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Recently N. Berkovits, motivated by the supertwistor description of N ¼ 4 D ¼ 4 super Yang-Mills,

considered the generalization of the N ¼ 1 D ¼ 4 �-twistor construction to D ¼ 10 and applied it for a

compact covariant description of N ¼ 1 D ¼ 10 super Yang-Mills. This supports the relevance of the

�-twistor as a supersymmetric twistor alternative to the well-known supertwistor. The minimal breaking of

superconformal symmetry is an inherent property of the �-twistor received from its fermionic compo-

nents, described by a Grassmannian vector instead of a Grassmannian scalar in the supertwistor. The

�-twistor description of the N ¼ 1 D ¼ 4 massless chiral supermultiplets (S, Sþ 1=2) with spins S ¼
0; 1=2; 1; 3=2; 2; . . . is considered here. The description permits to restore the auxiliary F fields of the

chiral supermultiplets absent in the supertwistor approach. The proposed formalism is naturally gener-

alized to N ¼ 4 D ¼ 4 and can be used for an off-shell description of the corresponding super Yang-

Mills theory.
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I. INTRODUCTION

The supertwistor is a supersymmetric generalization of
the Penrose twistor [1] constructed by Ferber at the end of
the 1970s [2,3]. The recent discovery of the supertwistor
role in computingN ¼ 4D ¼ 4multigluon amplitudes in
super Yang-Mills theory [4–8] and their connection with
the twistor strings strongly extended the range of the
previous applications of the Penrose twistor program
(see, e.g., [9–16]). Concerning the role of the supertwistor
in superstring and super p-brane theory we recall that their
use made possible the covariant quantization of tensionless
superstrings and supermembranes, as well as the proof of
the absence of the critical dimension in their quantum
description. After this progress, the supersymmetric
twistor variables had been used to construct the twistor-
like Lagrangian and Hamiltonian for the D ¼ 10 Green-
Schwarz superstring (and D ¼ 11 supermembrane), to
solve the problem of the Lorentz covariant splitting of its
first- and second-class constraints and to find the irreduc-
ible covariant realization of the �-symmetry generators
[17]. However, the covariant classical Becchi-Rouet-
Stora-Tyutin (BRST) charge of the superstring, derived in
the approach, has turned out to be such a complicated
function of the canonical variables that blocked the tran-
sition to a quantum BRST operator. The twistor transform
of the superstring action [17] considered in [18] presented
it in the supertwistor form with the D ¼ 10 supertwistor
realized as the fundamental representation of the
OSpð32j1Þ supergroup [19]. This supergroup realizes the
superconformal transformations like the superconformal
group SUð2; 2j1Þ in the D ¼ 4 Minkowski space extended
by the Grassmannian spinor coordinates �. Some promis-
ing tools towards the solution of this problem are con-

nected with the approach [20] using the D ¼ 10 pure
spinors, previously considered in [21–23], in the role of
the discussed twistor-like variables (see also [24]). The
approach made possible computing the superstring ampli-
tudes [25], however its relation with the Green-Schwarz
superstring is still open. These and other known results
show the important role of the concept of twistor in the
superstring and Yang-Mills theories, and stimulate its fur-
ther development accompanied by unification with super-
symmetry and higher dimensions.
In the recent paper [26], Berkovits proposed to general-

ize the well-known supertwistor description of theN ¼ 4
D ¼ 4 super Yang-Mills theory to the case N ¼ 1 D ¼
10 super Yang-Mills theory to get its compact covariant
description. The proposal was partially stimulated by the
papers [27–29], showing many similar features between
Yang-Mills and superstring theories in D ¼ 10. In [26]
were discussed new D ¼ 10 supertwistor variables Z ¼
ð��;��;�

mÞ, where �� and �� are constrained spinors
and �m is the Grassmannian 10-vector �m ¼ ð��m�Þ sub-
stituted for the Grassmannian scalar � ¼ ð��Þ used in the
supertwistor. It results in a relation between the scalar
superfield �ðZÞ and the D ¼ 10 superfield Yang-Mills
vertex operator ��A�ðx; �Þ of the pure spinor superstring
formalism. In addition, the cubic super Yang-Mills ampli-
tude was found to be proportional to the integral of �3ðZÞ
over the Z-space. The observations [26] shed a new light on
the connection between the GS and Ramond-Neveu-
Schwarz strings with the D ¼ 10 super Yang-Mills
theories.
The supertwistor variables Z ¼ ð��;��;�

mÞ discussed
in [26] are the generalization to the case D ¼ 10 of the
D ¼ 4 N ¼ 1 supersymmetric �-twistor � studied in
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[30]. The� components are presented by the triple�A ¼
ð�il�; ��

_�; 2
ffiffiffi
2

p
��mÞ including the known Penrose chiral

spinor �� _�, accompanied by the new D ¼ 4 Weyl spinor
l� and the complex Grassmannian 4-vector ��m. The
�-twistor components l� and ��m are defined by the general

solution of the real null constraint �A
��A ¼ 0, where

��A � ð�AÞ� ¼ ð��; i�l _�; 2
ffiffiffi
2

p
�mÞ is the complex conju-

gate of �A. The solution of the constraint fixes l� and ��m

in the form

l� ¼ y� _� ��
_�; ��m ¼ � 1

2
ð�	m ��Þ;

y� _� ¼ x� _� � 2i�� �� _�;

where y� _� � ym	
m
� _� and �� are known coordinates of the

chiral superspace ðym; ��Þ [31]. The vector ��m and its
complex conjugate �m ¼ ð ��mÞ� ¼ � 1

2 ð�	m
��Þ form the

real D ¼ 4 Grassmannian vector c m ¼ �m þ ��m ¼
� 1

2 ð ���m�Þ first introduced in [32] and later used for D ¼
10 in [28] and denoted by �m in [26]. The name �-twistor
used in [30] for the triple �A was motivated by its differ-
ence from the supertwistor [2]. The difference is that the
�-twistor is covariant only under transformations of the
maximal subgroup of the D ¼ 4 superconformal group
SUð2; 2j1Þ including the super-Poincaré group, dilatation
together with the phase and the axial �5 transformations, as
it was shown in [30]. The broken symmetries of the
�-twistor superspace turn out to be the superconformal
boosts. Taking into account that both the D ¼ 10 super
Yang-Mills theory and theD ¼ 10 �-twistor are not super-
conformally covariant, it seems instructive to study the
structure of the N ¼ 1 D ¼ 4 massless superfields
Fð�Þ in the superspace created by the �-twistor �. This
is the main aim of the present paper.

First let us make some geometric comments, explaining
the origin of the �-twistor and how it differs from the
supertwistor. The supertwistor is the projective triple in-
cluding two commuting spinors and the additional
Grassmannian Lorentz scalar � ¼ ���� representing the
Grassmannian component of the supe rtwistor contributed
by the spinor coordinate �� of the D ¼ 4 N ¼ 1 super-
space. Using the projection � instead of �� reduces the
spin structure represented by the supertwistor and, as a
result, the massless chiral supermultiplets lose their auxil-
iary F-field, yielding the on-shell supersymmetry trans-
formations discussed in [2]. The restriction may be
overcome by the transition to the �-twistor.1 Contrary to
the supertwistor, the Grassmannian components of the
�-twistor are represented by the composite Grassmannian
(or Ramond) vector (�	m ��) [32] composed of the spinors
��, �� _�.

There is a very simple algebraic reason for the existence
of the projective �-twistor. For a givenWeyl spinor �� with
a fixed chirality one can match it either with the same
chirality Penrose spinor ��, or with the opposite chirality
spinor �� _�. In the first case we obtain the Lorentz scalar
(��), and, respectively, the Lorentz vector (�	m ��) in the
second case. The first possibility results in the supertwistor,
while the second leads to the �-twistor. The supertwistor
components additional to the Penrose spinor �� are pro-
duced by the left projection of the chiral superspace coor-
dinates ðy� _�; ��Þ on ��. The two projections form the
double ð12 ; 0Þ whose unification with �� yields the projec-

tive triple linearly realizing the supersymmetry transfor-
mations and called supertwistor [2]. Because of the non-
Hermiticity of the matrix y� _�, formed by the chiral coor-
dinates, we observe the alternative possibility to extend the
chiral superspace by the right multiplication of its coordi-
nates on the c.c. spinor �� _�. This way yields a new projec-
tive triple, formed by the double ð12 ; 1Þ and �� _�, called the

�-twistor [30] and forming a new linear representation of
the supersymmetry. The vector component of the new
double ð12 ; 1Þ is ð�	m ��Þ and it represents the

Grassmannian component of the �-twistor. Thus, the two
different doubles ð12 ; 0Þ and ð12 ; 1Þ suggest two independent

supersymmetric generalizations of the bosonic Penrose
twistor called the supertwistor and the �-twistor, respec-
tively. The �-twistor and the supertwistor turn out to be
general solutions of different supersymmetric constraints
[30], generalizing the standard chirality constraint to
superspaces extended either by �� or �� _�. The
Grassmannian vector ��m ¼ � 1

2 ð�	m ��Þ plays the role of

the Grassmannian scalar� ¼ ���� in the superfieldsFð�Þ
on the �-twistor space. The ��m expansion of Fð�Þ gen-
erates a complete set of component fields contrary to the
supertwistor set, produced by the � expansion. It is be-
cause �2 ¼ 0, but ��2

m is proportional to �2. Thus, the
superfields in the �-twistor formalism preserve their aux-
iliary fields and give an off-shell description of the chiral
supermultiplets.
Here we investigate the component structure of the

scalar superfield Fð�Þ generated by its expansion with
respect to both �� _� and ��m, and find the structure to be
associated with an infinite chain of massless chiral super-
multiplets (S, Sþ 1

2 ) with spin S ¼ 0; 1=2; 1; 3=2; 2; . . . .

The chain includes the well-known massless scalar ð0; 12Þ,
vector ð12 ; 1Þ and other higher spin massless supermultiplets

previously studied in [33–40] and many other papers. We
prove that the ��m expansion of generalized chiral super-
fields in the �-twistor superspace turns out to be equivalent
to the power series expansion in ��.

II. THE PENROSE TWISTOR

To present the �-twistor construction [30] in a clearer
form we start here from the complexified Minkowski space

1For simplicity, we discuss the N ¼ 1 supersymmetry, but the
�-twistor generalization for the SUðNÞ symmetry group is auto-
matically achieved by the substitution of �i� for ��, where i is the
fundamental representation index.
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with its Lorentz group locally isomorphic to SLð2CÞ �
SLð2CÞ. The positive chirality Weyl spinor �� and its
complex conjugate �� _� with negative chirality form the
fundamental representation ð12 ; 0Þ and its c.c. ð0; 12Þ of the
group. Such spinors have been used by Penrose to con-
struct twistors [1]. The complex coordinates zm of a point
in the complexified Minkowski space are represented by
the non-Hermitian 2� 2 matrix z� _� � zmð	mÞ� _�, where
	m ¼ ð1; ~	Þ, with ~	 being the 2� 2 Pauli spin matrices
[31]. For our objective it is convenient to introduce the
Penrose twistors starting from a subspace of holomorphic
functions fðz� _�; �� _�Þ which satisfy the constraint [30]

�� _�

@

@z� _�

fðz; ��Þ ¼ 0: (1)

The general solution of (1) is given by arbitrary functions
fðl�; �� _�Þ depending on an effective spinor variable l�
defined by the Penrose incidence relation [1]

l� � z� _� ��
_� ¼ 0: (2)

The relation (2) is invariant under the shifts of z� _� by the
complex null vector �� �� _�, where �� is an arbitrary spinor.
When �� _� is fixed and �� varies, a complex totally null
plane in the Minkowski space is swept. Penrose called such
a null plane the�-plane. One could think about the�-plane
as the world volume swept by a null three-brane [41]. The
pair of spinors �� _�; l� composes the four-dimensional com-

plex object called the twistor �A or its c.c. ��A

�A ¼ ð�il�; ��
_�Þ; ��A � ð�AÞ� ¼ ð��; i�l _�Þ: (3)

Penrose indicated that the complex points z are incident
with the twistor. It means that if � and l are fixed and
Eq. (2) is considered as equation for z then its general
solution is given by z belonging to a two-dimensional
complex �-plane in four-dimensional complex

Minkowski space. The twistor �A and its c.c. ��A (3) yield
the quadratic Hermitian form

�A
��A ¼ i½�l��

� þ �� _� �l _�� ¼ �i��½z� _
 � �z _
�� �� _


¼ �i�ðz� zyÞ �� (4)

that vanishes for the Hermitian z-matrices: z� _
 ¼ �z
 _�. The

case corresponds to the real Minkowski space and, respec-
tively, converts the twistor to the null twistor. The real
space-time point x� _� defined by the Hermitian matrix z
is associated with the real light vector �� �� _� going through
it. The light vector is represented by a point on the
Riemann sphere interpreted as a projective line CP1 be-
longing to a subspace of the null twistors embedded into
the complex projective 3-space CP3. Thus, any point in the
real space-time is represented by a Riemann sphere in the
projective null twistor space. The construction described
above admits a straightforward supersymmetric general-
ization resulting in the �-twistor.

III. SUPERSYMMETRYAND THE �-TWISTOR

Supersymmetry implies the extension of the real
Minkowski space coordinates x� _� by the Grassmannian
spinor coordinates �� and �� _�. The corresponding super-
space has the coordinates ðx� _�; ��; �� _�Þ and is invariant
under the super-Poincaré symmetry [31]. The superspace
may also be extended by the addition of the Penrose
spinors �� and �� _�. Using the conventions [16] we define
the supersymmetry transformations in the D ¼ 4 N ¼ 1
superspace as follows:

��� ¼ "�; �x� _� ¼ 2ið"� �� _� � �� �" _�Þ; ��� ¼ 0;

(5)

where ��, �� _� are not transformed. The odd D�, �D _� and
even @ _�� � @

@x� _�
derivatives

D� ¼ @

@��
� 2i �� _�@

_��;

�D _� � �ðD�Þ� ¼ @

@ �� _�

� 2i��@
_��;

fD�; �D _�g ¼ �4i@ _��

(6)

in the superspace are also invariant under the transforma-
tions (5). A function Fðx; �; ��Þ in the superspace is known
as a superfield. The superfields satisfying the chiral con-
straint

�D _�Fðx; �; ��Þ ¼ 0 ! F ¼ Fðy; �Þ;
y� _� ¼ x� _� � 2i�� �� _� (7)

are important for the supersymmetric Yang-Mills theory,
supergravity and superstring. The general solution of (7) is
given by a chiral superfield F ¼ Fðy; �Þ depending on the
complex coordinates y� _� whose imaginary part is the
nilpotent monomial (� 2�� �� _�). The subspace ðy� _�; ��Þ
called the chiral superspace [31] is closed under the su-
persymmetry transformations

��� ¼ "�; �y� _� ¼ �4i�� �" _� (8)

and preserves the Cartan-Volkov differential one-form
!� _�

!� _� ¼ dy� _� þ 4id�� �� _�; �!� _� ¼ 0: (9)

After transition to the chiral space the �-twistor is intro-
duced by a natural generalization of the above considered
twistor construction. It implies the extension of any chiral
superfield F ¼ Fðy; �Þ to a generalized chiral superfield
Fðy; �; ��Þ depending on the new argument ��. The extension
allows to generalize the constraint (1) to the supersymmet-
ric one

�� _�

@

@y� _�

Fðy; ��; �Þ ¼ 0 ! F ¼ Fðl�; �� _�; ��Þ; (10)

consistent with the chiral constraint (7). The constraint (10)
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is satisfied by any chiral superfield Fðl�; �� _�; ��Þ depending
on the new spinor l� defined by the generalized incidence
relation

l� � y� _� ��
_� ¼ 0: (11)

The transformations of the spinor l� (11) under the super-
symmetry (8) are nonlinear

�l� ¼ �4i��ð �� _
 �" _
Þ; ��� ¼ "�; � �� _� ¼ 0

(12)

and reveal the spinor triple l�, �� _�, �� as a new representa-
tion of the supersymmetry. The transformations (12) are
presented as linear by the transition to the new superpartner
(�� �� _
) of l�

�l� ¼ 4ið�� �� _
Þ �" _
; �ð�� �� _
Þ ¼ "� �� _
; � �� _� ¼ 0

(13)

which is the Lorentz vector. The equivalent linear form of
the transformations (13) is

�l� ¼ �4ið	m �"Þ� ��m; � ��m ¼ � 1

2
ð"	m ��Þ;

� �� _� ¼ 0:

(14)

The Grassmannian vector ��m in (14) and its c.c. �m are the
composite Ramond vectors

�m � � 1

2
ð�	m

��Þ; ��m ¼ ð�mÞ� ¼ � 1

2
ð�	m ��Þ;

�

�� _� � �
 _� ¼ ð	mÞ
 _��m; �m�n þ �n�m ¼ 0

(15)

introduced in [32] (see details in [42]) to prove the equiva-
lence between superparticles and spinning particles based
on the observation that ��m (15) solves the Dirac constraint

��mð ��~	m�Þ ¼ 0; (16)

where ( ��~	m�) is the tangent vector of the Penrose�-plane.
We see that the supersymmetrization of the complex

Minkowski space, matching y� _� with ��, yields the super-
symmetrization of the Penrose twistor by the matching of
l� with ��m.

As a result, the incidence relation (2) gets its
Grassmannian counterpart

l� � y� _� ��
_� ¼ 0; ��m þ 1

2
ð�	m ��Þ ¼ 0: (17)

Thus, the Penrose twistor space CP3 is extended up to the

superspace CP3j2spin by the addition of the fermionic sector
presented by two independent complex components of the

composite vector ��m associated with ��.
2 It is a conse-

quence of the composite structure of ��m (15). To see it one
can use the spinor basis associated with the supersymmet-
ric triple (14). The basis is formed by a Newman-Penrose
dyad �� and v� [1] whose components satisfy the condi-
tion ��v� ¼ 1. Then �� may be decomposed in the dyad
basis

�� ¼ �v� � ���; � � ð����Þ; � � ðv���Þ;
(18)

where the complex numbers � and � are the � coordinates.
So, the spinor �� is equivalently represented by two com-
plex numbers, � and �. The substitution of the
�-decomposition (18) in the definition of ��m (15) yields
its decomposition

��m ¼ � 1

2
½�ðv	m ��Þ � �ð�	m ��Þ� (19)

in only two basis vectors (v	m ��) and (�	m ��) out of the
complete Newman-Penrose vector basis constructed from
the Newman-Penrose dyad ��, v� and their complex con-
jugate (see details in [43,44]). In this vector basis originat-
ing from the spinor �� _�, belonging to the supermultiplet
(14), the composite Ramond vector ��m (15) turns out to be
represented by the same pair of the complex numbers � and
� as the spinor �� (18). These two complex numbers form

the fermionic sector ofCP3j2spin . The composite structure of
��m puts severe restrictions on its monomials. The mono-
mials of degree greater than two vanish because they are
proportional monomials formed by theWeyl spinor �� (see
also Eq. (41)). Such a vanishing never occurs for an arbi-
trary Grassmannian vector c m, because its maximal mono-
mial c 0c 1c 2c 3 has the degree equal four.
Thus we obtain the generalization of the twistor (3) that

includes the Ramond vector ��m. The corresponding super-
symmetric triple has the following form:

�A � ð�il�; ��
_�; 2

ffiffiffi
2

p
��mÞ;

��A � ð�AÞ� ¼ ð��; i�l _�; 2
ffiffiffi
2

p
�mÞ:

(20)

The triple, called the �-twistor, yields a new supersymmet-
ric generalization of isotropic Penrose twistor. One can
check that the quadratic Hermitian form in the �-twistor
superspace

2We use the notation 2spin to show the spinor structure of the
fermionic sector of CP3j2spin . The standard notation CP3jN of the
twistor superspace shows that its fermionic sector is represented
by the Lorentz scalars belonging to the fundamental representa-
tion of the internal SUðN Þ symmetry of the Yang-Mills theory
[4].
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�A
��0A � i½�l��

0� þ �� _� �l0 _� � 8i ��m�
0m�;

��0A � ð�0
AÞ� ¼ ð�0�; i�l0 _�; 2

ffiffiffi
2

p
�0mÞ;

�l0 _� ¼ �y _���
0�; �0

m ¼ � 1

2
ð�0	m

��Þ;
(21)

built of coordinates of points �A and ��0A, vanishes (like
the form (4)) because of the supersymmetric incidence
relations (17). Next we compare the �-twistor with the
supertwistor [2].

IV. THE SUPERTWISTOR

The presented derivation of the �-twistor may be applied
for the supertwistor derivation. A minor change is to start
from an equivalent definition of the twistor using the con-
straint

��

@

@z� _�

fðz; �Þ ¼ 0; (22)

which differs from (1) by the substitution of �� for �� _�. The
general solution of (22) is given by the functions fð �q _�; ��Þ
depending on the new spinor �q _� defined by the incidence
relation

�q _� � ��z� _� ¼ 0: (23)

The comparison of the complex conjugate of Eq. (23) with
(2) shows their independence

q� � ð �� �zÞ� ¼ 0; l� � ðz ��Þ� ¼ 0 (24)

in general and their coincidence for the case of Hermitian
matrices z: �z ¼ zT .

Because the chiral superspace has the non-Hermitian
coordinate matrix y� _�, the supersymmetric generalizations
of the two coincidence relations (24) will not be equivalent
and in fact they will generate the supertwistor and
�-twistor, respectively. In fact, the incidence condition
(23) defines another twistor ZA

ZA ¼ ð�iq�; ��
_�Þ; �ZA � ðZAÞ� ¼ ð��; i �q _�Þ (25)

which includes the spinor q� instead of l� (3).
To construct the supersymmetric generalization of the

twistor (25) we go back to the chiral superfields F ¼
Fðy; ��; �Þ, but replace their argument �� _� by �� and, re-
spectively, the constraint (10) by the constraint

��

@

@y� _�

Fðy; �; �Þ ¼ 0 ! F ¼ Fð �q _�; ��; ��Þ; (26)

which is also supersymmetric and consistent with the
chiral constraint (7). The general solution of the constraint
(26) is given by the chiral superfields Fð �q _�; ��; ��Þ de-
pending on the new spinor �q _� defined by the incidence
relation (23) with y� _� substituted for z� _�

�q _� � ��y� _� ¼ 0: (27)

The transformations of the spinor �q _� (27) under the super-
symmetry (8) are nonlinear

� �q _� ¼ �4ið�
�
Þ �" _�; ��� ¼ "�; ��� ¼ 0:

(28)

However, the transformations (28) may be easily brought
to the linear form

� �q _� ¼ �4i� �" _�; �� ¼ ��"�; ��� ¼ 0; (29)

after the contraction of the second equation in (28) with ��

and transition to the scalar variable � (18), representing
only half of the spinor �� components. The second part of
the �-components described by the complex number � is
lost under the transition.
As a result, the Grassmannian counterpart of the inci-

dence relation (27) takes the form

�� ð����Þ ¼ 0 (30)

and we obtain the supersymmetrical incidence relations
associated with the spinor �q _�

�q _� � ��y� _� ¼ 0; �� ð����Þ ¼ 0; (31)

previously obtained in [2]. These incidence relations gen-

erate the supersymmetric triples ZA and �ZA unifying ��,
�� _� with q�, �q _�, �, ��

ZA � ð�iq�; ��
_�; 2 ��Þ; �ZA � ð��; i �q _�; 2�Þ: (32)

The triples ZA and �ZA coincide with the D ¼ 4 N ¼ 1
supertwistor [2] and its c.c., realizing the well-known
supersymmetric generalization of the projective Penrose
twistor.
The supersymmetric Hermitian quadratic form [2] in the

supertwistor space

ZA
�Z0A ¼ i½�q��

0� þ �� _� �q0 _� � 4i ���0�;
�Z0A � ðZ0

AÞ� ¼ ð�0�; i �q0 _�; 2�0Þ;
�q0 _� ¼ �0�y� _�; �0 ¼ �0���;

(33)

where ZA and �Z0A describes different points of the twistor
space, vanishes after using the incidence relations (31).
Because of (31) and (17), the nonlinear relations

l� ¼ q� � 4i�� ��;

4i ���0 ¼ �4ið�0
� �� _�Þ�� �� _� ¼ 2ið ��~	m�Þð�0	m ��Þ

¼ �8i ��m�
0
m

(34)

are fulfilled and result in the equality of the quadratic forms
(21) and (33)

�A
��0Ajð17Þ ¼ ZA

�Z0Ajð31Þ (35)

on the hypersurfaces of the corresponding incidence
relations.
Thus, we established that the extension of the complex

chiral superspace ðy� _�; ��Þ by the Penrose spinor ��, hav-
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ing the same chirality as ��, generates the supertwistor [2]

and the projective superspace CP3j1. On the contrary, the
extension of the same chiral space by the Penrose spinor �� _�

having the opposite chirality to �� yields the �-twistor [30]

and the projective superspace CP3j2spin . The principal new
property of the �-twistor is that its fermionic sector forms a
vector representation of the Lorentz group in contrast to the
supertwistor, whose fermionic sector is represented by a
Lorentz scalar. In view of this difference the quadratic
form (21) is invariant only under the maximal subgroup
of the superconformal group formed by the supersymmetry
(14), the scaling and phase symmetries

l0
 ¼ e’l
; �l0 _
 ¼ e’� �l _
; �0

 ¼ e�’�
;

��0
_

¼ e�’� �� _
; �0
 ¼ e’�
; ��0 _
 ¼ e’� �� _
;

��0
m ¼ e2i’I ��m; �0

m ¼ e�2i’I�m

(36)

described by the complex parameter ’ ¼ ’R þ i’I, as
well as the �5 rotations

�0
 ¼ ei��
; ��0 _
 ¼ e�i� �� _
: (37)

The Hermitian form (21) is not invariant under the super-
conformal boosts S� and �S _� as it follows from the super-
conformal boost transformations [30] of the coordinates
y� _�, ��

�y� _� ¼ 4i��ð
y
 _�Þ;
��� ¼ �y� _


�
_
 þ 4i��ð
�
Þ

(38)

forming the base chiral superspace. In fact, the chiral index
_
 of y� _
 in ��� (38) is contracted with the index of the

transformation parameter �
_
. Thus, it is not possible to

transform y� _
 into l�, belonging to the �A-triple (20), by

the contraction of y� _
 with ��
_
. On the contrary, y� _
 can be

contracted with �� to be transformed into �q _
 belonging to

the �ZA triple (32).
We see that the difference in the chiralities of the �� and �

spinors forming the triple �A obstructs the superconfor-
mal boost realization by the �-twistor.

V. MASSLESS CHIRAL SUPERMULTIPLETS OF
HIGHER SPIN FIELDS

The superfields Fð �ZAÞ and Fð�AÞ describe massless
supermultiplets because they satisfy the Klein-Gordon
equations

@m@
mFð �ZÞ ¼ 0; @m@

mFð�Þ ¼ 0; (39)

where @m � ð	mÞ _��@
_�� � ð	mÞ� _�

@
@x� _�

, @ _�� ¼
� 1

2 ~	
_��
m @m. It follows from the identities 	m� _� ~	

m
 _
 ¼
�2�


��
_

_� and �� _� �� _� ¼ 0. The holomorphic superfield

Fð�AÞ depending on the �A-triple is expanded in the
finite power series in the Grassmannian vector ��m

Fð�AÞ � Fð�il�; ��
_�; 2

ffiffiffi
2

p
��mÞ

¼ f0ð�iy
 _
 ��
_
; ��

_
Þ þ ��mf
mð�iy
 _
 ��

_
; ��
_
Þ

þ ��m ��nf
nm
2 ð�iy
 _
 ��

_
; ��
_
Þ: (40)

The monomial ��m ��n ��l of the third degree and higher
monomials vanish in view of the composite structure of
��m, defined by the incidence relation (17) and discussed in
the previous section. As a result, the monomials con-
structed of ��m have to be proportional to the monomials
constructed of the spinor ��. The direct calculation of the
��m-monomials using the definition (17) and the spinor
algebra [31] yields the desired relations

��m ¼ � 1

2
ð�	m ��Þ;

��m ��n � 1

2
½ ��m ��n � ��n ��m� ¼ 1

4
ð ��~	mn ��Þ�2;

��m ��n ��l ¼ ���
�� ¼ 0;

(41)

where �2 � ����. Because of the correspondence (41) one
can rename the functions in (40)

��mf
m ¼ � 1

2
ð�	m ��Þfm � �2��f

�;

��m ��nf
nm
2 ¼ 1

4
�2ð ��~	mn ��Þfnm2 � �2f2

(42)

and present (40) in the equivalent form of the power series
expansion in ��

Fð�AÞ � Fð�il�; ��
_�; ��mÞ

¼ f0ð�iy
 _
 ��
_
; ��

_
Þ � 2��f
�ð�iy
 _
 ��

_
; ��
_
Þ

þ �2f2ð�iy
 _
 ��
_
; ��

_
Þ: (43)

The expansion (43) has the form of a chiral superfield
expansion including the auxiliary field f2 that identically
vanishes in the supertwistor approach [2]. It implies the
existence of an equivalent representation ~Fð�AÞ of the
superfield Fð�AÞ

Fð�AÞ ¼ ~Fð�AÞ; (44)

which depends on the supersymmetric entirely spinor triple
�A

�A � ð�il�; ��
_�; ��Þ; ��A � ð�AÞ� ¼ ð��; i�l _�; ��

_�Þ
(45)

associated with the �A-triple. This correspondence be-
tween the�A and�A triples is the reason to use the same
name, �-twistor, for the spinor triple �A (45).
Consequently, in the following the symbol tilde over the
superfields depending on �A will be dropped.
We proved that the �-twistor introduces a natural exten-

sion of the base chiral superspace ðy� _�; ��Þ and its use
preserves all components in the chiral superfields depend-
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ing on �� _�. The superfield ~Fð�AÞ (44) depends on the
commuting spinor �� _� and the coefficients of power expan-
sion of ~Fð�AÞ in the spinor degrees are chiral superfields
� _�1... _�2Sðy; �Þ with arbitrary number of dotted spinor in-
dices. To find these fields one can use Penrose’s idea of the
contour integration applied to ~Fð�AÞ that permits to inte-
grate out the �� dependence. The idea was previously ex-
tended to the supertwistor in [2] and the extension may be
applied for the superfields depending on the �-twistor. The
corresponding contour integral defining the superfield
� _�1... _�2Sðy; �Þ is given by the expression

� _�1... _�2Sðy; �Þ ¼
I
ðd �� _� �� _�Þ �� _�1 . . . �� _�2SFð �� _
;�i �� _�y
 _�; �
Þ;

(46)

where we omit the tilde over Fð�Þ (44) and assume its
homogeneity degree equal to �2ðSþ 1Þ. The ��-contour
encloses the singularities of F in (46) for each fixed point
ðy; �Þ. The substitution of (43) into (46) results in the
expansion

� _�1... _�2Sðy; �Þ ¼ f _�1... _�2S

0 ðyÞ � 2��f
� _�1... _�2SðyÞ

þ �2f
_�1... _�2S

2 ðyÞ; (47)

where the component functions are defined by the integrals

f _�1... _�2S

0 ðyÞ ¼
I
ðd �� _� �� _�Þ �� _�1 . . . �� _�2Sf0ð�iy
 _
 ��

_
; ��
_
Þ;

f� _�1... _�2SðyÞ ¼
I
ðd �� _� �� _�Þ �� _�1 . . . �� _�2Sf�ð�iy
 _
 ��

_
; ��
_
Þ;

f _�1... _�2S

2 ðyÞ ¼
I
ðd �� _� �� _�Þ �� _�1 . . . �� _�2Sf2ð�iy
 _
 ��

_
; ��
_
Þ
(48)

with f� _�1... _�2SðyÞ and f
_�1... _�2S

0;2 ðyÞ satisfying the chiral Dirac

equations

@� _�k
f� _�1:: _�k:: _�2SðxÞ ¼ @� _�k

f _�1:: _�k:: _�2S

0;2 ðxÞ ¼ 0;

ðk ¼ 1; 2; . . . ; 2sÞ:
(49)

The further expansion of � _�1... _�2Sðy; �Þ (47) at the real
point xm is given by

� _�1... _�2Sðy; �Þ ¼ f _�1... _�2S

0 ðxÞ � 2��f
� _�1... _�2SðxÞ

� 2i�� �� _�@
_��f

_�1... _�2S

0 ðxÞ
� 2i�2 �� _�@

_��f _�1... _�2S

� ðxÞ þ �2f _�1... _�2S

2 ðxÞ;
(50)

where the term 1
2�

2 ��2@ _��@� _�f
_�1... _�2S

0 ðxÞ was dropped be-

cause of the zero mass constraint (39)

h� _�1... _�2Sðy; �Þ ¼ 0 ! hf _�1... _�2S

0 ðxÞ ¼ 0: (51)

For sewing together these results with the well-known case
of the scalar supermultiplet, corresponding to S ¼ 0, we
rename the component f-fields by the generally accepted

notations [31]

f
_�1... _�2S

0 ¼ ffiffiffi
2

p
A _�1... _�2S � ffiffiffi

2
p

A...;

f _�1... _�2S

2 ¼ ffiffiffi
2

p
F _�1... _�2S � ffiffiffi

2
p

F...;

f
_�1... _�2S

� ¼ c _�1... _�2S

� � c ...
� ;

(52)

where ð. . .Þ � ð _�1 . . . _�2SÞ. Then we find the superfield
1ffiffi
2

p �...ðy; �Þ to describe the massless chiral multiplet [31]

for the case S ¼ 0. For S � 0, the superfield (50) repre-
sents the chiral supermultiplets of massless higher spin
fields with the particle spin content

�
1

2
; 1

�
;

�
1;
3

2

�
;

�
3

2
; 2

�
; . . . ;

�
S; Sþ 1

2

�

accompanied by the corresponding auxiliary fields for any
integer or half-integer spin S ¼ 1

2 ; 1;
3
2 ; 2; . . . . In various

approaches the supermultiplets were discussed in the pa-
pers [33–40] and many others. The supersymmetry trans-
formations for the higher spin multiplet (50) presented in
the notations (52) take the form

�A... ¼ ffiffiffi
2

p
"�c ...

� ; �F... ¼ i
ffiffiffi
2

p ð �" ~	m@
mc ...Þ

�c ...
� ¼ i

ffiffiffi
2

p ð	m �"Þ�@mA... þ ffiffiffi
2

p
"�F

...
(53)

and coincide with the transformation rules for the S ¼ 0
chiral multiplet of weight n ¼ 1

2 [31] if we put A... ¼ A,

F... ¼ F and c ...
� ¼ c � in (53).

It was above noted that the �-twistor superspace is
invariant under the axial rotations (37). These phase trans-
formations generate the R-symmetry transformations for
~Fð�Þ (43)

~F 0ð�il�; ��
_�; ei’��Þ ¼ e2in’ ~Fð�il�; ��

_�; ��Þ; (54)

where n is the corresponding R number. Then taking into
account the representation (46) we get the R-symmetry
transformation of the generalized chiral superfield
� _�1... _�2Sðy; �Þ

� _0�1... _�2Sðy; �Þ ¼ e2in’� _�1... _�2Sðy; e�i’�Þ: (55)

We emphasize that the �-twistor restores the off-shell
representation for the superfields of massless higher spin
chiral supermultiplets, which is lost in the supertwistor
description. The off-shell spinor superfield � _�ðy; �Þ de-
scribes the N ¼ 1 D ¼ 4 gluon and gluino with fixed
helicities. The complex conjugate superfield describes the
gluon and gluino with opposite helicities. Thus, the states
with opposite helicities are associated with the holomor-

phic �A and the antiholomorphic parts ��A of the com-
plete �-twistor space. The construction permits a direct
generalization to the case of N ¼ 4 D ¼ 4 super Yang-
Mills.
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VI. CONCLUSION

The new concept of the supersymmetric �-twistor, alter-
native to the well-known supertwistor, and its physical
applications have been discussed. The fermionic sector of
the �-twistor is represented by the composite
Grassmannian Lorentz vector ( ���m�), providing the ex-
tension of the Penrose projective twistor space to a new
projective superspace different from the supertwistor
space. The new property of the proposed supersymmetri-
zation of the Penrose twistor consists of the presence of the
Lorentz vector in the fermionic sector of the �-twistor. The
supertwistor fermionic sector is represented by a Lorentz
scalar. The N ¼ 1 �-twistor considered here is naturally
generalized to include the internal symmetry, similar to the
extension for the supertwistor case. This is achieved by the
substitution of �i� for �� in the �-twistor components,
where the index i belongs to the fundamental representa-
tion of the group SUðNÞ. The substitution yields a new
composite Grassmannian vector ð ���m�

iÞ carrying both the
space-time and internal symmetry indices. The corre-
sponding extension of the projective CP3 space yields a
new extended projective space, whose fermionic sector
mixes the space-time and internal symmetries. This prop-
erty deserves further study along the line developed in [45].
The �-twistor discussed here is not covariant under the
superconformal boosts contrary to the supertwistor, but it is
covariant under the maximal subgroup of the superconfor-
mal group. The superconformal boosts appear to be a
broken symmetry of the �-twistor space. This breaking
correlates with the Gross-Wess effect of the conformal
symmetry breaking in the scale invariant amplitudes of
the scalar-spinor and scalar-vector particles scattering
[46]. An attractive property of the breaking is that it is
accompanied by restoration of the auxiliary fields of the
chiral supermultiplets, absent in the supertwistor descrip-
tion. Having observed this property, we applied the

�-twistor for the construction of the physical supermultip-
lets describing the N ¼ 1 D ¼ 4 physical fields. As a
result, we find an infinite chain of massless higher spin
N ¼ 1 D ¼ 4 chiral supermultiplets (S, Sþ 1=2) con-
taining their auxiliary F fields. The above-mentioned ex-
tension of the �-twistor superspace to describe the SUðNÞ
group degrees of freedom shows a way of an off-shell
description of theN ¼ 4 D ¼ 4 super Yang-Mills theory.
This extension has to be accompanied by the auxiliary F
field restoration, resulting in the superconformal symmetry
breaking. The breaking is present in the N ¼ 1 D ¼ 10
super Yang-Mills theory, but the recent proposal of
Berkovits [26] to built its �-twistor description stimulates
the �-twistor description of N ¼ 4 D ¼ 4 super Yang-
Mills. Another application [42] of the �-twistor superspace
is connected with a possible way to solve the problem of
Lorentz symmetry breaking in supersymmetric non(anti)
commutative geometry, alternative to using the twisted
Hopf algebra construction recently proposed in [47,48].
In general, it might be that the exact superconformal
symmetry is not realized in nature. At least we know that
the (super)conformal gravity is plagued with ghosts when
its perturbation quantization is considered [49,50]. Then
the �-twistor superspace, minimally breaking superconfor-
mal symmetry, but preserving the super-Poincaré and other
important symmetries, might be used as a natural base
space-time for new supersymmetric model building.
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