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We consider the three-point function (i.e. the bispectrum or non-Gaussianity) for stochastic back-

grounds of gravitational waves. We estimate the amplitude of this signal for the primordial inflationary

background, gravitational waves generated during preheating, and for gravitational waves produced by

self-ordering scalar fields following a global phase transition. To assess detectability, we describe how to

extract the three-point signal from an idealized interferometric experiment and compute the signal to noise

ratio as a function of integration time. The three-point signal for the stochastic gravitational wave

background generated by inflation is unsurprisingly tiny. For gravitational radiation generated by purely

causal, classical mechanisms we find that, no matter how nonlinear the process is, the three-point

correlations produced vanish in direct detection experiments. On the other hand, we show that in scenarios

where the B-mode of the cosmic microwave background is sourced by gravitational waves generated by a

global phase transition, a strong three-point signal among the polarization modes is also produced. This

may provide another method of distinguishing inflationary B-modes. To carry out this computation, we

have developed a diagrammatic approach to the calculation of stochastic gravitational waves sourced by

scalar fluids, which has applications beyond the present scenario.
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I. INTRODUCTION

Great strides are being made in both the technological
and theoretical aspects of the direct detection of astrophys-
ical gravitational waves. Ground based interferometers like
LIGO [1] have achieved their design sensitivities and are in
the process of being upgraded to even greater precision [2].
Design of a space-based detector, LISA [3], is well under-
way with a pathfinder mission scheduled for launch in mid-
2011 and a possible launch date for the full mission in the
next decade or so. Further, planning for the next generation
space-based gravitational wave detectors, BBO and
DECIGO, has begun [4,5]. These detectors are specifically
designed to search for cosmological stochastic gravita-
tional waves (SGW). Beyond direct detection experiments,
large scale B-mode polarization of the cosmic microwave
background (CMB) [6] can be sourced by a spectrum of
long wavelength gravitational waves at last scattering. The
Planck mission will constrain a tensor to scalar ratio on the
order of r� 0:1 while work is well underway on proposals
[7] that will probe to r� 0:01.

A stochastic background of gravitational waves can be
generated in a variety of ways. Unresolved point sources
such as neutron star or black hole binary systems generate
a stochastic background in the confusion limit [8].
Quantum fluctuations of the metric during inflation [9–
12] are amplified on super Hubble scales, generating a
stochastic background whose amplitude directly probes
the energy scale of inflation. Following inflation, explosive
particle production associated with a phase of pre/reheat-

ing would also produce a stochastic background [13–22].
Further, SGW can be generated by phase transitions [23–
28], bubble collisions [29,30], or even more exotic pro-
cesses involving warped extra dimensions [31].
Recently, models have been proposed where a scale-

invariant spectrum of SGW, mimicking the inflationary
spectrum on subhorizon scales, is generated by the relaxa-
tion of a disordered scalar matter1 field with a white noise
spectrum on superhorizon scales. Such a white noise spec-
trum can be laid down by a global phase transition event;
see for example [26,27,32]. More generally, nonequilib-
rium processes in cosmology produce scale-dependent
spectra of gravitational waves. This should not be a sur-
prise: violent motion of large masses generates a nontrivial
quadrupole moment.
In the study of cosmological density perturbations in

large scale structure and in the cosmic microwave back-
ground, such higher correlations of perturbations are called
non-Gaussianities [33]—any Gaussian field is completely
described by its power spectrum, or two-point function2

Indeed, while inflation is expected to produce a highly
Gaussian spectrum of SGW akin to that of the spectrum
of density perturbations [35], cosmological SGW fore-

1In this paper we will deal exclusively with scalar matter
although this is not a necessary condition.

2For a completely Gaussian field, all correlation functions of
an odd number of fields vanish and all even correlations can be
written as products of the power spectrum. Such truncated
correlation functions are usually called disconnected; see for
example [34].
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grounds from active sources are expected to be highly non-
Gaussian. However, these processes occur on characteristic
scales which are smaller than the size of the horizon. In this
work, we show that stochastic gravitational radiation pro-
duced by causal processes (those which operate inside a
single post-inflationary horizon volume) in the early
Universe produce vanishing three-point correlations in
direct detection experiments. This is because such pro-
cesses generate peak power at a physical scale that can
be no larger than the Hubble radius at the time of produc-
tion. Such a source of stochastic gravitational radiation will
look like a large number of uncorrelated patches to our
detectors today, each corresponding to a Hubble volume in
the early Universe, and will appear highly Gaussian as a
result of the central limit theorem. Such processes include
preheating (which we will discuss in detail as an example
below), bubble collisions, and all of the other processes
mentioned above. Inflation on the other hand predicts
correlations among all modes at all scales.

In addition to the present work, the study of non-
Gaussian features in SGW spectra has received little atten-
tion: Drasco and Flanagan investigated the statistics of
popcorn noise [36], while Seto has suggested the use of
the four-point correlator to study intermittent bursts
[37,38]. Racine and Cutler [39] investigated deviations
from Gaussianity of unresolved galactic white dwarf bi-
naries and suggested that it is small due to the large number
of sources.

This paper is organized as follows. In Sec. II we discuss
sources of three-point correlation functions and their pros-
pects for detection—in Sec. II A we consider the three-
point signal generated by quantum effects during inflation
while in Sec. II B we estimate the expected amplitude of
the three-point function from active scalar sources. We
consider two scenarios, global phase transitions and pre-
heating, and present some preliminary analytical results.
The details of the calculations are left to the appendixes. In
Appendix A we construct the three-point estimator of
SGW, given a set of detector data streams. In
Appendix B we present a diagrammatic method of calcu-
lating general N-point SGW correlation functions from

linear scalar sources which will have applications beyond
the present scenario. We conclude in Sec. III.

II. SOURCES AND OBSERVATIONS

Cosmological SGW can be divided into those sourced
by initial quantum fluctuations (namely those laid down
during inflation) and those sourced classically by nonzero
quadrupole moments. Gravitational waves from inflation,
at the moment of creation, behave like free fields with
Gaussian initial conditions and hence possess a vanishing
three-point correlation. Nonzero three-point correlations
are formed when these fields interact gravitationally (see
the left graph in Fig. 1) and carry information about the
gravitational coupling strength H=Mp. Inflationary gravi-

tational waves are correlated on all scales due to their
creation during an epoch of accelerated expansion, and
these correlations are laid down as the scales leave the
horizon and are frozen until reheating. On the other hand,
actively sourced gravitational waves are generated by
gravitational bremsstrahlung, and carry information about
the quadrupole moment of the source (see the right graph
in Fig. 1). These gravitational waves are laid down as each
scale enters the horizon, and are only correlated on scales
comparable to the horizon size at the time they were
created. We consider two specific models, preheating and
the global phase transition scenario of Jones-Smith et al.
[26,32].
A three-point correlation of gravitational waves is pro-

duced during inflation via the right graph in Fig. 1.
However, this is highly suppressed as each internal scalar
line is a copy of the scalar power spectrum, suppressing the
graph by a factor of OðP ðkÞ3Þ � 10�30.

A. Inflation

Even if inflation is exactly de Sitter, the spectrum of
SGW it generates will be non-Gaussian, due to gravita-
tional self-interaction. At leading order, this non-
Gaussianity is sourced by a three-point interaction term,
represented diagrammatically in Fig. 1 (left graph). The

k

k

k k

k

k

p

FIG. 1. Nontrivial three-point correlations of gravitational waves can be generated directly from graviton-graviton interactions (left
graph) or indirectly via interactions with scalars (right graph). Both processes are always present, however, direct interaction
dominates the three-point correlation during inflation while for scalar sourced gravitational waves this process is highly suppressed
relative to the loop.
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amplitude of this process is calculated using the ‘‘in-in’’
formalism3 [41].

Each external GW leg is OðH=MpÞ due to canonical

normalization of the graviton, while the coupling term is
purely gravitational, and also OðH=MpÞ. Thus, after

freeze-out, gravitational waves outside the horizon will
possess a nonzero three-point correlation function, with
amplitude ðH=MpÞ4.

In any model of inflation in purely Einstein gravity, the
three-point correlation function of gravitational waves at
freeze-out is [41]

hhAðkÞhA0 ðk0ÞhA00 ðk00Þiinf ¼
�
�K þ kk0 þ k0k00 þ kk00

K

þ kk0k00

K2

�
ð2�Þ3�ðkþ k0 þ k00Þ

� H4�
M4

pl

�4

8ðkk0k00Þ3 ðe
A
ii0 ðkÞeA

0
jj0 ðk0Þ

� eA
00

ll0 ðk00Þtijlti0j0l0 Þ; (1)

whereH� is the Hubble rate at horizon crossing, K ¼ k1 þ
k2 þ k3, and the tensorial structure is tijl � k0i�jl þ
k00j �il þ kl�ij. In this work, the exact details of the polar-

ization sum in Eq. (1) do not concern us; we replace the
sum with the appropriate powers of k from dimensional
analysis.

To calculate the present amplitude of the inflationary
three-point correlation [Eq. (1)] we evolve the metric
perturbations from horizon reentry using the gravitational
wave transfer function.4 For modes reentering the horizon

during radiation domination, �gw ¼ z�1=2
eq ðH0=2�fÞ, re-

placing k ¼ 2�f�̂. We find

F ðf;f;f00Þtoday ¼F ðf;f;f00Þinf �
�
H0

2�

�
3 1

ff0f00
1

z3=2eq

; (2)

where F ðf; f0; f00Þ is defined by

hhðf; �̂Þhðf0; �̂0Þhðf00; �̂00Þi ¼ F ðf; f0; f00Þ
� �ðf�̂þ f0�̂0 þ f00�̂00Þ:

(3)

Here, zeq � 4� 103 is the redshift of matter-radiation

equality and H0 is the Hubble constant today. As detailed
in Appendix A, the total integration time T of a direct

detection experiment can be chopped into ‘‘chunks’’ of
identical duration �T � f�, where f� is roughly the fre-
quency of minimum noise. We can then construct the three-
point estimator per chunk and, since the noise is uncorre-
lated across chunks, the total signal to noise ratio (SNR)

scales as
ffiffiffiffiffi
M

p
, where M ¼ T=�T is the total number of

chunks:

SNR ¼ shape�
�
Hinf

Mpl

�
4
�
H0

2�

�
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�
1

f�
1

z1=2eq

�
3

�
�

1

N2
1ðf�ÞN2

2ðf�ÞN2
3ðf�Þð�fÞ3

�
1=2 � ffiffiffiffiffi

M
p

; (4)

where �f� is the width of the window in frequency space.
Here we collect the frequency integral into a dimensionless
quantity we call ‘‘shape’’5

shape �
Z �max^

�min^
d cos�^

Z f�þ�f

f���f
f2dff02df0f002df00

�
H�
Mpl

��4

�F ðf; f; f00Þinf 8�
2

f2

� �ðf�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f02 þ f002 þ 2f0f00 cos�^

q
Þ; (5)

where �^ is the angle between �̂0 and �̂00. The shape
encodes where the three-point signal has support in the
three-dimensional parameter space (f, f0, f00)—different
gravitational wave generation mechanisms will, in general,
produce different shape functions. The shape can be inte-
grated numerically, but we note that the filters pick up
triangles that are roughly equilateral, and approximate
the shape simply as

shape � 1088

9
�2 ðf2� þ�f2Þ

ðf2� � �f2Þ2
�f3

f�
: (6)

Given a total integration time T, we obtain M ¼
T=ð10� f�1� Þ independent observations, including a fudge
factor of 10 to reduce edge effects from chopping the
signal. The total integration time expected for a 90%
confidence detection then scales like (assuming identical,
time-independent, and constant detector noise)

T / f11� N6ðf�Þð�fÞ�6: (7)

In other words, as in the detection of the SGW power
spectrum, low noise at a low target frequency f� is
advantageous.
An instrument like BBO is designed to detect the infla-

tionary power spectrum, but it is highly unlikely that we
will be able to detect the three-point correlation—this is a

3In general, these amplitudes will also be corrected by both
scalar and GW loops, but they will be subdominant—see for
example [40].

4In reality the GW transfer function is much more complicated
[42], however, the corrections are Oð1Þ and so for this work we
neglect them. Also, one might worry that the different reentry
time for each mode will induce a phase shift in the three-point
correlation today. However, it is easy to show that for modes
reentering in the radiation era, the phase shift in the signal three-
point is an overall constant and hence can be set to zero.

5This nomenclature follows standard convention in the studies
of CMB non-Gaussianities, where the three-point is similarly
integrated over all possible triangles to produce a single mea-
sure; see for example [43].
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consequence of the fact that inflation is highly Gaussian.

For a typical BBO/DECIGO detector with Nðf�Þ �
10�24 Hz�1=2 at f� � 0:1 Hz and �f� 0:033 Hz, and
assuming grand unified theory (GUT) scale inflation
Hinf=Mpl � 10�6, T � 0:27� 106h�6 years where H0 ¼
100h km=s=Mpc. It may appear that, since T scales with
f5�Nðf�Þ6 (assuming f� ��f), if we were to increase the
sensitivity of BBO by 1 order of magnitude or move f�
down a decade in frequency, we would be able to detect the
three-point correlation on a reasonable time scale.
However, this result scales with ðHinf=MplÞ�8. Unless the

energy scale of inflation is near the upper limit currently
allowed by WMAP [35] measurements of the cosmic
microwave background, the inflationary three-point func-
tion will be well out of reach of direct detection
experiments.

B. Active scalar sources

Beside the stochastic gravitational waves generated by
the amplification of quantum fluctuations during inflation,
gravitational waves can be generated classically via violent
motion of mass-energy. For example, a period of turbulent
cosmological evolution, say during preheating, will result
in the generation of large gradients and the copious pro-
duction of SGW.

‘‘Active sources’’ refers to sources which are physically
moving. We focus on the results here and present a general
review of scalar sourced gravitational waves in
Appendix B. We will see that for all causally generated,
actively sourced, gravitational waves, the three-point func-
tion vanishes in direct detection experiments. Gravitational
waves from preheating will not be detectable in the CMB,
since the long wavelength modes necessary to generate the
temperature and polarization anisotropies are not pro-
duced, but a global phase transition model continuously
sources horizon scale gravitational waves. This means that
they will affect the CMB anisotropies on scales smaller
than the horizon (in real space) at last scattering. In par-
ticular, we will show that the source of the polarization
modes in the CMB for this model is completely correlated
(i.e. highly non-Gaussian). Hence, even if a global phase
transition mimics the inflationary signal on the level of the
power spectrum, its three-point polarization signal will be
highly non-Gaussian. This means that the polarization
bispectrum of the CMB, i.e. both the hBBBi and the
hEBBi statistics will be nontrivial, and could provide a
powerful test for noninflationary sources of the polariza-
tion modes.

1. Preheating and other causal mechanisms

During inflation, quantum fluctuations of the metric are
amplified on super Hubble scales by the accelerated ex-
pansion. Following inflation, in most models, the inflaton
decays and reheats the Universe. The first stage of this

process, preheating, is dominated by an explosive and
nonperturbative production of highly inhomogeneous,
nonthermal fluctuations of the inflaton and the other fields
coupled to it. The inhomogeneous decay of the inflaton and
the turbulent phase that follows it are inevitably accompa-
nied by the production of gravitational waves. This topic
was first discussed by Khlebnikov and Tkachev [13] and
went largely untouched for almost ten years.6 Recently a
flurry of papers has appeared with more accurate numerical
simulations improving and expanding on earlier work [14–
21], and exploring the scaling relationship for this signal.
The stochastic gravitational wave spectrum from pre-

heating has a peak amplitude at a physical scale that
depends only on the energy density at the end of inflation
[14],

l / V1=4
end : (8)

This can be expressed as a frequency via

f ¼ 6� 1010
ffiffiffiffiffiffiffiffi
He

Mpl

s
Hz; (9)

where He is the Hubble rate at the end of inflation. To
obtain a peak at f ¼ 0:1 Hz requires He=Mpl � 10�22, or

inflation ending near the TeV scale. The peak amplitude of
the preheating gravitational waves is (largely) independent
of the frequency, and is estimated to be �gwh

2 � 10�11

today [15].
Since preheating is a completely causal process, only

modes that are within the horizon are excited. If kp is the

physical scale of preheating then

He

kp
� 1: (10)

Negligible amounts of gravitational waves are generated
outside the horizon, so we do not expect superhorizon
correlations. Modes within each Hubble patch are expected
to be highly correlated at the three-point level; we expect
gravitational waves to be uncorrelated across patches.
Since the signal in our detectors is the sum of contributions
from a large number of uncorrelated patches, a simple
application of the central limit theorem implies that their
three-point correlation function will be highly suppressed
relative to the two-point function. Specifically, there will
be approximately N � ðHe=H0Þ2 � 1030 patches for TeV
scale inflation (and even more for GUT scale inflation).
The three-point correlation function for preheating must be
suppressed by (He=H0), i.e. the square root of the number
of different causal disconnected patches in the sky, relative

6See also [44].
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to the two-point function.7 We thus expect that SGW back-
grounds from preheating would be observed to be highly
Gaussian today. If such a spectrum is detected by direct
detection experiments there is the intriguing possibility
that this highly Gaussian source of SGW may be used as
a backlight to probe the foreground structures. We post-
pone a discussion of this possibility to a future publication.

This argument for Gaussianity does not rely on any of
the details of preheating and thus extends to other SGW
that are sourced on subhorizon scales by active processes in
the early Universe.

2. Global phase transitions and the CMB

It has been suggested that a global phase transition in the
early Universe can actively source a scale-invariant spec-
trum of stochastic gravitational waves on large scales,
mimicking that of inflation [26]. It has also been suggested
that such a process may also mean that the detection of
large scale B-mode polarization of the CMBwould not be a
unique ‘‘smoking gun’’ signal of inflation [46]. Using
causality arguments, Baumann and Zaldarriaga [47] have
shown the polarization signal from an actively sourced
spectrum of gravitational waves would be distinct from
that of inflation. The usual B-modes are defined nonlocally
in terms of the Stokes parameters Q and U, and are not
obliged to vanish for scales outside the horizon. However,
Baumann and Zaldarriaga construct a real space correla-
tion function which respects causality. For inflation, this
correlation function has features on scales larger than the
size of the causal horizon at last scattering that cannot be
present for any mechanism which causally generates gravi-
tational waves during the standard, post-inflationary period
of the Universe. We will see that, even if a such a scenario
can completely mimic inflation at the level of the two-point
function, they are vastly different at the level of the three-
point function. This may provide an additional test for
determining the inflationary origin of the CMB B-mode
polarization signal.

We consider the model of [26] (see also [27], the formal-
ism of which we adopt for this paper) and present only the

key details here. The reader is referred to the original
papers for additional information. A field, �ðx; tÞ, in the
vector representation of OðNÞ is in an initially symmetric
state with zero vacuum expectation value (VEV),
h�ðx; tÞi ¼ 0. The field is maintained in this state by a
quadratic potential which possibly arises from thermal
corrections, or from a coupling to the inflaton. As the
Universe evolves, thermal corrections become negligible
or inflation ends via a tachyonic instability which causes
the potential to evolve into a mexican hat. The field obtains
a nonzero VEV, h�ðx; tÞi ¼ v, by ‘‘rolling’’ to the true
vacuum state. On scales larger than the horizon size, the
direction in field space of the vector�ðx; tÞ is uncorrelated
and there is gradient energy associated with the N � 1
Goldstone modes, �� ð@�Þ2. As these modes enter the
horizon, the scalar field aligns itself and some of the
gradient energy is radiated into gravitational waves.
On large scales (or low energies) the field is confined to

the vacuum manifold,
P

a�
2
aðx; tÞ ¼ v2, and the dynamics

of the N � 1 Goldstone modes are well described by the
nonlinear sigma model. Furthermore, in the large N limit,
the model is soluble [48]. Initial conditions (at � ¼ ��) are
assumed to be white noise on superhorizon scales with
vanishing power on subhorizon scales, corresponding to
the field being initially aligned on these scales

h�aðk; ��Þ�bðk0; ��Þi

¼
�
6�2�3�ð2�Þ3 �abv

2

N �ðkþ k0Þ; k�� � 1

0; k�� > 1:
(11)

It is easy to see why a strong correlation between the
two-point and three-point correlation functions is expected
from such a source: both are generated from the same
interaction term (Fig. 4) at 1-loop. From dimensional
analysis, M2

ph� h��i, and in Fourier space

k3hh2ki � ðh�2
kiÞ2; k6hh3ki � ðh�2

kiÞ3: (12)

Via Wick’s theorem for a linear source �, it follows that

k6hh3ki
ðk3hh2kiÞ3=2

� 1: (13)

In other words, we should expect that the two-point and
three-point (and indeed, any higher point) functions are
equally important.8 Since gravitational waves source both
E and B modes, we expect that such a mechanism sources
nontrivial hBBBi and hEBBi correlations on the CMB sky.
As both such correlations are vanishingly small in the

7This same argument can be applied to compact binary
sources: while individually each source is highly non-
Gaussian, the central limit theorem tells us that as long as
each individual source is uncorrelated the sum will be
Gaussian. In principle, although preheating patches ‘‘know’’
about the inflaton potential and hence are correlated in some
way, the fact that the process is likely to be highly chaotic means
that this knowledge is rapidly lost and hence we do not expect
the patches to be correlated. Nevertheless, this is not a given—
recently [45] argued that for some classes of supersymmetry
(SUSY) inspired models of inflation, large non-Gaussian spikes
of the curvature perturbation can be laid down over superhorizon
scales which preserve this memory, perturbations which may
source a superhorizon spectrum of SGW. We are extremely
grateful to Richard Easther and Lam Hui for pointing this out
to us.

8In the language of the scalar bispecturm, complete correlation
between h��i and h���i would mean fnl � 105.
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standard inflationary scenario, measurement of these cor-
relations will be a smoking gun for a nonstandard source of
polarization.9 We leave the details of the construction of
the three-point polarization correlation functions to future
work.

Let us now return to the detailed calculation; one can
skip right ahead to Eq. (21) if one is not interested in the
technical details. For power law expansion in conformal
time �, a / �	 (	 ¼ 1 for radiation domination, 2 for
matter domination), one finds h�aðk; �Þ�bðk0; �0Þi ¼
ð2�Þ3�ab�ðkþ k0ÞFðk; �; �0Þ where

Fðk; �; �0Þ ¼ 6�2 v
2

N

�ð	þ 1=2Þ�ð2	þ 3=2Þ
�ð	Þ ð��0Þ3=2

� J1þ	ðk�Þ
ðk�Þ1þ	

J1þ	ðk�0Þ
ðk�0Þ1þ	

: (14)

The three-point function induced by this source in the
colocated detector approximation is then given by
Eq. (B17), which together with the above ‘‘propagator’’
(technically a stochastic average) for the scalar field gives

hhijðk; fÞhjkðk0; f0Þhkiðk00; f00Þi ¼ �4Oij;mnðk̂ÞOjk;opðk̂0ÞOki;qrðk̂00Þ�ðkþ k0 þ k00Þ ð16�GÞ3
kk0k00

N

�
6�2 v

2

N
�ð3=2Þ�ð7=2Þ

�
3

�
Z �f

�i

d�1d�2d�3að�1Þ�31 sin½k�1	að�2Þ�32 sin½k0�2	að�3Þ�33 sin½k00�3	

�
Z d3p

ð2�Þ3 pmpn

�
poppðp� kÞqðp� kÞr J2ðjk

0 þ pj�3Þ
ðjk0 þ pj�3Þ2

J2ðjk0 þ pj�2Þ
ðjk0 þ pj�2Þ2

J2ðp�1Þ
ðp�1Þ2

� J2ðp�2Þ
ðp�2Þ2

J2ðjk� pj�1Þ
ðjk� pj�1Þ2

J2ðjk� pj�3Þ
ðjk� pj�3Þ2

þ ðp� kÞoðp� kÞppqpr

J2ðjk00 þ pj�3Þ
ðjk00 þ pj�3Þ2

� J2ðjk00 þ pj�2Þ
ðjk00 þ pj�2Þ2

J2ðjk� pj�1Þ
ðjk� pj�1Þ2

J2ðjk� pj�2Þ
ðjk� pj�2Þ2

J2ðp�1Þ
ðp�1Þ2

J2ðp�3Þ
ðp�3Þ2

�
: (15)

HereOij;klðk̂0Þ is the transverse-traceless projector, defined
in Appendix B. An exact analytic evaluation of this ex-
pression is difficult. In principle there is no obstacle to
numerical integration, but for our purposes it is sufficient to
approximate it as follows:

(i) Work in the equilateral limit, jkj ¼ jk00j ¼ jk00j,
�þ�0 þ�00 ¼ 0. Most of the power is produced
at horizon crossing, so we expect that the signal will
be strongly peaked on equilateral shapes.

(ii) Work in the long wavelength limit k� < 1, k�0 < 1,
and k�00 < 1 for all times between �� and �end ¼ 1=k
so that sinðk�Þ � k�, etc.

(iii) We neglect the angular dependence of jk00 þ pj and
jk� pj.

(iv) We can then use asymptotic expansions of the Bessel
functions. In the range p <minð1=�1; 1=�2; 1=�3Þ
we use the small argument expansion of the Bessel
function. In the region minð1=�1; 1=�2; 1=�3Þ< p<
maxð1=�1; 1=�2; 1=�3Þ we distinguish between large
and small argument expansions and finally in the
range maxð1=�1; 1=�2; 1=�3Þ< p< 1=�� we can
use the large argument expansion of the Bessel
function.

There are two limits in which we can expand the Bessel
functions, large and small argument expansions, these are

J
ðxÞ ’
8<
:

x


2
�ð
þ1Þ for x � 1;ffiffiffiffiffi
2
x�

q
cos

�
x� ð2
þ1Þ�

4

�
for x 
 1:

(16)

Under these approximations, we can write

hhijðk; fÞhjkðk0; f0Þhkiðk00; f00Þi
� �4Oij;mnðk̂ÞOjk;opðk̂0ÞOki;qrðk̂00Þ�ðkþ k0 þ k00Þ

� ð16�GÞ3
kk0k00

N

�
6�2 v

2

N

�ð3=2Þ�ð7=2Þ
�ð1Þ

�
3
ImnopqrðkÞ:

(17)

The integral is

ImnopqrðkÞ¼ 3!2H3
0�

3=2
rad

Z 1=k

��
d�1

Z �1

��
d�2

Z �2

��
d�3k

3�51�
5
2�

5
3

�
�Z 1=�1

0
p2dpImnopqr

1 þ
Z 1=�2

1=�1

p2dpImnopqr
2

þ
Z 1=�3

1=�2

p2dpImnopqr
3 þ

Z 1=k

1=�3

p2dpImnopqr
4

�
;

(18)

where the factor of 3! accounts for permutations of the
integration variables, f�1; �2; �3g, and we have used the

scale factor during radiation domination a � H0

ffiffiffiffiffiffiffiffiffiffi
�rad

p
�,

consistent with a0 ¼ 1 today. The integrals are

9In fact, this process is present even during inflation—grav-
itons are sourced by bremsstrahlung of the inflaton field itself,
but it is easy to show that the contribution to the inflationary
three-point from this process is highly suppressed.
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Imnopqr
1 ¼ 1

ð2�Þ3218
Z

d�pmpnpoppðp� kÞqðp� kÞr;

Imnopqr
2 ¼ 1

ð2�Þ3212
2

�

cos2ðp�1 þ 5�
4 Þ2

ðp�1Þ5
Z

d�pmpnpoppðp� kÞqðp� kÞr;

Imnopqr
3 ¼ 1

ð2�Þ326
2

�

cos2ðp�1 þ 5�
4 Þ2

ðp�1Þ5
2

�

cos2ðp�2 þ 5�
4 Þ2

ðp�2Þ5
Z

d�pmpnpoppðp� kÞqðp� kÞr;

Imnopqr
4 ¼ 1

ð2�Þ3
2

�

cos2ðp�1 þ 5�
4 Þ2

ðp�1Þ5
2

�

cos2ðp�2 þ 5�
4 Þ2

ðp�2Þ5
2

�

cos2ðp�3 þ 5�
4 Þ2

ðp�3Þ5
Z

d�pmpnpoppðp� kÞqðp� kÞr:

(19)

To perform these integrals, we replace the cos2ðp�Þ terms
by their value averaged over a few cycles, 1=2. The angular
integrals can be done in the usual way. In the equilateral
limit

Oij;mnðk̂ÞOjk;opðk̂0ÞOki;qrðk̂00Þ
�
Z

d�p̂mp̂np̂op̂pp̂qp̂r ¼ 9�

80
;

kokpOij;mnðk̂ÞOjk;opðk̂0ÞOki;qrðk̂00Þ
�

Z
d�p̂mp̂np̂qp̂r ¼ � 69�

640
k2: (20)

Finally on subhorizon scales we obtain

hhhhi��ðkþ k0 þ k00Þ � � 20

N2

1

k6

�
v

Mpl

�
6
�
H0

ffiffiffiffiffiffiffiffiffiffi
�rad

p
k

�
3

� �ðkþ k0 þ k00Þ: (21)

The subscript � denotes the equilateral limit, �radh
2 ¼

4:15� 10�5 is the radiation density today, and N is the
number of components in the scalar field, which is taken to
be �4.
We can calculate the two-point function in the analogous

way; using the propagator above in Eq. (B18) the integral
is

hhijðk; �Þhijðk0; �Þi ¼ N

�
6�2 v

2

N

�ð3=2Þ�ð7=2Þ
�ð1Þ

�
2
Okl;mnðkÞ

�
16�G

kk0

�
2 Z �f

�i

d�1
Z �f

�i

d�2að�1Þ sinðk�1Það�2Þ

� sinðk�2Þ�31�32
Z d3p

ð2�Þ3 pkplpmpn

J2ðp�1Þ
ðp�1Þ2

J2ðp�2Þ
ðp�2Þ2

J2ðjp� kj�1Þ
ðjp� kj�1Þ2

J2ðjp� kj�2Þ
ðjp� kj�2Þ2

�ðkþ k0Þ:
(22)

In the same approximation as above, we find for modes
inside the horizon

hhijðk; �Þhijðk0; �Þi � �

N

1

k3

�
v

Mpl

�
4
�
H0

ffiffiffiffiffiffiffiffiffiffi
�rad

p
k

�
2
�ðkþ k0Þ:

(23)

Then, writing

k6hhhhi� ¼ CNLðk3hhhiÞ3=2; (24)

where CNL is a dimensionless constant, for this theory we
have

C NL ¼ 20

�3=2
ffiffiffiffi
N

p �Oð1Þ (25)

for N ¼ 4. For inflation CNL �OðH=MplÞ, while for this
model the three-point function is as important as the two-
point function. Note that CNL is independent of the scale at
which the process is occurring. This means that, even if a
global phase transition can completely mimic inflation at

the level of the power spectrum, it produces a three-point
which is distinct from and much larger than that of infla-
tion. The existence of such a large three-point correlation
function relative to the two-point correlation function sug-
gests that if a B-mode signal consistent with r� 0:01 were
observed, by constructing the three-point estimator we
might determine whether its origins were consistent with
inflation.
We also point out that this three-point would vanish in

direct detection experiments for precisely the same reasons
as in the preheating case. At first it may seem that since the
gravitational waves are continuously sourced that we
might be able to evade the simple argument above based
on the central limit theorem. However, the power at each
scale, k, is sourced as that particular mode enters the
horizon. Since direct detection experiments are sensitive
to scales on the order of the size of the Solar System, the
gravitational waves detected in these experiments will be
primarily composed of radiation which was emitted when
the horizon scale was on the order of the size of our Solar
System. This means that these gravitational waves will
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again look almost completely Gaussian by the central limit
theorem.

III. CONCLUSIONS AND FUTURE OUTLOOK

In this paper we considered the properties of the three-
point statistics of cosmological gravitational waves from
both inflationary and noninflationary ‘‘active’’ scalar
sources. For the latter, we consider gravitational waves
from preheating driven turbulence at the end of inflation
and from self-ordering scalar fields following a global
phase transition in the early Universe.

Introducing a ‘‘three-point correlation parameter’’ CNL,
we write

k6hhhhi� ¼ CNLðk3hhhiÞ3=2; (26)

where the � here denotes the equilateral limit of the bis-
pectrum. During inflation, metric fluctuations (gravitons)
start in a purely Gaussian state and interactions with other
fluctuations are highly suppressed by the amplitude of the
observed scalar spectrum. This means that the leading
order effective three graviton interaction is the tree level
interaction, and any departure from Gaussianity is highly
suppressed. For GUT scale inflation, CNL �Hinf=MPl �
10�6, and CNL measures the scale of inflation directly,
which provides a consistency check when compared to
the SGW power spectrum. Unfortunately, and unsurpris-
ingly, we find that even a BBO/DECIGO class detector
cannot detect an inflationary three-point signal.

On the other hand, for SGW from scalar sources, CNL

measures the strength of the effective gravitational wave
interaction, i.e. it is mediated by scalars. For these sources
there is no reason to expect the higher point functions to be
suppressed relative to the two-point function. In the highly
inhomogeneous phenomenon that follows any period of
cosmological turbulence, we estimate that CNL �Oð1Þ 

Hinf=MP.

We investigated two different scalar sources of SGW.
The first model is that of gravitational waves produced in
the era of preheating after inflation. During preheating,
gravitational waves are produced with a characteristic
wavelength kp �He where He is the Hubble scale at the

end of inflation. While the gravitational waves are highly
correlated at this scale, since He 
 Htoday, such sources

appear as uncorrelated patches in the sky. That is, these
patches appear to our detectors as uncorrelated point
sources. The gravitational radiation we observe in our
detectors is the sum of gravitation waves coming from all
directions, and is thus composed of gravitational waves
from many patches. By constructing the correlator of three
time streams, we are integrating the estimator
hhðn; fÞhðn0; f0Þhðn00; f00Þi over the entire sky. Clearly the
three-point signal from such a source will be highly
Gaussian via the central limit theorem—ironically even
more so than the inflationary signal. Nevertheless, the
gravitational radiation from processes such as TeV scale

preheating is expected to be easily seen by future direct
detection experiments. The high level of Gaussianity of
these stochastic backgrounds then presents the intriguing
possibility of using them as a probe of the intervening
matter distribution.
The second model we consider is gravitational radiation

from self-ordering scalar fields following a global phase
transition proposed in this context by Jones-Smith, Krauss,
and Mathur [26]. In this model, a scale-invariant spectrum
of SGW is generated by self-ordering scalar fields at the
horizon. We show that the correlation parameter CNL �
Oð1Þ in this model and a large three-point correlation is
expected. Nevertheless, since these gravitational waves are
being continuously sourced at the horizon, the central limit
argument above still applies and the three-point signal
today will be small to vanishing.
One potential place where a non-Gaussian gravitational

wave signal may still be detected is in the polarization
measurements of the CMB. The gravitational waves
sourced by the global phase transition mechanism are
completely correlated, which means that we expect that
as well as the usual B-mode spectrum, hBBi, they will also
give rise to nontrivial hBBBi and hEBBi correlations, and
could provide an independent discriminant of noninfla-
tionary sources of B mode polarizations.
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APPENDIX A: THE THREE-POINT ESTIMATOR
FOR DIRECT DETECTION EXPERIMENTS

In this appendix, we calculate the correlation of three
streams of data from a direct detection experiment such as
LISA. A detector output is a scalar stream of data SðtÞ as a
function of time, where the data measure the direct strain
of the detector. The data stream consists of a signal sðtÞ and
an inherent noise nðtÞ

SðtÞ ¼ sðtÞ þ nðtÞ: (A1)

In general we are deep in the noise dominated regime,
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jnj 
 jsj, hsi ¼ hni ¼ 0, and for two detectors in different
locations, the noise is assumed to be localized, hn1n2i �
hn1n1i, hn2n2i. In the measurement of a stochastic power
spectrum, we can correlate two detectors to extract the
signal out of the noise. In this case, the signal to noise
ratio for the stochastic power spectrum is

SNR � hS12iffiffiffiffiffiffiffiffiffiffiffi
hN2

12i
q ; (A2)

where hS12i is the expectation value of the signal

S12 ¼
Z T=2

�T=2
dt1

Z T=2

�T=2
dt2S1ðt1ÞS2ðt1ÞQðt1; t2Þ; (A3)

andQðt1; t2Þ is a two-point filter function. The denominator

of Eq. (A2) is the root mean square noise
ffiffiffiffiffiffiffiffiffiffiffi
hN2

12i
q

, where

N12 ¼ S12 � hS12i. Since the noise is localized, hS12i ¼R
dt1

R
dt2hs1ðt1Þs2ðt2ÞiWðt1; t2Þ.

By choosing a filter with a moving window, Qðt1; t2Þ ¼
Qðt1 � t2Þ, we see that the signal to noise ratio in Eq. (A2)
scales like

ffiffiffiffi
T

p
, where T is the total integration time. The

signal in the numerator is correlated and hence scales like
T while the denominator is uncorrelated, and so increases

like a one-dimensional random walk,
ffiffiffiffi
T

p
.

With three detectors, we can construct the analogous
estimator for the three-point using a filter Wðt1; t2; t3Þ,

S123 ¼
Z T=2

�T=2
dt1

Z T=2

�T=2
dt2

Z T=2

�T=2
dt3S1ðt1ÞS2ðt2Þ

� S3ðt3ÞWðt1; t2; t3Þ: (A4)

Localization of the detector noise means that

hS123i ¼
Z T=2

�T=2
dt1

Z T=2

�T=2
dt2

Z T=2

�T=2
dt3hs1ðt1Þs2ðt2Þs3ðt3Þi

�Wðt1; t2; t3Þ: (A5)

The noise here is N123 ¼ S123 � hS123i, and the signal to

noise ratio is SNR� hS123i=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
hN2

123i
q

.

To observe a signal at a frequency f� we must make a
measurement that is at least �T � 1=f� in length. Then,
instead of making one long measurement over the total
time T, we chop our signal into chunks of length �T �
1=f�, where f� corresponds to the characteristic minimal
noise frequency of a given detector, i.e.Naðf�Þ ¼ minimal,
where the subscript a here labels the detector. We then
have T=�T chunks of identical measurement of the signal
hs123iM, whereM labels theM-th chunk. On the other hand,
the noise is uncorrelated across chunks and, as noted
above, increases like a one-dimensional random walk.
The signal to noise per chunk is then SNRM ¼
hS123iM=

ffiffiffiffiffiffiffiffiffiffi
N2

123

q
, where hS123iM is the expectation of

Eq. (A4) after an integration time �T � 1=f�.

The total SNR is then given by

SNR ¼ hs123iMffiffiffiffiffiffiffiffiffiffi
N2

123

q � ffiffiffiffiffi
M

p / ffiffiffiffi
T

p
: (A6)

That is, the signal to noise ratio of a three-point correlator

also scales like
ffiffiffiffi
T

p
. This means that a detection is inevi-

table as long as we integrate for long enough (and the
three-point is actually nonzero).
We now need to relate the estimator in Eq. (A4) above to

the predicted three-point signal, hhijðx; t1Þhjkðx0; t2Þ�
hkiðx00; t3Þi, where the Roman indices run over the three
spatial dimensions. We can expand any massless,
transverse-traceless tensor mode, hijðx; tÞ, as

hijðx; tÞ ¼
Z

d�̂
Z

f2df
X
A

hð�̂; fÞe�2�ifðt��̂�xÞeAijð�̂Þ;

(A7)

where k ¼ 2�f�̂, k ¼ 2�f, and the speed of light c ¼ 1.
Our convention differs from that of the gravitational wave
community, who usually absorb the f2 into the amplitude
(see for example [49,50]), but conforms with standard
analytical techniques used to compute higher order corre-
lation functions. The polarization tensors are normalized
via

eAijðkÞeA0
ij ðkÞ ¼ 2�AA0

; (A8)

where polarization is indexed with A. The explicit form of
the polarization tensors can be found in (for example) [50].
A gravitational wave is a spin-2 tensor field propagating

through space at the speed of light. To detect a gravitational
wave, it has to interact with a detector such as an interfer-
ometer or resonant mass. Each detector, labeled a, has a

pattern tensorDij
a , which measures its response to a passing

GW as a function of its geometry. We define the detector
pattern function as

Dij
a eAijð�̂Þ ¼ FA

a ð�̂Þ: (A9)

A detector located at xa then produces a data stream
Saðt;xaÞ ¼ saðt;xaÞ þ naðt;xaÞ in response to a passing
GW, where saðt;xaÞ is

saðt;xaÞ ¼
Z

f2dfd�̂
X
A

hAðf; �̂Þe�2�ifðt��̂�xaÞFA
a ð�̂Þ:

(A10)

With three data streams S1ðt1Þ, S2ðt2Þ, and S3ðt3Þ, and
imposing the filter function Wðt; t0; t00Þ, the expectation of
the estimator hS123i in Eq. (A5) is related to the GW three-
point function by
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hS123i ¼
Z T=2

�T=2
dt
Z T=2

�T=2
dt0

Z T=2

�T=2
dt00d�̂d�̂0d�̂00f2

�dff02df0f002df00
X

A;A0;A00
hhAðf;�̂ÞhA0 ðf0;�̂0Þ

�hA
00 ðf00;�̂0ÞiFA

1 ð�̂ÞFA0
2 ð�̂0ÞFA00

3 ð�̂00Þ
� e�2�i½fðt��̂�x1Þþf0ðt0��̂0�x2Þþf00ðt00��̂00�x3Þ	Wðt; t0; t00Þ:

(A11)

Equation (A11) is the master formula for the signal. Given
a predicted three-point correlation function and detector
setup we can calculate the expected signal to noise.

Taking the Fourier transform of the window function,
Wðt; t0; t00Þ, and breaking up our total integral into chunks
of length �T > 1=f� we can perform the time integrals10

to obtain the signal per chunk

hS123iM ¼
Z

d�̂d�̂0d�̂00f2dff02df0f002df00

� X
A;A0;A00

hhAðf; �̂ÞhA0 ðf0; �̂0ÞhA00 ðf00; �̂0Þi

� FA
1 ð�̂ÞFA0

2 ð�̂0ÞFA00
3 ð�̂00Þ

� e2�iðf�̂�x1þf0�̂0�x2þf00�̂00�x3Þ ~Wðf; f0; f00Þ: (A12)

In general, the signal is reduced by the factors FA
a ð�̂Þ

and exp½2�iðf�̂ � x1 þ f0�̂0 � x2 þ f00�̂00 � x3Þ	.
FA
a ð�̂Þ � 1 because the detectors generally do not possess

isotropic beams and detectors are often not optimally

aligned. The relative location exponent, exp½2�iðf�̂ �
x1 þ f0�̂0 � x2 þ f00�̂00 � x3Þ	 � 1, as detectors that are
not colocated can destructively interfere. This is because
detectors in different locations are measuring different
parts of the wave. In the calculation of the two-point
correlator, the angular integral over these factors is collec-
tively called the overlap reduction function [51], �ðfÞ, and
encodes the effect of the detectors on the correlation. In the
case of the three-point there is no easy distillation of this
information into a simple factor (like �ðfÞ) because in
Eq. (A11), the correlation function itself involves a triangle

constraint in momentum space �ðf�̂þ f0�̂0 þ f00�̂00Þ
which makes separation of the angular information
difficult.

As noted above, localization means that the noise com-
ponent of the signal above is zero. The noise is then the
variance of the above estimator N123 ¼ S123 � hS123i. By
definition hNi ¼ 0, and we take N ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
hN2

123i
q

. Defining as

usual ([49,50])

naðtÞ ¼
Z

dfnaðfÞe�2�if; with

hnaðfÞnbðf0Þi ¼ 1

2
�ab�ðf� f0ÞN2

aðfÞ;
(A13)

where the indices a, b label the detector then the noise is

hN2
123i ¼

Z
dfdf0df00

1

8
N1ðfÞ2N2ðf0Þ2N3ðf00Þ2

� j ~Wðf; f0; f00Þj2: (A14)

Given a three-point correlator, Eqs. (A12) and (A14) are
the ingredients we need to estimate detection sensitivity.
Evaluating the expression for the signal in Eq. (A12)

involves messy calculations and requires knowledge of the
detector setup, locations, and orientations. Given a signal
and detector configuration, an optimal filter can be de-
signed. In principle, each different three-point correlation
function will yield a different optimal filter. For our pur-
poses, this is an unnecessary level of detail. Instead, we
will make several simplifying assumptions in order to
estimate the signal to noise ratio:

(i) We assume isotropic detectors, so FAð�̂Þ ¼
1 8 ð�̂; AÞ. In general, these factors can be small
to vanishing if our detectors are misaligned.

(ii) We assume colocated detectors, so expðf�̂ � x1 þ
f0�̂0 � x2 þ f00�̂00 � x3Þ ¼ 1 via momentum
conservation.

(iii) We use an idealized noise spectrum, where the noise
NðfÞ is an inverse top hat with minimumNðf�Þ in the
domain (f� � �f, f� þ �f). We then choose simple
top-hat filters ~W ¼ ~W1ðfÞ ~W2ðfÞ ~W3ðfÞ, such that
~W1ðfÞ ¼ ~W2ðfÞ ¼ ~W3ðfÞ ¼ �ðf� þ �f� fÞ�ðf�
f� þ �fÞ, where f� is the optimal noise frequency,
i.e. the filter has support for the frequency range of
2�f around this optimal frequency. Clearly this filter
is suboptimal—the optimal filter depends on both the
exact noise spectra, the configuration of the detectors
and the actual signal itself.

Using these assumptions, we can simplify the integra-
tion of Eq. (A12). The delta function imposes a triangle
condition on the momenta, defining a plane in the three-
dimensional momentum space. The signal is assumed to be
isotropic, and sowithout any loss of generality, we can pick

�̂ to point in the z direction. Focusing on the triangles
defined on the planes orthogonal to this direction (see
Fig. 2), the integral sums over all the possible shapes of a
single triangle. We write

d�̂d�̂0d�̂00F ðf; f; f00Þ�ðf�̂þ f0�̂0 þ f00�̂00Þ
! d cos�^8�2F ðf; f; f00Þ 1

f2

� �ðf�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f02 þ f002 þ 2f0f00 cos�^

q
Þ; (A15)

where �^ is the angle between �̂0 and �̂00 andF ðf; f0; f00Þ
10The results of the time integrations are really truncated delta
functions. We ignore this here for the purposes of estimation.
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is defined by

hhðf; �̂Þhðf0; �̂0Þhðf00; �̂00Þi ¼ F ðf; f0; f00Þ
� �ðf�̂þ f0�̂0 þ f00�̂00Þ:

(A16)

The factor of 8�2 is the measure obtained by revolving the
triangle around the z axis (2�), and then over the solid

angle spanned by �̂ (4�), as allowed by isotropy. The top-
hat filters then constrain the shapes of triangles which
contribute to the signal, hence the range of �^. It is easy
to see that this implies

cos�max^ ¼ ðf� þ �fÞ2 � 2ðf� ��fÞ2
2ðf� � �fÞ2 ; and

cos�min^ ¼ ðf� � �fÞ2 � 2ðf� þ �fÞ2
2ðf� þ�fÞ2 :

(A17)

Equation (A12) becomes

hS123iM ¼
Z �max

^

�min^
d cos�^

Z f�þ�f

f���f
f2dff02df0f002df00

�F ðf; f; f00Þ 8�
2

f2

� �ðf�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f02 þ f002 þ 2f0f00 cos�^

q
Þ: (A18)

The simple noise model means the three-point noise is
given by

hN2
123i ¼ N2

1ðf�ÞN2
2ðf�ÞN2

3ðf�Þð�fÞ3: (A19)

Comparing the estimator Eq. (A18) to the more familiar
two-point SNR, the signal to noise for the three-point

scales as ð�fÞ3=2 while for the two-point at first approxi-
mation does not scale with ð�fÞ—hence the three-point
SNR is more susceptible to sampling rate effects. As long
as we keep the sampling rate
 f�, this effect is negligible.

APPENDIX B: SGW FROM SCALAR SOURCES

In this work, we follow [18,21], and present some basic
results regarding the generation of a three-point correlation
function of stochastic gravitational waves by cosmological
scalar fields. The key results are Eqs. (B15) and its linear
field limit, Eq. (B17).
The results we present here are completely general, and

apply to any process in which a scalar field evades the no-
go theorem of Dufaux et al. [18]. Examples of such pro-
cesses are those considered above, preheating and global
phase transitions. Since preheating is a highly nonlinear,
nonperturbative phase, numerical simulations and evalu-
ation of Eq. (B15) are required for accurate results. This is
outside the scope of this paper. During the early part of
reheating and during global phase transitions, however, the
fields remain linear and thus it is possible to calculate
analytically. In this limit we obtain Eq. (B17). We evaluate
this expression approximately for the case of the global
phase transition of [26,27]. A similar result can be obtained
for preheating using the technology of [18,21], however,
one must numerically simulate occupation numbers of the
preheating fields, and we leave it for future work.
As noted above, gravitational wave production by scalar

fields in a noninflationary regime is substantially different
from gravitational wave production during inflation.
Quantum effects are negligible and purely classical effects,
e.g. the relaxation of a disordered field or the turbulent
motion of large masses, lead to the emission of gravita-
tional waves. In this case, gravitational waves are sourced
by the transverse-traceless part of the anisotropic stress�ij

�ij ¼ Tij � hpigij; (B1)

where the energy momentum tensor for the inhomogene-
ous scalar fields is the usual

T�
 ¼ @��a@
�a � g�


�
1

2
g�	@��a@	�a þ V

�
: (B2)

The equation of motion for the gravitational waves in an
expanding background with the above source is

�h 00
ijðk; �Þ þ

�
k2 � a00

a

�
�hijðk; �Þ ¼ 16�Ga3�TT

ij ðkÞ;
(B3)

where a prime, 0, denotes a derivative with respect to
conformal time and �hij ¼ ahij is the comoving metric

amplitude. The traceless, transverse part of the anisotropic
stress is found using the transverse-traceless projector

z

k

k

k

FIG. 2. The three momenta must form a triangle via conser-
vation. By assuming isotropy of both signal and detector con-
figuration (as we have done here), the integral Eq. (A12) can be
reduced to an integral over all possible shapes of a triangle as
shown in this figure. The measure is then completed by rotating
around the z axis, and then around all possible directions of its
axis, for a total of 8�2.
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�TT
ij ðkÞ¼Oij;lmðk̂Þ�lmðkÞ

¼
�
Pilðk̂ÞPjmðk̂Þ�1

2
Pijðk̂ÞPlmðk̂Þ

�
�lmðkÞ; (B4)

where the projector is Pijðk̂Þ ¼ �ij � k̂ik̂j. Now, as

pointed out by [18] the only relevant part of the energy
momentum tensor is the product of the spatial derivatives,
so

a2�TT
ij ðkÞ ¼

�
Pilðk̂ÞPjmðk̂Þ � 1

2
Pijðk̂ÞPlmðk̂Þ

�Z d3p

ð2�Þ3

�
Z d3p0

ð2�Þ3 p
lp0m�aðpÞ�aðp0Þ�ðk� p� p0Þ

� TTT
ij ðkÞ: (B5)

Now, since the gravitational waves originate from rela-
tively short intervals of time, in this work we neglect the
expansion of space, dropping the a00=a factor

v00
k
ij þ k2vk
ij ¼ 16�Gað�ÞTTT

ij ðkÞ; (B6)

where �hijðk; �Þ ¼ vkð�Þ
ijðkÞ. We can construct the

Green’s functions for this equation [18,52]

Gð�; �0Þ ¼ 1

k
sinðkð�� �0ÞÞ; (B7)

then we have

�h ijð�;kÞ ¼ 16�G

k

Z �

�i

d�0 sinðkð�� �0ÞÞað�0ÞTTT
ij ðk; �0Þ;

(B8)

�h 0
ijð�;kÞ ¼ 16�G

Z �

�i

d�0 cosðkð�� �0ÞÞað�0ÞTTT
ij ðk; �0Þ:

(B9)

Now, supposing that the source is turned off at some time
�f, then the gravitational waves become freely propagat-

ing, hence the solution becomes

hijðk; �Þ ¼ vkð�Þ
að�Þ 
ijðkÞ

¼ AijðkÞ
sin½kð�� �fÞ	

að�Þ
þ BijðkÞ

cos½kð�� �fÞ	
að�Þ ; (B10)

where AijðkÞ and BijðkÞ are obtained from matching the

solution at � ¼ �f;

AijðkÞ ¼ 16�G

k

Z �f

�i

d�0 cos½kð�f � �0Þ	að�0ÞTTT
ij ðk; �0Þ;

(B11)

BijðkÞ ¼ 16�G

k

Z �f

�i

d�0 sin½kð�f � �0Þ	að�0ÞTTT
ij ðk; �0Þ:

(B12)

Now, today for frequencies f 
 H0 we can Fourier trans-
form; taking a0 ¼ 1 we find, in real space

hijðx; tÞ ¼
Z 1

�1
f2df

Z
d�e�2�ifte2�ik�f

� ðAijðkÞ sinðk � xÞ þBijðkÞcosðk � xÞÞ: (B13)

Working in the colocated approximation, we can choose
x ¼ 0. We can now calculate the three-point function

hhijðk; fÞhjkðk0; f0Þhkiðk00; f00Þi

¼ ð16�GÞ3
kk0k00

Z �f

�i

d�d�0d�00að�Þ sin½k�	að�0Þ

� sin½k0�0	að�00Þ sin½k00�00	
� hTTT

ij ðk; �ÞTTT
jk ðk0; �0ÞTTT

ki ðk00; �00Þi; (B14)

which leads us to consider the unequal time correlation
function of three copies of the transverse-traceless energy
momentum tensor;

hTTT
ij ðk; �ÞTTT

jk ðk0; �0ÞTTT
kl ðk00; �00Þi

¼ Oij;mnðk̂ÞOjk;opðk̂0ÞOki;qrðk̂00Þ
Z d3p

ð2�Þ3
Z d3q

ð2�Þ3

�
Z d3s

ð2�Þ3 pmpnqoqpsqsrh�aðpÞ�aðk� pÞ
��bðqÞ�bðk0 � qÞ�cðsÞ�cðk00 � sÞi; (B15)

where we have dropped terms which vanish (by transver-
sality of hijðkÞ).

1. Linear field limit

In the limit that the scalar fields are well described by
Gaussian statistics, we can then evaluate the six-point
function of the scalar fields using Wick’s theorem and
the scalar field propagator [18]

h�aðk; �Þ�bðk0; �0Þi ¼ Fabðk; �; �0Þ�ðkþ k0Þ: (B16)

In this limit, one can understand the process in terms of the
graph in Fig. 3. Using the rules,
(1) Draw all diagrams, and label each vertex with a

time.
(2) A vertex as in Fig. 4 gets a factor of

�16�GOij;mnðkÞpmpn, where OðkÞ is the

transverse-traceless projector defined in Eq. (B4).
(3) An external graviton (gravitational wave) line gets a

factor of the Green’s function solution Gkð�; �0Þ to
Eq. (B7), where � is the time at which the diagram is
being evaluated and �0 is the time associated with
the vertex.
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(4) An internal scalar line gets a ‘‘propagator,’’ which is
technically a stochastic average: h�aðp;�Þ�
�bðp;�0Þ¼Fabðp;�;�0Þ.

(5) Conserve external momenta with an overall delta,
�ðPikiÞ.

(6) Integrate over internal (loop) momenta.

(7) Integrate over times associated with each vertex
from the initial time (when the interaction begins)
to the final time when the source is turned off.

We can evaluate the diagrams. The three-point function
is, after Fourier transforming into frequency domain and
using the colocated detector approximation

hhijðf; �̂Þhjkðf0; �̂0Þhkiðf00; �̂00Þi ¼ �4Oij;mnðk̂ÞOjk;opðk̂0ÞOki;qrðk̂00Þ�ðkþ k0 þ k00Þ ð16�GÞ3
kk0k00

�
Z �f

�i

d�1d�2d�3að�1Þ sin½k�1	að�2Þ sin½k0�2	að�3Þ sin½k00�3	

�
Z d3p

ð2�Þ3 p
mpnðpoppðp� kÞqðp� kÞrFcbðjk0 þ pj; �3; �2ÞFabðp; �1; �2Þ

� Facðjk� pj; �1; �3Þ þ ðp� kÞoðp� kÞppqprFbcðjk00 þ pj; �3; �2Þ
� Fabðjk� pj; �1; �2ÞFacðp; �1; �3ÞÞ: (B17)

Here the factor of 4 comes from the equivalent diagrams and k ¼ f�̂, etc. The power spectrum can be calculated in the
analogous manner. The power spectrum is generated by the diagram in Fig. 5. We obtain

hhijðk; �Þhijðk0; �Þi ¼ 2�ðkþ k0ÞOkl;mnðkÞ
�
16�G

k

�
2 Z �f

�i

d�1
Z �f

�i

d�2að�1Þ sinðk�1Það�2Þ

� sinðk�2Þ�31�32
Z d3p

ð2�Þ3 p
kplpmpnFabðp; �1; �2ÞFabðjp� kj; �1; �2Þ: (B18)

This result is consistent with that quoted in [18].

k

k

p

k

k

k

p

k

FIG. 3. Unlike inflation, SGW sourced by scalars (or any active sources) are generated at 1-loop order. Each vertex is of order
ðhij@i�@j�ÞTT where TT indicates the traceless, transverse part of the spatial partial derivatives on �, i.e. it is simply gravitational

bremsstrahlung. The power spectrum generated by such a process will be a 1-loop diagram with two external GW legs.

kk
p

FIG. 5. The gravitational wave power spectrum generated by a
scalar source is given by the 1-loop diagram.

hij (k )

(p )

(p k )

FIG. 4. Vertex for generation of gravitational waves from
linear scalars. Wiggly lines denote graviton propagators while
dashed lines denote scalar propagators.
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