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We calculate the condensate and the vacuum current density induced by external static magnetic fields

in (2þ 1) dimensions. At the perturbative level, we consider an exponentially decaying magnetic field

along one Cartesian coordinate. Nonperturbatively, we obtain the fermion propagator in the presence of a

uniform magnetic field by solving the Schwinger-Dyson equation in the rainbow-ladder approximation. In

the large flux limit, we observe that both these quantities, either perturbative (inhomogeneous) and

nonperturbative (homogeneous), are proportional to the external field, in agreement with early

expectations.
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I. INTRODUCTION

For massless fermion theories, several aspects of the
magnetic catalysis of dynamical chiral symmetry breaking,
i.e., the formation of a fermion condensate by effects of a
uniform magnetic field, have been a subject of intense
scrutiny over the past two decades [1]. More recently, the
same effect was shown to generate an anomalous magnetic
moment through a dynamically generated Bohr magneton
inversely proportional to the dynamical mass [2]. In this
connection, aside from their role as toy models in particle
physics, theories of fermions in (2þ 1) dimensions have
captured the interest of the community because the poten-
tial applications in condensed matter systems, for which
the low energy dynamics can be described in terms of
planar fermions (see, for example [3] and references
therein), including graphene in the massless version [4].
These theories exhibit unique features that make them
interesting on their own. For example, the ground state of
an odd number of fermions in a uniform magnetic field
exhibits a finite value of a fermion condensate [5] and a
parity noninvariant current [6,7]. Parity breaking and
gauge noninvariance are intimately connected for such a
system [7]. Gauge invariance can be restored at the ex-
pense of introducing a parity noninvariant Chern-Simons
term in the effective action for fermions, or, equivalently,
in the action of the gauge field. In any case, parity is
explicitly broken. The formation of the condensate by
effects of a magnetic field is important, for example, for
planar doped antiferromagnets. Such systems are relevant

to the physics of high-Tc superconductors [8,9] in the
surface region of these materials, where, due to the
Meissner effect, the external magnetic field can penetrate
the sample. In Ref. [9], the dynamical mass gap generated
by an intense external uniform magnetic field was studied
in the reducible formulation of parity-invariant quantum
electrodynamics in the plane, QED3, solving the
Schwinger-Dyson equation in the rainbow-ladder trunca-
tion and constant-mass approximation, in a dimensionally
reduced variant of the well know expression of magnetic
catalysis in (3þ 1) dimensions. In that work, the proper-
time representation [10] of the fermion propagator was
used. The dynamical formation of this gap was found to
be connected to the enhancement of the superconducting
gap in the strong-U Hubbard model of Ref. [8]. It is
important to point out that the magnetic field in the surface
region of these materials is not uniformly distributed in
space. Therefore, it becomes important to consider spatial
anisotropies in the formation of condensates. In this con-
nection, through the second quantized solutions to the
parity-invariant Dirac equation in a reducible representa-
tion of the �� matrices, it was shown [11] that for nonuni-
form static magnetic fields of intense flux, the
inhomogeneous condensate follows the spatial profile of
the applied field, in a local version of the Aharonov-Casher
integrated relation [12], which is essentially the Landau’s
degeneracy-flux relation [13]. Such a relation is connected
with mathematical index theorems [14]. The inhomogene-
ous fields considered in Ref. [11] include fields which vary
along the radial or a Cartesian coordinate. The contribution
to the condensate in the massless limit was found to come
only from the threshold states, for which the mass equals in
magnitude its energy.
In this work, we are interested in obtaining the fermion

condensate and vacuum current density induced by homo-
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geneous and inhomogeneous magnetic fields, but our ap-
proach is different. We derive these quantities directly from
the fermion propagator. For this purpose, we use the so-
called Ritus eigenfunctions method [15], which provides
an elegant and powerful method to diagonalize the fermion
Green’s function in momentum space in the presence of
external fields. The method was originally developed for
spin-1=2 fermions, and was later extended to the case of
charged bosons [16]. In both these cases, uniform fields
were considered. Here, we present a generalization of the
Ritus approach to the case of inhomogeneous fields in (2þ
1) dimensions [17]. We assume the field aligned perpen-
dicularly to the plane of motion of fermions. The diago-
nalization of the Green’s function in momentum space for
uniform and nonuniform magnetic fields might also be
useful for the theoretical studies derived from the measure-
ment of half integer quantum Hall effect and zero-energy
Landau level in graphene at room temperature [18].
Moreover, the method allows to write down general ex-
pressions for the condensate and the induced current den-
sity presented in Eqs. (41)–(43). We consider two special
field configurations. First, we implement the Ritus method
to express the tree-level fermion propagator in the presence
of an exponentially damped magnetic field along one
spatial dimension. Such a field occurs, to a good approxi-
mation, inside the London penetration depth of a type-I
superconductor if a semiconductor heterostructure—with
narrow quantum well—is introduced perpendicularly to
the planar surface of the superconductor into a narrow
slit, and a homogeneous magnetic field is applied parallel
to the surface of the superconductor [19]. As a second
example, we obtain the nonperturbative fermion propaga-
tor in QED3 with the same assumptions of Ref. [9], but
expanding the propagator in the Ritus eigenfunctions.
From this propagator we derive the nonperturbative con-
densate and induced charge density. This paper is organ-
ized as follows: in Sec. II, we describe the Lagrangian for
Dirac fermions in (2þ 1) dimensions and in the presence
of external fields, with emphasis on the symmetry proper-
ties of the mass terms. Section III is devoted to the fermion
propagator in the presence of an inhomogeneous magnetic
field which is exponentially damped along one spatial
direction [17] within the Ritus formalism [15]. The pertur-
bative condensate and induced vacuum current density for
this field are discussed. The nonperturbative propagator in
a uniform magnetic field and the corresponding homoge-
neous condensate and vacuum charge density are discussed
in Sec. IV. Final remarks are presented in Sec. V.

II. PLANAR FERMIONS

We start from the Dirac Lagrangian in external electro-
magnetic fields

L D ¼ �c ð� ���mÞc ; (1)

where�� ¼ i@� þ eA�. For a more detailed presentation

of the symmetries of this Lagrangian, see, for instance,
Ref. [20]. In (2þ 1) dimensions, only three Dirac matrices
are required to fulfill the Clifford algebra f��; ��g ¼ 2g��.
The lowest dimensional representation of these matrices is
2� 2 and hence we can choose them to be proportional to
the Pauli matrices as

�0 ¼ �3; �1 ¼ i�1; �2 ¼ i�2: (2)

We call this representation A. In this representation,
fermions posses only one spin orientation. Additionally,
there exists a second inequivalent representation, labeled
B, which can be chosen as follows:

~� 0 ¼ �3; ~�1 ¼ i�1; ~�2 ¼ �i�2; (3)

in which fermions have the opposite spin orientation alone.
In graphene, representations A and B are required to
describe two different species of massless fermions in
each triangular sublattice of the honeycomb lattice [21].
Chiral symmetry cannot be defined for either A or B,
because there is no 2� 2 matrix analogous to ‘‘�5.’’
Moreover, the mass term m �c c in the Lagrangian is non-
invariant under the parity transformation x1 ! �x1 and
A1ðx1; x2Þ ! �A1ð�x1; x2Þ for these representations.
The two species with their respective spin orientations

can be conveniently combined into a 4-component spinor
with a 4� 4 representation of the Dirac matrices, say,

�0 ¼ �3 0
0 ��3

� �
; �k ¼ i�k 0

0 �i�k

� �
; (4)

for k ¼ 1, 2, which we label C, and

�3 ¼ i
0 I
I 0

� �
; �5 ¼ i�0�1�2�3 ¼ i

0 I
�I 0

� �
:

(5)

Here I is the identity matrix (we use the same symbol in
any dimensionality). In this reducible representation,
m �c c is parity invariant. Furthermore, in the massless
limit, the Lagrangian (1) possesses a global Uð2Þ flavor
symmetry, with generators I, �3, �5, and ½�3; �5�, corre-
sponding to the interchange of the two irreducible species.
The ordinary mass term breaks this symmetry. However,
there exists a second mass term of the form mo

�c �c , with
� ¼ ½�3; �5�=2 ¼ diagðI;�IÞ, which in condensed matter
literature is often referred to as Haldane mass term [22].
This mass term is invariant under flavor symmetry, but
breaks parity. In this case, the parity noninvariant Dirac
Lagrangian takes the form

L D ¼ �c ð� ���m�mo�Þc : (6)

In order to explicitly separate the physical fermion content
of this Lagrangian, we introduce the chiral-like projectors
�� ¼ ðI� �Þ=2 and define the ‘‘right-handed’’ cþ and
‘‘left-handed’’ c� fields as c� ¼ ��c . Then, the
Lagrangian acquires the form
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L D ¼ �cþð� ���mþÞcþ þ �c�ð� ���m�Þc�;
(7)

wherem� ¼ m�mo. Thus, in this form, the Lagrangian is
neatly seen to describe two different fermion species, and
the effect of the parity-violating mass term is to remove the
mass degeneracy between them. Below we obtain the
fermion propagator for Lagrangians (1) and (7) in external
magnetic fields.

III. PROPAGATOR IN INHOMOGENEOUS
MAGNETIC FIELDS

In this section we obtain the fermion propagator in an
inhomogeneous magnetic field perpendicular to the plane
of motion of the fermions in (2þ 1) dimensions within the
Ritus formalism [15]. Working in a Landau-like gauge, we
choose A� ¼ ð0; 0; WðxÞÞ such that the profile of the field,

which we consider varying along the x axis, is BðxÞ ¼
W 0ðxÞ ¼ @xWðxÞ. Details of this derivation can be found
in Ref. [17]. The Green’s function for the Dirac equation,
Sðz; z0Þ, satisfies

ð� ���mÞSðz; z0Þ ¼ �ð3Þðz� z0Þ; (8)

with z ¼ ðt; x; yÞ. Since Sðz; z0Þ commutes with ð� ��Þ2,
we expand it on the basis of its eigenfunctions,

ð� ��Þ2EpðzÞ ¼ p2EpðzÞ: (9)

Without loss of generality, we work only with the irreduc-
ible representation A, and specify how results are modi-
fied in other representations. In this case,
ð� ��Þ2 ¼ �2 þ e�3W

0ðxÞ, and thus the Ritus eigenfunc-
tions become

E ðAÞ
p ðzÞ ¼ Ep;þ1ðzÞ 0

0 Ep;�1ðzÞ
� �

: (10)

With the aid of the property ���� ¼ g�� � i���	�	, these
can be expressed in the more convenient form

E ðAÞ
p ðzÞ ¼ Ep;þ1ðzÞ�ðþÞ þ Ep;�1ðzÞ�ð�Þ; (11)

with

�ð�Þ ¼ I� i�1�2

2
(12)

being the spin projectors [2]. In the above expressions, the
subscript p ¼ ðp0; p2; kÞ denotes the eigenvalues of the
operators i@t, �i@y, and H ¼ �ð� ��Þ2 þ�2

0, respec-

tively, � ¼ �1 are the eigenvalues of �3 and

Ep;�ðzÞ ¼ N�e
�iðpot�p2yÞF�

k;p2
ðxÞ; (13)

with N� a normalization constant. F�
k;p2

ðxÞ satisfies
½@2x � ð�p2 þ eWðxÞÞ2 þ e�W 0ðxÞ þ k�F�

k;p2
ðxÞ ¼ 0;

(14)

which is the equation of the Pauli Hamiltonian with con-
strained vector potential, massm ¼ 1=2 and gyromagnetic
factor g ¼ 2. This Hamiltonian turns out to be supersym-
metric in the sense of supersymmetric-quantum mechanics
[23]. Fþ1

k;p2
ðxÞ and F�1

k;p2
ðxÞ are the solutions of the respec-

tive supersymmetric-partner potentials

V�ðxÞ ¼ ð�p2 þ eWðxÞÞ2 � eW0ðxÞ: (15)

Regrettably, the solution to Eq. (14) for arbitrary WðxÞ is
unknown. For certain inhomogeneous fields which are
translationally invariant along one spatial direction, the
solutions can be expressed in terms of an orthogonal
system of functions [23]. However, the following important
property of the Ritus eigenfunctions,

ð� ��ÞEpðzÞ ¼ EpðzÞð� � �pÞ; (16)

where the three-momentum vector �p satisfies �p2 ¼ p2 ¼
p2
0 � k with �p� ¼ ðp0; 0;

ffiffiffi
k

p Þ is valid in the general case

[17]. The explicit matrix form of Eq. (16) is

i@tEp;þ1ðzÞ D�Ep;�1ðzÞ
DþEp;þ1ðzÞ �i@tEp;�1ðzÞ

� �

¼ p0Ep;þ1ðzÞ � ffiffiffi
k

p
Ep;þ1ðzÞffiffiffi

k
p

Ep;�1ðzÞ �p0Ep;�1ðzÞ
 !

; (17)

with D� ¼ �@x � ð�i@y � eWðxÞÞ. The relations follow-
ing from diagonal components of this matrix equation are
directly inferred from the properties of the Ep;�ðzÞ func-
tions, while the off-diagonal components can be cast in the
form of the ‘‘kinetic-balance’’ system of equations

D�Ep;�1ðzÞ ¼ � ffiffiffi
k

p
Ep;þ1ðzÞ;

DþEp;þ1ðzÞ ¼
ffiffiffi
k

p
Ep;�1ðzÞ:

(18)

Thus, the Ep;�ðzÞ functions that satisfy these expressions

also satisfy the identity (16). Its explicit form, however,
will depend on the field under consideration.

A. Exponentially decaying magnetic field

In order to proceed further, we concentrate the discus-
sion to the case of an exponentially decaying magnetic
field BðxÞ ¼ Be�
̂x. Solutions to the Dirac equation in this
field have been studied in Refs. [19,24,25]. Such a field
occurs inside the penetration depth of a type-I supercon-
ductor when a semiconductor heterostructure with narrow
quantum well is introduced perpendicularly to the planar
surface of the superconductor, and a homogeneous mag-
netic field is applied parallel to this surface [19]. An
exponentially decaying field can be described by WðxÞ ¼
�ðB=
̂Þ½expf�
̂xg � 1�. This choice allows to directly
recover the uniform magnetic field case of Sec. IV by
setting 
̂ ¼ 0. Defining the dimensionless variables
[19,24]
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� � eB


̂2
e�
̂x ¼ 1

½
̂‘ðxÞ�2 ; (19)

and

s ¼ jp̂2j

̂

� eB


̂2
e�
̂x0 ¼ 1

½
̂‘ðx0Þ�2
; (20)

where ‘ðxÞ is the magnetic length, ‘ðx0Þ its local counter-
part [19,24] and p̂2 ¼ p2 þ eB=
̂, the Pauli equation (14)
takes the form�

@2

@�2
þ 1

�

@

@�
� s2 � "2

�2
þ ð2sþ �Þ

�
� 1

�
F�
k;p2

ð�Þ ¼ 0:

(21)

Here, "2 ¼ k=
̂2. The behavior at small and large � of this
equation suggests F�

k;p2
ð�Þ � ��e��!�ð�Þ, with �2 ¼

s2 � "2. Inserting this ansatz, Eq. (21) becomes�


d2

d%2
þ ð	� %Þ d

d%
� ��

�
!�ð%Þ ¼ 0; (22)

with 	 ¼ 2�þ 1 and �� ¼ �sþ �þ 1=2� �=2 and
% ¼ 2�. The general solution to this equation is !� ¼
cð1Þ1F1½��; 	; %� þ cð2ÞU½��; 	; %�, where 1F1½a; b; x�
and U½a; b; x� are, respectively, confluent hypergeometric
functions of the first and second kind. The irregular behav-
ior of U½a; b; x ! 0� enforces cð2Þ ¼ 0. Moreover, to pre-

serve the asymptotic behavior, it is required that �� is a
negative integer, �j��j ¼ 0; 1; 2; . . . This implies that

k� ¼ 
̂2

�
s2 �

�
s�

�
j��j þ 1

2
� �

2

��
2
�
: (23)

The energy eigenvalues for a particle on shell, p2 ¼ m2,
are conveniently written as

kn ¼ p̂2
2 � ðp̂2 � n
̂Þ2: (24)

Notice that kn explicitly depends on the momentum p̂2,
unlike the case of the uniform magnetic field case, even in
(3þ 1) dimensions. For such a particle, the energy p2

0 ¼
kn þm2 cannot be tachyonic. This fact restricts � ¼ s�
n > 0, which can be achieved so long as p̂2 > 
̂n. We
observe that for kþ1, we can write �j�þ1j ¼ n� 1, and
for k�1, �j��1j ¼ n. Regarding the solutions !�ð%Þ, for
n ¼ 0, !þ1

0 ð%Þ does not exist, whereas !�1
0 ð%Þ is non-

degenerate. With all of the above, defining !�
n�1ð%Þ ¼ 0,

the solutions to Eq. (22) acquire the form

!�
n ð%Þ ¼ 1F1

�
�
�
n� 1

2
� �

2

�
; 2�þ 1; %

�
: (25)

From the identity

L�
mðxÞ ¼ ð�þ 1Þm

m! 1F1½�m;�þ 1; x�; (26)

where L�
mðxÞ are the associated Laguerre polynomials and

ð�Þm ¼ �ð�þmÞ=�ð�Þ is the Pochhammer symbol, solu-

tions to Eq. (21) can be expressed as [25]

F�
k;p2

ð%Þ ¼ c 2s�2n
n�ð1=2Þ�ð�=2Þð%Þ; (27)

where

c �
mðxÞ ¼ e�x=2x�=2L�

mðxÞ; (28)

are the Laguerre functions [26], which form a complete set
of orthogonal functions in the interval (0,1) and verify the
orthogonality relation

Z 1

0
dxc �

mðxÞc �
m0 ðxÞ ¼ �ðmþ �þ 1Þ

n!
�m;m0 : (29)

This relation is important to understand the spectrum of
bound states of Eq. (21) below.
Now, the energy eigenvalues in Eq. (24) suggest the

identification of the quantum number n with the Landau
level index. This is indeed the case, because such eigen-
values, in the limit 
̂ ! 0, reduce to the Landau levels for a
uniform magnetic field,

kn ¼ w2
cðx0Þ2n; (30)

where wcðx0Þ ¼ 1=‘ðx0Þ is the local cyclotron frequency.
Moreover, because s is a real parameter, the number of
normalizable solutions for a given s, restricts the Landau
level index n to take the values n ¼ 0; 1; 2; . . . ; &� 1,
where & ¼ ½s� is the integer part of s. This is evident
from Fig. 1, where the supersymmetric-partner potentials
(15) are shown as a function of x for fixed s ¼ 5. The
energy eigenvalues kn for the normalizable states are also
displayed.
With all of the above, the solutions Ep;�ðzÞ in Eq. (13)

acquire the explicit forms

3 2 1 0 1 2
5

0

5

10

15

20

25

30

x

V
x

,k
n

s 5

n 0

n 1

n 2

n 3
n 4V V

FIG. 1 (color online). supersymmetric-partner potentials (15)
and energy eigenvalues for the exponentially decaying magnetic
field for s ¼ 5. The number of bound states grows linearly with
s. The scale of the plot is set by 
̂ ¼ eB ¼ 1.
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Ep;þ1ðzÞ ¼ 
̂

2�

�
2n!ðs� nÞ

�ð2s� nþ 1Þ
�
1=2

e�ip0tþip2ye�%=2%ðs�nÞ

� L2ðs�nÞ
n ð%Þ;

Ep;�1ðzÞ ¼ 
̂

2�

�
2ðn� 1Þ!ðs� nÞ

�ð2s� nÞ
�
1=2

e�ip0tþip2y

� e�%=2%ðs�nÞL2ðs�nÞ
n�1 ð%Þ: (31)

Inserting these expressions into Eq. (10), we obtain the
Ritus eigenfunctions for an exponentially decaying static
magnetic field. It is straightforward to check that these
verify the orthogonality and closure relationsZ

d3z �Ep0 ðzÞEpðzÞ ¼ �̂ð3Þðp� p0Þ�ðnÞ;
ZX

d3pEpðzÞ �Epðz0Þ ¼ �ð3Þðz� z0Þ;
(32)

where �Ep ¼ �0Eyp�0,

�̂ ð3Þðp� p0Þ ¼ �n;n0�s;s0�ðp0 � p0
0Þ; (33)

and the projector [2,27]

�ðnÞ ¼ �ðþÞ�n;0 þ Ið1� �n;0Þ (34)

determines only one spin projection in the lowest Landau
level (LLL). The symbol

RP
d3p indicates that the integra-

tion might represent a sum, depending upon the continuous
or discrete nature of the components of p ¼ ðp0; p2; kÞ. In
our example, ZX

d3p ¼ �
̂
Z

dp0

X
&

X
n

: (35)

Equations (32) follow directly from the complete and
orthogonal character of the solutions (31).

B. Condensate and induced electric current

Physically, Ritus eigenfunctions EpðzÞ correspond to the
asymptotic states of electrons with momentum �p in the
external field. Therefore, we can use these functions to
expand Sðz; z0Þ in momentum space in the same way plane
waves are used to define the Fourier transform,

Sðz; z0Þ ¼
ZX

d3pd3p0EpðzÞSðp; p0Þ �Ep0 ðz0Þ: (36)

Inserting this Green’s function in Eq. (8), using the prop-
erties (16) and (32), the propagator in momentum space
takes the form

Sðp; p0Þ ¼ �̂ð3Þðp� p0Þ�ðnÞ~Sð �pÞ; (37)

where

~Sð �pÞ ¼ 1

� � �p�m
; (38)

with �p ¼ ðp0; 0;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p̂2
2 � ðp̂2 � n
̂Þ2

q
Þ. This simple form al-

lows a direct calculation of physical observables, like the
fermion condensate

h �c c i ¼ TrfiSðz; zÞg; (39)

and the induced vacuum current density

j� ¼ �ieTrf��Sðz; zÞg: (40)

These acquire the general form

h �c c iA ¼ i
ZX

d3p
m

�p2 �m2
½jEp;þ1ðzÞj2 þ jEp;�1ðzÞj2�;

(41)

j0A ¼ �ie
ZX

d3p
m

�p2 �m2
½jEp;þ1ðzÞj2 � jEp;�1ðzÞj2�;

(42)

jkA ¼ 0; k ¼ 1; 2: (43)

We want to emphasize that these expressions are valid for
any profile of the magnetic field so long as we know the
solutions to the Pauli equation (14), from which we can
build the functions Ep;�ðzÞ of Eq. (13).
Inserting the explicit solutions, the condensate and

charge density are

h �c c iA ¼ m
̂2

2�

�X1
&¼0

1

jmj
�

&

�ð2&þ 1Þ
�
e�%%2&½L2&

0 ð%Þ�2

þ X1
n¼1

X1
&¼nþ1

e�%%2ð&�nÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

̂2ð2&n� n2Þ þm2

p
�
��

n!ð&� nÞ
�ð2&� ðn� 1ÞÞ

�
½L2ð&�nÞ

n ð%Þ�2

þ
�ðn� 1Þ!ð&� nÞ

�ð2&� nÞ
�
½L2ð&�nÞ

ðn�1Þ ð%Þ�2
��
; (44)

j0A ¼ � em
̂2

2�

�X1
&¼0

1

jmj
�

&

�ð2&þ 1Þ
�
e�%%2&½L2&

0 ð%Þ�2

þ X1
n¼1

X1
&¼nþ1

e�%%2ð&�nÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

̂2ð2&n� n2Þ þm2

p
�
��

n!ð&� nÞ
�ð2&� ðn� 1ÞÞ

�
½L2ð&�nÞ

n ð%Þ�2

�
�ðn� 1Þ!ð&� nÞ

�ð2&� nÞ
�
½L2ð&�nÞ

ðn�1Þ ð%Þ�2
��
: (45)

Here, we have only integrated over normalizable states and
separated explicitly the contribution from the LLL. Now,
because & takes only discrete values, then Landau levels are
highly degenerated, except the LLL. Therefore, for fields
of moderated flux, we need to perform and regularize the
remaining sums. However, in the case of intense field, the
leading contribution comes from the LLL. So, in this
regime, as m ! 0,

FERMION CONDENSATE AND VACUUM CURRENT DENSITY . . . PHYSICAL REVIEW D 82, 016004 (2010)

016004-5



j0A ¼ � e
̂2

4�
%e�% sinhð%ÞsgnðmÞ; (46)

h �c c in¼0;�¼1
A ¼ 
̂2

4�
%e�% sinhð%ÞsgnðmÞ: (47)

In the intense flux limit, the above expressions become

j0A ¼ � e2

4�
Be�
̂x sgnðmÞ; (48)

h �c c in¼0;�¼1
A ¼ e

4�
Be�
̂x sgnðmÞ; (49)

and comprise the main results of this section.
Translation of these findings to representation B of the

Dirac matrices given in Eq. (3) is straightforward. Ritus
eigenfunctions can be constructed as

E ðBÞ
p ðzÞ ¼ Ep;�1ðzÞ 0

0 Ep;þ1ðzÞ
� �

; (50)

and then, we find that h �c c iB ¼ h �c c iA, j0B ¼ �j0A, and

jkA ¼ jkB ¼ 0 for k ¼ 1, 2, whereas for the reducible

representation C, Eq. (4), the Ritus eigenfunctions are

E ðCÞ
p ðzÞ ¼ EðAÞ

p ðzÞ 0

0 EðAÞ
p ðzÞ

 !
: (51)

The block-diagonal structure emphasizes the existence of
two fermion species, each with a different mass. Thus,
formally, h �c c iC ¼ h �c c iAðmþÞ þ h �c c iAðm�Þ and
j
�
C ¼ j

�
AðmþÞ þ j

�
Aðm�Þ. At the end, we take the mass-

less limit m� ! 0 of these expressions.

IV. PROPAGATOR IN UNIFORM MAGNETIC
FIELDS

In this section, we obtain the fermion propagator in a
uniform magnetic field by solving the corresponding
Schwinger-Dyson equation (SDE) in QED3. As a first
step, we construct the Ritus eigenfunctions with the pro-
cedure outlined earlier. A uniform magnetic field can be
specified by the choice WðxÞ ¼ Bx. Then, we simplify the
Pauli equation (14) replacing k ! 2jeBjk and making the

change of variable � ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
2jeBjp ½x� p2=ðeBÞ�, obtaining�

@2

@�2
þ kþ �

2
sgnðeBÞ � �2

4

�
F�
k;p2

ð�Þ ¼ 0: (52)

Solutions are parabolic cylinder functions DnðxÞ of order
n ¼ kþ � sgnðeBÞ=2� 1=2. The normalized Ep;� are

Ep;þ1ðzÞ ¼ ð�jeBjÞ1=4
2�3=2k!1=2

e�ip0tþip2yDkð�Þ;

Ep;�1ðzÞ ¼ ð�jeBjÞ1=4
2�3=2ðk� 1Þ!1=2 e

�ip0tþip2yDk�1ð�Þ:
(53)

From these, we can build up the Ritus eigenfunctions inA

representation, Eq. (10). We use these functions to solve
the Schwinger-Dyson equation for the fermion propagator
in the rainbow-ladder approximation [9].
To this end, let us recall that the full fermion propagator

verifies

½� ����ðz; z0Þ�Gðz; z0Þ ¼ �ð3Þðz� z0Þ; (54)

where �ðz; z0Þ is the fermion self-energy. In Ritus formal-
ism, the full propagator is expressed as

Gðz; z0Þ ¼
ZX

d3pd3p0EpðzÞGðp; p0Þ �Ep0 ðz0Þ; (55)

with

Gðp; p0Þ ¼ �̂ð3Þðp� p0Þ�ðnÞ ~Gð �pÞ (56)

and

~Gð �pÞ ¼ 1

� � �p� ~�ð �pÞ ; (57)

where

~�ð �pÞ ¼ � � �pZð �pÞ þMð �pÞ: (58)

On the other hand, in the rainbow-ladder approximation,
the self-energy takes the form

�ðz; z0Þ ¼ �ie2��Gðz; z0Þ��D��ðz� z0Þ; (59)

where

D��ðz� z0Þ ¼
Z d3q

ð2�Þ3
e�iq�ðz�z0Þ

q2 � i�

�
g�� þ ð	� 1Þ q�q�

q2

�
(60)

is the bare photon propagator and 	 is the covariant gauge
fixing parameter. Ritus eigenfunctions allow to diagonalize
the self-energy in momentum space as

�ðp; p0Þ ¼
Z

d3zd3z0 �EpðzÞ�ðz; z0ÞEp0 ðz0Þ

¼ �̂ð3Þðp� p0Þ�ðnÞ~�ð �pÞ: (61)

Combining these ingredients, Eq. (59) becomesZ
d3zd3z0 EpðzÞ�ðz; z0ÞEp0 ðz0Þ

¼ �ie2
Z

d3zd3z0D��ðz� z0ÞEpðzÞ��

�
�ZX

d3pd3p0EpðzÞGðp; p0ÞEp0 ðz0Þ
�
��Ep0 ðz0Þ: (62)

In the Feynman gauge, Zð �pÞ ¼ 1. Moreover, we consider
the LLL approximation, and neglect the momentum de-
pendence of the self-energy in the SDE equation, i.e., we
assume the so-called constant-mass approximation,
Mð0Þ ¼ mdyn. In doing so, we only take into account the

part of the self-energy which is proportional to the identity
matrix. There is no general principle which guarantees the
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validity of this approximation. However, in Ref. [9], this
approximation has been established to be reliable in QED3
through the Schwinger proper-time approach. Here, we
work under the same assumptions within Ritus formalism.
After a lengthy but standard procedure, the SDE equation
reduces to

1 ¼ 2e2
ffiffiffiffiffiffiffiffiffi
2eB

p Z d3q̂

ð2�Þ3
e�q̂?

q̂2
1

q2k þm2
dyn

; (63)

where q2 ¼ q20 þ q2?, q2? ¼ q21 þ q22 and Q̂ ¼ Q=
ffiffiffiffiffiffiffiffiffi
2eB

p
for Q ¼ q0, q1, q2. Defining 
 ¼ e2=ð4�Þ, after straight-
forward integration, the above expression reduces to

1 ¼ � 


mdyn

e�ðm2
dyn

=2eBÞ
�
i� erf

�
imdynffiffiffiffiffiffiffiffiffi
2eB

p
�
þ Ei

�m2
dyn

2eB

��
;

(64)

where �i erfðixÞ is the error function with complex argu-
ment and EiðxÞ is the exponential integral function. For
consistency of the approximation, we require eB � m, in
such a way that mdyn obeys the transcendental relation

1 ¼ 


mdyn

log

��������2eBe
��E

m2
dyn

��������; (65)

with �E ’ 0:577 216 being the Euler constant. Thus,

mdyn ¼ 2
W

�
e�ð�E=2Þ ffiffiffiffiffiffiffiffiffi

2eB
p

2


�
; (66)

where WðxÞ is the Lambert W function, i.e., the inverse of
the function fðwÞ ¼ wew for any complex number w. In
Fig. 2 we display mdyn as a function of 
 and eB. It is

positive definite. The result in Eq. (66) was derived in
Refs. [9,28].

Inserting the nonperturbative propagator into Eq. (42),
we obtain the charge density

j0A ¼ � e2mdynB

4�2

Z 1

�1
dp0

p2
0 þm2

dyn

¼ � e2B

4�
; (67)

in agreement with well-known perturbative results [6]

identifying m ¼ mdyn. Notice that in Eq. (42), the differ-

ence ½jEp;þ1ðzÞj2 � jEp;�1ðzÞj2� is such that there exists a

neat cancellation of the contribution to the charge density
between subsequent Landau levels, and only the LLL
contribution prevails.
The fermion condensate, on the other hand, becomes

h �c c in¼0;�¼1
A ¼ eB

4�
: (68)

Equivalent expressions for this quantity have been ob-
tained by different methods [5] after the same identifica-
tion m ¼ mdyn.

V. FINAL REMARKS

In this paper we have studied the formation of conden-
sates and vacuum electric current densities of the ground
state of massless fermions in (2þ 1) dimensions by homo-
geneous and inhomogeneous magnetic fields. These quan-
tities were extracted directly from the fermion propagator.
The effects of an external magnetic field were included
within the Ritus eigenfunctions approach [15], which was
generalized to incorporate magnetic fields of arbitrary
spatial profile. The class of field configurations that can
be considered within this formalism are those for which
Eq. (14) can be solved [17], and similar conclusions are
expected in all these cases [11]. General expressions for
h �c c i and j� are presented in Eqs. (41)–(43). Although we
have worked out explicitly the derivation of these quanti-
ties only in the irreducible representation of the Dirac
matrices, Eq. (2), ensuring that only one spin orientation
for fermions enter in the LLL, we have specified how our
findings can be translated to the second inequivalent (3)
and the reducible (4) representations, where we have also
considered parity noninvariant mass terms.
In the large magnetic flux regime, we have seen that both

h �c c i and j� are proportional to the external field. In
perturbation theory, the local relation between the inho-
mogeneous condensate and the flux can be interpreted as a
local form of the Aharonov-Casher relation [12], as antici-
pated earlier in [11]. The induced current density, in turn,
has the form

j�ðxÞ ¼ � e2

4�
sgnðmÞ	F�ðxÞ; (69)

with 	F�ðxÞ ¼ ���	F�	ðxÞ=2. Therefore, it is gauge in-
variant and conserved. We observe that there exists a LLL
dominance for the formation of the condensate and charge
density for intense inhomogeneous magnetic fields. For the
nonperturbative uniform condensate and induced current
results, an interesting question that naturally arises is
whether in the magnetic catalysis scenario in (2þ 1) di-
mensions a Chern-Simons term of nonperturbative origin
should be considered to cure the anomaly. However, for
uniform fields, such a term vanishes formally for our
choice of the vector potential A� [7]. Thus the computation

FIG. 2 (color online). Dynamical mass in the constant-mass
approximation, Eq. (66) as a function of 
 and eB.
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of the induced current alone is not sufficient to deduce the
presence of such a term in the complete effective action.
The effective action � for the gauge field has to be com-
puted simultaneously and then, the Chern-Simons term can
be inferred from [7]

��

�A�
¼ j�: (70)

This and other additional effects of homogeneous and
inhomogeneous magnetic fields, like the dynamical gen-
eration of mass and an anomalous magnetic moment [2],

and the magnetization [29] for the Lagrangian (7) are
currently being considered and will be presented
elsewhere.
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