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We continue the development of a nonperturbative light-front Hamiltonian method for the solution of

quantum field theories by considering the one-photon eigenstate of Lorentz-gauge QED. The photon state

is computed nonperturbatively for a Fock basis with a bare photon state and electron-positron pair states.

The calculation is regulated by the inclusion of Pauli-Villars (PV) fermions, with one flavor to make the

integrals finite and a second flavor to guarantee a zero mass for the physical photon eigenstate. We

compute in detail the constraints on the PV coupling strengths that this zero mass implies. As part of this

analysis, we provide the complete Lorentz-gauge light-front QED Hamiltonian with two PV fermion

flavors and two PV photon flavors, which will be useful for future work. The need for two PV photons was

established previously; the need for two PV fermions is established here.
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I. INTRODUCTION

The nonperturbative solution of quantum field theories is
a very difficult problem. For weakly coupled theories, this
is usually avoided, and perturbation theory is applied. For
strongly coupled theories, in particular, quantum chromo-
dynamics, the nonperturbative problem cannot be avoided
for long. Various nonperturbative methods have been de-
veloped, including lattice theory [1,2], Dyson-Schwinger
equations [3], and light-front Hamiltonian approaches [4–
8], and have met with some success. The light-front meth-
ods have the distinct advantage of providing wave func-
tions as part of the solution. The wave functions appear as
coefficients in a Fock-state expansion for the Hamiltonian
eigenstate.

Here we continue development of a particular light-front
Hamiltonian method [8–14] based on Pauli-Villars (PV)
regularization [15]. Much of the recent development has
been in QED [8,11–14], where results can be checked
against perturbation theory, but which shares the gauge-
theory nature of QCD. However, there is no expectation of
being able to compete with perturbative QED for accuracy;
any but the lowest-order Fock-space truncations require
numerical techniques, where the accuracy is typically on
the order of 1%. Thus, the method is not likely to compete
with perturbation theory for any weakly coupled theory,
but this is not a flaw in a method intended for strongly
coupled theories.

The previous work considered eigenstates of a fermion
dressed by one or more scalar or vector bosons. Eventually
we wish to extend the dressed-fermion calculations to
include one or more fermion-antifermion pairs. As a first
step in this direction, we consider the vacuum-polarization
correction to the one-photon state of light-front QED. The
Fock basis is then simply the bare photon state and the
electron-positron states, plus their PV counterparts. This
will allow us to understand how such states can be included
in the dressing of an additional fermion.

The PV regularization method relies upon the introduc-
tion of heavy PV fields to the Lagrangian. Some are
assigned a negative norm, and the interaction terms are
built from zero-norm combinations of the fundamental
fields. The negative norms provide the cancellations
needed to regulate perturbation theory, and we find that
the nonperturbative eigenvalue problem is then also regu-
lated. The use of zero-norm combinations in the interac-
tions eliminates [10] the instantaneous fermion
contributions [4] from the light-front Hamiltonian, and,
in the case of a gauge theory, allows the use of gauges
other than light-cone gauge [11]. We discuss these features
in more detail in the next section.
To regulate the dressed-electron problem, we used one

PV Fermi field and two PV photon fields [12]. One of each
is sufficient to make the integral equations finite, but the
second PV photon flavor is needed to maintain the chiral
symmetry of the massless-electron limit. For the present
calculation of a photon dressed by an electron-positron
pair, the PV photon flavors are of no particular conse-
quence, but we find that we need two PV fermion flavors.
One flavor is again enough to have a finite result, and the
second is needed to maintain a zero mass for the photon. A
zero mass is not otherwise guaranteed, because the zero-
norm fields in the interaction Lagrangian generate flavor-
changing currents that break gauge invariance [11].
The addition of a second PV fermion flavor to the older

calculations of the dressed-electron state does not create
any new difficulty, because we can simply take the infinite-
mass limit for this flavor and remove it from the calcula-
tion. However, a new calculation of the dressed-electron
state that includes electron-positron pairs will require the
second PV fermion flavor.
As higher and higher Fock sectors are included in a

calculation, the number of PV flavors should not change,
in general. An exception for QED would be any Fock basis
that includes the possibility of light-by-light scattering.
The breaking of gauge invariance by the flavor-changing

PHYSICAL REVIEW D 82, 034004 (2010)

1550-7998=2010=82(3)=034004(8) 034004-1 � 2010 The American Physical Society

http://dx.doi.org/10.1103/PhysRevD.82.034004


currents should ruin the usual automatic cancellation of
divergences for this process. Additional PV fields or an
explicit counterterm will be required, but we do not con-
sider this further here.

Although the number of PV flavors need not change,
their coupling strengths do need to change as more Fock
states are added [8]. The conditions of chiral symmetry for
massless electrons and zero mass for photons, which com-
plete the determination of these couplings, become com-
plicated nonlinear equations for the coupling coefficients.
These typically require iterative techniques for their solu-
tion [8]. At one loop, the conditions can be solved
analytically.

The analysis is done in terms of light-cone quantization
[4,16]. The coordinates are x� ¼ x0 � x3 and ~x? ¼
ðx1; x2Þ, with xþ chosen as the light-cone time coordinate
and the three-vector of space coordinates written as x ¼
ðx�; ~x?Þ. The momentum conjugate to x� is pþ; therefore,
the light-cone three-momentum is p ¼ ðpþ; ~p?Þ. Dot

products are given by p � x ¼ 1
2p

þx� � ~p? � ~x?. The

light-cone energy is p�, and evolution in light-cone time
is determined by the light-cone Hamiltonian P�. The mass
eigenvalue problem, in a frame where the total transverse

momentum ~P? is zero, is given by P�jPi ¼ M2

Pþ jPi.
The primary objective is the solution of this eigenvalue

problem in a Fock basis, with the eigenstate jPi expanded
in terms of the Fock states with wave functions as the
coefficients. The eigenvalue problem becomes a coupled
set of integral equations for the wave functions. Truncation
of the basis makes the coupled system finite. At very low
orders of truncation, the system can be solved analytically;
in general, numerical techniques are required [8].

The contents of the remainder of the paper are as fol-
lows. In Sec. II, we summarize the formulation of light-
front QED in Lorentz gauge, extended to include two PV
fermion flavors and two PV photon flavors. We then con-
struct the photon eigenstate dressed by fluctuations to an
electron-positron pair in Sec. III and solve the eigenvalue
problem to determine the coupling coefficients. Section IV
contains a discussion of the results. An Appendix describes
the evaluation of a key integral.

II. LIGHT-FRONT QED IN LORENTZ GAUGE

The Lorentz-gauge QED Lagrangian, regulated by two
PV fermion flavors and two PV photon flavors, is

L ¼ X2
i¼0

ð�1Þi
�
� 1

4
F��
i Fi;�� þ 1

2
�2

i A
�
i Ai�

� 1

2
ð@�Ai�Þ2

�
þX2

i¼0

ð�1Þi �c iði��@� �miÞc i

� e0 �c��cA�; (2.1)

where

c ¼ X2
i¼0

ffiffiffiffiffi
�i

p
c i; A� ¼ X2

i¼0

ffiffiffiffiffi
�i

p
Ai�;

Fi�� ¼ @�Ai� � @�Ai�:

(2.2)

A subscript of i ¼ 0 indicates a physical field, and i ¼ 1 or
2 a PV field. The i ¼ 1 fields are chosen to have negative
norm. The mass of the bare photon �0 is zero; the mass of
the bare electron m0 is typically close to the physical
electron mass me for the range of PV masses usually
considered [8].
The constants�i and �i control the coupling strengths of

the various fields. These coupling coefficients must satisfy
constraints for the theory to be consistent. For e0 to be the
bare charge of the bare electron, we require �0 ¼ 1 and
�0 ¼ 1. The cancellations necessary to regulate perturba-
tion theory, which must arise in a sum over flavors of each
internal line, require that

P
ið�1Þi�ie

2
0 be zero for a fer-

mion line and
P

ið�1Þi�ie
2
0 zero for a photon line. We

therefore require

X2
i¼0

ð�1Þi�i ¼ 0;
X2
i¼0

ð�1Þi�i ¼ 0: (2.3)

These also guarantee that the combinations c and A� in

(2.2) have zero norm. A third pair of constraints comes
from requiring that the photon eigenstate have zero mass
and that the mass of the electron eigenstate becomes zero
when m0 is set to zero. Since the first two pairs of con-
straints imply �1 ¼ 1þ �2 and �1 ¼ 1þ �2, this third
pair completes the determination of the coefficients by
providing implicit equations for �2 and �2. In Sec. III,
we seek �2; for discussion of �2, see [8].
The fermion fields c i are decomposed into dynamical

and nondynamical parts c i� � ��c i by the complemen-
tary projections �� � �0��=2 [4,17]. The nondynamical
parts satisfy the following constraints (i ¼ 0, 1, 2), ob-
tained from projecting the Dirac equation with ��:

ið�1Þi@�c i� þ e0A�
ffiffiffiffiffi
�i

p
c�

¼ ði�0 ~�?Þ � ½ð�1Þi ~@?c iþ � ie0
ffiffiffiffiffi
�i

p
~A?cþ�

� ð�1Þimi�
0c iþ: (2.4)

Ordinarily, light-cone gauge (A� ¼ Aþ ¼ 0) would be
chosen, so that the constraint for c i� can be solved ex-
plicitly. However, for the construction of the light-front
Hamiltonian, we are interested in only the combination
c� ¼ P

i

ffiffiffiffiffi
�i

p
c i�. The constraint for c� can be obtained

from (2.4) by first multiplying with ð�1Þi ffiffiffiffiffi
�i

p
and then

summing over i, which yields

i@�c� ¼ ði�0 ~�?Þ � ~@?cþ � �0
X
i

mi

ffiffiffiffiffi
�i

p
c iþ: (2.5)

The terms containing the photon field cancel becauseP
ið�1Þi�i ¼ 0. The nondynamical field c� can then be
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constructed from a sum of c i�, where each c i� satisfies
the free-fermion constraint.

The mode expansion for the full Fermi field of the ith
flavor can be written as

c i ¼ 1ffiffiffiffiffiffiffiffiffiffiffi
16�3

p X
s

Z dkffiffiffiffiffiffi
kþ

p ½bisðkÞe�ik�xuisðkÞ

þ dyi;�sðkÞeik�xvisðkÞ�: (2.6)

The spinors are [17]

uisðkÞ ¼ 1ffiffiffiffiffiffi
kþ

p ðkþ þ ~�? � ~k? þ �miÞ�s; (2.7)

visðkÞ ¼ 1ffiffiffiffiffiffi
kþ

p ðkþ þ ~�? � ~k? � �miÞ��s; (2.8)

with

�þ ¼ 1ffiffiffi
2

p
1
0
1
0

0
BBB@

1
CCCA; �� ¼ 1ffiffiffi

2
p

0
1
0
�1

0
BBB@

1
CCCA; (2.9)

and the nonzero anticommutators are

fbisðkÞ; byi0s0 ðk0Þg ¼ ð�1Þi	ii0	ss0	ðk� k0Þ;
fdisðkÞ; dyi0s0 ðk0Þg ¼ ð�1Þi	ii0	ss0	ðk� k0Þ:

(2.10)

The mode expansion for the ith photon flavor is

Ai� ¼ 1ffiffiffiffiffiffiffiffiffiffiffi
16�3

p
Z dkffiffiffiffiffiffi

kþ
p ½ai�ðkÞe�ik�x þ ayi�ðkÞeik�x�;

(2.11)

with the commutator

½ai�ðkÞ; ayi0�ðk0Þ� ¼ ð�1Þi	ii0

�	��	ðk� k0Þ: (2.12)

The metric signature 
� ¼ ð�1; 1; 1; 1Þ is chosen for
Gupta-Bleuler quantization [18,19]. Because we do not
use light-cone gauge, there is no constraint on Aþ ¼ A�,
and, consequently, there will be no instantaneous photon
interaction term [4] in the Hamiltonian. The gauge condi-
tion @�Ai� ¼ 0 is implemented as a projection on the Fock

states [18,19], as discussed in [12] and the next section.
We can now construct the light-front Hamiltonian P�.

The interaction terms are determined by the spinor matrix
elements

�uis0 ðpÞ�þujsðqÞ ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
pþqþ

q
	s0s;

�uis0 ðpÞ��ujsðqÞ ¼
� 2ffiffiffiffiffiffiffiffiffi

pþqþ
p ½ ~p? � ~q? � i ~p? � ~q? þmimj�; s0 ¼ s ¼ �;

� 2ffiffiffiffiffiffiffiffiffi
pþqþ

p ½mjðp1 � ip2Þ �miðq1 � iq2Þ�; s0 ¼ �s ¼ �;

�uis0 ðpÞ�l
?ujsðqÞ ¼

� 1ffiffiffiffiffiffiffiffiffi
pþqþ

p ½pþðql � i
lk3qkÞ þ qþðpl � i
lk3pkÞ�; s0 ¼ s ¼ �;

� 1ffiffiffiffiffiffiffiffiffi
pþqþ

p ðmiq
þ �mjp

þÞð	l1 � i	l2Þ; s0 ¼ �s ¼ �;
(2.13)

�u is0 ðpÞ��vjsðqÞ ¼ ð �vjsðqÞ��uis0 ðpÞÞ� ¼ �uis0 ðpÞ��ujsðqÞjs!�s
mj!�mj

; (2.14)

�v is0 ðpÞ��vjsðqÞ ¼ �uis0 ðpÞ��ujsðqÞjs!�s;s0!�s0
mj!�mj;mi!�mi

: (2.15)

These generalize matrix elements given in [17] to the case of unequal masses, to accommodate the flavor-changing
currents. The Hamiltonian is then found to be

P� ¼ X
i;s

Z
dp

m2
i þ p2

?
pþ ð�1Þibyi;sðpÞbi;sðpÞ þ

X
i;s

Z
dp

m2
i þ p2

?
pþ ð�1Þidyi;sðpÞdi;sðpÞ

þX
l;�

Z
dk

�2
l þ k2?
kþ

ð�1Þl
�ayl�ðkÞal�ðkÞ þ
X

i;j;l;s;�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�i�j�l

q Z
dpdqfbyi;sðpÞ½bj;sðqÞV�

ij;2sðp; qÞ

þ bj;�sðqÞU�
ij;�2sðp; qÞ�ayl�ðq� pÞ þ byi;sðpÞ½dyj;sðqÞ �V�

ij;2sðp; qÞ þ dyj;�sðqÞ �U�
ij;�2sðp; qÞ�al�ðqþ pÞ

� dyi;sðpÞ½dj;sðqÞ ~V�
ij;2sðp; qÞ þ dj;�sðqÞ ~U�

ij;�2sðp; qÞ�ayl�ðq� pÞ þ H:c:g: (2.16)

The vertex functions V and U are as given in [11]:
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V0
ij�ðp;qÞ¼

e0ffiffiffiffiffiffiffiffiffiffiffi
16�3

p ~p? � ~q?� i ~p?� ~q?þmimjþpþqþ

pþqþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qþ�pþp ; V3

ij�ðp;qÞ¼
�e0ffiffiffiffiffiffiffiffiffiffiffi
16�3

p ~p? � ~q?� i ~p?� ~q?þmimj�pþqþ

pþqþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qþ�pþp ;

V1
ij�ðp;qÞ¼

e0ffiffiffiffiffiffiffiffiffiffiffi
16�3

p pþðq1� iq2Þþqþðp1� ip2Þ
pþqþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qþ�pþp ; V2

ij�ðp;qÞ¼
e0ffiffiffiffiffiffiffiffiffiffiffi
16�3

p pþðq2� iq1Þþqþðp2� ip1Þ
pþqþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qþ�pþp ;

U0
ij�ðp;qÞ¼

�e0ffiffiffiffiffiffiffiffiffiffiffi
16�3

p mjðp1� ip2Þ�miðq1� iq2Þ
pþqþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qþ�pþp ; U3

ij�ðp;qÞ¼
�e0ffiffiffiffiffiffiffiffiffiffiffi
16�3

p mjðp1� ip2Þ�miðq1� iq2Þ
pþqþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qþ�pþp ;

U1
ij�ðp;qÞ¼

�e0ffiffiffiffiffiffiffiffiffiffiffi
16�3

p miq
þ�mjp

þ

pþqþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qþ�pþp ; U2

ij�ðp;qÞ¼
ie0ffiffiffiffiffiffiffiffiffiffiffi
16�3

p miq
þ�mjp

þ

pþqþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qþ�pþp : (2.17)

The other four vertex functions are related to these by

�V
�
ij;2sðp; qÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qþ � pþ

qþ þ pþ

s
V
�
ij;2sðp; qÞjmj!�mj

;

�U
�
ij;2sðp; qÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qþ � pþ

qþ þ pþ

s
U

�
ij;2sðp; qÞjmj!�mj

;

(2.18)

~V �
ij;2sðp; qÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pþ � qþ

qþ � pþ

s
V�
ij;2sðq; pÞjmj!�mj;mi!�mi

;

~U�
ij;2sðp; qÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pþ � qþ

qþ � pþ

s
U�

ij;2sðq; pÞjmj!�mj;mi!�mi
:

(2.19)

The Hamiltonian does not contain any instantaneous
fermion terms [4]. They cancel between physical and PV
contributions because they are independent of the fermion
mass and proportional to ð�1Þi�i for the ith flavor. The
sum over flavors then yields

P
ið�1Þi�i ¼ 0. This is inde-

pendent of the gauge choice and does not even require a
gauge theory; the same cancellation happens in Yukawa
theory [10]. The absence of instantaneous fermion and
instantaneous photon contributions is important for nu-
merical calculations, where such four-point interactions
can greatly increase the computational load and matrix
storage requirements; this is partial compensation for the
increase in basis size brought by the PV fields.

III. DRESSED PHOTON EIGENSTATE

We construct the Fock-state expansion for the photon
eigenstate of the light-front Hamiltonian. This requires
some discussion of the projection that implements the
gauge condition [12,19]. From the eigenvalue problem
we obtain coupled equations for the Fock-state wave func-
tions. We are interested in the leading vacuum-polarization
contribution and, therefore, truncate the Fock basis to
include only the bare photon state and single-fermion-
pair states. The requirement that the physical photon ei-
genstate have zero mass then completes the determination
of the fermion coupling coefficients �i.

A. Gauge projection

The gauge condition @�Ai� ¼ 0 is implemented as a

projection that eliminates one linear combination of un-
physical polarizations and leaves only a zero-norm contri-
bution from unphysical polarizations that provides for the

residual gauge freedom [12,19]. Let eð�Þ� ðkÞ be the polar-
ization vectors, with k the photon three-momentum and
� ¼ 0, 1, 2, 3. They satisfy the orthogonality properties

eð�Þ�eð�
0Þ

� ¼ �
�	��0 ¼ g��0 (3.1)

and, for the physical polarizations � ¼ 1 and 2,

k�eð�Þ� ¼ 0 and n�eð�Þ� ¼ 0; (3.2)

with n a timelike four-vector that reduces to (1, 0, 0, 0) in

the frame where ~k? ¼ 0. The annihilation operator for a
particular polarization is given by

að�Þi ðkÞ ¼ �
�eð�Þ�ðkÞai�ðkÞ (3.3)

and satisfies the commutation relation

½að�Þi ðkÞ; að�0Þy
j ðk0Þ� ¼ ð�1Þi	ij


�	��0	ðk� k0Þ: (3.4)

Because the positive-frequency part of the gauge condi-

tion is proportional to k�ai� ¼ ðk � nÞðað0Þi � að3Þi Þ, the

condition can be implemented by the projection ðað0Þi �
að3Þi Þjc i ¼ 0 for all Fock states jc i. This projection can be
satisfied by building Fock states with the physical-

polarization operators að1Þyi and að2Þyi and the zero-norm

combination ðað0Þi � að3Þi Þ= ffiffiffi
2

p
. The zero norm guarantees

that the projection condition is satisfied. It also means that
the unphysical polarizations make no contribution to ob-
servables; they instead represent the residual gauge free-
dom of the Lorentz gauge. For the present purpose, we do
not need to include the unphysical polarizations at all.

SOPHIA S. CHABYSHEVA AND JOHN R. HILLER PHYSICAL REVIEW D 82, 034004 (2010)

034004-4



B. Eigenvalue problem

With the truncation to at most one electron-positron pair,
the Fock-state expansion for a photon eigenstate with
polarization � ¼ 1 or 2 and total three-momentum P is

jc ð�ÞðPÞi ¼ X
l

z�l a
ð�Þy
l ðPÞj0i

þ X
ijss0

Z
dkC�

ijss0 ðkÞbyisðkÞdyjs0 ðP� kÞj0i:

(3.5)

Here z�l is the bare photon amplitude for the lth flavor, and
C�
ijss0 ðkÞ is the two-body wave function for an electron of

flavor i, spin s, and momentum k, and a positron of favor j,
spin s0, and momentum P� k. We will work in a frame

where the total transverse momentum ~P? is zero.
This dressed photon state is to be an eigenstate of the

light-front Hamiltonian P� with eigenvalue M2
�=P

þ. Of
course, for the physical photon, M� should be zero. In

terms of the wave functions, the eigenvalue problem be-
comes the following coupled set of equations:

M2
�

Pþ z�l ¼
�2

l

Pþ z�l þ
X

ijss0�

Z
dkð�1Þiþj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�i�j�l

q
C�
ijss0 ðkÞeð�Þ� ðPÞ

�½	s0s �V
��
ij;2sðk;P�kÞþ	s0;�s

�U
��
ij;�2sðk;P�kÞ�;

(3.6)

M2
�

Pþ C�
ijss0 ðkÞ ¼

�
m2

i þ k2?
kþ

þ m2
j þ k2?

Pþ � kþ

�
C�
ijss0 ðkÞ

þX
k�

z�k ð�1Þk
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�i�j�k

q

�eð�Þ� ðPÞ

� ½	s0s �V
�
ij;2sðk; P� kÞ

þ 	s0;�s
�U
�
ij;�2sðk; P� kÞ�: (3.7)

We can then solve explicitly for the two-body wave func-
tion, written here in terms of x � kþ=Pþ,

C�
ijss0 ðkÞ ¼ 
�

�X
k

ð�1Þk
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�i�j�k

q �X
�

Pþeð�Þ� ½	s0s �V
�
ij;2sðk; P� kÞ þ 	s0;�s

�U
�
ij;�2sðk; P� kÞ�

M2
� � m2

iþk2?
x � m2

jþk2?
1�x

: (3.8)

Substitution into the first equation, (3.6), and use of the vertex functions (2.18), yields

M2
�z

�
l ¼ �2

l z
�
l þm2

e

ffiffiffiffiffi
�l

p

�IðM2

�Þ
X
k

ð�1Þk ffiffiffiffiffi
�k

p
z�k ; (3.9)

with me the physical mass of the electron and

IðM2Þ ¼ e20
8�3

X
ij

ð�1Þiþj
�i�j

m2
e

Z dxd2k?
xð1� xÞ

ð1� 2xÞ2k21 þ k22 þ ðmið1� xÞ þmjxÞ2
½M2xð1� xÞ � ðm2

i þ k2?Þð1� xÞ � ðm2
j þ k2?Þx�

: (3.10)

The form given for I is explicitly for the � ¼ 1 case; however, for � ¼ 2, the first two terms in the numerator are replaced
by k21 þ ð1� 2xÞ2k22, which is actually equivalent due to the symmetry of the rest of the integrand with respect to the
interchange of k1 and k2. Therefore, I need not carry a polarization label, and the eigenmassesM1 andM2 are equal, as one
would expect. Also, the cancellations provided by the PV fermions are sufficient to render IðM2Þ finite.

C. Analytic solution

The remaining equation, (3.9), is a 3� 3 matrix eigenvalue problem

H~z� ¼ M2

m2
e

~z�; (3.11)

where ~z� ¼ ðz�0 ; z�1 ; z�2 ÞT and

H ¼
�2

0=m
2
e þ �0IðM2Þ � ffiffiffiffiffiffiffiffiffiffi

�0�1

p
IðM2Þ ffiffiffiffiffiffiffiffiffiffi

�0�2

p
IðM2Þffiffiffiffiffiffiffiffiffiffi

�0�1

p
IðM2Þ �2

1=m
2
e � �1IðM2Þ ffiffiffiffiffiffiffiffiffiffi

�1�2

p
IðM2Þffiffiffiffiffiffiffiffiffiffi

�0�2

p
IðM2Þ � ffiffiffiffiffiffiffiffiffiffi

�1�2

p
IðM2Þ �2

2=m
2
e þ �2IðM2Þ

0
B@

1
CA: (3.12)

When the bare photon mass �0 is zero, the determinant of
H is

detH ¼ �0

�2
1�

2
2

m4
e

IðM2Þ: (3.13)

Therefore, the physical photon eigenstate has zero mass,
within the given truncated Fock basis, if and only if Ið0Þ is
zero. This provides the condition for determination of the
coupling coefficient �2.
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The integrals in Ið0Þ are simple enough to permit its
analytic evaluation. This is presented in the Appendix, with
the result that

Ið0Þ ¼ e20
8�2

X
ij

ð�1Þiþj�i�jIij; (3.14)

with the Iij given in (A6).

To use Ið0Þ ¼ 0 to find �2, we replace �0 ¼ 1 and �1 ¼
1þ �2, and take advantage of the symmetry Iij ¼ Iji, to

write Ið0Þ ¼ 0 as

I00 þ I11 � 2I01 þ 2ðI11 þ I02 � I01 � I12Þ�2

þ ðI11 þ I22 � 2I12Þ�2
2 ¼ 0: (3.15)

The two roots of this quadratic equation are plotted in
Fig. 1 as functions of the PV masses m1 and m2, with the
bare electron mass set to a typical value for the dressed-
electron problem [8]. The range in m1 is taken up to the
point where the earlier calculations were done for the
dressed-electron state [8]; the value of m2 is fixed in ratio
to m1. The eventual choices of the root and of the m2=m1

ratio will be determined by optimization of the numerical
calculation. Ideally, the root and the ratio will not be too
large; a large root would mean large couplings for the PV
particles, and a large ratio would makem2 yet another mass
scale in the problem.

The main point here is the existence of values of m2 and
�2 for which the mass of the photon eigenstate is zero.
Also, since �2 ¼ 0 is not a root, the addition of the second
PV fermion flavor is necessary to restore the zero mass. For
calculations in QED that include a single electron-positron
pair in the basis, with no photons in the same Fock state,

the analytic results given here provide the value to use for
�2.

IV. SUMMARY

We have shown that the addition of a second PV fermion
flavor is sufficient to restore the physical photon eigenstate
to zero mass. The photon self-energy induced by vacuum
polarization is thus not only rendered finite by the PV
regularization, but an additional finite correction can also
be made by adjusting the coupling coefficients of the PV
fermions. For the simplest Fock-state basis, we have com-
puted explicitly the coupling coefficients as functions of
the electron’s bare mass and the PV fermion masses; the
results are illustrated in Fig. 1.
This analysis provides building blocks necessary for the

extension of previous work on the dressed-electron state
[8,11] to include electron-positron pairs. The complete
Lorentz-gauge light-front Hamiltonian (2.16) has been
constructed and the one-photon eigenstate has been inves-
tigated in some detail. The issues that remain to be resolved
are the vacuum-polarization contribution to charge renor-
malization and the electron-positron pair contribution to
current covariance. There are also technical issues to be
addressed, associated with the numerical analysis of the
coupled equations of the dressed-electron eigenproblem.
The size of the calculation will be larger than the case of
two-photon truncation [8], because the number of PV
fermion flavors will be two instead of one, but the size
should still be small enough for the calculation to be done.
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APPENDIX: EVALUATION OF Ið0Þ
We evaluate the integral IðM2Þ, defined in (3.10), for the

case ofM ¼ 0. The symmetry of the integrand allows us to
replace k21 and k22 in the numerator by k2?=2. The integral

over azimuthal angle can be done immediately, to replace
d2k? by �dk2?. The numerator can be written as

ð1� 2xÞ2k2?=2þ k2?=2þ ðmið1� xÞ þmjxÞ2
¼ ½m2

i ð1� xÞ þm2
jxþ k2?� � xð1� xÞ½ðmi �mjÞ2

þ 2k2?�: (A1)

The first bracket can be dropped, since it cancels the
matching bracket in the denominator, leaving an integrand
independent of i and j, for which the sums over i and j are
zero. This reduces the form of Ið0Þ to

m1/me

0 5000 10000 15000 20000

β 2

0
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m2
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2
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2 = 4 m1

2

FIG. 1. The coupling coefficient �2 as a function of the PV
massesm1 andm2. The two possible values of �2 are determined
by the constraint of having a zero mass for the physical photon
eigenstate. The value used for the bare electron mass m0 is
0:99me, where me is the physical electron mass.
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Ið0Þ ¼ e20
8�3

X
ij

ð�1Þiþj
�i�j

m2
e

�
Z

dxd2k?
ðmi �mjÞ2 þ 2k2?

m2
i ð1� xÞ þm2

jxþ k2?
: (A2)

Further simplification comes from writing k2? ¼ ½m2
i ð1�

xÞ þm2
jxþ k2?� � ½m2

i ð1� xÞ þm2
jx� in the numerator

and again dropping the first bracket, for the same reason
as before.

The expression that we actually integrate is, then,

Ið0Þ ¼ e20
8�2

X
ij

ð�1Þiþj�i�j

Z dxdk2?
m4

e

� ðmi �mjÞ2 � 2½m2
i ð1� xÞ þm2

jx�
ð1� xÞm2

i =m
2
e þ xm2

j=m
2
e þ k2?=m

2
e

: (A3)

The k2? integral yields ln½ð1� xÞm2
i =m

2
e þ xm2

j=m
2
e þ

k2?=m
2
e� evaluated at 0 and 1; the sums over i and j

eliminate the contributions at the upper limit. The remain-
ing expression is

Ið0Þ ¼ e20
8�2

X
ij

ð�1Þiþj�i�jIij; (A4)

with

Iij �
Z 1

0

dx

m2
e

f2½m2
i ð1� xÞ þm2

jx�

� ðmi �mjÞ2g ln½ð1� xÞm2
i =m

2
e þ xm2

j=m
2
e�: (A5)

When i ¼ j, the integrand is trivial; when i � j, we can
use the transformation z ¼ ð1� xÞm2

i =m
2
e þ xm2

j=m
2
e to

arrive at a simple integral. The final results are

Iij ¼
8><
>:
2
m2

i

m2
e
ln

�
m2

i

m2
e

�
; i ¼ j;

m2
iþm2

j

2m2
e

� 2mimj

m2
e

þ mimj

m2
j�m2

i

�
miðmj�2miÞ

m2
e

ln

�
m2

i

m2
e

�
� mjðmi�2mjÞ

m2
e

ln

�
m2

j

m2
e

��
; i � j:

(A6)

The form of Ið0Þ is now fully specified.
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