index as a 1(p) index.

In the following, we will show how the 30(6) invariants
can be obtained and classified. Since the description in
terms of «, B is equivalent (for integer p) to the one in
terms of p, we will switch between the two depending on
convenience.

It is instructive to first study the case 2p = 1. This case
obviously makes sense only in the p realization. In this
case the full fermionic Fock space is 23 = 8 dimensional
and split into 4 ® 4 representations of 30(6). The two
correspond to even or odd functions (just polynomials up
to degree 3) in p, respectively.

Let us now consider the next case: p = 1. The study of
this case is particularly transparent in terms of «, B. To
classify the states it is useful to introduce an extra operator
8

d
apr
This operator is central with respect to 30(6) and is nothing
but the generator of the previously mentioned dual
30(2p)|,=1 ~ u(1). In this case the full Fock space is 20 =
64 dimensional; it decomposes into irreducible representa-
tions of 30(6) as

d
g§= CYAW_,BA (B3)

404’ =1,06,015 0 10,0 10,®15_,,86_, ® 1_;,
(B9)

where the subscript refers to the charge under g (B8). This
decomposition is concretely realized by the solutions to the
equation

d 0

N 4plState) = 2ol 357

|State) = 0. (B10)
We can be more explicit and show what these states look
like in the space of Grassmann variables a, 8. For clarity
we also explicitly write down the decomposition under
SO0(6) — SU(3).
(i) 13— 1: epca’aba’,
(ii) 6, — 3@ 3: e,pcafaC + descendants,
(iii) 15, > 3@ 8@ 1 & 3: a* + descendants,
@iv) 10g — 1 ® 3 ® 6: 1 + descendants,
(v) 100 — 6 ®3 @ 1: a“BP + descendants,
(vi) 15, > 3@ 8@ 1@ 3: g + descendants,
(vii) 6, = 3@ 3: €45 85 B¢ + descendants,

Bl g ﬂl + QHC{’J,
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U(p), p> d.of,
SO(2p)
Ulp)

_ 0@2p)
> so@p)

p(p—1) dof, (B7)

(viii) 13 — It EABC:BA:BBBC7

where descendants means obtained acting with R45.
We will now consider the case p = 2, namely,

(4 ®4)*. (B11)
We can just take the expression (B9) and square it. We will
not write down the whole tensor product decomposition,
but just list the singlets. One can easily check that there are
12 singlets coming from 15.; ® 15.;, 6., ® 64,, and
1.3 ® 1.3, where the signs have to be considered indepen-
dently, and two further singlets are contained in 10, ® 10,
(2 times). For convenience we will list the explicit expres-
sions of the singlets:
(1) 15+; ® 15 contains 4 singlets:

A (B C) E _(F nG)
€ABGEEFCA1 A P G0 Oy,

(a; < By) and/or (a; < B»).

(B12)

(i) 6+, ® 6., contains 4 singlets:

ADE B C F .G H nl
ayjaj€ppga; ay €pprBy By,

(1 2).

€ABCE

B13
(¢ «< B) and/or B13

(iii) 143 ® 1.5 contains 4 singlets:
A_B_C D E_F
GABCal 01] 011 GDEFaz a2 CYZ,

(B14)
(ay < By) (ay < Bo).

and/or

(iv) 10, ® 10, contains 2 singlets:

EACDEBEFQ?IB?agazDBngr (1< 2). (B15)

A question one can ask is how these singlets transform
among themselves under the $0(2p)l,— = $0(4)gya
transformations. This question can be answered noticing
that the quantities

d ]

Py ,B?W (B16)
1 1

g =aj
(no sum over /), are nothing but the Cartan generators of
the 30(4)gqua, and these singlets are indeed labeled by

(g1, &2)-
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The $0(4)4,, transformation properties of the singlets
can also be obtained considering where the singlets come
from in

4o (B17)

The 30(4) 4, acts as a rotation of the four factors (4 @ 4) in
the fourfold tensor product above. Keeping in mind that a
tensor product of n, fundamental with n; antifundamental
can contain singlets only if n, — nz = 0(mod 4), it is easy
to see that singlets can only come from
(1) 4®4®4®4: 1 singlet under 30(6)y;, singlet also
under 30(4) a1,
(i) 4®4 ®4 ®4: 1 singlet under $0(6)y, singlet also
under 30(4)gya15
(iii) 4 ® 4 ® 4 ® 4: 2 singlets under 30(6)y; X 6 under
S D(“')clual'

In the last line the combinatorial factor (‘2‘) = 6 correspond-
ing to the possible ways of choosing two 4 and two 4 in
(B17) is also the dimension of the $0(4)y,, representation
under which these [$0(6)y;] singlets transform.

The cases p = 3

(4 ®4)° (B18)

can be considered analogously giving
(i) 4©4©®4®4®4®4: 4 singlets under 30(6)y; X 6
under $0(6)g4ua15
(i) 4®4®4®4®4®4: 4 singlets under 30(6)y; X 6
under $0(6) a1
(iii) 4®4®4 ®4 ® 4 ®4: 6 singlets under 30(6)y; X
E under 50(6)dua1,

where again the combinatorial factors (?) =6, (2) = 20 are
also the dimensions of the 30(6)4,, representations.
The general p > 3 cases can be studied similarly.

APPENDIX C: DETERMINABILITY OF THE
SIX-POINT SUPERAMPLITUDE

This Appendix is devoted to the study of the invertibility
of Eq. (6.10). More precisely, we will show under which
conditions one can solve (6.10) for f. in terms of the
component amplitudes Ag,, Ags. This is an important
step, as the determination of the six-point superamplitude,
and, thus the determination of all six-point component
amplitudes relies on it. Let us define the following quan-
tities:

AR
AD)gp = A A x|, (ChH

A AL X
D = det(A(*), ), D. = det(A(*);5p),  (C2)

for some fixed i # j # k, and let {i, j, k} ={1,...,6}\
{i, j, k} as a set. Equation (6.10) can be inverted iff
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D3D® — D3B3 #0. (C3)

Using A% AP =0, x*-A9=0, x*-x* =0, and x* -
x~ =1, one can show, performing matrix multiplication,
that

AT(£)ipA(2) i = —AT(2);7:A(D)i55 - (CH)

0 0 0
AT(E)ipAF) i = —AT(2);7:A(F )i + (0 0 0),
0 0 1
(C5)

where T means transposition. These two equations imply,
respectively, that

D> = —-D% = D. = is.D-, (C6)

DyD_+D.D_=det((p; + p; + p)®),  (CT)

where s are undetermined signs. Using (C6) and (C7) can
be rewritten as

D.D_(1—s,s_)=det((p; + p; + p)®).  (C8)

Since for generic momentum configurations (p; + p; +
pr)? is not vanishing, it follows that s, =5, s_ = —s
for some sign s. This shows that, for generic momentum
configurations, (C3) holds, indeed

D3D* — D3D3 =i(s, —s_)D>D> =2isD3 D>
is
=7 det((p; + p; + p)*®)? # 0.

(C9)

To summarize, the quantities D, D are not independent.
Given (p; + p; + py)?, they are determined up to a sign s
and a single function (which is a phase once we impose the
correct reality conditions). This freedom corresponds to
the O(n — 4)|,—¢ = O(2) relevant freedom in the choice of
x* mentioned in Sec. V. The sign is O(2)/SO(2), and
corresponds to exchanging x* and x; the freedom that
remains, D= — E~!D*, corresponds to the SO(2) ~ U(1)
freedom of rescaling x* — E*!/3x™.

APPENDIX D: TWO COMPONENT AMPLITUDE
CALCULATIONS

In the following, the amplitudes between six scalars and
between six fermions are computed. As discussed in
Sec. VI, these two amplitudes uniquely determine the
six-point superamplitude. For simplicity, consider only
(anti)particles of the same flavor; set

¢:¢4, <£=<£4,

b=y, o=y
(DI)

The action of N* = 6 superconformal Chern-Simons the-

ory is S = k/4m [ d®x L. Neglecting terms that are irrele-
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FIG. 4 (color online). This diagram contributes to the six-fermion amplitude. The blue/dashed lines represent fundamental color
contractions, and the red/solid lines represent antifundamental ones. When color stripped, the left diagram gives (D6), and the right
diagram equals the left one up to a relabeling of the external legs.

vant for the two specific amplitudes we are interested in, 1. Six-fermion amplitude

the Lagrangian reads (see e.g. [2,5,44]) The tree-level amplitude

2 A N
L =Tr[aM(A 9,A, +=AA A, —A,d,A, . A, A =B A =B a -5
8 3 8 Aoy = A5 Yap, W3k Yapy ¥Sko Pop,)
20 54\ i ] ‘
- gAuAVAA> ~5 PPy + D,Ld’D”d)]- = w(A) (D4)
(D2)
can be color ordered (3.4). The color-ordered amplitude
The gauge fields A, AM transform in (ad, 1), (1, ad)  Aey(A1 ..., Ag) contains all contributions in which the
representations of the gauge group. The covariant deriva- ﬁeld§ 1, ..., e are cyclically connected by color con-
tive D, acts on fields y € {¢, ¢}, ¥ € {$, ¥} as tractions,
D,y=20 +A—A, r By oAy oBy oAs oBg oA
MXA uX pX T XAy D3) Agy = ---+A6¢(A)5A?5325/§:5B;3£83;+---,
S a3 o _ 3 — M
Dyx=0,x tA X~ XAu Pap = oD A= (A, ..., Ag). (D5)

The Feynman rules can be straightforwardly derived from
L, using the Faddeev-Popov regularization for the gauge ~ Two kinematically different diagrams contribute to
field propagators. Ag,(A); see Figs. 4 and 5.

FIG. 5 (color online). This diagram contributes to the six-fermion amplitude. When color stripped, the left diagram gives (DS8), and
the other two diagrams equal the left one up to relabelings of the external legs.
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The left diagram in Fig. 4 evaluates to'’
e 1

Agya(l, ..., 6) = 3 GHG67

[t pssl1) = 2l pss|2)({51 p3l6)

— (Slp4l6y ={(1,2) = 3,4} (D6)
where A(ky, ..., k¢) == A(A,, ..., Akﬁ), and for any mo-
menta ¢y, ..., g

Clgil gl ) == Aewghec - 86fQ£g8ghA?' (D7)
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The overall constant Cg shall be left undetermined. The left
diagram of Fig. 5 reads'®

(13)(64)1| p314)
(12)X(45)p,s

+{4«—»5}+{1«—»2,4<—»5}]. DS)

Agyp(L....6) = 2c6[ {1l o2

The total color-ordered amplitude is a sum over all relab-
elings of the diagrams in Figs. 4 and 5 that respect the color
structure (D5). The result is

Agy(1,..,6) = +Agya(1,2,3,4,5,6) + Agy a(1,6,5,4,3,2) + Agy5(1,2,3,4,5,6) — Agy5(6,54,3,2,1)

+ Agyp(1,2,3,6,5,4) + Agy (3,2, 1,4,5,6) + {two cyclic}. (D9)

Here, “two cyclic” stands for two repetitions of all previous terms with the relabelings Ay — A;40, Ay — Apyyq (mod 6)
applied. Using Schouten’s identity and various relations following from momentum conservation (P = 0), this can be

simplified to'”

— 3(1pslps|1) + 3C2lpalpsl2) — Blpalps, 6l3)

(2| p3, -4l pazal ps,—6l1)

Agy(l,...,6) = Cs (( (12)(34)(56)

_ 2<1|P6|P6,—1,2|P345|P3,—4,5|P3|4> + (Upalpe,—12P3aslp3,—a51ps|4)

2 — {shift by one})

(34)(56) pL,

+ {two cyclic}, (D10)
6lp112)3lp4l5)pE,,
where ““shift by one” means the relabeling A; — A, (mod 6).
2. Six-scalar amplitude
Again the color-ordered amplitude Ag,(Ay, ..., Ag) contains all contributions in which the fields ¢, ..., ¢¢ are
cyclically connected by color contractions,
Aoy = Ao(d1} , Pop, B33 Pany B3 Pop)  bi = (AW,
By cA; oB, qAs oBg oA o
:"'+A6¢()‘)5A?5355/§;5B;54253(1,+"" A= (A, ..., Ag). (D11)
The color-ordered amplitude receives contributions from (1| p512){4| pg|5)
three kinematically different diagrams. Two of them are Agp(l, ..., 6) =8Cq (12)(45)p? (D13)
the diagrams of Figs. 4 and 5, with all fermion lines 123
replaced by scalar lines. The scalar version of the left
diagram in Fig. 4 reads A further contribution comes from Fig. 6.
4C, 1 It evaluates to
A ...,6) = ——— ———————-((1Ipsl2)3Ipsl4
ool 6) = =5 e (Upd2)lpsl4)
— {506}, (D12) (16)(25) + (15)26)
A6¢,C(1’ ,6) = _2C6 (D14)

while the scalar version of the left diagram in Fig. 5 is

Define pdp := p® + pgb = AIAL + ALAL.
Here, p? = p,p®, ie. phyy = —(122) — (13%) — (23?).
lng,rk,.N =piEpitoo.

(12)(56)

Again, the total color-ordered amplitude is a sum over all
relabelings of these diagrams that respect the color struc-
ture. The sum of all contributions is
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FIG. 6 (color online).

This diagram contributes to the six-scalar amplitude. Again, the blue/dashed lines represent fundamental color

contractions, and the red/solid lines represent antifundamental ones. When color stripped, the left diagram gives (D14), and the other
two diagrams equal the left one up to relabelings of the external legs.

Asg(L, ...,
- A6(/5,B(1’ 2, 3, 6, 5, 4)

This can be simplified to

Blpslpilpslpalpal3) + (14)22I pslpsl psI2)

6) = +Acpa(1,2.3,4,56) + Agya(1,6,54,3,2) + Agyp(1,2,3,4,5,6) + Agy5(6,5,4,3,2, 1)
—Agpp(3.2,1,4,5,6) + Agy(1,2,3,4,5,6) + Agyc(3,2,1,6,5,4)
- 2A6¢,C(1r 2, 3, 6, 5, 4) + {tWO CyCliC}.

(D15)

1(13)(56)(24) + (16)(23)(45)

A(Lw®=C@
6¢ 6 <1|P2|P3|P4|P5|P6|1>
(51p116)(3| p,14)

G,

APPENDIX E: FACTORIZATION OF THE
SIX-POINT SUPERAMPLITUDE

Consider the quantity:

[fmummhMA&m Au(=ih, Ay, As, Ag)
3

l
(ED)

where A = (A%, 1?) and the result does not depend on the
choice of sign *£. The integration can be trivially per-
formed because of the delta functions using

[ aesp + tunotos - i)
= 8901 + 058 (€1 01 1) (E2)
and
f PRSP + J9 5253 (Peb — RA)F(A)
= 8P + PE")S(PY)(F(A) + F(—A)), (E3)

where on the right-hand side A is the solution to the

(26)(35)((16)*(34)* + (12)*(45)*)

(2,3<16)<35><24)
(12)(34)(56)

+ {shift by one}) -8

+ {two cyclic}. (D16)

QClp16)3lpal5)p,,

|
equation A“A” = P4». Reminding that (6.2)
A4(1,2,3,4) = 5 (P)8%(Q)f (A1, Ay, A3, Ay), (E4)

and using the properties of f(A), we obtain

P2 8(P33)53(P)8%(Q)8° (€, Q15 A") (A1, Ay, A3, A)
13
X F(FiA, Ay, As, Ag). (E5)

This can be rewritten as

P% 8(P13)83(P)8°(0)&* (@) f* (), (E6)

which equals Ag in the limit P2, — 0; cf. Sec. VL.

APPENDIX F: THE METRIC OF 035p(6/4)

Introducing matrices (E”g)! = 8Msp; with A, B =
a, b, A B, ..., the fundamental representation M of
03p(6]4) consisting of (4|6) X (4|6) matrices can be writ-
ten as
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gab EBab @aA QaA Eab _ %32” Eab + Eba EaA _EaA

vl | 8o 29 S SA V| _ | Ew tEpe E,° 387 E, —E,4 F1)
S A Qe A, RAB E,“ —E,, EAp Egh — E4y
S Q9, N Ry, —E,¢ E,. EyA — EA EpA

For the Lorentz generator for instance, this equation is to
be understood as

Ee, — 1801 0 0 0
01 0 E/ +1681 0 0
ML) . PRl o)
0 0 0 0
where we raise and lower Lorentz indices with £%?, & ,,;, and
have
EA=(EA )T’ Ea=(Ea )T’
B B A A (F3)
EAC = (8acECA)T-
Furthermore, the dilatation generator is defined by
%I] 0 0 0
~1-10 —%I] 0 0
M[D] 0 o o ol (F4)
0 0O 0 0

The Killing form of 03p(6[4) vanishes. We compute the
metric defined by

8ap = 830 Jp) = sTIM[J IM[Jpg]  (FS)
which obeys

Sap=(—D¥gg,.  g.5=0 iflal # |8l (F6)

Here, || denotes the Grassmann degree of the generator
.- We change the basis of generators and introduce

e, =, + 67D, (F7)

Then the metric has the following nonvanishing compo-
nents
|

0 0 QK 3 ¥ ~(0 0
RWab — fyﬁwz%g[;%;; — fmmd T ng ‘Sf[;%w

Jj<i J<i

9)! @R (0 0
= 230+ 01BN (Mg DA + ]
Jj<i

1 . ;
_ EZ(QEO)(LZAQE'O)IJ)A _ @50)(ac§850)0b) _ (l - J))

Jj<i

In order to check consistency, we also determine Q(Daa.

g%, V) = 28555,
R, fg) = g(Keq, BP) = —28885 — 28467,
g(Q4, Syp) = —g(Syp, V) = 26465,
g, 8,F) = —¢(8,F,0,) = 28447,
g(MA L, MC ) = (R, MA,) = —28%66,
g(MAE, Rep) = g(Nep, RAP) = 25868 — 26368, (F8)

The inverse metric g*# = g71(J,, Jp) satisfies
2ap8P7 = 61 = g"Pgp,. (F9)
Its nonzero components are

gil(@ahr @Cd) = %5352,
g71($ab’ Scecd) = gil(ﬁ\cd; %ab) = _%5?52 - %5352,

g1 QM Bpp) = —g7 (S, Q) = 15354,
g1 (0, 8,8 = —¢ (&P Q) = —3656;,

g IR, MEp) = g7 1(NC), RAy) = 16456,
g N, Nep) = g7 Nep, MAB) = (6867 — §67,68.
(F10)

APPENDIX G: THE LEVEL-ONE GENERATORS
gB(l)ab AND @(l)aB

We can use the metric and read off the structure con-
stants from the commutation relations of 03p(6|4) to com-
pute the Yangian level-one generators BV and (a4,
According to (7.3) we have

L ©,,.06 S EQh (008G ~ (0)h . .
g, Meig S g2 QOO — (i - )

(G
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x0)x(0) _
Z“Stﬁ SJ?’

Jj<i J<i

QMaA — fyﬁ

= _26A5Z2(f§\ o, Sbgg%icdbfggD”EéhHb(O)H%(O)fg +f

Jj<i
RE RE . G, QhH 0)hH ca (0)F
+ fmcpemahggm o a8 ert @5 ) gti) G + ff)ch
1 ()bA g (0) a on(0)BA (0)aB o (0)A
:EZ(Qi @j ab + 9 uij -9 ¢ mj B
i<i

One can easily convince oneself that consistently

{Q(l)aA @bB} — 52%(1)@_ (G3)

APPENDIX H: THE SERRE RELATIONS

In the following, we will show how the homomorphicity
condition (7.32) of the coproduct (7.29) and (7.30) leads to
the Serre relations (7.35). First, we multiply (7.32) by the
algebra structure constants and take cyclic permutations to
find

fﬂayﬂ([j(al)J(yl)]) + cyclic(a, B, )
= f55"[ATE), ATV + cyclic(a, B, 9).

It is obvious that (H1) follows from (7.32); how about the
other direction? The answer is that (H1) equals the X
component of (7.32) while the adjoint component is pro-
jected out. The reason for this is rather simple: Eq. (7.32)
can be written in the form faB3Z5 + X,p = 0, where
J

(H1)

[ATDATO =T, TP e 1+ 1[I, T

h2
—(a =B+ [0 Ty 8 T5)

It is rather straightforward to rewrite the last two lines in
this equation in the form of

a1,V e TP TV e V) )

2
hzfaepfﬁfy,u,fsyx(j(’(o) ® jﬁ?)j(po) + j&?)jg)) ® ‘.759))

(H6)

Now it is easy to see that (HS) vanishes due to the Jacobi
identity when plugged into the right-hand side of (H1).
Using the Jacobi identity twice, the contribution to (H1)
coming from the second piece (H6) reads

2
N L Tt B3 00T, T 0 T + 7

& {74 TP + eyclic (. B, ) o
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g ~(0 0
th&bBSaAgB.Bg’y')/z,\s( )'?S‘S’y)

bbs g DAy QhH pEO)hH@;O) fg

gguebM

B ghenll™® (P08, QOB GOFG _ (., j)

~(O)A %(O)hu _

(i < ))). (G2)

|
Xop € X and Zs € Adj [cf. (7.33)]. Now showing that
(H1) does not contain the adjoint boils down to using the
Jacobi identity in the form

fps" fay® + cyclic(a, B, 6) = 0. (H2)
Furthermore that only the adjoint and nothing else is
projected out in going from (7.32) to (HI) follows from

fo/gyu/;y = 0= uap = fop"vy (H3)
for some v, (or equivalently that the second cohomology
of g vanishes). Since X does not contain the adjoint, we
have separately X,z = 0 and f, 3525 = (0. The first equa-
tion will lead to the Serre relations. The second equation
represents the definition of the coproduct for the level-two
generators.

In order to derive the Serre relations we rewrite the right-
hand side of (7.32) as (cf. [36])

(1)] + = (fayS[J (0) ® J(O) j(l) ®1+1® j(l)]

P e ] (H4)

Since the coproduct on J ©) has the trivial form (7.29) one
can rewrite this as*°

—-1®S8

ASapy) = Sapy ® 1 (H8)

aBy’

where

h?
Sapy = 55 fa" g™ 1y 1T, T T (HY)

Putting everything together (H1) becomes

0=A(Kupy) — Kopy ® 1 — 18K (H10)

aBy aBy

where now

*We thank Lucy Gow for discussions on this point and sharing
some of her notes with us.
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Kagy = Sapy = (Fog°LTY TP ] + cyclic(a, B, 7).
(H11)

A sufficient condition for EH]O) to be satisfied is K5, = 0
which, rewriting faﬁaj;) = [jg)), Jg)], are the well-
known Serre relations (7.35). One of the reasons for re-
deriving the Serre relations here is to convince the reader
and ourselves that only the X component of {7, 7, J}
contributes to the right-hand side of (7.35). As we have
seen in Sec. VII, this is very useful for proving the Serre
relations for specific representations.

In order to show that the Serre relations are indeed
satisfied for a certain representation, one can start with
the case n = 1, i.e. a representation acting on only one
vector space and define

p|n=l(j<0(z))) = %g)), p|n=l(~7(al)) =0.

The left-hand side of (7.35) vanishes for the one-site rep-
resentation p|,—;. Assuming that also the right-hand side
of this equation vanishes for the one-site representation,
one can promote (7.35) from 1 to n sites. The point is that
the coproduct preserves the Serre relations; that is if J ©
and 7 satisfy the Serre relations then also A(7®) and
A(JDM) do. The reason behind this is an inductive argu-
ment. Assuming the Serre relations to be satisfied for n
sites implies the coproduct to be a homomorphism (7.31)
for n + 1 sites. Acting with A on (7.35) thus yields the
Serre relations for n + 1 sites which in turn implies (7.31)
for n + 2 sites. This means that the Serre relations will be
automatically satisfied by the choice (H12) promoted to n
vector spaces by successive application of the coproduct.
To be explicit, the action on two sites is given by

(H12)

2
Pl AT =130 + 30 e 1= 32,

i=1

! 0 0 ~(0) (0
plia@TY) = 7,3V @ 30 = ppr, S OO,
1=j<i=2
(H13)

where we recover the original bilocal form of the level-one
generators (7.3). Here,

pli=(A ® B) = (p|,—1A) ® (pl,=1B).

Note that the above analysis is completely independent
of the explicit representation p. The criterion for any

(H14)
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representation to obey the Serre relations is thus the van-
ishing of the right-hand side of (7.35) for that specific
representation. For showing this, it is crucial that the
right-hand side of (7.35) transforms in the representation
X as shown above.

APPENDIX I: CONVENTIONS AND IDENTITIES

Throughout the article, the spacetime metric is fixed to
n*’ = n,, = diag(— + +). The totally antisymmetric
tensor e*** is defined such that gy, = —&°1> = 1.

E1p = _812 =1 (Il)

The relation between spacetime vectors and bispinors is
given by

pt = —30")pp®,  (12)

where a convenient choice for the matrices (o#)? is

(00 = (—01 _01 ) (o) = <—01 (1))

pab — (O.,u)abp’u’

a3)
0 1
2\ab —
= (1 )
They obey the following relations:
O'Zba””b = =29k, (I4)
a-f:ba-,u,cd = T€4c€bd T €ad€hes (IS)

&0 (0)ap(07)cal0P) o = HE0cEpe€ar T EacEirEar
+ €ad€he€ef + €4dEpfEce
t €uc€pc€ar t €uc€paer
+ €urEpc€ae T EapEpatee):
16)
The matrices (o#)*, = &,.(c*)* obey the algebra
() (") = g#8%, + e#0(a,) e ()

We use (- - +) and [ - -] for symmetrization or antisymmet-
rization of indices, respectively, i.e.

X(ah) = Xab + Xha’ X[ab] = Xab - Xba‘ (18)
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