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We present the results of a global analysis of a class of models with an extended electroweak gauge

group of the form SUð2Þ � SUð2Þ �Uð1Þ, often denoted as Gð221Þ models, which include as examples

the left-right, the leptophobic, the hadrophobic, the fermiophobic, the un-unified, and the nonuniversal

models. Using an effective Lagrangian approach, we compute the shifts to the coefficients in the

electroweak Lagrangian due to the new heavy gauge bosons, and obtain the lower bounds on the masses

of the Z0 and W0 bosons. The analysis of the electroweak parameter bounds reveals a consistent pattern of

several key observables that are especially sensitive to the effects of new physics and thus dominate the

overall shape of the respective parameter contours.
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I. INTRODUCTION

Despite the tremendous success of the standard model,
there are still open questions that are unanswered and
motivate further model building. One of the most common
model-building tools is to extend the gauge structure of the
standard model. The simplest extension involves an addi-
tional Uð1ÞX gauge symmetry (and thus an extra gauge
boson Z0). One of the next-simplest extensions involves an
additional SUð2Þ, with the left-right model [1–3] being
perhaps the most widely-studied case of such models. On
the other hand, given the extended gauge group SUð2Þ1 �
SUð2Þ2 �Uð1ÞX in the electroweak sector, there are many
other models besides the left-right model that can be con-
structed, and these models, despite having a common
fundamental gauge group, may have very different low-
energy phenomenology. In this paper we present a unified,
systematic study of many such models, which are com-
monly called Gð221Þ models in the literature.

The most important feature of Gð221Þ models is the
existence of new heavy gauge bosons, W 0 and Z0. The
existence of the gauge boson Z0 has influences on the
low-energy neutral-current processes, the Z-pole data at
LEP-I and high energy LEP-II data [4,5]. The existence of
theW 0 boson has implications to the search of new physics
beyond the standard model (SM) via studying charged-
current processes. In low energy experiments, the most
sensitive probes of charged currents come from flavor
physics, such as the B0- �B0 mixing processes, KL � KS

mass difference, and semileptonic decays of the b quark
[6,7]. However, the low energy impact depends sensitively
on the details of the flavor sectors, for which there is little
experimental input [8–10]. In particular, the possibility that
left-handed quark mixing matrix VL and right-handed

quark mixing matrix VR may be unrelated has been inves-
tigated when considering the potential impact of the left-
right model on low-energy physics [8–10]. Since there is a
large uncertainty on the constraints on W 0 and its interac-
tions which usually leads to stronger model constraints, we
focus on the low-energy neutral-current scattering pro-
cesses, Z-pole physics which are not sensitive to the mix-
ing matrices, and low-energy charged-current processes
(muon decay and �N scattering) in which only inclusive
quark current is involved and thus the contributions from
VR is negligible at the tree-level.
In this paper, we classify the Gð221Þ models by the

patterns of symmetry breaking summarized in Table II
(see Sec. II). Our main goals are to obtain the bounds on
the masses of the W 0 and Z0 bosons for these various
models, and, through the results of the global-fit analysis,
to identify the key observables that are most sensitive to the
new physics in these models. Our key results are that, at the
95% confidence level, the lower bounds on the masses of
new heavy gauge bosons can be very light for breaking
pattern I, which includes left-right, leptophobic, hadropho-
bic, and fermiophobic models, for example, MZ0 �
1:6 TeV and MW 0 � 0:3 TeV in the left-right model and
hadrophobic model; MZ0 � 1:7 TeV and MW0 � 0:7 TeV
in the leptophobic and fermiophobic models. In breaking
pattern II, which includes ununified and nonuniversial
models, because of the degeneracy of the masses of the
W 0 and Z0, the lower bounds on their masses are quite
heavy, for example, MZ0 ¼ MW0 � 2:5 TeV in the ununi-
fied model.
We organize this paper as follows. In Sec. II, we lay out

the various Gð221Þ models and discuss the results of the
relevant literature. In Sec. III, we give the effective
Lagrangians, both at the electroweak scale (obtained by
integrating outW 0 and Z0) and below the electroweak scale
(by integrating out theW and Z). In Sec. IV, we discuss the
global-fit procedure and present our results obtained using
the code Global Analysis for Particle Properties (GAPP)
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[11], a software that utilizes the CERN library MINUIT [12]
and was used for the Particle Data Group global analysis
[13]. We also discuss which observables are especially
sensitive to the new physics contributions in these various
models. We conclude in Sec. VI with a summary and
outlook of our key findings. The appendix contains the
explicit effective Lagrangians for the Gð221Þ models.

II. THE Gð221Þ MODELS

We focus on the so-called Gð221Þ models having a
SUð2Þ1 � SUð2Þ2 �Uð1ÞX gauge structure that ultimately
breaks to Uð1Þem. Relative to the standard model, these
models have three additional massive gauge bosons, and
their phenomenology depends on the specific patterns of
symmetry breaking as well as the charge assignments of
the SM fermions. For our studies, we consider the follow-
ing different Gð221Þ models: left-right (LR) [1–3], lepto-
phobic (LP), hadrophobic (HP), fermiophobic (FP) [14–
16], ununified (UU) [17,18], and nonuniversal (NU) [19–
21]. The charge assignments of the SM fermions in these
models are given in Table I, and these models can be
categorized by two patterns of symmetry breaking (sum-
marized in Table II):

(i) Breaking pattern I (the LR, LP, HP, and FP models):
We identify SUð2Þ1 as SUð2ÞL of the SM. The first
stage of symmetry breaking then is SUð2Þ2 �
Uð1ÞX ! Uð1ÞY , giving rise to three heavy gauge
bosons W 0� and Z0 at the TeV scale. The second
stage is SUð2ÞL �Uð1ÞY ! Uð1Þem at the electro-
weak scale.

(ii) Breaking pattern II (the UU and NU models): We
identifyUð1ÞX asUð1ÞY of the SM. The first stage of
symmetry breaking is SUð2Þ1 � SUð2Þ2 ! SUð2ÞL.
The second stage is SUð2ÞL �Uð1ÞY ! Uð1Þem at
the electroweak scale.

In addition to specifying the gauge group and the fer-
mion charge assignments, a complete Gð221Þ model
should also include the ingredients of the Higgs sectors
and the Yukawa couplings. While the observed relation-
ships between the masses of W and Z bosons leave little
freedom in the Higgs representation used for electroweak
symmetry breaking (EWSB), we have freedoms in the
choices of the Higgs representation used to break the
fundamental Gð221Þ gauge group to the SM gauge group.
In breaking pattern I we assume the two simplest cases of
symmetry breaking: via a doublet or a triplet Higgs. In the
breaking pattern II we assume the simplest case of using a
bi-doublet Higgs to achieve this symmetry breaking. The
model-specific Higgs representations and vacuum expec-
tation values (VEV’s) are given in Table III. For heavy
Higgs boson, Wang et al. [22] used a nonlinear effective
theory approach to obtain an electroweak chiral
Lagrangian for W 0. In our paper, by assuming a light
Higgs, we analyze the low-energy constraints by using a
linearized effective Lagrangian approach.
The lepto-phobic, hadro-phobic, and ununified models

are, with the current setup, incomplete because of gauge
anomalies. It is entirely possible that the additional matter
content used to address the anomalies can alter the low-
energy phenomenologies and the results of our studies.
Nevertheless, for completeness, we include these models

TABLE I. The charge assignments of the SM fermions under the Gð221Þ gauge groups. Unless otherwise specified, the charge
assignments apply to all three generations.

Model SUð2Þ1 SUð2Þ2 Uð1ÞX
Left-right (LR) uL

dL

� �
,

�L

eL

� �
uR
dR

� �
,

�R

eR

� � 1
6 for quarks;

� 1
2 for leptons:

Leptophobic (LP)
uL
dL

� �
,

�L

eL

� �
uR
dR

� � 1
6 for quarks;

YSM for leptons:

Hadrophobic (HP)
uL
dL

� �
,

�L

eL

� �
�R

eR

� �
YSM for quarks;
� 1

2 for leptons:

Fermiophobic (FP)
uL
dL

� �
,

�L

eL

� �
YSM for all fermions:

Ununified (UU)
uL
dL

� �
�L

eL

� �
YSM for all fermions:

Nonuniversal (NU)
uL
dL

� �
1st;2nd

,
�L

eL

� �
1st;2nd

uL
dL

� �
3rd
,

�L

eL

� �
3rd

YSM for all fermions:

TABLE II. Summary of the two different breaking patterns and the two different stages of symmetry breaking in Gð221Þ models.

Pattern Starting point First stage breaking Second stage breaking

I Identify SUð2Þ1 as SUð2ÞL SUð2Þ2 �Uð1ÞX ! Uð1ÞY SUð2ÞL �Uð1ÞY ! Uð1Þem
II Identify Uð1ÞX as Uð1ÞY SUð2Þ1 � SUð2Þ2 ! SUð2ÞL SUð2ÞL �Uð1ÞY ! Uð1Þem
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with the current setup in our studies, in which we focus on
effects originated from the interactions ofW 0 and Z0 bosons
to the SM fields. In the cases of the leptophobic and
hadrophobic models, one can view them as transitions
between the left-right models [where both right-handed
leptons and quarks are charged under SUð2Þ2] and the
fermiophobic model (where neither are charged).

There have already been many theoretical and phenome-
nological studies of various Gð221Þ models, and we focus
our brief literature review here mainly to those works that
perform a global fitting in the same spirit as our work. In
the symmetric left-right model (where the couplings of the
W 0 are of the same strength as those of the W), Polak and
Zralek obtained the constraints on parameters from the
Z-pole data [23] and low energy data [24], separately.
While for the nonsymmetric case, Chay, Lee, and Nam
[25] considered phenomenological constraints on three

parameters: the mass of the Z0, the mixing angles ~� (the
analog of the Weinberg angle in the breaking of SUð2ÞR �
Uð1ÞX ! Uð1ÞY) and the Z-Z0 mixing angle �, by combin-
ing the precision electroweak data from LEP I (through �1,
�2, �3) and the low-energy neutral-current experimental
data. For the nonsymmetric case, the combined bounds at
the 95% confidence level are 0:0028< �< 0:0065 and

MZ0 � 400 GeV for all ~�, while for the symmetric case,
a more severe bound MZ0 � 1:6 TeV is obtained.

In the fermiophobic model, Donini et al. [26] used the
Z-pole and low-energy data, and the flavor physics data
from flavor-changing neutral-current (FCNC) processes
and b ! s�, to put constraints on the parameter space
(W-W 0 mixing angle ��, and Z-Z0 mixing angle �0) by
fixing several sets of representative values of MW0 and x

(strength of the coupling of the fermio-phobic gauge
group, relative to SUð2ÞL of the standard model). For the
input parameters in the the ranges 100 GeV<MW0 <
1000 GeV and 0:6< x< 15, and for a low Higgs mass
of 100 GeV, the best-fit values of j�0j and j��j increases
with increasing x, when holding MW0 fixed. On the other
hand, when holding x fixed, increasing MW0 leads to an
increase in the best-fit values of j�0j and a decrease in the
best-fit values of j��j. In the entire range of parameter
space, the magnitude of the best-fit values of�0 and�� are
at the percent level.
In the nonunified model, Malkawi and Yuan [19] per-

formed a global fit of the parameter space ðx;�Þ using the
Z-pole data, and found that the lower bound is MZ0 ¼
MW0 � 1:3 TeV if no flavor physics is included.
Chivukula et al. [27] used the data from precision electro-
weak measurements to put stringent bounds on the ununi-
fied standard model [17,18]. They found a lower bound on
the masses of the heavyW 0 and Z0 of approximately 2 TeV
at the 95% confidence level.
To test the Gð221Þ models against the precision electro-

weak data, we combines the full one-loop SM results to the
relevant observables with the tree-level contributions from
new physics. To use this methodology, we assume that the
Appelquist-Carrazzone decoupling scenario holds. Under
this assumption, because the loop corrections reduce to
their SM form as the heavy mass scale is sent to infinity,
fairly accurate estimate of the limits imposed by the pre-
cision data on the new physics parameters of the model is
possible by combining the SM loop corrections with the
tree-level new physics corrections. Chen and Dawson [28–
30] argued that the above approach is not valid in theories

TABLE III. These tables display the model-specific Higgs representations and VEVs that
achieve the symmetry breaking of Gð221Þ models.

First stage breaking

Rep. Multiplet and VEV

LR-D, LP-D
�� ð1; 2; 12Þ � ¼ �þ

�0

� �
, h�i ¼ 1ffiffi

2
p 0

~uD

� �
HP-D, FP-D

LR-T, LP-T �� ð1; 3; 1Þ � ¼ 1ffiffi
2

p �þ ffiffiffi
2

p
�þþffiffiffi

2
p

�0 ��þ

 !
, h�i ¼ 1ffiffi

2
p 0 0

~uT 0

� �
HP-T, FP-T

UU, NU �� ð2; �2; 0Þ � ¼ �0 þ �0
ffiffiffi
2

p
�þffiffiffi

2
p

�� �0 � �0

 !
, h�i ¼ 1ffiffi

2
p ~u 0

0 ~u

� �

Second stage breaking

Rep. Multiplet and VEV

LR-D, LP-D
H � ð2; �2; 0Þ H ¼ h01 hþ1

h�2 h02

� �
, hHi ¼ ~vffiffi

2
p c ~� 0

0 s ~�

 !
HP-D, FP-D

LR-T, LP-T H � ð2; �2; 0Þ H ¼ h01 hþ1
h�2 h02

� �
, hHi ¼ ~vffiffi

2
p c ~� 0

0 s ~�

 !
HP-T, FP-T

UU, NU H� ð1; 2; 12Þ H ¼ hþ
h0

� �
, hHi ¼ ~vffiffi

2
p 0

1

� �

GLOBAL ANALYSIS OF GENERAL . . . PHYSICAL REVIEW D 82, 035011 (2010)

035011-3



with the triplet Higgs in which at the tree level 	 � 1 since
then the entire structure of loop correction is altered and
the Appelquist-Carrazzone decoupling does not hold.
Recently, Chivukula et al. [31] pointed out that in the
standard model with triplet Higgs, the decoupling proper-
ties of the Higgs triplet at the one-loop level depend
crucially on the behavior of the ratio 
vT

v2
H

, where vT and

vH are the vacuum expectation values (VEV) of the triplet
and doublet Higgs fields, respectively, and 
 is a dimen-
sionful coupling in the Higgs potential. If one takes 
vT

v2
H

fixed as vT ! 0, then the effects induced from the triplet
Higgs boson do not decouple, which corresponds to the
case discussed in Chen and Dawson’s papers. However, in
the limit vT ! 0 with 
 fixed (and therefore 
vT ! 0),
the Appelquist-Carrazzone decoupling scenario holds. In
left-right models with triplet Higgs the contribution of the
triplet Higgs to theW boson mass is suppressed by a factor
of Oð~v=~uTÞ. In this case, the decoupling limit takes place
when ~uT ! 1, as proposed in Ref. [32]. In this paper, we
only consider the decoupling scenorio with ~v � ~uT .

III. THE EFFECTIVE LAGRANGIAN APPROACH

To analyze the low-energy constraints on the model
parameters from the present data, we take an effective
Lagrangian approach, similar to the study done by
Burgess et al. [33]. The model parameters consist of ref-
erence parameters and fit parameters. First, the reference
parameters (such as �e, GF, and MZ) are determined by
including new physics contributions to the corresponding
physical observables. Then, all the physical observables
included in the global fit are expressed in terms of these
reference and fit parameters.

Per the convention in Burgess [33], we denote the gauge
couplings as ~g1, ~g2, and ~gX respectively for the gauge
groups SUð2Þ1, SUð2Þ2, and Uð1ÞX. The tilde (~) on the
couplings and VEVs emphasizes the fact that these are
model parameters, as opposed to quantities that can be
directly measured in experiments, such as the physical
mass of the Z boson. As an extension to the convention
in Burgess [33], we also denote with tilde (~) any combina-
tion constructed from the model parameters. We also ab-
breviate the trigonometric functions

cx � cosðxÞ; sx � sinðxÞ; and tx � tanðxÞ: (1)

A. Mixing angles and gauge couplings

We define the mixing angle ~� at the first breaking stage
as

t ~�ð¼ tan ~�Þ �
�
~gX=~g2 ðLR;LP;HP;FP modelsÞ
~g2=~g1 ðUU;NU modelsÞ; (2)

and define the couplings

~gL �
(
~g1; ðLR;LP;HP;FP modelsÞ
ð 1
~g21
þ 1

~g22
Þ�1=2 ðUU;NU modelsÞ;

~gY �
( ð 1

~g22
þ 1

~g2X
Þ�1=2 ðLR;LP;HP; FP modelsÞ

~gX; ðUU;NU modelsÞ:

(3)

The couplings ~gL and ~gY are, respectively, the gauge
couplings of the unbroken SUð2ÞL �Uð1ÞY gauge groups
after the first-stage of symmetry breaking. Similarly to the
standard model, for both breaking patterns we define the

weak mixing angle (~�) as

t~�ð¼ tan~�Þ � ~gY
~gL

: (4)

For both breaking patterns, the electric charge (~e) is given
by

1

~e2
¼ 1

~g21
þ 1

~g22
þ 1

~g2X
; (5)

and we also define ~�e � ~e2=4�.

With the angles ~� and ~�, the gauge couplings can be
expressed as

~g 1 ¼
�
~e=ðs~�Þ; ðLR;LP;HP; FP modelsÞ
~e=ðs~�s ~�Þ; ðUU;NU modelsÞ (6)

~g 2 ¼
�
~e=ðc~�s ~�Þ; ðLR;LP;HP;FP modelsÞ
~e=ðs~�c ~�Þ; ðUU;NU modelsÞ (7)

~g X ¼
�
~e=ðc~�c ~�Þ; ðLR;LP;HP; FP modelsÞ
~e=ðc~�Þ: ðUU;NU modelsÞ (8)

B. The effective Lagrangian

1. Gauge interactions of fermions

In this subsection we parametrize the gauge interactions
of the fermions that is applicable to all the Gð221Þ models
under considerations here. We will obtain both the SM-like
effective theory applicable at the electroweak scale as well
as the four-fermion effective theory below the electroweak
scale. We do this by first building up the fundamental
Lagrangian in stages, and then successively integrating
out the massive gauge bosons. The Z-pole data measured
at the electroweak scale, and measurements of the four-
fermion neutral-current interactions are some of the most
precise measurements to-date, and provide stringent
bounds on new physics models.
As discussed earlier, we consider the symmetry breaking

to take two stages:

SUð2Þ1 � SUð2Þ2 �Uð1ÞX ! SUð2ÞL �Uð1ÞY
! Uð1Þem: (9)

We denote the gauge bosons of the Gð221Þ models as
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SUð2Þ1: W�
1;
;W

3
1;
;

SUð2Þ2: W�
2;
;W

3
2;
;

Uð1ÞX: X
:

(10)

After the first-stage breaking, the neutral gauge eigenstates
mix as follows

B̂
 �
� s ~�W

3
2;
 þ c ~�X
 ðLR;LP;HP; FP modelsÞ

X
 ðUU;NU modelsÞ

Ŵ3

 �

�W3
1;
 ðLR;LP;HP; FP modelsÞ

s ~�W
3
1;
 þ c ~�W

3
2;
 ðUU;NU modelsÞ

Ẑ0

 �

� c ~�W
3
2;
 � s ~�X
 ðLR;LP;HP; FP modelsÞ

c ~�W
3
1;
 � s ~�W

3
2;
; ðUU;NU modelsÞ

(11)

and for the charged gauge bosons, we have

Ŵ�

 �

�W�
1;
 ðLR;LP;HP; FP modelsÞ

s ~�W
�
1;
 þ c ~�W

�
2;
; ðUU;NU modelsÞ

Ŵ0�

 �

�W�
2;
; ðLR;LP;HP; FP modelsÞ

c ~�W
�
1;
 � s ~�W

�
2;
: ðUU;NU modelsÞ

(12)

After the first stage of symmetry breaking, there is still an
unbroken SUð2ÞL �Uð1ÞY , which may be identified as the

standard model gauge group. The gauge bosons Ŵ�;3 and

B̂ are massless, and only Ẑ0 and Ŵ 0� are massive, with
TeV-scale masses. The Lagrangian representing the heavy
gauge boson masses has the form

L stage-1 ¼ 1
2
~M2
Z0Ẑ0


Ẑ
0
 þ ~M2

W 0Ŵ 0þ

 Ŵ 0�
; (13)

where ~M2
Z0 and ~M2

W 0 are given in Table VI.

Before discussing the second stage of symmetry break-
ing, it is convenient to define, similarly to the standard

model, A
 (which will turn out to be the photon) and Ẑ


(approximately the physical Z-boson) in terms of the mass-

less gauge bosons Ŵ3

 and B̂


A
 �
�
~e

~g1
W3

1;
 þ ~e

~g2
W3

2;
 þ ~e

~gX
X̂


�
;

¼ s~�Ŵ
3

 þ c~�B̂
;

Ẑ
 � c~�Ŵ
3

 � s~�B̂
; (14)

At the electroweak scale, the second stage of symmetry
breaking takes place, breaking SUð2Þ �Uð1Þ ! Uð1Þem.
The Higgs vacuum expectation value (VEV) at the second

stage not only gives masses to Ẑ and Ŵ�, but also induces

further mixing among the gauge bosons Ŵ�, Ẑ, Ŵ 0 and Ẑ0.
The masses of the gauge bosons depend not only on the
breaking pattern, but also on the group representations of
the Higgs bosons whose VEV’s trigger the symmetry
breaking. For simplicity, for breaking pattern I, we con-
sider only models with either a doublet or triplet under
SUð2Þ2, and do not consider models with both doublets and
triplets. Introducing additional Higgses and VEVs would
modify the masses of the W 0 and Z0 [34]. For breaking
pattern II, since the first stage of symmetry breaking breaks
SUð2Þ1 � SUð2Þ2 to the diagonal subgroup, the masses of
W 0 and Z0 are degenerate at this stage, and we only con-
sider the case of an SUð2Þ1 � SUð2Þ2 bi-doublet. For the
convenience of typesetting, we also denote, for example, a
left-right model with first-stage symmetry breaking trig-
gered by an SUð2Þ-doublet(-triplet) as LR-D (LR-T).
Although different breaking patterns and different group

representations of the Higgs bosons will lead to different
Lagrangians, we can write down the Lagrangian involving
the gauge boson masses and fermionic gauge interactions
in a general form

L fund ¼ 1
2
~M2
ZẐ
Ẑ


 þ 1
2ð ~M2

Z0 þ � ~M2
Z0 ÞẐ0


Ẑ
0
 þ � ~M2

ZẐ
0

Ẑ


 þ ~M2
WŴ

þ

Ŵ

�
 þ ð ~M2
W 0 þ � ~M2

W0 ÞŴ 0þ

 Ŵ 0�


þ � ~M2
WðŴ 0þ


 Ŵ�
 þ Ŵ 0�

 Ŵþ
Þ þ Ŵ 0þ


 Kþ
 þ Ŵ 0�

 K�
 þ Ẑ0


K
0
 þ Ŵþ


J
þ
 þ Ŵ�


J
�
 þ Ẑ
J

0
 þ A
J

;

(15)

where we have denoted the currents that couple to the
primed gauge bosons (Ŵ 0 and Ẑ0) as K0


 and K�

 , and the

currents that couple to the SM gauge bosons as J
, J
0

, and

J�
 . The SM-like currents have the familiar forms

J
 ¼ ~e
X
f

Qf �f�
f; (16)

J0
 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~g2L þ ~g2Y

q X
f

ðTf
3L

�fL�
PLfL � s2~�Q
f �f�
fÞ; (17)

Jþ
 ¼ ~gLffiffiffi
2

p ð �dL�
PLuL þ �eL�
PL�LÞ; (18)

with an implicit sum over the three generations of fermi-
ons. The neutral currents (K0


) and charged currents (K�

 ),

for the various models are summarized in Tables IVand V.
We note the following features:
(i) The residual SUð2ÞL �Uð1ÞY is broken to the

Uð1Þem, and there are now mass terms for the Ẑ

and Ŵ bosons, denoted as ~M2
Z;W . These masses

have the familiar form
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~M 2
Z ¼ 1

4ð~g2L þ ~g2YÞ~v2; (19)

~M 2
W ¼ 1

4
~g2L~v

2; (20)

where the couplings ~gL and ~gY are defined as in
Eq. (3) for the two different breaking patterns.

(ii) There are mass-mixing contributions � ~M2
Z;W that

induce Ẑ-Ẑ0 and Ŵ-Ŵ 0 mixing. They are dependent
on the breaking pattern and are given in Table VI.

(iii) There are additional contributions to the masses of

the Ẑ0 and Ŵ 0 after the second stage of symmetry
breaking, which we denote as � ~M2

Z0;W0 . They are

also dependent on the breaking pattern and are
given in Table VI.

Therefore, the gauge boson mass terms can be written as

L mass ¼ Ŵþ

 Ŵ 0þ




� � ~M2
W � ~M2

W

� ~M2
W

~M2
W 0 þ � ~M2

W0

 !

� Ŵ�


Ŵ 0�


 !
þ 1

2
ðA Ẑ
 Ẑ0


 Þ

�
0 0 0
0 ~M2

Z � ~M2
Z

0 � ~M2
Z

~M2
Z0 þ � ~M2

Z0

0
B@

1
CA A

Ẑ


Ẑ0


0
@

1
A: (21)

In Table III, we expect that the scale ~u2 of the first-stage
breaking is much larger than the electroweak scale ~v2. We
work to leading order in ~v2=~u2, and so if we take the
approximation

~M 2
Z0;W0 � ~M2

Z;W; � ~M2
Z;W; � ~M2

Z;W; (22)

TABLE IV. This table displays the couplings ~gð �f; f; Ẑ0Þ of the current K0
 ¼ �f�
~gð �f; f; Ẑ0Þf. For the top four models (LR, LP, HP,
and FP), tan� � ~gX=~g2. For the lower two models (UU and NU), tan� � ~g2=~g1. For the NU model (last row), the top values denote
the couplings to the first two generations of fermions, and the bottom values denote the couplings to the third generation.

�u�
u �d�
d ���
� �e�
e

LR ð12 c ~�~g2 � 1
6 s ~�~gXÞPR

� 1
6 s ~�~gXPL

ð� 1
2 c ~�~g2 � 1

6 s ~�~gXÞPR

� 1
6 s ~�~gXPL

ð12 c ~�~g2 þ 1
2 s ~�~gXÞPR

þ 1
2 s ~�~gXPL

ð� 1
2 c ~�~g2 þ 1

2 s ~�~gXÞPR

þ 1
2 s ~�~gXPL

LP ð12 c ~�~g2 � 1
6 s ~�~gXÞPR

� 1
6 s ~�~gXPL

ð� 1
2 c ~�~g2 � 1

6 s ~�~gXÞPR

� 1
6 s ~�~gXPL

1
2 s ~�~gXPL s ~�~gXð12PL þ PRÞ

HP �s ~�~gXð16PL þ 2
3PRÞ �s ~�~gXð16PL � 1

3PRÞ ð12 c ~�~g2 þ 1
2 s ~�~gXÞPR

þ 1
2 s ~�~gXPL

ð� 1
2 c ~�~g2 þ 1

2 s ~�~gXÞPR

þ 1
2 s ~�~gXPL

FP �s ~�~gXð16PL þ 2
3PRÞ �s ~�~gXð16PL � 1

3PRÞ 1
2 s ~�~gXPL s ~�~gXð12PL þ PRÞ

UU 1
2 c ~�~g1PL � 1

2 c ~�~g1PL � 1
2 s ~�~g2PL

1
2 s ~�~g2PL

NU 1
2

c ~�~g1
�s ~�~g2

 !
PL � 1

2

c ~�~g1
�s ~�~g2

 !
PL

1
2

c ~�~g1
�s ~�~g2

 !
PL � 1

2

c ~�~g1
�s ~�~g2

 !
PL

TABLE V. This table displays the couplings ~gð �c ; �; Ŵ 0þÞ of
the current Kþ
 ¼ �c�
~gð �c ; �; Ŵ0þÞ�. For the top four models
(LR, LP, HP, and FP), tan� � ~gX=~g2. For the lower two models
(UU and NU), tan� � ~g2=~g1. For the NU model (last row), the
top values denote the couplings to the first two generations of
fermions, and the bottom values denote the couplings to the third
generation.

�d�
u �e�
�

LR 1ffiffi
2

p ~g2PR
1ffiffi
2

p ~g2PR

LP 1ffiffi
2

p ~g2PR 0

HP 0 1ffiffi
2

p ~g2PR

FP 0 0

UU 1ffiffi
2

p c ~�~g1PL � 1ffiffi
2

p s ~�~g2PL

NU 1ffiffi
2

p c ~�~g1
�s ~�~g2

 !
PL

1ffiffi
2

p c ~�~g1
�s ~�~g2

 !
PL

TABLE VI. This table displays the model-dependent parameters ~M2
Z0;W0 in Eq. (13), and � ~M2

Z0;W0 and � ~M2
Z;W in Eq. (15).

~M2
Z0 ~M2

W0 � ~M2
Z0 � ~M2

W0 � ~M2
Z � ~M2

W

LR-D, LP-D 1
4 ð~g22 þ ~g2XÞ~u2D 1

4
~g22~u

2
D

c2~�
4
~g22 ~v

2 1
4
~g22 ~v

2 � c2~�
4~e
~g1~g2~gX ~v

2 � 1
4
~g1~g2 ~v

2s2 ~�
HP-D, FP-D

LR-T, LP-T ð~g22 þ ~g2XÞ~u2T 1
2
~g22~u

2
T

c2~�
4
~g22 ~v

2 1
4
~g22 ~v

2 � c2~�
4~e
~g1~g2~gX ~v

2 � 1
4
~g1~g2 ~v

2s2 ~�
HP-T, FP-T

UU, NU 1
4 ð~g21 þ ~g22Þ~u2 1

4 ð~g21 þ ~g22Þ~u2
s2~�
4 ~g22 ~v

2
s2~�
4 ~g22 ~v

2 � s2~�
4~e ~g1~g2~gX ~v

2 � 1
4 ~g1 ~g2 ~v

2s2~�
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we can expand in large ~M2
Z0;W 0 . To order Oð ~M�2

W0;Z0 Þ, the
mass eigenstates, denoted without the hats (̂), are given by
(similarly for the charged gauge bosons):

Z
 � Ẑ
 � � ~M2
Z

~M2
Z0 � ~M2

Z

Ẑ0

; (23)

Z0

 � � ~M2

Z

~M2
Z0 � ~M2

Z

Ẑ
 þ Ẑ0

: (24)

Now we can rewrite the fundamental Lagrangian in terms
of the mass eigenstates for both neutral and charged gauge
bosons

Lmass
fund ¼ 1

2

�
~M2
Z �

� ~M4
Z

~M2
Z0

�
Z
Z


 þ
�
~M2
W � � ~M4

W

~M2
W0

�
Wþ
W�


 þ 1

2

�
~M2
Z0 þ � ~M2

Z0 þ � ~M4
Z

~M2
Z0

�
Z0

Z

0


þ
�
~M2
W 0 þ � ~M2

W0 þ � ~M4
W

~M2
W0

�
W 0þ
W 0�


 þ Z


�
J0
 � � ~M2

Z

~M2
Z0

K0


�
þ Z0




�
K0
 þ � ~M2

Z

~M2
Z0

J0

�
þ A
J




þ
�
Wþ




�
Jþ
 � � ~M2

W

~M2
W 0

Kþ


�
þW 0þ




�
Kþ
 þ � ~M2

W

~M2
W0

Jþ


�
þ ðþ $ �Þ

�
: (25)

We can now obtain the effective Lagrangian by successively integrating out the massive gauge bosons. In the basis of the
mass eigenstates, integrating out Z0 and W 0 (whose masses are expected to be at or above the TeV scale) results in an
effective Lagrangian valid at the electroweak scale:

LEW
eff ¼ 1

2

�
~M2
Z �

� ~M4
Z

~M2
Z0

�
Z
Z


 þ
�
~M2
W � � ~M4

W

~M2
W0

�
Wþ
W�


 þ Z


�
J0
 � � ~M2

Z

~M2
Z0

K0


�

þ
�
Wþ




�
Jþ
 � � ~M2

W

~M2
W 0

Kþ


�
þ ðþ $ �Þ

�
� 1

2 ~M2
Z0
K0
K0


 � 1
~M2
W0

Kþ
K�

 þ A
J


: (26)

From Eq. (26), we see that the low-energy effects of the heavy gauge bosons are parametrized by the shifts in the masses of
the W and Z gauge bosons, and in the shifts of their couplings to the fermions, and additional four-fermion interactions.

We can further integrate out the Z and W� gauge bosons (again to leading order in ~M�2
W0;Z0). We then have the four-

fermion interactions

L4f
eff ¼ � 1

2 ~M2
Z

�
J0
J0
 þ ~M2

Z

~M2
Z0

�
� ~M4

Z

~M4
Z

J0
J
0
 � 2

� ~M2
Z

~M2
Z

J0
K
0
 þ K0


K
0


��

� 1
~M2
W

�
Jþ
J�
 þ ~M2

W

~M2
W0

�
� ~M4

W

~M4
W

Jþ
J�
 � � ~M2
W

~M2
W

ðJþ
K�
 þ J�
Kþ
Þ þ Kþ

K

�


��
: (27)

Before we can compare the predictions of Eq. (27) with
experimental results for the different Gð221Þ models, we
first have to properly define some experimental input val-
ues (for example, the Fermi constant GF) for the Gð221Þ
models under study. We will discuss this in Sec. IV.

2. Triple gauge boson couplings

In the basis defined through Eqs. (11), (12), and (14), the

triple gauge boson couplings (TGCs) gðẐŴþŴ�Þ and

gðAŴþŴ�Þ have the standard forms

gðẐŴþŴ�Þ ¼ �~gL cos~�; (28)

gðAŴþŴ�Þ ¼ ~e: (29)

In the basis of mass eigenstates, however, we expect there
to be a shift to these couplings because the mass eigenstate

ZðWÞ now is a mixture of ẐðŴÞ and Ẑ0ðŴ 0Þ. However,

because of QED gauge invariance, the AWþW� coupling
does not receive a shift. On the other hand, the ZWþW�
coupling does shift, and we shall discuss in turn this shift
for the two breaking patterns.
In breaking pattern I (LR, LP, HP, and FP models), in the

hat (̂) basis of the gauge bosons, the Lagrangian contains

ẐŴ 0Ŵ 0 and Ẑ0Ŵ 0Ŵ 0 vertices in addition to the typical

Ẑ Ŵ Ŵ vertex. Since the overlap between Ŵ 0 and the light
mass eigenstate W is of order Oð ~M�2

W0 Þ, contributions from
gðẐŴ 0Ŵ 0Þ and gðẐ0Ŵ 0Ŵ 0Þ to gðZWWÞ are at least of order
Oð ~M�4

W0 Þ. As we are only working to leading order in

Oð ~M�2
W0 Þ, there is no shift due to these additional interac-

tions at this order.
For breaking pattern II, the story is similar. There are no

Ẑ Ŵ Ŵ 0 nor Ẑ0Ŵ Ŵ vertices, only ẐŴ 0Ŵ 0 and Ẑ0Ŵ 0Ŵ
interactions. The contributions to the ZWW coupling are
suppressed by fourth powers of the heavy masses ~M�4

W0;Z0 ,
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and thus of higher order than those kept in the effective
theory.

In both breaking patterns, however, there will be a shift

to the ZWW-vertex due to a shift in ~� [cf. Eq. (51)], the
counterpart of the standard model weak mixing angle �, as
defined in our fitting scheme. The LEP-II experiments,
however, do not directly probe the ZWW-vertex, but in-
stead infer the ZWW-vertex through the process eþe� !
WþW� assuming SM couplings for all other vertices. To
properly compare the relationship between the experimen-
tal measurement of the ZWW-vertex and the theoretical
shifts in the Gð221Þ models, we would have to take into
account all the other shifts in the couplings that enter the
process eþe� ! WþW�. We will discuss this in further
detail in Sec. V.

3. The Yukawa and Higgs sectors

We complete our discussion of the effective Lagrangians
of the Gð221Þ models with a brief discussion of the Higgs
sectors and the Yukawa interactions. It is important to
stress, however, that despite the complexity of the Higgs
sectors and Yukawa interactions, our results of the global
analysis only depend on the gauge interactions of the
fermions, and not on the details of the Yukawa interactions.
This is because we work only with those observables
involving gauge interactions (which excludes, for example,
the branching ratio Brðb ! s�Þ), and keep only tree-level
contributions originated from the new physics.

We discuss the Higgs sectors of the two breaking pat-
terns separately. In breaking pattern I, we take as an
example the left-right model with triplet Higgs (LR-T).
With the bi-doublet H and triplet � listed in Table III, we
may write down the general Yukawa interaction terms as:

�L 	 �QRðyQH þ ~yQ ~HÞQL þ �lRðylH þ ~yl ~HÞlL
þ ~lcRðfl�ÞlR þ H:c:; (30)

with ~H ¼ 
2H


2, ~lcR � �lcRi
2, where yQ, ~yQ, yl, ~yl, and

fl are the Yukawa coupling matrices. Neutrinos are most
naturally Majorana particles in the LR-T model (see, for
example, Mohapatra et. al. [35]). In this case, neutrino
masses arise from both the yl, ~yl terms, which lead to
Dirac mass terms, and the fl term, which leads to large
Majorana masses. The mass Lagrangian for the neutrinos
can be written in the form

�Lmass ¼ 1

2

�
ð�LÞc ��R

	 
 0 mD

mT
D mR

 !
�L

ð�RÞc
 !

þ H:c:

�
;

(31)

where mR �Oð~uTÞ and mD �Oð~vÞ. In the ~v � ~uT limit,
the seesaw mechanism produces three heavy and three
light mass eigenstates, with mass matrices mN � mR and
m� � mDm

�1
N mT

D, respectively. Neglecting the intergen-
erational mixings among neutrinos, the seesaw relation

between the light and heavy neutrino masses yields

m� � m2
D

mN

: (32)

The current eigenstates �L and �R can be expressed in
terms of the mass eigenstates �� and �N through a unitary
transformation,

�L ¼ ULl�� þULh�N; �R ¼ U

Rl�� þU


Rh�N:

(33)

The seesaw mechanism implies that ULh and URl are of
Oðm2

D=m
2
NÞ and ULl and URh are of Oð1Þ. As shown in

Ref. [36], we can now write the left- and right-handed parts
of the neutrino neutral current effectively as

��L�

�L ¼ ���L�


Uy
LlULl��L þ . . .

¼ ���L�

��L þOðm2

D=m
2
NÞ þ . . .

��R�

�R ¼ ���R�


UT
RlU



Rl��R þ . . .

¼ Oðm2
D=m

2
NÞ þ . . . ;

(34)

where dots represent the interaction terms involving at
least one heavy neutrino. In the limit of ~v

~uT
! 0, only the

interaction term involving left-handed neutrinos survive in
Eq. (34). Hence, if the smallness of ordinary neutrino mass
is explained by the seesaw mechanism in the LR-T model,
then the right-handed neutrinos will decouple. Fur-
thermore, the details of the Yukawa sectors do not affect
the gauge couplings of the fermions at leading order, so as
not to affect the results of our analysis.
In breaking pattern II, in addition to those Higgs bosons

that are required to break the electroweak symmetry, it may
be the case that the Higgs sector needs to be extended to
generate fermion masses. This is because, with the setup
listed in Table III, the Higgs bosonH that generates EWSB
can couple only to leptons (in the case of ununified model)
or fermions of the third generation (in the case of the
nonuniversal model). With additional Higgs bosons, the
structure of the Higgs potential may mimic that of the two-
Higgs doublet models. As with breaking pattern I, there are
more degrees of freedom than can be determined from the
fermion masses alone, but the details of the Yukawa inter-
actions do not affect the results of our paper, which only
depend on the fermionic gauge interactions.

IV. THE GLOBAL FIT ANALYSIS

In this section we illustrate our procedure for performing
the global-fit analysis to obtain constraints on new physics
contributions. From Tables III and IV, we see that the
Gð221Þ models contains six (five) parameters for the first

(second) breaking pattern: three (two) VEV’s f~uD;T; ~v sin ~�;

~v cos ~�g in Table III and three gauge couplings f~g1; ~g2; ~gXg
in Table IV. (For breaking pattern II, there are only two
VEV’s f~u; ~vg.) Compared to the gauge sector of the SM,
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which contains only three parameters (two gauge cou-
plings and one VEV; gL, gY and v), there are three (two)
additional parameters, and our goal is to:

(i) find a useful parametrization of these three addi-
tional parameters so as to parametrize the effects of
new physics, and

(ii) determine the constraints on these parameters from
electroweak precision measurements through a
global-fit analysis.

We discuss these two steps in detail in turn.

A. Parametrization

As stated above, the Gð221Þ models contain six (five)
parameters in the gauge sector:

f~g1; ~g2; ~gX; ~uDð~uT; or ~uÞ; ~v2; ~�g; (35)

where the parameter ~� only exists in models with breaking
pattern I. Using Eqs. (6)–(8), an equivalent set of parame-
ters is

f~�e; ~�; ~�; ~x; ~v2; s2 ~�g; (36)

where ~x is defined as

~x �
8<
:
~u2D=~v

2 for LR-D;LP-D;HP-D; and FP-D
~u2T=~v

2 for LR-T;LP-T;HP-T; and FP-T
~u2=~v2 for UU and NU:

(37)

As we expect ~x to be large (~x * 100), we work to leading
order in ~x�1.

In addition to these parameters, the loop-level predic-
tions will require the values of the masses of the top quark
(mt) and the Higgs boson (MH). For each Gð221Þ model,
we perform two separate analyses with regard to these
parameters. In one analysis, we fit these two parameters,
mt and MH, in addition to the model parameters. In a
second analysis, we fix these two parameters at the best-
fit SM values.

With regard to the parameters in Eq. (36), we will take
three reference observables to constrain three combina-
tions of the parameters and perform a global fit over

f~x; ~�; s2 ~�; �mt;MHg. The bar (�) over mt indicates that we

will use the top quark mass as defined in the MS-scheme.
We take as reference observables the experimental mea-
surements of

(i) the mass of the Z boson (MZ ¼ 91:1876 GeV), de-
termined from the Z-line shape at LEP-I.

(ii) the Fermi constant (GF ¼ 1:16637�
10�5 GeV�2), determined from the lifetime of the
muon,

(iii) the fine structure constant (��1
e ¼ 127:918 at the

scale MZ).

Our task then is to express the model parameters, cf.
Eq. (36)

f~�e; ~�; ~v
2; ~x; ~�; s2 ~�; �mt;MHg;

in terms of the reference and fit parameters

f�e;MZ;GF; ~x; ~�; s2 ~�; �mt;MHg: (38)

That is, we want the relationships

f~�e; ~�; ~v
2; ~x; ~�; s2 ~�; �mt;MHg

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{model parameters

, f �e;MZ;GF;
zfflfflfflfflfflfflffl}|fflfflfflfflfflfflffl{reference parameters

~x; ~�; s2 ~�; �mt;MH

zfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflffl{fit parameters

g (39)

Since f~x; ~�; ~�; �mt;MHg appear in both the model and fit
parameters (by construction), we only have to solve for

f~�e; ~�; ~v
2g in terms of the reference and fit parameters. This

can be done by analyzing how the reference parameters are
related to the model parameters.

1. Electric charge

The electric charge in the Gð221Þ models is the gauge
coupling of the unbroken Uð1Þem group, which we have
parametrized as ~e in Eq. (5). There are no tree-level mod-
ifications to the wave function renormalization of the
photon, so we then simply have the relationship

~� e ¼ �e: (40)

2. The Fermi constant

The Fermi constant, GF, is experimentally determined
from the muon lifetime as [13]


�1

 ¼ G2

Fm
5



192�3

�
1þO

�
m2

e

m2



���
1þO

�
m2




M2
W

��

�
�
1þO

�
1

16�2

��
; (41)

where the precise forms of the higher-order corrections are
given in Ref. [13]. Neglecting these higher-order correc-
tions, the SM contribution to the muon lifetime is


�1

 ¼ g4L

192 � 32�3M4
W

m5

; (42)

and, using the SM relation 4M2
W ¼ g2Lv

2, we obtain

GF ¼ 1ffiffiffi
2

p
v2

: (43)

In theGð221Þmodels, we have extra contributions to the
four-fermion charged-current effective theory below the
electroweak scale, cf. Eq. (27),
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LCC;4f
eff ¼ � 1

~M2
W

JþJ� � 1
~M2
W0

�
KþK�

� � ~M2
W

~M2
W

ðJþK� þ K�JþÞ þ � ~M4
W

~M4
W

JþJ�
�
;

and these contributions will modify the SM relation in
Eq. (43). In principle, the fermionic contributions to Kþ




can have both left- and right-handed components and differ
among the different generations. However, for the Gð221Þ
models we consider here, K�


 couples universally to the

first two generations. Furthermore, K�

 is either purely

right-handed (the LR, HP, LP, FP models) or purely left-
handed (the UU and NU models). We therefore focus on
these special cases instead of performing the general
analysis.

We first consider the case that K�

 is purely right-

handed. The contributions to the amplitude come from
JJ, JK, and KK operators that do not interfere with one
another in the limit of neglecting the masses of electrons
and neutrinos. The squared-amplitudes from the JK and
KK operators are of order OðM�4

W0 Þ �Oðx�2Þ at leading
order, and we do not keep these contributions. The Fermi
constant is then given by

GFffiffiffi
2

p ¼ ~g2L
8 ~M2

W

�
1þ � ~M4

W

~M2
W
~M2
W 0

�
; ðfor breaking pattern IÞ;

(44)

independent of the details of K�

 . The expression of GF,

which depends on the details of the Higgs representation, is
written in terms of model parameters as

GF ¼
8><
>:

1ffiffi
2

p
~v2 ð1þ

s2
2 ~�

~x Þ; ðfor LR-D;LP-D;HP-D; and FP-DÞ
1ffiffi
2

p
~v2 ð1þ

s2
2 ~�

2~x Þ; ðfor LR-T;LP-T;HP-T; and FP-TÞ
(45)

Though the left-right and right-right current operators do not contribute to the total muon decay rate at the orderOð~x�1Þ,
they do contribute at leading order to the Michel parameters (for a detailed discussion of the Michel parameters, see the
muon decay parameters article in the Particle Data Group (PDG) [13]).

In the case that K�

 is purely left-handed, all the charged-current operators in Eq. (27) contribute, and GF is given by

GFffiffiffi
2

p ¼ ~g2L
8 ~M2

W

�
1þ ~M2

W

M2
W0

�
~g2W0

~g2L
� 2

� ~M2
W

M2
W

~gW0

~gL
þ � ~M4

W

M4
W

��
; ðfor UU and NUÞ (46)

where ~gW0 can be looked up in Table V. For the UU and NU
models, these contributions cancel each other, and we are
simply left with

GF ¼ 1ffiffiffi
2

p
~v2

ðfor UU and NUÞ: (47)

We can rewrite our results in a more suggestive manner
by defining the SM VEV (v2 without tilde~) through the

Fermi constant

v2 � 1ffiffiffi
2

p
GF

: (48)

We then have

~v 2 ¼

8>>><
>>>:
v2ð1þ s2

2 ~�

~x Þ; ðfor LR-D;LP-D;HP-D; and FP-DÞ
v2ð1þ s2

2 ~�

2~x Þ; ðfor LR-T;LP-T;HP-T; and FP-TÞ
v2: ðfor UU and NUÞ

(49)

3. Z-mass

In our effective theory approach, the mass eigenvalue of the Z-boson is given by [using Eq. (25), Table VI, and ~�e ¼ �e]
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M2
Z ¼ ~M2

Z �
� ~M4

Z

~M2
Z0

ðgeneral form from the fundamental Gð221Þ LagrangianÞ

¼

8>>>>>>>><
>>>>>>>>:

�e�~v2

s2~�
c2~�

ð1� c4~�
~x Þ; ðfor LR-D;LP-D;HP-D; and FP-DÞ

�e�~v2

s2~�
c2~�

ð1� c4~�
4~xÞ; ðfor LR-T;LP-T;HP-T; and FP-TÞ

�e�~v2

s2~�
c2~�

ð1� s4~�
~x Þ; ðfor UU and NUÞ

: (50)

Solving Eq. (50) for c2~�s
2
~�
, and using Eqs. (45) and (47), we can solve for ~� in terms of the reference and fit parameters

s2~�c
2
~�
¼

8>>><
>>>:
s2�c

2
�½1� 1

x ðc4~� � s2
2 ~�
Þ
; ðfor LR-D;LP-D;HP-D; and FP-DÞ

s2�c
2
�½1� 1

x ð14 c4~� � 1
2 s

2
2 ~�
Þ
; ðfor LR-T;LP-T;HP-T; and FP-TÞ

s2�c
2
�½1�

s4~�
x 
; ðfor UU and NUÞ;

(51)

where � (without a tilde ~) is defined in terms of the
reference parameters

sin 2�cos2� � ��effiffiffi
2

p
M2

ZGF

: (52)

Equations (40), (49), and (51) then enable us to translate all
the model parameters to reference and fit parameters.

B. Corrections to observables

In this subsection we illustrate the corrections to several
example observables that we include in our global analysis.
These examples elucidate the procedures we had outlined
earlier, and we will refer to these results when we discuss
the observables included in our global analysis.

1. The Z-partial widths �ðZ ! f �fÞ
As a first example, we can then consider the Z ! f �f

partial width, which at tree level has the expression in the
standard model

�ðZ ! f �fÞ ¼ nc
12�

MZðg2V þ g2AÞ; (53)

where nc ¼ 3 if f is s quark, and nc ¼ 1 for leptons, and

gV ¼ e

2s�c�
ðTf

3L � 2Qfsin2�Þ; (54)

gA ¼ e

2s�c�
Tf
3L; (55)

where Tf
3L and Qf are, respectively, the weak-isospin and

electric charge of the fermion f.
In the Gð221Þ models, the partial decay width can be

written in terms of model parameters as

�ðZ ! f �fÞ ¼ nc
12�

~MZ

�
1� � ~M4

Z

2 ~M2
Z
~M2
Z0

�
� ð½~gZVðfÞ
2 þ ½~gZAðfÞ
2Þ; (56)

where � ~M2
Z, ~M

2
Z0 , ~gZVðfÞ, and ~gZAðfÞ depend on the details of

the model. For models that follow the breaking pattern I
(LR-D, LP-D, HP-D, FP-D), the couplings have the form
[to order Oð~x�1Þ]

~gZVðfÞ ¼
e

2s~�c~�

�
ðTf

3L � 2Qfs2~�Þ

þ
c2~�
2~x

½Tf
3Rc

2
~�
� ðXf

L þ Xf
RÞs2~�


�
; (57)

~g Z
AðfÞ ¼

e

2s~�c~�

�
Tf
3L �

c2~�
2~x

½Tf
3Rc

2
~�
� ðXf

R � Xf
LÞs2~�


�
;

(58)

where Xf
L, and Xf

R, and T3R are, respectively, the left- and
right-handed fermion charges under the Uð1ÞX, and the
z-component isospin under the SUð2Þ2 (which is identified

as SUð2ÞR in left-right models). Expressing ~� in terms of
the reference and the model parameters through Eq. (51)
and collecting terms of Oð~x�1Þ, we have (in units of GeV)
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�ðZ ! f �fÞ ¼ �ðZ ! f �fÞSM þ nf
~x
½s4~�ð�0:446ðQfÞ2 þ 1:773QfTf

3L � 0:310QfTf
3R � 0:310QfXf

R � 0:664ðTf
3LÞ2Þ

þ s2~�ð0:582ðQfÞ2 � 1:91QfTf
3L þ 0:620QfTf

3R þ 0:310QfXf
RÞ

þ s2
2 ~�
ð0:136ðQfÞ2 � 0:136QfTf

3L � 0:664ðTf
3LÞ2Þ � 0:136ðQfÞ2 þ 0:136QfTf

3L � 0:310QfTf
3R

þ 0:664ðTf
3LÞ2
; ðfor LR-D;LP-D;HP-D; and FP-DÞ (59)

where �ðZ ! �ffÞSM is given by Eq. (53), and we have used
the numerical values of the reference parameters.

2. The mass of the W-boson

As a second example, we compute the mass of the
W-boson in the Gð221Þ models. The SM expression, for
the same set of reference parameters f�;MZ;GFg, is given
by

MW ¼ MZc�; (60)

where � is defined in terms of the reference parameters in
Eq. (52). In the Gð221Þ models, the mass of the W-boson
has the general form

MW ¼ ~MW

�
1� � ~M4

W

2 ~M2
W
~M2
W0

�
: (61)

More specifically, in terms of the model parameters for the
individual models, we have

MW ¼

8>>>>><
>>>>>:

~e ~v
2s~�

ð1� s2~�
2~xÞ ðfor LR-D;LP-D;HP-D; FP-DÞ;

~e ~v
2s~�

ð1� s2~�
4~xÞ ðfor LR-T;LP-T;HP-T; FP-TÞ;

~e ~v
2s~�

ð1� s4~�
2~xÞ ðfor UU;NUÞ:

(62)

Using Eqs. (40), (49), and (51), we can convert all the
model parameters to reference and fit parameters

MW ¼

8>>>><
>>>>:
MZ cos�½1þ 1

2~x

c2
�

c2
�
�s2

�

ðc4~� � s2
2 ~�
Þ
 ðfor LR-D;LP-D;HP-D; FP-DÞ;

MZ cos�½1þ 1
2~x

c2�
c2
�
�2s2

�

ðc
4
~�

4 � s2
2 ~�

2 Þ
 ðfor LR-T;LP-T;HP-T;FP-TÞ;
MZ cos�½1þ 1

2~x

s2
�

c2��s2�
s4~�
 ðfor UU;NUÞ:

(63)

C. Implementation of the global fit and list
of observables

For a measured observable Oexp, the SM prediction can
be broken down into the tree- and loop-level components

Oth
SM ¼ Oth;tree

SM þOth;loop
SM ð �mt;MHÞ; (64)

where Oth is expressed in terms of the reference parame-
ters. Since the top quark mass ( �mt) and the mass of the
Higgs boson (MH) enter into the loop calculations in the
SM, a global analysis of precision data and direct detection
data can be used to constrain MH. In the Gð221Þ models,
we can express the theoretical prediction as

Oth ¼ Oth;tree
SM þO

th;loop
SM ð �mt;MHÞ þOth;tree

NP ð~x; ~�; ~�Þ; (65)

where Oth;tree
NP is of the order Oð1=~xÞ, and we assume that

~x�1 � 1

16�2
�Oth;loop

SM : (66)

That is, the Born-level new physics contributions from the
Gð221Þmodels are numerically of one-loop order, and loop
corrections involving new physics are of two-loop order
Oð 1

16�2~x
Þ, which we discard in our analysis.

To compare with precision data (from LEP-1 and SLD)
and low-energy observables, we calculate the shifts in

observables Oth;tree
NP ð~x; ~�; ~�Þ, as in the previous examples

of the partial decay widths of the Z-boson and the mass of
the W-boson, and we adapt these corrections into a nu-

merical package GAPP [11]. GAPP then computes Oth;tree
SM

andO
th;loop
SM ð �mt;MHÞ [37], together with theOth;tree

NP ð~x; ~�; ~�Þ
to find the best-fit values of the fit parameters and the
confidence level contours using the CERN library MINUIT

[12].
We perform a global fit over the following classes of

observables
(i) LEP-I Z-pole observables: the total Z-width (�Z),

left-right asymmetries (ALR), and related
observables.

(ii) the mass (MW) and decay width (�W) of the
W-boson,

(iii) the tau lifetime 

,
(iv) the ratios of neutral-to-charged current cross sec-

tions measured from neutrino-hadron deep-
inelastic scattering (DIS) experiments (R� �
�NC

�N=�
CC
�N and similarly defined for ��),
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(v) effective vector and axial-vector neutrino-electron
couplings (g�eV and g�eA ),

(vi) weak charges (QW) of atoms and the electron mea-
sured from atomic parity experiments.

Detailed information on these observables can be found in
PDG [13], and here we only briefly summarize the observ-
ables. The set of the observables included in our analysis is
the same as that used in the PDG analysis [13], with two
exceptions.

(i) First, we do not include the anomalous magnetic
moment of the muon and the decay branching ratio
b ! s�. At leading order, these observables are of
one-loop order, and they depend on the details of the
extended flavor structure of the Gð221Þ models. In
this work, we assume W 0 bosons only couple to
fermions in the same generation.

(ii) Second, we include the measurements of the decay
width of theW-boson, which are not included in the
PDG analysis. However, because of the compara-
tively low precision of these measurements, this
observable turns out to be insensitive to the new
physics contributions from the Gð221Þ models.

In total, we include a set of 37 experimental observables in
our global-fit analysis.

Before we give a brief discussion on each of these
classes of observables, we note that for some low-energy
observables, such as the measurements from the atomic
parity violation and neutrino-nucleus DIS experiments, we
implement the shifts in the coefficients of the relevant four-
fermion interactions, and rely on GAPP to compute the
theoretical predictions based on these modified coeffi-
cients. The expressions of the coefficients of the four-
fermion interactions are given in the appendix.

For the ease of typesetting in the following subsections,
we introduce the abbreviation for the various forms of the
fermionic currents

ð �f1f2Þ
L � �f1�

ð1� �5Þf2;

ð �f1f2Þ
R � �f1�

ð1þ �5Þf2;

ð �f1f2Þ
V � �f1�

f2;

ð �f1f2Þ
A � �f1�

�5f2:

(67)

1. Precision measurements at the Z-pole

The precision measurements at the Z-pole (including
LEP-1 and SLD experiments) fall into two broad classes:
observables that can be constructed from the partial widths
[for example, in Eq. (59)] and the asymmetry [constructed
from the couplings in Eqs. (54) and (55)]. We discuss these
two classes in turn.

In addition to the total width �Z, there are also the
following measurements:

�had ¼ 12�

M2
Z�

2
Z

� �Zðe�eþÞ�ZðhadÞ; (68)

Rð‘Þ ¼ �ZðhadÞ
�Zð‘ �‘Þ

; for ‘ ¼ e;
; 
; (69)

RðqÞ ¼ �Zðq �qÞ
�ZðhadÞ ; for q ¼ u; d; c; s; b; (70)

R ðsÞ ¼ RðsÞ
RðuÞ þ RðdÞ þ RðsÞ ; (71)

where �Zðf �fÞ is the partial decay width �ðZ ! f �fÞ, and
�ZðhadÞ ¼

X
q¼u;d;c;s;b

�Zðq �qÞ: (72)

The left-right asymmetry ALRðfÞ is defined as

ALRðfÞ � ½gZLðfÞ
2 � ½gZRðfÞ
2
½gZLðfÞ
2 þ ½gZRðfÞ
2

; (73)

where gZLðfÞ and gZRðfÞ are the couplings of the fermion f
to the Z-boson:

L 	 Z
ðgZLðfÞ �fL�
fL þ gZRðfÞ �fR�
fRÞ: (74)

From the quark branching ratios RðqÞ defined above, the
hadronic left-right asymmetry QLR can be defined as
[11,38]

QLR � X
q¼d;s;b

RðqÞALRðqÞ �
X

q¼u;c

RðqÞALRðqÞ: (75)

A second class of asymmetries, the forward-backward
asymmetries AFBðfÞ, emerges from the convolution of the
ALRðfÞ asymmetries with the polarization asymmetry
ALRðeÞ of the electron. The hadronic charge asymmetry
QFB is defined accordingly [11,38]

AFBðfÞ � 3
4ALRðeÞALRðfÞ; (76)

QFB � 3
4ALRðeÞQLR: (77)

2. The tau lifetime

In terms of model parameters, the expression of the tau
(
) lifetime is similar to the muon (
) lifetime in the
Gð221Þ models, cf. Eq. (42), with the obvious replacement
ofm
 in the
 lifetime bym
 in the 
 lifetime. This is true

even in the nonuniversal (NU) model, in which third-
generation fermions transform under a different gauge
group compared to the first two generations. In the four-
fermion effective theory of the NU model, only interac-
tions involving two pairs of third-generation fermions
receive new physics contributions, and the interactions
involving one pair of third-generation fermions with one
pair of light-flavor fermions (those responsible for the
decay of the 
) are the same as those between two pairs

GLOBAL ANALYSIS OF GENERAL . . . PHYSICAL REVIEW D 82, 035011 (2010)

035011-13



of first two generations of fermions (those responsible for
the decay of 
). This is similar to the case of the ununified
model, where only interactions involving two pairs of
quarks ð �qqÞð �qqÞ receive new physics contributions, while

the ð �qqÞð �‘‘Þ interactions are the same as the ð �‘‘Þð �‘‘Þ. The
lifetime 

 can be calculated at tree level as


�1

 ’ G2

Fm
5



192�3

�
1þ 3

m2



M2
W

�
; (78)

in the SM. The dominant new physics contribution from
Gð221Þmodels can be captured in the shift ofMW as shown
in Eq. (63).

3. �N deep inelastic scattering

The �N deep inelastic scattering experiments probe the
coefficients "LðqÞ and "RðqÞ (for q being u or d) that
parametrize the neutral current ��� �qq interactions below
the electroweak scale

L 	 �GFffiffiffi
2

p ð ���ÞL;

X

q¼u;d

½"LðqÞð �qqÞ
L þ "RðqÞð �qqÞ
R 
:

(79)

The DIS experiments measure the ratios of neutral-to-
charged current cross sections

R� � �NC
�N=�

CC
�N; R �� � �NC

��N=�
CC
��N; (80)

which can be written in terms of "LðqÞ and "RðqÞ as
R� ¼ ð1� �Þ½aLðuÞ"2LðuÞ þ aLðdÞ"2LðdÞ þ aRðuÞ"2RðuÞ

þ aRðuÞ"2RðdÞ
; (81)

R �� ¼ ð1� ��Þ½ �aLðuÞ"2LðuÞ þ �aLðdÞ"2LðdÞ þ �aRðuÞ"2RðuÞ
þ �aRðuÞ"2RðdÞ
: (82)

The coefficients � and aL;R are related to the nuclei form

factors that are experiment specific. These coefficients are
included in GAPP, and we implement only the corrections to
"LðqÞ and "RðqÞ.

4. �e scattering

The most precise data on neutrino-electron scattering
comes from the CHARM II [39] experiment at CERN that
utilized �
 and ��
. The relevant parameters "LðeÞ and

"RðeÞ are defined similarly as in the �N scattering

L 	 �GFffiffiffi
2

p ð ���ÞL;
½"LðeÞð �eeÞ
L þ "RðeÞð �eeÞ
R 
: (83)

We can further define

g�eV � "RðeÞ þ "LðeÞ; (84)

g�eA � "RðeÞ � "LðeÞ; (85)

which are related to the measured total cross sections �NC
�e

and �NC
��e or their ratio �NC

�e =�
NC
��e . In the limit of large

incident neutrino energies, E� � me, the cross sections
are given as

�NC
�e ¼ G2

FmeE�

2�

�
ðg�eV þ g�eA Þ2 þ 1

3
ðg�eV � g�eA Þ2

�
; (86)

�NC
��e ¼ G2

FmeE�

2�

�
ðg�eV � g�eA Þ2 þ 1

3
ðg�eV þ g�eA Þ2

�
: (87)

We implement corrections to the couplings due to new
physics in GAPP and compute the cross sections that are
used in the global-fit analysis.

5. Parity violation experiments

We consider observables from three different measure-
ments: atomic parity violation (APV), Møller scattering
(e�e� ! e�e�) [40], and eN DIS. These experiments
measure the weak charge (QW) of the electron [40],
caesium-133 [41,42] and thallium-205 nuclei [43,44].
Before defining the weak charge, it is useful to parametrize
the coefficients of the ð �eeÞð �qqÞ and ð �eeÞð �eeÞ interactions in
terms of C1q, C2q, and C1e as

L 	 �GFffiffiffi
2

p X
q

½C1qð �eeÞA;
ð �qqÞ
V þ C2qð �eeÞV;
ð �qqÞ
A 


�GFffiffiffi
2

p C1eð �eeÞA;
ð �eeÞ
V (88)

The weak charges of the quark and electron are defined
as

QWðqÞ ¼ 2C1q; QWðeÞ ¼ 2C1e: (89)

We can express the SM tree-level couplings of quarks to
the Z-boson as L 	 Z
JZ
, where

JZ
 ¼ jgZAðqÞj � ½QWðqÞð �qqÞV;
 � ð �qqÞA;

; (90)

and the � on the axial-vector term is the opposite sign of

the T3q
L . Hence QWðqÞ can be interpreted as the ratio of the

vector current to axial-vector current coupling of quark q
to the Z-boson:

QW;SMðqÞ ¼ gZVðqÞ
jgZAðqÞj

: (91)

The weak charges of the nucleons and nuclei can be built
up from those of the quarks

QWðpÞ ¼ 2QWðuÞ þQWðdÞ; (92)

QWðnÞ ¼ QWðuÞ þ 2QWðdÞ; (93)

and for nucleus AZ (with atomic number Z and mass
number A), which contains Z protons and Nð¼ A� ZÞ
neutrons,
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QWðAZÞ ¼ Z �QWðpÞ þ N �QWðnÞ (94)

¼ 2½ðZþ AÞ � C1u þ ð2A� ZÞ � C1d
: (95)

There are also measurements of certain linear combina-
tions of the coupling coefficients C1u and C1d from polar-
ized electron-hadron scattering data [45]. The particular
linear combinations, determined by the experimental data,

C 1 ¼ 9C1u þ 4C1d; C2 ¼ �4C1u þ 9C1d; (96)

are included in our global analysis.

V. RESULTS

A. Global analysis

In this section, we present the allowed regions of pa-
rameter space based on the global-fit analysis. A testament
to the success of the SM is that, for all the Gð221Þ models,
the global fitting pushes ~x to large values, decoupling the
effects of the new physics. This is presented in Figs. 1 and
2, where we show the 95% confidence level (C.L.) contours
on the ~x-c ~� plane.

In addition to the constraints from the precision and low-
energy data, we also require cos� ( sin�) to be greater than
0.1 (0.18) for the first (second) breaking pattern so that all
the gauge couplings in Eqs. (6)–(8) are perturbative and do
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FIG. 1 (color online). The 95% confidence contours of the various models on the ~x- cos� plane, with MH and �mt either fixed as SM
best-fit values (solid line) or allowed to be refitted (dashed line). The area to the right of each curve (large ~x value) is allowed by the
global-fit analysis.
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FIG. 2. Same as Fig. 1, but for the models that follow the breaking pattern II. The solid and dashed lines are almost indistinguishable.

FIG. 3 (color online). The 95% confidence contours of the various models on theMZ0 -MW0 plane, withMH and �mt either fixed as SM
best-fit values (solid line) or allowed to be refitted (dashed line). The dotted lines represent lines of constant cos� and sin� at fixed
values of 0.1 (0.18) for the first (second) breaking pattern. Outside the cone surrounded by these regions, one of the gauge couplings
becomes nonperturbative.
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not exceed
ffiffiffiffiffiffiffi
4�

p
. These constraints are shown as horizontal

dotted lines in the figures.

Since ~x and ~� are defined in a model-dependent manner,
it is also useful to show the corresponding contours on the
MZ0-MW 0 plane to compare different Gð221Þ models. We

translate the constraints on the parameter space of ~x and ~�
to constraints on the masses of the new heavy gauge
bosons, and plot these bounds on the MZ0-MW0 plane in
Figs. 3 and 4. From these plots, we can read off the lower
bounds on the masses of the Z0 and theW 0 in these models,
which are presented in Table VII. In the UU-D and the NU-
D models, the masses of the Z0 and the W 0 bosons are
nearly degenerate, as shown in Fig. 4. In these two models,
the minimum masses of the Z0 and the W 0 consistent with
the current experimental data are, respectively, 2.48 TeV
and 3.56 TeV.

B. Key observables and their impacts

For the models that follow the first pattern of symmetry
breaking, we see that models in which Higgs triplets break
SUð2Þ2 �Uð1ÞX lead to smaller bounds on ~x compared to
models where Higgs doublets break the symmetry. This is

not surprising given Eqs. (45) and (50), where we see that,
in the triplet models, the corrections to the definitions of
the reference parameters are suppressed compared to the
doublet models. However, the bounds on MW 0 and MZ0 are
comparable.
According to how the contours in parameter space are

shaped, the considered Gð221Þ models can be separated
into three classes:
(i) In the LR, HP, and UUmodels, large values of c ~� (s ~�

for UU) are ruled out at small ~x. At small c ~� (s ~�), the

parameter contours, however, extend to relatively
low ~x values.

(ii) The contours of the LP and FP models are, by
contrast, located at comparatively larger ~x values
for small c ~�. Increasing the values of c ~� to about

0.8, the contours of these models curve to the right
(towards higher ~x). However, increasing c ~� further

beyond about 0.8, the FP contours bend towards
lower ~x, while the LP contours towards higher ~x.

(iii) The parameter contour of the NU model is unique
as it is the only curve that bends to the left with
smaller ~x value when going up along the vertical
axis with increasing s ~� value.

The similarities and differences between the parameter
plots can be traced back to certain key observables. That is,
in the excluded regions of parameter spaces we consis-
tently observe a pattern that several key observables con-
tribute with especially large pulls to �2, and it is these
observables that drive the overall shapes of the curves in
Fig. 1.
In Table VIII we give an overview of these observables

that effectively drive the results in Fig. 1. For each model in
the breaking pattern I, we list the two most important
observables. For the models of the breaking pattern II,
we give only one such observable. It is important to note
that Table VIII only presents qualitative observations that
indicate tendencies, and it may be the case that some
particular points of the parameter spaces have other ob-
servables that contribute with larger pulls than the ones we
indicate here. Nevertheless, the patterns we give here are
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FIG. 4. Same as Fig. 3, but for the models that follow the breaking pattern II. The contours appear as lines because in these models,
Z0 and W 0 are highly degenerate due to the pattern of symmetry breaking.

TABLE VII. Lower bounds on the masses of the new heavy
gauge bosons. The superscripts SM or NP indicate whether MH

and �mt were set to their SM best-fit values or fitted with rest of
new physics parameters. Compare with the plots of the MZ0 -MW0

plane in Fig. 3.

MðSMÞ
Z0 [TeV] MðNPÞ

Z0 [TeV] MðSMÞ
W0 [TeV] MðNPÞ

W0 [TeV]

LR-D 1.602 1.602 0.269 0.269

LP-D 1.752 1.742 0.697 0.695

HP-D 1.674 1.673 0.403 0.403

FP-D 1.685 1.583 0.673 0.665

LR-T 1.607 1.607 0.197 0.197

LP-T 1.753 1.745 0.495 0.493

HP-T 1.680 1.679 0.289 0.289

FP-T 1.687 1.587 0.478 0.472

UU-D 2.479 2.474 2.479 2.474

NU-D 3.562 3.558 3.562 3.558
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useful in indicating qualitatively which observables are
likely to be sensitive to new physics contributions from
the Gð221Þ models.

The explicit expressions for the new physics corrections
to these key observables, are listed in Tables IX and X. At
the 95% C.L., the set of observables [�had, AFBðbÞ, ALRðeÞ,

ðg�NL Þ2, QWð133CsÞ] is, respectively, measured with a pre-
cision at the (0.18, 3.16, 2.80, 0.90, 1.24) percent level.
Based on these expressions we can roughly reconstruct

the respective shapes of the contours, and in Fig. 5 we
illustrate our argumentation.
We find that the shapes of the contours for LR, HP and

UU models are driven by �had. For the LR and HP models,
AFBðbÞ and ALRðeÞ also play an important role. Since
AFBðbÞ is defined as AFBðbÞ � 3

4ALRðeÞAFBðbÞ, the large

coefficients in x�Ab
FB=A

b
FB (See Table IX) originate from

the smallness of the SM value of Ae
LR. The combination

x�Ab
FB=A

b
FB imposes about the same constraints as those

derived from x�Ae
LR=A

e
LR. Since they are strongly corre-

lated, we only list the observable AFBðbÞ. In the LP and FP
models, with low c ~� values, QWð133CsÞ is the most impor-

tant observable, because of the large constant terms inde-

pendent of ~� or ~� in QW , as shown in Table IX. The
constant term for either the LR-D or the HP-D model
vanishes because it is proportional to (T3

L � T3
R) of the

TABLE IX. Fractional new physics corrections to the observables �had, AFBðbÞ and QWð133CsÞ
relative to the corresponding SM predictions. To obtain the new physics shifts in the triplet
versions of the LR, LP, HP, and FP models, the prefactors of s2

2 ~�
need to be multiplied by 1

2 , all

other terms by 1
4 .

~x��had=�had;SM ~x�AFBðbÞ=AFB;SMðbÞ
LR-D �1:13c2~� � 0:142c4~� þ 0:0432s2

2 ~�
�30:0c2~� þ 67:6c4~� � 20:6s2

2 ~�

LP-D þ0:346c2~� � 0:142c4~� þ 0:0432s2
2 ~�

�46:1c2~� þ 67:6c4~� � 20:6s2
2 ~�

HP-D �1:38c2~� � 0:142c4~� þ 0:0432s2
2 ~�

�30:9c2~� þ 67:6c4~� � 20:6s2
2 ~�

FP-D þ0:0985c2~� � 0:142c4~� þ 0:0432s2
2 ~�

�47:0c2~� þ 67:6c4~� � 20:6s2
2 ~�

UU �0:889s2~� � 0:0132s4~� þ0:161s2~� þ 6:29s4~�
NU þ0:583s2~� � 0:0132s4~� þ14:2s2~� þ 6:29s4~�

~x�QWð133CsÞ=QW;SMð133CsÞ
LR-D �0:855c4~� � 0:145s2

2 ~�

LP-D þ3:35� 1:95c2~� � 0:855c4~� � 0:145s2
2 ~�

HP-D �0:855c4~� � 0:145s2
2 ~�

FP-D þ2:95� 1:95c2~� � 0:855c4~� � 0:145s2
2 ~�

UU �0:855s4~�
NU þ0:406þ 0:594s2~� � 0:855s4~�

TABLE VIII. Overview of the observables that drive the pa-
rameter plots. The most and second most important observables
are, respectively, marked with the symbolss1 ands2. In the UU-D
and NU-D models only one observable significantly contributes
to �2.

Model �had AFBðbÞ ðg�NL Þ2 QWð133CsÞ Set of other obs.

LR, HP s1 s2

LP, FP s2 s1

UU s1 s2

NU s1 s2

TABLE X. New physics corrections to the observable ðg�NL Þ2 relative to the prediction of the
SM.

~x�ðg�NL Þ2=ðg�NL;SMÞ2
LR-D, LP-D, HP-D, FP-D 0:0875þ 1:91c2~� þ 0:839c4~� � 2:84s2

2 ~�

LR-T, LP-T, HP-T, FP-T 0:0219þ 0:478c2~� þ 0:210c4~� � 1:42s2
2 ~�

UU-D 0:839s4~�
NU-D 2:58� 0:583s2~� þ 0:839s4~�
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electron with the quantum number assignment T3
L ¼ T3

R ¼
�1=2. With high c ~� values, the observable ðg�NL Þ2 deter-

mines the shape of the parameter contours. The NU con-
tour is mainly driven by the pull of ðg�NL Þ2. [We note that,
AFBðbÞ has a similar effect on the LP and FP contours as on
the LR and HP contours, though subdominant compared to
the other observables. The same applies to ðg�NL Þ2 for the
LR and HP models.]

The starting point of our discussion is that the SM
represents the best description of the present experimental
data, and the Gð221Þ parameters have to be chosen such
that they minimize the new physics shifts. We first focus on
models in the breaking pattern I, the LR, LP, HP, and FP
models, and note the following points:

(i) The observables AFBðbÞ and ðg�NL Þ2 prefer small c ~�.

In �ðg�NL Þ2, the c2~� and c4~� terms have the same sign

so that they cannot cancel each other. AFBðbÞ has the
largest effect on the allowed parameter space in the
LR and HP models as the coefficients of c2~� and c4�
are large in magnitude.

(ii) In the case of the LR and HP models the c2~� and c4~�
contributions to ��had have the same sign and the
s2
2 ~�

term is suppressed by a small prefactor. The pull

of�had therefore represents the hindrance for the LR
and HP models to accommodate large values of c ~�

at smaller ~x.
(iii) The large impact of QWð133CsÞ on the LP and FP

bounds is due to the large constant term in
�QWð133CsÞ. The only way to make �QWð133CsÞ
small (other than simply raising ~x) is to have large
c ~� so that the negative contributions from the c2~�
and c4~� terms can compete with the positive con-

stant term. Consequently, the low-c ~� region is

ruled out in the LP and FP models and the parame-
ter contours start at higher ~x values than in the LR
and HP models.

(iv) In the �had, AFBðbÞ and ðg�NL Þ2 observables, the s2
2 ~�

and c4~� terms always have opposite sign. The LP

and FP parameter plots suggest that, depending on
the exact interplay between s2

2 ~�
and c ~�, the s2

2 ~�

terms may be able to overcome the c4~� contributions

such that the contours are pulled back towards
lower ~x values. Note, however, that the expressions
given in Table IX cannot explain the branching
between the LP and FP contours. To account for
that effect we certainly would have to extend our
discussion to a larger set of observables.

After these comments on the models of the breaking
pattern I, it is easy to understand the shape of the UU and
NU contours. In the UU model all shifts that we present in
Tables IX and X favor small s ~� values. Especially the fact

that the s2~� and s4~� terms in ��had have the same sign leads

to the exclusion of the high-s ~� region. For that reason, the

UU plot looks similar to the plots of the LR and HP
models. The contour of the NU-D model is mainly influ-
enced by the correction to ðg�NL Þ2. Since �ðg�NL Þ2 is small if

s ~� takes some intermediate value we observe a bump in the

NU-D contour towards lower ~x values for s ~� values around

0.7.
An important consequence of identifying these observ-

ables is that we may anticipate the future impact that the
upcoming measurements, with greater precision, may have
on the global analysis. For example, the Q-weak collabo-
ration [46] and the e2ePV collaboration [47] at Jefferson
Lab are expected to have ultrahigh precision measurements
of the weak charge of the proton QWðpÞ and the electron
QWðeÞ (with a fractional uncertainties of, respectively, 4%
and 2.5%). AsQWð133CsÞ is a key observable in driving the
results for the leptophobic (LP) and fermiophobic (FP)
models, we would expect that the future measurements of
QWðeÞ andQWðpÞwould have a great impact on the global-
fit analysis. This is demonstrated in Fig. 6, where we
perform the global-fit analysis with the expected future
uncertainty of QWðpÞ and QWðeÞ. We find that the LP-D
contour is drastically different than those presented in
Fig. 1. As a result of these further constraints from the
QWðpÞ and QWðeÞ, the allowed region in the MZ0-MW0

FIG. 5. Sketches illustrating the influences of some key observables on the parameter bounds for the models of the first breaking
pattern. The UU-D parameter contour is driven by �had as well. In the NU-D model ðg�NL Þ2 is the most important observable.
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plane shrinks as well. The lower bounds for the W 0 mass
increase, for instance in LP-D model, from about 0.7 TeV
to 1.3 TeV.

C. Constraints from triple gauge boson couplings

Though we do not include the shifts to the triple gauge
boson couplings (TGC) in our global analysis, they are
nonetheless precise measurements at LEP-II that can be
used to constrain models of new physics. In particular, the
ZWW vertex is measured to a precision of about 2% and
may be used to constrain models of new physics [13]. In
this subsection, we compute the shift to the ZWW vertex,
and use it as a complementary constraint when we discuss
the results of our global analysis.

The shift in the ZWW vertex can be parametrized by the
Hagiwara’s parametrization [48]

gZWW ¼ gSMZWWðgZ1 Þ; (97)

where the SM value of gZ1 is unity. At LEP-II, using a
partial waves analysis, the measured ZWW vertex is [49]

gZ1 ¼ 1:001� 0:027� 0:013; (98)

where the uncertainties are, respectively, the 1� statistical
and systematic uncertainties. Adding these uncertainties in
quadrature, we have

gZ1 ¼ 1:001� 0:030: (99)

It is important to note, however, that the measurement of
the ZWW vertex is extracted from the process eþe� !
WþW� using an event shape analysis (including angular
distributions) assuming SM couplings for all other vertices.
Thus, to properly use the experimental results, we have to
compute the entire eþe� ! WþW� amplitude and attrib-
ute all the shifts in the amplitude to �gZ1 .

The full amplitude of the tree-level process eþe� !
WþW� is the sum of three diagrams: s-channel
�-exchange, s-channel Z-exchange, and t-channel
�-exchange. We denote these three amplitudes, respec-

tively, asA�,AZ, andA�. Even though the LEP experi-

ments utilize unpolarized e� beams, it is useful to consider
amplitudes with specific helicities for both e� andW� and
employ the helicity amplitude method [50] to analyze the
amplitudes. The individual amplitudes are computed in
Hagiwara et al. [48], and here we only note the key features
of the dependence in the polar angle �. For a given con-
figuration of incoming and outgoing particle helicities, all
three amplitudes A�;Z;� are proportional to the Wigner’s

d-matrix elements. For the s-channel amplitudes, this is the
only dependence in the scattering angle � (not to be con-
fused with the weak mixing angle)

A �;Z / d��;���J ð�Þ: (100)

For the t-channel, �-exchange, we have additional � de-
pendence from the �-propagator

A � /
�
B� C

1þ �2 � 2� cos�

�
d��;���J ð�Þ; (101)

whereB andC depend on the helicity configuration, but are
independent of �. Thus, for a fixed helicity configuration of
eþe� ! WþW�, we can perform a partial wave analysis

to project out the d��;���J ð�Þ component of the amplitudes

~A �;Z;� �
Z �

0
A�;Z;�d

��;��
�J ð�Þdðcos�Þ (102)

The uncertainties in gZ1 (which we denote as�g
1
Z) can be

used to constrain the Gð221Þ models by first identifying

~A Gð221Þ
� þ ~AGð221Þ

Z þ ~AGð221Þ
�

¼ ~ASM
� þ ð1þ �gZ1 Þ ~ASM

Z þ ~ASM
� ; (103)

and then express each amplitude in the Gð221Þ model in
terms of the reference and fit parameters

~A Gð221Þ
�;Z;� ¼ ~ASM

�;Z;�

�
1þ 1

~x
� ~A�;Z;�

�
; (104)

where the fractional shifts in the amplitudes � ~A�;Z;� are

FIG. 6 (color online). The ~x- cosð ~�Þ andMZ0 -MW0 contours for the LP-D model with an expected uncertainty in theQ-weak data and
the e2ePV data. These plots should be compared with the corresponding plots in Figs. 1 and 3, and demonstrate that, since QWðeÞ is a
key observable for the LP model, an increase of precision in its measurement has a large impact on the global analysis. In particular, at
low c ~�, the lower bound on ~x is substantially increased.
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functions of ~� and ~�. For a fixed helicity configuration of

eþe� ! WþW�, we can compute ~A�;Z;� for both the SM

and Gð221Þ models and obtain an excluded region on the
~x- cos� plane. The regions that are allowed by all the
helicity combinations are shown in Fig. 7.

We note that, generally, the bounds given by �gZ1 are

more relaxing than those obtained from the global-fit

analysis earlier. In fact, for small values of ~�, the regions
excluded by �gZ1 are already excluded by the global-fit

analysis presented in the previous subsection.

VI. CONCLUSIONS

In this work we analyze the constraints on the masses of
the heavy gauge bosons of the Gð221Þ (including the left-
right (LR), leptophobic (LP), hadrophobic (HP) and fer-
miophobic (FP) as well as the ununified (UU) and nonun-
iversal (NU)) models in a unified view based on the
classification of the Gð221Þmodels in terms of the patterns
of symmetry breaking and the gauge couplings of fermi-
ons. Adapting the framework of effective field theory, we
give the effective Lagrangians at the electroweak scale and
low energy scale, applicable to any Gð221Þ model, and
perform a global-fit analysis about a set of 37 electroweak
observables, including Z pole data, the mass and the width
of theW� boson, and various low-energy observables. The
experimental precision with which these observables have
been measured allows us to put strong bounds on the
parameter space of the Gð221Þ models and to constrain
the masses of the Z0 andW 0� bosons. At the same time, we

show that the bounds from the triple gauge boson couplings
on the parameters do not affect the result of the global-fit
analysis. We present our key results in terms of 95% C.L.

contours of the allowed regions both on the ~x- cos ~� plane,
as well as on the MZ0-MW0 plane, from which we can
readily give the lower bounds on the masses of the W 0
and Z0, which are presented in Table VII, which can be
used as a guide for future collider search. We show that, in
the first breaking pattern, although the mass of Z0 is about
1.7 TeV, the mass of the W 0 in some models can be
relatively light (of a few hundreds of GeV), particularly
in the left-right (LR), hadrophobic (HP) models. In the case
of the second breaking pattern, due the near-degeneracy
between the masses of the Z0 and the W 0�, the W 0 is
necessarily heavy.
In addition to the constraints on the parameters and

bounds on the extra gauge boson masses, we also find
associations between certain key observables and the
Gð221Þ models discussed in this paper. As these observ-
ables are responsible for ‘‘driving’’ the shape of the 95%
contour plots, future measurements on these particular
observables would have a tremendous impact on our re-
sults. We demonstrate such an example in Fig. 6, showing
that an anticipated precision on the measurement ofQWðeÞ
could largely increase the lower bound on the W 0 mass
from the current value of 0.7 TeV to 1.3 TeV in the LP-D
model.
In this work, we focus on the interactions of the heavy

W 0 and Z0 bosons to fermions. To extend our results to
include flavor-dependent observables, such as the branch-
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FIG. 7. The regions on the ~x- cos� plane excluded by experimental measurements of �gZ1 (in grey) for models in the breaking
pattern I, for the cases sin22 ~� ¼ 0 and 1.
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ing ratio Brðb ! s�Þ and the anomalous magnetic moment
of the muon, requires a detailed specification of the flavor
sectors of the Gð221Þ models. Though it is difficult to
enumerate the many models in the literature, in the advent
of the Large Hadron Collider (LHC), it would be useful to
extend to the flavor sector the insights provided in this
work. Moreover, the direct search of the W 0 and Z0 bosons
at the Fermilab Tevatron could further constrain theGð221Þ
model parameter space. The potential of the Tevatron and
LHC to observe theW 0 and Z0 bosons will be presented in a
separate work.
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APPENDIX: EFFECTIVE LAGRANGIANS

In this appendix we show how to obtain the coulping
coefficients in the effective Lagrangian. There are two
effective Lagrangians in our framework. The first effective
Lagrangian is SM-like, and is applicable at the electroweak
scale after integrating out Z0 and W 0, we parametrize this
Lagrangian as

Lew
eff ¼ gL

Z �ff
Z


�f�
PLfþ gR
Z �ff

Z

�f�
PRf

þ ðgL
W �f1f2

Wþ


�f1�


PLf2 þ gR
W �f1f2

Wþ


�f1�


PRf2

þ H:c:Þ � Bðð �f1f2ÞL;R; ð �f3f4ÞL;RÞGFffiffiffi
2

p

� ð �f1f2ÞL;Rð �f3f4ÞL;R: (A1)

Except for the nonuniversal (NU) model, the couplings

gL;R
Z �ff

, gL;R
Z �ff

and Bðð �f1f2ÞL;R; ð �f3f4ÞL;RÞ are all flavor univer-
sal. The second effective Lagrangian is Fermi’s theory of

four-fermion interactions. It is obtained upon further inte-
grating out Z and W bosons, and is applicable below the
electroweak scale. We parametrize this Lagrangian as

L4-fermion
eff ¼ �Cðð �f1f2ÞL;R; ð �f3f4ÞL;RÞGFffiffiffi

2
p

� ð �f1f2ÞL;Rð �f3f4ÞL;R: (A2)

The above coefficient functions gL;R
Z �ff

, gL;R
W �f1f2

and

Cðð �f1f2ÞL;R; ð �f3f4ÞL;RÞ can be obtained by the following

steps:
(i) write down the specific form of the effective

Lagrangians at the electroweak scale and low energy
scale by plugging the formulae in Tables IV and V
into the Eqs. (26) and (27);

(ii) extract the coulpings gL;R
Z �ff

, gL;R
W �f1f2

and C by compar-

ing the parametrized Lagrangians in Eqs. (A1) and
(A2) with the specific form of the effective
Lagrangians;

(iii) replace all the model parameters ~e, ~v, and ~� in the

expressions of gL;R
Z �ff

, gL;R
W �f1f2

, and C by reference

parameters �, GF and MZ, using the relations in
Eqs. (50), (49), and (51).

For future reference, we list below the coefficient functions

gL;R
Z �ff

, gL;R
W �f1f2

and Cðð �f1f2ÞL;R; ð �f3f4ÞL;RÞ in terms of the

model parameters. We also give some examples of the
final form of the coefficients in terms of the fit parameters.

1. The LR-D, LP-D, HP-D, and FP-D models

For the four models that follow the first breaking pattern
with a doublet (LR-D, LP-D, HP-D, and FP-D models), the
difference in the coefficient functions is originated from
the quantum numbers of the fermions. In Table XI, we give
the quantum numbers of the fermions, and present the
coefficients of the effective Lagrangian in terms of these
quantum numbers.
Performing the above procedure, we obtain

gL
W �f1f2

¼ ~effiffiffi
2

p
s~�

; (A3)

gR
W �f1f2

¼
� ~effiffi

2
p

s~�

s2 ~�
~x ; ðfor f1;2 as quarks in LR and LP; and leptons in LR and HPÞ

0; ðfor f1;2 as quarks in HP and FP; and leptons in LP and FPÞ (A4)

gL
Z �ff

¼ ~e

s~�c~�

�
T3
L � s2~�Qþ

s2~�c
2
~�

~x
ðT3

L �QÞ
�
; (A5)

gR
Z �ff

¼ ~e

s~�c~�

�
�s2~�Qþ

c2~�
~x
ðT3

R � s2~�QÞ
�
; (A6)
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and the neutral-current four-fermion coupling coefficients

1

2
Cðð �ffÞL; ð �f0f0ÞLÞ ¼

�
1þ

c4~�
~x
�

s2
2 ~�

~x

�
ðT3

L � s2~�QÞðT03
L � s2~�Q

0Þ þ
s2~�c

2
~�

~x
½ðT3

L � s2~�QÞðT03
L �Q0Þ þ ðT3

L �QÞðT03
L � s2~�Q

0Þ


þ
s4~�
~x
ðT3

L �QÞðT03
L �Q0Þ; (A7)

1

2
Cðð �ffÞR; ð �f0f0ÞRÞ ¼

�
1þ

c4~�
~x
�

s2~�
~x

�
ð�s2~�QÞð�s2~�Q

0Þ þ
c2~�
~x
½ðT3

R � s2~�QÞð�s2~�Q
0Þ þ ð�s2~�QÞðT03

R � s2~�Q
0Þ


þ 1

~x
ðT3

R � s2~�QÞðT03
R � s2~�Q

0Þ; (A8)

1

2
Cðð �ffÞL; ð �f0f0ÞRÞ ¼

�
1þ

c4~�
~x
�

s2~�
~x

�
ðT3

L � s2~�QÞð�s2~�Q
0Þ þ

s2~�c
2
~�

~x
ðT3

L �QÞð�s2~�Q
0Þ þ

c2~�
~x
ðT3

L � s2~�QÞðT03
R � s2~�Q

0Þ

þ
s2~�
~x
ðT3

L �QÞðT03
R � s2~�Q

0Þ; (A9)

where T3
L;R andQ are the isospin charge and electric charge

of the fermion f, and T03
L;R andQ

0 are the isospin charge and
electric charge for the fermion f0, respectively. To obtain
Cðð �ffÞR; ð �f0f0ÞLÞ, we need to exchange Q with Q0 and T3

L

with T03
R in the coefficient function Cðð �ffÞL; ð �f0f0ÞRÞ. For

the charged-current four-fermion coupling coefficients, we
only list the results for LR-D models as follows:

Cðð �f1f2ÞL; ð �f03f04ÞLÞ ¼ 1; (A10)

Cðð �f1f2ÞL; ð �f03f04ÞRÞ ¼ Cðð �f1f2ÞR; ð �f03f04ÞLÞ ¼
s2 ~�
x

;

(A11)

Cðð �f1f2ÞR; ð �f03f04ÞRÞ ¼
1

x
; (A12)

The final form of gL;R
Z �ff

and C can be obtained by replacing
the model parameters ~� by the reference parameters �, GF

and MZ. Below we only list the results for Cðð �uuÞL; ð �eeÞLÞ
in the LR-D model:

gLZ �ee ¼ gL;SMZ �ee þ �gLZ �ee

¼ �0:197þ 1

x
ð�0:348þ 0:348s2

2 ~�
þ 1:07s2~�

� 0:718s4~�Þ; (A13)

Cðð �uuÞL; ð �eeÞLÞ ¼ CSMðð �uuÞL; ð �eeÞLÞ þ �Cðð �uuÞL; ð �eeÞLÞ
¼ �0:183þ 1

x
ð�0:534þ 0:534s2

2 ~�

þ 1:50s2~� � 1:13s4~�Þ: (A14)

2. The LR-T, LP-T, HP-T, and FP-T models

The coefficients of the effective operators in the LR-T,
LP-T, HP-T, and FP-T models take a similar form as those
presented above for the LR-D, LP-D, HP-D, and FP-D
models, respectively, with the following replacements after
applying the identity c2~� ¼ 1� s2~�:

TABLE XI. The charge assignments of the SM fermions for the first breaking patter. Tf
3L and Tf

3R are, respectively, the third
component of the isospin for the SUð2Þ1 and SUð2Þ2 gauge groups [which are conventionally called SUð2ÞL and SUð2ÞR in left-right
models)]. These charge assignments apply to all three generations.

T3
L T3

R Xf T3
L T3

R Xf T3
L T3

R Xf T3
L T3

R Xf

LR �L þ 1
2 0 � 1

2 LP �L þ 1
2 0 � 1

2 HP �L þ 1
2 0 � 1

2 FP �L þ 1
2 0 � 1

2

eL � 1
2 0 � 1

2 eL � 1
2 0 � 1

2 eL � 1
2 0 � 1

2 eL � 1
2 0 � 1

2

uL þ 1
2 0 þ 1

6 uL þ 1
2 0 þ 1

6 uL þ 1
2 0 þ 1

6 uL þ 1
2 0 þ 1

6

dL � 1
2 0 þ 1

6 dL � 1
2 0 þ 1

6 dL � 1
2 0 þ 1

6 dL � 1
2 0 þ 1

6

�R 0 þ 1
2 � 1

2 �R 0 0 0 �R 0 þ 1
2 � 1

2 �R 0 0 0

eR 0 � 1
2 � 1

2 eR 0 0 �1 eR 0 � 1
2 � 1

2 eR 0 0 �1

uR 0 � 1
2 þ 1

6 uR 0 � 1
2 þ 1

6 uR 0 0 þ 2
3 uR 0 0 þ 2

3

dR 0 � 1
2 þ 1

6 dR 0 � 1
2 þ 1

6 dR 0 0 � 1
3 dR 0 0 � 1

3
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s2~� ! 1
4s

2
~�
; (A15)

s4~� ! 1
4s

4
~�
; (A16)

s2
2 ~�

! 1
2s

2
2 ~�
; (A17)

and terms that are suppressed by 1=~x, but without the
factors listed above, are further divided by a factor of 4.
For example, for the LR-T model, we have

gLZ �ee ¼ �0:197þ 1

x
ð�0:087þ 0:174s2

2 ~�
þ 0:268s2~�

� 0:180s4~�Þ: (A18)

3. The UU and NU models

For the ununified and nonuniversal models, we classify
the fermions as

UU :

�
f � leptons

F � quarks;
; (A19)

NU :

�
f � fermions of the third generation;
F � fermions of the first two generation:

(A20)

We denote the coefficients of the effective Lagrangians
with the notations in Eqs. (A1) and (A2). Compared to
the first breaking pattern presented earlier, there are con-
siderably less coefficients because there are no right-
handed charged currents in the NU and UU models.

Similar to the LR-D model, we obtain the electroweak
couplings:

gL
W �f1f2

¼ ~effiffiffi
2

p
s~�

�
1�

s4~�
~x

�
; (A21)

gL
W �F1F2

¼ ~effiffiffi
2

p
s~�

�
1þ

s2~�c
2
~�

~x

�
; (A22)

gL
Z �ff

¼ ~e

s~�c~�

�
T3 � s2~�Q�

s4~�
~x
T3

�
; (A23)

gL
Z �FF

¼ ~e

s~�c~�

�
T3 � s2~�Qþ

s2~�c
2
~�

~x
T3

�
; (A24)

gR
Z �ff

¼ gR
Z �FF

¼ ~e

s~�c~�

ð�s2~�QÞ; (A25)

and the neutral-current four-fermion coupling coefficients

1

2
Cðð �ffÞL; ð �f0f0ÞLÞ ¼

�
1þ

s4~�
~x

�
ðT3 � s2~�QÞðT03 � s2~�Q

0Þ

�
s4~�
~x
ððT3 � s2~�QÞT03

þ T3ðT03 � s2~�Q
0Þ � T3T03Þ; (A26)

1

2
Cðð �ffÞR; ð �f0f0ÞRÞ ¼

�
1þ

s4~�
~x

�
ð�s2~�QÞð�s2~�Q

0Þ; (A27)

1

2
Cðð �ffÞL; ð �f0f0ÞRÞ ¼

�
1þ

s4~�
~x

�
ðT3 � s2~�QÞð�s2~�Q

0Þ

�
s4~�
~x
T3ð�s2~�Q

0Þ; (A28)

1

2
Cðð �FFÞL; ð �F0F0ÞLÞ ¼

�
1þ

s4~�
~x

�
ðT3 � s2~�QÞðT03 � s2~�Q

0Þ

þ
s2~�c

2
~�

~x
½T3ðT03 � s2~�Q

0Þ

þ ðT3 � s2~�QÞT03
 þ
c4~�
~x
T3T03;

(A29)

1

2
Cðð �FFÞR; ð �F0F0ÞRÞ ¼

�
1þ

s4~�
~x

�
ð�s2~�QÞð�s2~�Q

0Þ;
(A30)

1

2
Cðð �FFÞL; ð �F0F0ÞRÞ ¼

�
1þ

s4~�
~x

�
ðT3 � s2~�QÞð�s2~�Q

0Þ

þ
s2~�c

2
~�

~x
T3ð�s2~�Q

0Þ; (A31)

and

1

2
Cðð �FFÞL; ð �f0f0ÞLÞ ¼

�
1þ

s4~�
~x

�
ðT3 � s2~�QÞðT03 � s2~�Q

0Þ

�
s4~�
~x
ðT3 � s2~�QÞT03

þ
s2~�c

2
~�

~x
T3ðT03 � s2~�Q

0Þ

�
s2~�c

2
~�

~x
T3T03; (A32)

1

2
Cðð �FFÞR; ð �f0f0ÞRÞ ¼

�
1þ

s4~�
~x

�
ð�s2~�QÞð�s2~�Q

0Þ; (A33)
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1

2
Cðð �FFÞL; ð �f0f0ÞRÞ ¼

�
1þ

s4~�
~x

�
ðT3 � s2~�QÞð�s2~�Q

0Þ

þ
s2~�c

2
~�

~x
T3ð�s2~�Q

0Þ; (A34)

1

2
Cðð �FFÞL; ð �f0f0ÞRÞ ¼

�
1þ

s4~�
~x

�
ðT3 � s2~�QÞð�s2~�Q

0Þ

�
s4~�
~x
ð�s2~�QÞT02: (A35)

We can get Cðð �ffÞ; ð �F0F0ÞÞ by exchanging Q $ Q0 and
T3 $ T03 in the expression Cðð �FFÞ; ð �f0f0ÞÞ. For the
charged-current four-fermion coupling coefficients, we
only list the results for UU-D:

Cðð �f1f2ÞL; ð �f3f4ÞLÞ ¼ 1; (A36)

Cðð �F1F2ÞL; ð �f3f4ÞLÞ ¼ Cðð �f1f2ÞL; ð �F3F4ÞLÞ ¼ 1; (A37)

Cðð �F1F2ÞL; ð �F3F4ÞLÞ ¼ 1þ 1

x
; (A38)

For the final forms in terms of fit parameters, we only list
the results for gLZ �ee andCðð �uuÞL; ð �eeÞLÞ in the UU-Dmodel:

gLZ �ee ¼ gL;SMZ �ee þ �gLZ �ee ¼ �0:197þ 0:0227
s4~�
x
; (A39)

Cðð �uuÞL; ð �eeÞLÞ ¼ CSMðð �uuÞL; ð �eeÞLÞ þ �Cðð �uuÞL; ð �eeÞLÞ

¼ �0:183þ 1

x
ð0:234s2~� � 0:424s4~�Þ:

(A40)
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