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B decays in an asymmetric left-right model
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Motivated by recently observed disagreements with the standard model predictions in B decays, we
study b — d, s transitions in an asymmetric class of SU(2); X SU(2)g X U(1)p_; models, with a simple
one-parameter structure of the right-handed mixing matrix for the quarks, which obeys the constraints
from kaon physics. We use experimental constraints on the branching ratios of b — sy, b — cev,, and
Bg,.s - Bg, , mixing to restrict the parameters of the model: gr/g., My,, My, tanf3 as well as the elements
of the right-handed quark mixing matrix V&,,. We present a comparison with the more commonly used
(manifest) left-right symmetric model. Our analysis exposes the parameters most sensitive to b transitions
and reveals a large parameter space where left- and right-handed quarks mix differently, opening the
possibility of observing marked differences in behavior between the standard model and the left-right

model.
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I. INTRODUCTION

Within the next decade, significant progress is expected
in experimental high energy physics. Most of the hope rests
on the LHC, expected to probe the standard model (SM) of
electroweak interactions and models beyond it. The experi-
mental explorations would complement efforts made by
theorists over the last decades. The common wisdom held
that while the SM left some fundamental questions unan-
swered (such as stability of the Higgs mass, the origin of
CP violation, the baryon asymmetry, or the presence of
dark matter in the Universe), it was experimentally sound.
Several precision measurements have recently questioned
the latter. First and foremost, there was evidence for the
existence of neutrino masses and mixing, inconsistent with
the SM predictions, where neutrinos are assumed massless.
Some of the recent experimental results which might prove
(at least) difficult to explain within the SM, and provide
some hints of deviations from its predictions come mostly
from B physics: The values of the angle ¢ measured in
some penguin process b — sqg and the precisely mea-
sured value in B — J/ zﬂKg differ by 2 to 3 standard devi-
ations (By — 7w°7°K?, By — K*K~K°, [1-3]) and may
suggest the existence of a new CP phase in this penguin-
dominated process; the lepton forward-backward asymme-
try in B— K*I"]~ is measured to be around 2 standard
deviations higher than the SM prediction [4]; direct CP
asymmetries in By — K" 77~ and Bt — K" 7° differ sig-
nificantly from each other, although naively one would
expect them to be the same [5]; the branching fraction
for BY — 7v is up to 2 standard deviations higher than
expected, depending on the theoretical input chosen [1,6];
in purely leptonic D — uv and D] — 7v decays the
deviation of the branching ratios is even larger [7,8] if
one uses the recent lattice QCD calculations of the meson
decay constant; the measured production cross section for
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cc states is higher than the calculated one [9]. A careful
analysis combining all the experimental data on B, mixing
[10] finds that the phase of the mixing amplitude deviates
by about 30 from the SM prediction (or slightly less, if one
does not use Gaussian error distributions') [11].

Additionally, the CDF and DO experiments have deter-
mined a sizable forward-backward asymmetry in top-
antitop events, in which one top decays semileptonically,
a measurement that is more than a 20 deviation from the
SM prediction [12].

Taken together, these indicate that flavor and CP physics
are highly nontrivial and that they may be governed by a
new paradigm beyond the single Cabibbo-Kobayashi-
Maskawa (CKM) matrix of the SM. Possibilities for non-
SM flavor violation are present in the b — d, s nonleptonic
decays. This justifies looking at rare B decays in new
physics scenarios.

Perhaps the simplest such scenario of models beyond
the SM is the left-right symmetric model (LRSM) [13].
Motivated originally by the desire to understand parity vi-
olation in weak interactions [14], it gathered some more
support due to its simplicity. It appears to be a natural
extension of the SM, as it treats both left- and right-handed
fermions as doublets. Additionally the model gauges the
B — L quantum number, left ungauged in the SM, and it
provides an elegant explanation of neutrino masses through
the seesaw mechanism [15].

The LRSM, based on the gauge group SU(2); X
SU(2)g X U(1)g_;, has some immediate implications on
the role played by the right-handed fermions in charged
current interactions, both for flavor changing and flavor
conserving, while leaving open how much, and with what
strength. Most authors assumed that the LRSM is invariant
under a discrete left-right symmetry, where the left- and
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right-handed fermions can be interchanged and the cou-
plings of the two gauge groups, g; and g, are equal. If the
discrete LR symmetry breaks down at low (TeV scale)
energy, then g; # gp. Furthermore, most previous works
have assumed a relationship between quark flavor mixing
in the left and right sectors, either that the CKM matrices in
the two sectors are equal, V&, = V. as in manifest
left-right symmetry, or that they are related by diagonal
phase matrices K* and K9, V&, = K*VEE K™ (pseudo-
manifest left-right models). The first scenario [14] assumes
CP violation to be produced by complex Yukawa cou-
plings, and fermion masses to be generated by real vacuum
expectation values of the Higgs fields. The second model
[16] assumes that both parity (P) and charge parity (CP)
are broken spontaneously, thus that the Yukawa couplings
are real. Both of these scenarios have difficulties in ac-
counting for the baryon asymmetry of the Universe, and
lead to cosmological domain-wall problems [17].

A notable exception to the above formulations of LRSM
is the model proposed by Langacker and Sankar [18]. The
authors assume the left-right symmetry to be fundamental,
superseding the Higgs, Yukawa, or fermion structure, and
analyze constraints on the charged gauge boson masses
and mixings including a variety of constraints, coming
from the kaon system, the BY — BY mixing, b — Xv,e,
universality, muon decays, and neutrinoless double beta
decays. They consider several neutrino mass scenarios
(Dirac or Majorana, light, intermediate or heavy) and allow
for g, # gg as well as Vi, # VE- The form chosen
for the V&, is not arbitrary, nor is it the most general form
for a 3 X 3 mixing matrix one could write down. The
choice for right-handed quark mixings is particularly at-
tractive, as it is motivated by the K — K° mass difference,
which is strongly affected by the right-handed quark mix-
ing matrix, and it depends on one parameter only, making it
highly predictive. Their requirement is that My, be as
general as possible, and the form of V&, not be exces-
sively fine-tuned. An additional reason to revisit this pa-
rametrization is that a recent analysis of CP violation in
Pati-Salam type left-right models [19] concludes that
manifest/pseudomanifest left-right models are disfavored,
unless they include an unnaturally large CP violating
phase. In Langacker and Sankar parametrization, there
are two possibilities for the right-handed CKM matrix,
known as (A) and (B), with

1 0 0
V(A)= 0 c, ::sa ,
0 s, =cg,

0 1 0
Vi =1ca O Esa |
s 0 ZFc,

where ¢, = cosa and s, = sina, with « an arbitrary angle
(— 7/2 = a = 7/2). The mixing between the first two
families is trivial, removing the strict bounds on the new

(1.1)
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charged gauge boson mass required by K° — K° mixing.
The two parametrizations allow for arbitrary mixing be-
tween the second and third, or first and third right-handed
quark families, with an arbitrary parameter «. Thus, al-
though the ansatz seems specific, it is fairly general while
fulfilling the constraints of kaon physics.

The aim of this work is to investigate the consequences
of these parametrizations, referred from here on as the
asymmetric left-right model (ALRM) on b — d, s transi-
tions, concentrating at first on the CP-conserving, flavor
violating processes b — sy (AB = 1) and BY | — B} A mix-
ing (AB = 2). Although the experimental data for these
agree with the predictions of the SM, we use the analysis to
establish consistency of the model parameters. These enter
consideration of CP violating effects, which will be left for
further work.

Our motivation is twofold. First, flavor and CP viola-
tions in B decays have received a lot of theoretical and
experimental interest recently, and careful analyses, as
outlined before, show deviations from the SM predictions.
Agreement with the branching ratio for b — sy is the
cornerstone of any model beyond the SM. LHCb will
uncover many new exciting results in B physics and may
rule out certain models, as might a new (under discussion)
Super KEKB factory. Second, strong flavor violation
(which could come from the right-handed quarks in
ALRM) has implications for new particles and interactions
at the LHC, notable for new charged gauge bosons, which
have received less attention than their neutral counterparts.
We investigate this possibility in a forthcoming paper.

The analysis presented here follows several previous
analyses of B decays in left-right models [20]. Although
many discussions of the manifest or pseudomanifest model
exist, very few are available for more general left-right
models. Our numerical analysis is more detailed and com-
prehensive than in previous works and clearly separates
regions for all parameters of left-right models that are ruled
out by existing measurements. As we were unable to find
equally extensive discussions of manifest or pseudomani-
fest left-right symmetric models, we include a comparison
with these models as well, and give the relevant values in
the SM. Additionally, we have performed the analysis
using well-established publicly available software, which
allows exact numerical evaluations without using addi-
tional assumptions. As we had to modify the software to
include evaluation of the box diagrams, we explain the
modification in Appendix B and give the relevant formulas.

Our paper is organized as follows. In Sec. I we present a
succinct description of the ALRM with the (A) and (B)
parametrization for V&, that is a summary of the model
presented in [18]. We then use the results to consider rare B
decays in Sec. III, in particular, we investigate the process
b — sy (including a short discussion of b — dvy) in
Sec. IIIA and BY — B mixing in Sec. Il B, allowing
for a large parameter space consistent with kaon physics
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constraints. We summarize our results and conclude in
Sec. IV. Some of our basic analytic expressions are in-
cluded in the paper, and we delegate some details to the
Appendixes.

II. LEFT-RIGHT SYMMETRIC MODELS

The left-right models of weak interactions are based on
the gauge group SU(2); X SU(2)g X U(1)p_;. Under the
group symmetry, fermions (quarks and leptons) are as-
signed the following quantum numbers:

1 1 11
QL‘ (E’ 0) g)’ QR~ (O; E; 5),

1 1
LL' (E,O,_l), LR' (0,5,_1)

Interactions are mediated by three neutral gauge bosons v,
Z,, and Z, and four charged bosons W", W5, which are
mixtures of the fundamental gauge bosons of the three
gauge groups. The electric charge formula is given by

2.1

B—-L
Q=13L+I3R+ .

The parity symmetry is broken first, resulting in g; # gy at
the right-handed scale. The gauge symmetry is also broken,
at the same or lower scale. The Higgs multiplets required
for symmetry breaking are chosen so they are bilinears in
the basic fermion multiplets. A bidoublet is needed to
break LR symmetry

@:<M ¢;ywzzm

2 2.2
b1 & 22

Additional Higgs multiplets are needed to break the sym-
metry to the SM and to generate a large My, > My, . One
has the option of introducing doublet Higgs representations

%z(%)~@zn

5+
o= (%)~ @1, %
L R

(2.3)
or Higgs triplets, a popular alternative as it can generate

a small Majorana mass for the left-handed neutrinos and
large masses for the right-handed neutrinos and Wy

bosons:
A
AL A0
(ﬁ §>~@Ln
AT— —2L
2

L

A

R AO

ARz(VE R)~@am

_ A,
AR _75

>
e
Il

2.4)
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The Higgs develop vacuum expectation values (VEVs)
v, O
(@) = ( )
0 Vg
0
<5L,R> = ,
U‘SL,R

0 v
w=(" ")

The Higgs triplet VEV v, , can produce a large My, mass
and generate a large Majorana mass for the right-handed
neutrino. If vs, > (v,, v, vs, ), the Higgs doublet VEV
can generate a large My, and a large right-handed Dirac
neutrino mass [21]. The Higgs doublets or triplets do not
couple to quarks because of their B — L quantum number
assignments, and although they mix with the bidoublet
Higgs bosons, only the eigenvectors corresponding to the
bidoublet contribute to B decays. As the choice of doublet
or triplet Higgs does not play an essential role in our
considerations, we will treat both possibilities together,
and denote v, = vy, Vs, and vg = vy, Vs,-

At the first stage of symmetry breaking, W will pick up
the mass My, = ‘%%’i. The second stage of breaking is

controlled by the (®). This contributes to the Z;, W,
masses, but since ® transforms nontrivially under both
SU(2), and SU(2)g, it mixes the charged gauge bosons
with the following mass-squared matrix:

(2.5)

2
M2 — (%L(v% +v2 ~|—v§)

“8L8RVuVqg
—8L8RVuV4

2
%R(U%e +v2 + vi)

(2.6)

in which the two mass eigenstates mix with an orthogonal
rotation matrix to construct physical W gauge bosons

Wy =cW, + ef"“’stR,

‘ (2.7)
W2 = (_S§WL + e_"”c§WR),

where w is a CP violating phase [22], and ¢ = co0s§, s; =
siné with ¢ a mixing angle which is severely restricted to
be £ =3 X 1073 from K° — K° mixing [23]. Since the
electroweak analysis leads to the constraint v; < 10 GeV
and the seesaw mechanism for small left-handed neutrino
masses requires v; < a few MeV, we will work in the limit
vy — 0. Therefore the mixing angle and two mass eigen-
states in this limit are defined

2(§—’L‘)vuvd

e G

(2.8)
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2 2
My, = g—L[vzcé - 2<g—R)vuvds2§ + (g—R) (v: + vz)sé],
2 8 8
2
L

L L
> _8L| .22 &R S8RV > 2.2
My, = 7[1} ¢+ 2<g—L)v“vdS2§ + <g—L) (vp +v )cf:l,

(2.9)

where we have introduced the shorthand notation v% =

v2 + v2. Notice that, in the case of no mixing (£ — 0)
the mass eigenstates will exactly be My, = My, and
My, = My, . The most common forms of left-right sym-
metric models are the manifest and the pseudomanifest
left-right models.

The manifest left-right symmetric model assumes that
weak interactions enjoy a left-right symmetry in the
Lagrangian [that is, the Lagrangian is invariant under
SUQ2), X SUR2)g X U(1)g_,; gauge symmetry], and that
parity violation stems from the spontaneous breakdown of
this symmetry [14]. Manifest here indicates that the physi-
cal left-handed and right-handed currents have identical
properties in flavor space and that

R — yL
VCKM - VCKM‘

This model has complex Yukawa couplings and real ex-
pectation values for the Higgs fields.

In the pseudomanifest left-right symmetric model [16],
the Lagrangian of the model is invariant under SU(2); X
SUQ2)g X U(1)z_; gauge symmetry, but both parity and
charge conjugation are broken spontaneously (unlike in the
manifest case where charge conjugation is broken explic-
itly). In this model, the left- and right-handed quark mixing
matrices are most generally related by

VgKM = K" V(L:;EMK >

with K, K¢ diagonal phase matrices, defined as K* =
diag(e'®s, ei®c, ¢'%1) and K¢ = diag(e'®, e'%s, e'#+). Thus
this model contains an additional set of CP violating
phases. The pseudomanifest model has real Yukawa cou-
plings and complex vacuum expectation values for the
Higgs fields.

In the asymmetric left-right model, which we study here,
left-right symmetry of the Lagrangian is seen as more
fundamental than the Higgs, Yukawa or fermion structure.
The left- and right-handed quark mixing are independent
of each other, and are fixed by experimental constraints
from low-energy physics. The mixing matrix for left-
handed quarks is the known CKM matrix, while for
right-handed quarks the mixing matrix is chosen to satisfy
the kaon (K° — K° mixing, €x) meson constraints. This
fixes the mixing between the first two families (to be either
minimal or maximal), allowing for arbitrary mixing be-
tween the second and third, or the first and third families,
parametrized as V) and V{}, asin (1.1). The consequences

of the asymmetric left-right model have received less
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attention [18], and we propose to investigate them here in
b — s, d transitions.

II1. B DECAYS

Left-right models are best constrained at low energies by
flavor-changing mixings and decays, as well as by the CP
violating observables. In what follows, we will work with
the V() and V{}, parametrizations (denoted simply by V*)
and compare our results with the manifest left-right model
where possible. The restrictions on these parametrizations
in the K; — Kg mixing have been thoroughly examined
[18,24], and the experimental limits imply

(gRMl
81 M,

8L M, = 300 GeV

8Rr

2
)S0.075, or (3.1

with M, M, the masses of the charged gauge bosons in
(2.7). These restrictions still hold, as the experimental data
on kaon physics did not change significantly over the years.
However, we need to carefully reexamine the constraints
on the model parameters coming from B physics, in light of
the new measurements. We proceed first with the analysis
of the AB = 1 flavor-changing decays, and follow in the
next section with AB =2 processes. Both AB = 1 and
AB = 2 processes are generated by the same Lagrangian,
which is responsible for flavor changing. The charged
current interactions for general B decays are, for the W, ,
bosons

1 _ .
.EX‘Z‘ = _ﬁui’yl‘l’[gLCé:ijPL + gr€ leé:VII;PR]d/W;L#
1 _ )
+ ﬁui’y"‘[gLe""séeViLjPL - chfvlleR]d]W;M
3.2)
and for the charged Higgs fields
sin2 3 _
Lee=- cos2,8NH+ iilm,, VisPy — mq Vi;Ppld;H*
1 _
— COSzB NH+ ui[muin}PR - md‘/_ VSPL]de+
3.3)
with
(V2 — v2)27-1/2
Ny =|v2+ 02+ “7"] 3.4
H [Uu vd 21)% ( )

and tan8 = Z—Z Note that there is a neutral Higgs boson

which can violate flavor. This Higgs boson must be heavy
to obey flavor-changing neutral current bounds (of order of
30-50 TeV or heavier [25], so we will a priori neglect its
contribution here). Finally the interactions corresponding
to the charged Goldstone bosons G , are
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1

G _ _ . L _
Lg = \/ETWIMI'[(gLCfmu,»Vij grSema,VEPy

— (ch§mdiV — grSegm, Vi )PR]d G/
1
_ L R
+ \/szzui[(gLsfmu[V[j + greema V)PL

= (gr5gma, Vi + greem, V) PRld,G5 . (3.5)
In all the above formulas, u;(d;) denotes up (down)-type
quarks, m, 4 are their respective masses, and P; g =
(1 +19%)/2 are the left- and right-handed projection
operators.

A. b — sy decay

The inclusive rate B — X,y has been measured pre-
cisely to 10% [26,27]

BR ¢, (B — X,y) = (3.55 = 0.23) X 107*.

The rate has been calculated in SM to O(a?) with the
remaining uncertainty 7% [28]

BR g\(B — X,y) = (3.15 £0.23) X 1074

While the difference is not too large, the window between
the measurement and the SM can be used to severely
constrain new physics.

The decay b — sy has been considered by numerous
authors in the context of manifest or pseudomanifest left-
right models [20]. Basically, this is a one-loop flavor-
changing neutral current process, proceeding through an
electromagnetic penguin diagram, with up-type quarks and
charged bosons in the loop. The low-energy effective
Hamiltonian for b — s+ is written as

_ 4G
AB=1 F
H" =" vhviciol
4 8k o VEVENCHO] ] (3.6)
where the operators are
0} = =25 (504 Prb)F
(3.7)
O} = 16”2 (EO‘”’VPLb)F’u,,

with F,, the electromagnetic field tensor. We used
FEYNARTS [29] for generating the amplitudes, then
FORMCALC and LOOPTOOLS [29] packages to evaluate the
loop contributions C} and C} numerically. The dominant
contribution to I'(b — s7y) comes from the top quark in the
loop, so below we give the analytical expressions for the
top-quark contribution.

The coefficients of pure left, pure right, and LR inter-
ference are encoded in C] and Ck;

PHYSICAL REVIEW D 82, 033012 (2010)

8r My Vth
Cl = c2A + 524 + M Tip
L~ C¢ sm(xp) Se sm(x2) Sog— P VtLb
23 M V
X ZALR(X) + —B — V—[’f) )+ ZQﬁAH+()’)
i=1 2,3
(3.8)
C} = Sé(g) Agp(xy) + Cg(g ) Agp(x,)
8r My V s2ﬁ m,
+ szf— — Apg(x;) + 5~
Vfi‘l zz Cz/s my
V 1
2ﬂ
where the arguments of the functions are x; = (m,/ MWI,)Z,

and y = (m,/M+)?. The loop integrals Agy, Ay, Apgs
and A2 4+ are calculated numerically in terms of scalar and
tensor coefﬁment functions. The QCD corrections arising
from the evolution of effective Hamiltonian down to u =
my, scale are

. _ 3
Cz( ff) _ n 16/23[Cz + E)((,,710/23 —1)

3
+2-X 28/23—1],
g X(n )

,,’—16/2367e

cetm = (3.10)

with X = 208 and n = ((Tm";)) =~ 1.8. In the calculation of
@s 1

the branchlng ratio we have followed the traditional
method of scaling the decay width I'(b — svy) with the
semileptonic decay width I'(b — cep) [30]

I'b — sy)
I'(b — cep)

where we calculated the width I'(b — ce?) in our model
and for the branching ratio we used the well-established
value BR(b — ce?) =~ 11% [31].

In Fig. 1 we present the dependence of the branching
ratio of b — 57 in a contour plot in My, — sina plane,
with V{{ = sina in the VX = Vi, parametrization. (Note
that in VR = V() the contribution to the right-handed
quark mixings to b — s processes is zero.) Fixing the
mass of the charged Higgs boson to M- = 10 TeV,> we
consider various tanB and gr/g, values. While we allow
the ratio of gz/g; to vary, it is not allowed to have arbi-
trary values. As SU(2)g X U(1)g_; breaks to U(1)y, the
coupling constants of the three groups gr, gz—1, and gy are
related, requiring gg/g; > tanfy,. For coupling ratios
outside this interval, the Zzff coupling becomes

BR (b — sy) = X BR(b — cep), (3.11)

2As required by the B — B mixing; see discussion in the next

section.
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FIG. 1 (color online).

0.2 044 0.6 0 8
sin «

Mw, [GeV]

I\l\n]z[(:}G{\]]

Mw, [GeV]

PHYSICAL REVIEW D 82 033012 (2010)

2000 2000 M R
1800 BR(b — s7) L 1800 4 BR(b— 87)
3.85x 1074 —— 3.85 X 1074 ——
1600 - 1600
1400 EST 1400 1
@
1200 gr/g1 = 0.6 L O o ] gr/gL = 0.6
o
tan 8 = 30 B tan 8 = 60
1000 - LS 1000 4
800 . 800
600 - - 600 -
400 AR I L T I LT T 00 +—"—1F—"——"F——7"—7——
0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 08
sin « sin o
2000 2000
1800 BR(b — s7) L 1800 BR(b — s7)
3.85x 1074 —— 3.85x 1074 ——
1600 . 1600
1400 FS 1400
@
1200 gr /g1 = 0.8 O, 1m0 - gr/gL = 0.8
o
tan 3 = 30 2 tan 8 = 60
1000 FoS 1000
800 . 800
600 - . 600 -
400 f LA L B R A I L 400 T T LA A B B
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8
sin « sin o
2000 2000
1s0{  BR(b—#7) 1800 BR(b57)
3.85 x 1074 —— 3.85 x 1074 ——
1600 - 1600 -
1400 5 ; 1400
[
1200 gr/gL =1 S 1200 gr/gL =1
tan 8 = 30 2 tan 8 = 60
1000 1 S 1000
800 - - 800 -
600 - 600
7 ,/4;/,%2 / /4;/”4; iiiaa
100 R LR 400 : : : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 08
sin « sin o

Contour plot of the My, vs sina constraint in the VR =

V(4) parametrization, from b — sy. We fix the

(BRb — s57) to be in the interval (3.20-3.85) X 1074, and vary gg/g, and tang, as indicated in the panels. We take M= = 10 TeV.

Black-shaded (hatched) regions represent areas excluded by the Wy

represent allowed parameter spaces.

nonperturbative. We restrict the branching ratio to be
within the experimentally allowed values in the 10 range,
and the allowed regions are shaded in yellow, with upper
values in red. The lower bound value is always allowed by

— W, mixing angle, ¢ = 3 X 1073, Regions highlighted in yellow

the parameter space chosen. As the SM value in our
calculation is BR(b — sy) = 3.2 X 107%, the region in
which sina = 0, which corresponds to no contribution
from the right-handed side, is always included in the
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allowed parameter space. The gz/g; value is kept constant
along the rows of the graphs in Fig. 1. The values are
gr/g. = 0.6, 0.8, and 1 for the first, second, and third
rows, respectively. We vary tanB between 10 and 60
among the panels. Increasing tang for a fixed gg/g; value
widens the allowed parameter space for VX = sina. The
reason is that, for tan8 = 5, the dominant Higgs contribu-
tion is proportional to 1/cos?23. This contribution in-
creases with tanB and thus requires a larger com-
pensating W, contribution, thus enlarging the parameter
space allowed to satisfy the experimental bounds. Taking
tanB — 0 and My, — oo does not reduce the model to the
SM for the chosen Higgs mass; one would also need to take
M = — oo limit to recover the SM. Going down the plots
along the columns of Fig. 1, we investigate the effects of
varying the ratio gz/g;. For low tanB, the parameter
regions available for VX = sina are reduced because one
effectively increases the contribution of W, for a fixed
Higgs contribution, while increasing tanf increases the
Higgs contribution, opening more parameter space for
VR = sina. The region shaded is excluded by the restric-
tion on the Wi — W, mixing angle, £ <3 X 1073. In
conclusion, Fig. 1 shows that large values of tan insure
that a large parameter space for VR = sina is allowed as
My, gets larger, while smaller values of gr/g; allow
larger flavor violation in the right-handed sector, even for
low W, masses. For comparison, we investigate the same
dependence in the manifest left-right symmetric model in
Fig. 2. There is no sina dependence there, as the flavor
violation in the right-handed sector is fixed, and so is g =
gr- As in our model, large tanB allows for a larger pa-
rameter space. The main difference lies in the fact that in
manifest left-right symmetry VX ~ ©(1072) while in our

42 4o

My+ =1TeV ——
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Mpy+ = 50 TeV

3.8
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34
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model, VX = sina is allowed to vary and be large. Thus in
the manifest left-right model the contribution for W, is
relatively smaller, allowing for contributions from lighter
charged Higgs. The W, mass is required to be at least
1 TeV for tanB = 10, while for tan = 60, the W, mass
is allowed to be as light as 500 GeV. Higgs masses of 1 TeV
are ruled out for My, <2 TeV for tang = 10, but not for
tanB = 60. In both cases, the Higgs contribution decouples
for M= = 5 TeV, while no such statement can be made in
our model, where both VX and gr/g, are allowed to vary.

In Fig. 3 we investigate the dependence of the branching

ratio of b — sy on the H= mass and tanf3 in the V¥ = V{§

parametrization. We fix the mass My, = 500 GeV (as we
are interested in the consequences of a light gauge boson)
and vary VR =sina and gp/g;. We again restrict the
branching ratio to be within the 1o range and give contour
plots for the allowed regions (highlighted in yellow, with
upper values in red; as before, lower values are always
allowed in the chosen parameter space). For each of the
rows of plots in Fig. 3 we keep gg/g, constant and choose
values for VR = sina. For fixed ratios gg/g,, increasing
sina shifts the allowed parameter space to higher values of
tanB, and this result is independent of M- . The result is in
complete agreement with our observations on the tanf
influence in Fig. 1, where the Higgs contribution was
needed to compensate for a large flavor mixing in the
right-handed sector. Going down the plots along the col-
umns of Fig. 3, we analyze the effects of varying gr/g;.
The second row shows that for larger g/ g, ratio, allowed
parameter regions are moving toward larger tan. For the
last row, where gg/g; = 1, the allowed region of the
parameter space is extremely sensitive to sina, and
consistent with the data only for very small values for

3.31

Mg+ =1TeV ——
Mg+ =5TeV ——

3.305 Mg+ =50 TeV —— [

3.3 4 L

R — VL
VCKM - VCKM

tan 8 = 60
3.295 -

gr/gL =1

Br(b — sv)[1074]

3.29

3.285 e
500 1000 1500 2000 2500 3000 3500 4000 4500 5000
My, [GeV]

FIG. 2 (color online). BR(b — sv) as a function of the W, mass in the manifest LRSM, V&, = V& We take tanB = 10 in the
left panel and tanB = 60 in the right panel. The curves in red, green, and blue correspond to, respectively, My- = 1, 5, and 50 TeV.
Yellow highlighted regions represent allowed spaces; the black-shaded (hatched) region is excluded by the W; — W mixing angle.
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FIG. 3 (color online). Contour plot of the My~ vs tanB constraint in the VX = V(,, parametrization, from b — sy. We fix the
BR(b — s7) to be in the interval (3.20-3.85) X 10™4, and vary gz/g, and sina, as indicated in the panels. We take M w, = 500 GeV.
Hatched regions represent areas excluded by the Wy — W, mixing angle, ¢ = 3 X 1073. Regions highlighted in yellow represent
allowed parameter spaces.
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VR = sina. Even for relatively small right-handed flavor
violation, sina = 0.25, most of the region of the parameter
space is ruled out. Here the contribution from the right-
handed gauge boson is large; large flavor violation requires
a very large Higgs term contribution, and even large values
of tanB are insufficient to generate compensating terms.
Here again, the region shaded is excluded by the restriction
of the W — W, mixing angle & <3 X 1073; this region
depends only on the ratio gg/g;. In conclusion, we see
from Fig. 3 that larger values of tan8 and smaller values of
gr/ gL satisfy the b — sy branching ratio constraints for a
wide parameter space for M+, while low values for VX =
sina are required for low W, masses.

Following previous studies, we do not analyze b — dy
transitions. Finding new physics effects in the b — d tran-
sition may be easier than in b — s because the SM ampli-
tude is suppressed in b — d. In the SM, b — sy and
b — d7y are both described by a common Wilson coeffi-
cient, C]. This is also true in any model within a minimal
flavor violating framework in which the flavor-changing
interactions are determined by the left-CKM angles.
However, the experimental measurement for b — dvy is
not very precise [32]

BR (b — dy) = (1.637939 = 0.16) X 107°.

Since SM predictions for exclusive modes such as B — py
or B— w7y [32] suffer from large model-dependent un-
certainties, it is necessary to measure the inclusive rate for
B — X,;v. The largest experimental challenge is the huge
background due to b — s7y. The only possible way is
probably to sum up exclusive b — dy modes, perhaps
from Belle and KEKB.

B. By, — BY ; mixing
The AB = 2 flavor-changing decays have been stud-
ied in the context of minimal left-right symmetric mod-
els [33,34]. The mass difference between B) and BY) is
defined as

_ KBIHA1BY)
mBq

Am (3.12)

q

The effective Hamiltonian H'4°~2 for B — B° transition
is obtained by integrating out the internal loop in the box
diagrams responsible for this process.

6 3
HG D =360+ 60, (313)

with the following four-quark operators

PHYSICAL REVIEW D 82, 033012 (2010)
01 = (g*y* P b*) ® (§Py,PLbP),
0, = (§%y*Pgb®) ® (gPy,PrbP),
0, = (q*P.b*) ® (GP P, bP),
0, = (§*Prb®) ® (7P PrbP),
Qs = (g*PbP) ® (3PP D7),
05 = (§*PgbP) ® (5P Prb®),
Q4 = (7*PLb*) ® (7P PrbP),
0s = (§*P.bP) ® (gPPrb®),
Q¢ = (g*y* P b*) ® (GPy,PrbP),

where the superscripts @, 8 denote color indices, and ¢
stands for either the d or s quark. We used the parametri-
zation of the matrix elements of the operators in terms of
the bag parameters in the vacuum insertion approximation

(3.14)

_ 1
(BU1Q\ (WIBY = i f, B (1),

(B°1Q:(w)B°) = _i<&

2
2 2 p4
24 mh+mq) mquBqu(,Uv),

— 1 mBq 2
B0 o) = 3y () i 73, B
(3.15)
_ 1
B10wIB) = (-

2
2 2 pa
m4% % B R
, q) Bqu4(:“)

_ 1 m 2
(BI0s(B) = () i 3, ),

b+m 4

m 2
(BO1QG(w)| B = —é(m) m}, 13,BLw)
where m B, is the mass of the B, meson, m;, and m,, are the
masses of the b quark and the d or s quark, respectively.
And the same expressions for the operators QO , 3 in (3.15)
are valid for the operators Q~1,2,3. Performing the renormal-
ization group (RG) evolution down to m,, scale, the asso-

ciated Wilson coefficients C;’s acquire next-to-leading
order (NLO) QCD correcting factors

Ci(my) = 1;(my)Ci(m,),
where 7,(m,,) are the QCD correction factors at NLO [35],

(3.16)

mm) = 10 m) + 24 )

We took a,(m;,) = 0.22 and listed the QCD correction
parameters 7m;(m;,) at NLO for all the operators in
Appendix A. For the meson masses and decay constants,
we used the following values:

my, = 5.28 GeV,
£, = 0.21 GeV,

mg, = 5.37 GeV,
fp, =025 GeV,

(3.18)
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TABLE I. Bag-parameter values taken from lattice improved
calculations in the RI-MOM renormalization scheme [36], with
the running quark masses m;(m;) = 4.5 GeV and m;(m;) =
5.4 MeV. Notice that we took Bg = 1 for both cases since the
bag parameter for the relevant operator is not known yet.

B{(my) 0.87 B3 (m,) 0.86
B (my) 0.82 BS(my) 0.83
BS(my) 1.02 BS(m,,) 1.03
B{(my) 1.16 B3 (m,) 1.17
B¢ (my) 1.91 BS(my) 1.94
Bd(my) 1.00 BS(my,) 1.00

and the bag parameters at u = m,; scale are given in
Table 1.
All the contributions from W, ,, G, and charged Higgs

PHYSICAL REVIEW D 82, 033012 (2010)

terms of reduced Passarino-Veltman functions. We do not
give explicit expressions for the different contributions, in
the interest of brevity, as some have been presented before.
For the analytical evaluation of the diagrams we again used
the FEYNARTS to generate the amplitudes in the 't Hooft-
Feynman gauge with the approximation of neglecting
external momenta. However, in the limit of vanishing
external momenta, all four-point functions in LOOPTOOLS
are known to be ill defined, so when using them in numeri-
cal calculations we introduced analytical expressions for
all the relevant four-point functions, and we listed them in
Appendix B.

Experimentally, the mass differences are known with
high precision [37,38]

Amy = (0.508 £ 0.004)/ps,

(3.19)
bosons are encoded in Wilson coefficients (C; and C;) in Amg = (17.77 = 0.10 = 0.07) /ps.
2000 ‘ 2000 ‘ 2000 ‘
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FIG. 4 (color online). Contour plot of the My, vs sina constraint in the VR = V() parametrization, for the Bg - Bg mass difference.
We fix Am, mass difference to be in the interval (0.43-0.58) ps~! (represented by blue and red curves, respectively) and vary gr/g;.,
as indicated in the panels. We take My= = 10 TeV in the upper panels and My= = 20 TeV in the lower panels and tan8 = 10.
Hatched regions are restricted by the W, — W, mixing angle, & = 3 X 1073. Regions highlighted in yellow represent the allowed

parameter spaces.
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FIG. 5 (color online). ~ Contour plot of the My, vs sina constraint in the VR = V() parametrization, for the BY — B9 mass difference.
We fix Am, mass difference to be in the interval (15-20) ps~! (represented by blue and red curves, respectively) and vary gr/g;, as
indicated in the panels. We take My+= = 10 TeV in upper panels and My= = 20 TeV in lower panels, and tanf8 = 10 throughout.
Shaded regions (hatched) are restricted by the W, — W, mixing angle, £ = 3 X 1073. Regions highlighted in yellow represent the
allowed parameter spaces.

However, evaluation of the SM contributions is less precise ~ tan8, gr/g., and sina, the measure of flavor violation in
[39]. The measured value that can be explained by the SM  the right-handed quark sector.

within 20% theoretical uncertainty Am, is (0.53 = In Fig. 4 we show contour plots of the My, versus VR
0.08) ps™', the error arising from uncertainties in MS  sina in the V{} parametrization for the Bg BY mass
mass values, bag parameters, and the decay constant  djfference, for several values of gr/g;. The results are
[40]. This is consistent with our results. If we were to  very sensitive to this ratio, and we can satisfy the mass
strictly impose the experimental constraints, we might  difference for any W, mass in the 500 GeV to 2 TeV range
incorrectly omit an important part of the parameter  consistently only for small sina. Increasing gg/g; restricts
space. Estimating the theoretical errors conservatively at  the parameter space further from W, — Wy mixing. While

15%,> we reitlrict the parameter space for Amy = the Higgs contribution compensates for some of the con-
(0.43-0.58) ps gnd Am, = (15-20) ps o We evaluate tributions from W,, the W, contribution to the mass
the SM contributions as Am, = 0.48 ps~" and Am; = difference appears dominant for the chosen values My= =

17.66 ps~'. The parameters are, as before My,, My=, 10 TeV and My~ = 20 TeV for gz/g; = 0.6, 0.8, and 1.
The interplay between the W, and H* contributions is
responsible for allowed regions of parameter space away

>This is the same as assuming a Gaussian distribution and from sina = 0, for regions around MWZ ~ 1.8 TeV. Note

calculating the total error from the experimental and theoretical that, as the SM value is within the range considered, the
ones. region around sina = 0 is always allowed, and in fact,
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increasing the ratio gg/g;, this is the parameter region
that consistently survives, corresponding to a very small
flavor violation in the right quark system. The sign of sina
is relevant, with more parameter regions available for
sina < 0. As before, the shaded regions are restricted by
the W, — W, mixing angle, £ = 3 X 1073.

Similarly, in Fig. 5 we show the contour plot for the
BY — BY mass difference, with restrictions on My, — sina
plane in the V(’i) parametrization. The difference is that

in this case, the constraints on the parameter space are
slightly less stringent and a larger region of (My,,, sina) is
allowed than in the Am, case. In the allowed range, the
experimental bounds allow a significant region of the
parameter space around sina € (—0.1,0.1) even for
gr/gL = 1, and increasing for gg/g; = 0.6 and 0.8. The
interplay between the charged Higgs and W, contributions
is more pronounced for gz/g; = 1, where a region of the

PHYSICAL REVIEW D 82, 033012 (2010)

parameter space opens for My, ~ 1.2-1.6 TeV. (This
region is present, to a lesser extent, for gg/g;, = 0.8 in
the My, ~ 1-1.2 TeV region.)

In Fig. 6, we show the dependence of Am, (upper row)
and Amy (lower row) on the charged Higgs mass, for two
values of gz/g;: 0.6 and 0.8. We include a sample of
significant plots, for two values of MW2, MW2 =1, and
2 TeV, for values sina chosen to fit within the allowed
experimental range. One can see, comparing the top pan-
els, that the BY — BY mass difference is sensitive to both
the My,, mass and to the measure of CKM flavor violation
in the right-handed quark sector, sina. For gz/g; = 0.6
and My, =1 TeV, the charged Higgs mass must be
Mpy+ = 10 TeV for sine € (—0.17,0.01) interval. This
constraint is relaxed for gg/g; = 0.8 and My, =2 TeV,
when sina € (—0.3,0.02) for M= = 7 TeV; while out-
side this sina interval, the bounds are not satisfied for any

5 L P | 5 L M |
sina = —0.17 —— sina = —0.3
sina =0.01 —— sina = 0.02 ——
Myw, = 1000 GeV Mw, = 2000 GeV
~ ~
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N N
] ]
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MH+ (TeV) MH+ (TeV)
25 el 25 T S|
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20 20
~~ ~~
b L
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Q =)
N N
S‘” 15 Em 15
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FIG. 6 (color online).

Am,  dependence on the charged Higgs mass My-. We fix tan8 = 10 and show curves for negative and

positive values of sina, in red and blue, respectively, chosen in each panel to fit within the experimental range. The upper row
represents Am, dependence, the lower is for the Am;. The upper left panel corresponds to My, = 1 TeV, gr/g; = 0.6, and the right
one to My, =2 TeV, gg/g;, =0.8. The yellow highlighted regions represent allowed parameter regions between Am, =

(0.43-0.58) ps~! and Am, = (15-20) ps~ .
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FIG. 7 (color online).

Am, ; dependence on W, mass in manifest left-right symmetric model for M+ = 0.5, 1, 5, and 50 TeV. We

show Am, in the upper panels, and Am; in the lower ones. The left row corresponds to tanB = 10, and the right one to tan8 = 60.
Hatched regions are restricted by the W, — W, mixing angle, & = 3 X 1073. Regions highlighted in yellow represent the allowed

parameter spaces.

charged Higgs masses, and one would need to increase the
W, mass to reproduce the data. In the bottom row, we
perform the same analysis for Am,. The constraints for
My, = 1TeV, gr/g. = 0.6 (left panel) are satisfied for
My= =7 TeV, but in a smaller region, for sina €
(—0.04, 0.05), than those for Am,. For My, =2 TeV, to
remain within the bounds for gg/g; = 0.8 (right panel)
requires My= = 10 TeV for sina € (—0.07,0.08). The
horizontal region highlighted in yellow corresponds to
the allowed region between the bounds, Am, =
(0.43-0.58) ps~!, and Am, = (15-20) ps~'. As in the
b — sy, our model requires heavier Higgs bosons espe-
cially for larger flavor violation in the right-handed quark
sector.

In the manifest left-right case, with V&, and gz = g,
fixed, Higgs masses are required to be 5 TeV or larger for
both tanB = 10 and 60, while My, > 1 TeV, as shown in
Fig. 7, where we study the dependence of Am, with W,
mass for four values of the charged Higgs mass, 0.5, 1, 5,
and 50 TeV. Note that there is no new information provided

by Amy data, and that the manifest left-right contribution is
also largely insensitive to tan/3.

IV. CONCLUSIONS

With the advent of the data from the LHC, we expect to
observe physics beyond the SM. The left-right model is
perhaps the simplest such scenario, with the right-handed
quarks belonging to doublets and participating in charged
flavor violating interactions. Models in which the right-
handed sector mimics exactly the left-handed one, such
as the manifest or the pseudomanifest left-right model,
have been explored thoroughly and are very restrictive.
Motivated by the possibility of additional gauge bosons
that may be observed at the LHC, as well as some short-
comings of a left-right symmetric quark flavor sector, we
investigated here an asymmetric left-right parametrization
for the quark mixing matrix (Langacker and Sankar) in the
context of B physics. This parametrization has several
attractive features: while respecting family unitarity, it
is general. It allows for variations in the right-handed
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coupling constant. And it is simple, thus predictive (the
right-handed quark mixing matrix depends on one addi-
tional parameter only).

Note that our results are quite general, if we restrict
ourselves to parametrizing two family mixings only, in
the CP conserving case, as setting V{{ = sine in the V{}

parametrization, and V® = sina in the V{;) parametriza-

tion satisfy general unitarity constraints.

We include existing restrictions on the W; — Wj mixing
angle & coming from K° — K° mixing, while not restrict-
ing ourselves to any particular scenario for the nature or
masses of the neutrinos. We provide additional constraints
from BR(b — sy) and BY — BY mixing. Defining the
parametrizations as V&) (VR#0, VR =0) and V(’;)
(Vf; # 0, VR =0), we set constraints on sina, My,
gr/gL,» tanB, and My-. We have used exact numerical
evaluations and the existing packages FEYNARTS for gen-
erating the amplitudes, then FORMCALC and LOOPTOOLS
packages to evaluate the loop contributions, adding mod-
ifications as needed.

For the branching ratio » — sv, all parameters play an
important role. Smaller values for the ratio gz /g; allow for
more flavor violation in the right quark sector (larger sinea,
smaller W, masses, wider range for My=). BR(b — s7)
also depends on tanf. Increasing tan8 opens larger pa-
rameter spaces for both M+ and My,,. In Am, ; splitting,
we find the results to be sensitive to the W, mass, sina and
the ratio g /g, . In the regions allowed by the experimental
constraints, the results are practically independent of tanf3.

While a lot of restrictions are interconnected, they share
a few general characteristics. First, the restrictions on V(’;),

BY are more stringent than the com-
coming from b — sy and BY — BY.

coming from BY —
bined bounds on V( "
As these two parametrizations are independent, the larger

parameter space available for V&) indicates that in that

scenario, lighter gauge bosons are more likely produced.
Second, for any significant regions of parameter space,
gr/gL < 1. While decreasing gp decreases the strength
and cross section for right-handed particles, it allows for
larger flavor violation in the right-handed sector. It is a
delicate balance, as decreasing the amount of right-handed
flavor violation makes the model more like the manifest
left-right model, and decreasing it even further takes
the model to the SM. We restrict gg/g; > tanfy, to repro-
duce correctly the U(1)y coupling constant. On the other
hand, ggr/g; <1 allows for more flavor violation and
smaller W, masses, while requiring heavy charged Higgs
boson masses, My+ = 10 TeV. The results obtained are

PHYSICAL REVIEW D 82, 033012 (2010)

consistent with manifest or pseudomanifest left-right sym-
metric models, while allowing more flexibility in the pa-
rameter space and opening the possibility of observing
light gauge bosons at the LHC [41]. However, even allow-
ing for more variations of model parameters, the allowed
parameter space in My, sina, My- is quite constrained,
making the asymmetric left-right model very predictive.
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APPENDIX A: QCD CORRECTION FACTORS FOR
B), — B, MIXING

We list here the coefficients used to calculate the NLO
QCD corrections to BY — BY mixing in the left-right
model, in Eq. (3.17). The operators Q, and Qg mix under
renormalization with an evolution matrix, and the respec-
tive Wilson coefficients are calculated in the following

way:
(Geimn) = (it T8N Cimn)

N7k I\ Cs(m,),
and the NLO QCD coefficients n;(m;) appear in Table II.
For a detailed analysis of QCD corrections we refer
to [35].

APPENDIX B: 4-POINT PASSARINO-VELTMAN
INTEGRALS AT THE VANISHING EXTERNAL
MOMENTA LIMITS

The generic form of 4-point one-loop tensor integrals in
4D is

THYPo —

1 4
— kk* kY kP k” Bl
77.2 fd l_.[ (k + 7 )2 2’ ( )

where we define the denominators with the conventions of
Fig. 8. The internal momenta r; are related to the external
momenta through the relations,

i
:zp]) i:])2)3)
Jj=1

For BY — B® mixing we only needed the following scalar
and tensor integrals:

4
ra=Y p;=0. (B2)

j=1

TABLE II. The QCD correction parameters 1;(m,,) used in (3.17).
71 72 73 75 WER 77£2R U%IR 77%21?
NLO 0.842 1.648 1.648 2242 0.920 —0.039 —0.877 2.242
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FIG. 8. Momentum and mass conventions used in the
Passarino-Veltman for evaluating the box diagrams.
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In LOOPTOOLS, these coefficient functions
(Dg, D;, Dy, D;;) are evaluated numerically; however at
the vanishing external momenta limits these functions are
not well defined. So at this point bypassing the LOOPTOOLS,
we introduced the analytical expressions for those func-
tions in the vanishing external momenta limit,

D(p3, p3, p3, i (P + p2)% (pa + p3)?, mi, m3, m3, m3),
(B8)
where p;’s are external momenta and m;’s are internal

masses. Neglecting the external momenta, the structure
of those functions might be represented as

D(0,0,0,0,0,0,m3, m3, m3, m3), (B9)

and we will call them for simplicity D(m?, m3, m%, m3).

f d*k l_[ - (B3)  Since we only consider the top-quark contrlbutlons in the
1k +r ) loop, those functions become D(m?, m? m?, m?) in which
m; and m; stand for the boson masses in the loop.
1 The relevant integrals for B° — B mixing are the
Dt = — | d*ki* , B4 g g
im? f l_[ Lk + 1y )2 (B4) following:
21 —7r)+ (1 +r)lnr
DrY = L fd4 KR kY l_[ (BS) DO(mi = mj) = m4(r — 1)3 , (B10)
im? Lk + r,)2 22 l
and the decomposition of tensor integrals in terms of D " _ shs+[(s—nr—1)— (s — r?)Inr]
reducible functions are olm; # m;) = m*(s — r2(r — 1) :
3 (B11)
Dt =3 r'D, (B6)
i=1
1+ —=5rr+22+ 1
; Dy(my = my) = =1+ ; rlz §)4 rinr - g 1)
; (o —
D" = gt Doy + > rr’Dy;. (B7) :
Q=1
2= )2 — Q2s = D2 (s — 12[0r = 2s + 2lrinr — (r = D?[(s — 2)r + $2]s1
Dy(m; % m)) = ( : )s? — ( s3 )r (s [(r—2)s i rlr n; (r : )2 [(s i )+ s%]s ns, (B13)
2mi(s — (s —r)’(r—1) 2mi(s — 1)*(s —r)’(r—1)
[
r?+4r—5-22r+ 1)Inr r*+4r—5-22r+ 1)Inr
Dy(m; =m;) = — , (Bl4 Ds(m; = m;) = — . (B16
2(ml mj) 4mf(r — 1)4 ( ) 3(m mj) 4mf(r — 1)4 ( )
r=3)s+r+r r—=3)s+r+r
Dy(m; # m;) = — Ds(m; # m;) = —
2(m; # m)) dmi(s — r)*(r — 1)? 30m; # m)) dmt(s — r)*(r —1)2
s2(r — 1)3 Ins s2(r — 1)3 Ins
2mi(s — 1)(s — r)3(r — 1) 2mH(s — 1)(s — r)3(r — 1)
_[s? 4+ (r=3)sr? + Pllnr (B15) [+ (r = 3)sr2 + r]lnr (B17)

2mi(s —r(r—1)7

2mi(s —rP(r—1)73
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r2—1-=2rlnr

Dyg(m; = m;) = T a1
o (s — 1)s%Ins s —n0r—1)+[(r—2)s + r]inr}
Doolm; # m;) = 4m*(s — r)*(r —1)2 dm*(s — r)*(r —1)? ’
-1+ 79— (17r — 9)r] + 6(r + 3)r*Inr
Dyy(m; = mj) = 18m?(r -1y . ’
Dyi(m # m) [r2+ r — 3)s]r? Inr B {s3 +2(s — 2)s?r + [3 + (s — 3)s]r*}sIns
i ) = 3mi(s — r)*(r—1)2 3mi(s — 1)3(s — r)*
N —(s+ s>+ [5+ (s —2)s]sr +[2 + (55 — 9)s]r?
6mi(s — 1)%(s — r)3(r — 1) ’
Dp(m; = m)) = (r—D[1+ (r+10)r] —6(r + l)rlnr’

12mi(r — 1)

2(s2 = 3r + 2sr)s?Ins  r{2(r — 2)sr> + * + [3 + (r — 3)r]s*Inr}
12m}(s — 1)*(s — r)* B 6mt(s — r)*(r—1)°
—(r+ Drr+[5+ (r—2)r]sr + [2 + (5r — 9)r]s?

12mi(s — 1)(s — r)3(r — 1)? ’

Dy (m; # mj) =

(r—D[1+ (r+10)]r — 6(r + Drinr
12mi(r — 1) ’

Dy3(m; = mj) =

2(s% — 3r + 2s7)s% Ins ~r2(r - 2)srr + 3+ [3+ (r — 3)r]s®Inr}

Dys(m; # m;) =
13(m; # m)) 12mH(s — 1)*(s — r)* 6m?t(s — r)*(r—1)3
B —(r+ Drr+[5+ (r—2)r]sr +[2 + (57 — 9)r]s?
12mi(s — 1)(s — r)3(r — 1)? ’
Do ) 17— (r+ 197+ +63r+1)lnr
m. = m = ’
22 / 18m?(r - 1)
Doy, £ m) —s3Ins {(r —4)sr* +[6 + (r — 4)r]s’r> — s> + r*}1Inr
m; # m;) =
22 7 3mi(s = D(s — )t 3mi(s — r)*(r—1)*
N 1152 —7(s + Dsr+ 2[1 + (s — 5)s]r? + 5(s + )i — #*
18mi(s — r)3(r — 1)3 ’
Do ) 17— (r+ 19+ +63r+1)lnr
m;, =m;) = ,
A 36mi(r — 1)
Do, £ m) —s3Ins {(r —4)sr® +[6 + (r — 4)r]s’r> — s> + r*}1Inr
m; ¥ m;) =
2 emi(s — (s — )t 6mt(s — r)*(r — 1)*

N 1152 —7(s + Dsr + 2[1 + (s — 5)s]r? + 5(s + )i — #*
36mi(s — r)3(r — 1) ’

17—+ 19+ +63r+ 1)Inr

Ds3(m; = mj) = 18m(r — 1) )

J
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_[s=DlInr = (r — Dinsls®  {(r —3)sr> + » +[3 + (r — 3)rls?r}Inr

Dy3(m; # m;)

3mAs — (s — *(r—1)
N 1152 —7(s + Dsr+2[1 + (s = 5)s]r2 + 5(s + 1)r? — #*

3mi(s — r)3(r—1)*

18mH(s — r)3(r — 1)3 ’
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