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Goldstone bosons and fermions in QCD
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We consider the version of QCD in Euclidean Landau gauge in which the restriction to the Gribov
region is implemented by a local, renormalizable action. This action depends on the Gribov parameter 7y,
with dimensions of (mass)*, whose value is fixed in terms of Aqcp, by the gap equation, known as the
horizon condition, % = 0, where I' is the quantum effective action. The restriction to the Gribov region
suppresses gluons in the infrared, which nicely explains why gluons are not in the physical spectrum, but
this only makes more mysterious the origin of the long-range force between quarks. In the present article
we exhibit the symmetries of I", and show that the solution to the gap equation, which defines the classical
vacuum, spontaneously breaks some of the symmetries of I'. This implies the existence of massless
Goldstone bosons and fermions that do not appear in the physical spectrum. Some of the Goldstone bosons

may be exchanged between quarks, and are candidates for a long-range confining force. As an exact result

we also find that in the infrared limit the gluon propagator vanishes like k2.
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L. INTRODUCTION

We are reasonably confident that the interactions of
quarks and gluons are correctly described by the non-
Abelian gauge theory known as QCD. This confidence is
based on the success of perturbative calculations at high
energy and numerical calculations in lattice QCD.
However we lack a satisfactory continuum description
the phases of QCD, comparable to the Higgs model of
electroweak interactions, and it remains a challenge to
understand the confinement of quarks and gluons at the
nonperturbative level. There are several suggestive scenar-
ios, which involve the dual Meissner effect with conden-
sation of magnetic monopoles, the maximal Abelian
gauge, the maximal center gauge, and the Coulomb gauge.
There is also a scenario in Euclidean Landau gauge that
originated with Gribov [1] that is based on the insight that
there exist Gribov copies—that is to say gauge-equivalent
configurations that nevertheless satisfy the (Landau) gauge
condition—and moreover that the dynamics is strongly
affected if one cuts off the Euclidean functional integral
to avoid over-counting these copies.’

This cutoff is nonlocal in A space. However just as the
nonlocal Faddeev-Popov (FP) determinant may be repre-
sented in a local action by means of Faddeev-Popov ghosts,
so the nonlocal cutoff in A space may be represented in a
local action by means of additional fermionic and bosonic
ghosts [3,4]. The renormalizibility of this local action has
been established [4,5], and its consistency has been studied
[6-17].

Ideally one would like to cut off at the boundary of the
fundamental modular region, A, which may be taken to be
the set of absolute minima on each gauge orbit of the

'For a connection between scenarios in center and Abelian
gauge and the Gribov scenario, see [2].
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minimizing functional in D Euclidean dimensions [18-20]
Fa@) = [ dxleaP. (1)

Here A, = ¢ 'A,g + g 'd,¢g is the transform of the
non-Abelian gauge potential A,(x) by the local gauge
transformation g(x). However, we lack an explicit descrip-
tion of A, and we instead integrate over the Gribov region,
), which is the set of relative minima on each gauge orbit
of the minimizing functional, a region that is convex and
bounded in every direction [20]. The Gribov region is
larger than the fundamental modular region, A C () and
A # Q [19]. However, since the integral over () can be
represented as a functional integral with a local renorma-
lizable action, it provides an interesting quantum field
theory of non-Abelian gauge fields which is worthy of
study in its own right. Moreover the restriction to () has
dynamical consequences which substantiate the confine-
ment scenario originally proposed by Gribov, so this pro-
vides a valuable pathway to confinement. In the present
work we shall derive some exact dynamical consequences
starting from the local, renormalizable action by the op-
eration of the Goldstone mechanism.

The organization of this article is as follows. In Sec. II
we introduce the local action S and the horizon condition,
and we exhibit a Becchi-Rouet-Stora-Tyutin (BRST) op-
erator that is explicitly but softly broken. The one-loop
vacuum free energy is calculated in Appendix B. In
Sec.. III local sources and the quantum effective action I
are introduced, and we show that I" enjoys the rich sym-
metries of the BRST-invariant part of S, provided that the
sources are suitably transformed. In Sec. IV we show that
the horizon condition spontaneously breaks the symme-
tries of I'. The Slavnov-Taylor (ST) identity is derived in
Sec. V. Section VI is based on the results of Appendix A
where the Ward identities corresponding to the equations
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of motion of the auxiliary ghosts are solved, as is the Ward
identity corresponding to the integrated equation of motion
of the Fadeev-Popov ghost c. This allows us to replace the
quantum effective action by the reduced quantum effective
action I, which depends only on a reduced set of varia-
bles. In Sec. VII the Slavnov-Taylor identity satisfied by I'*
is derived. In Sec. VIII the global Ward identities satisfied
by I'* are derived, which include supersymmetry trans-
formations. In sSec. IX the basic tensor invariants under
these symmetries are constructed. New on-shell symme-
tries are derived in Sec. X, and the surviving tensor invar-
iants are constructed. In Sec. XI, I'* is expanded about the
symmetry-breaking vacuum determined by the horizon
condition, and the ““flat” directions are found. In Sec. XII
the leading derivative terms in the flat directions are found.
In Sec. XIII the effective action in the infrared limit is
exhibited. In Sec. XIV the infrared limit of the propagators
of the Goldstone particles is found. In Sec. XVI the effec-
tive quark-quark interaction due to the exchange of one
Goldstone particle is found. Section XVII presents an
alternative interpretation of the results in terms of sponta-
neous breaking of the symmetry of the local Langrangian
density. Section XVIII contains our concluding remarks.

II. LOCAL ACTION AND HORIZON CONDITION

A local renormalizable action is defined by
S =Sy +8, = f dPx( Lo+ L), @)

where
Lo=Lep + Lo, (3)
and
Ly = (1/4)F2, +id,bA, —d,¢D,c 4)

is the Faddeev-Popov Lagrangian density. The Yang-Mills
field tensor is written

Foy=09,A,— 0,4, + gA, XA,, (5)

where (A, X A,)* = <A’ A;. The Lagrange-multiplier
field b imposes the Landau-gauge condition d - A = 0.
Without loss of generality we ignore the quark action
which plays no role in the discussion.

The second term in the Lagrangian density,

-Eaux = a)‘&(lztb(D)\qu)ab - a/\d)’c&b[(l))\w#)ab
+ (gD/\C X ¢M)ab]r (6)

involves a quartet of auxiliary bose and fermi ghosts, d)‘;f’
and w’, and corresponding antighosts, ¢%” and @/, that
carry a Lorentz index w and a pair of color indices a and b.
The gauge-covariant derivative and the Lie commutator act
on the first color index only, while the second color index is
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mute, thus (D¢, )" = 0,0 + g(A) X ¢,)* where
(Ay X ) = feleadpsr.
The last term in the action involves the Gribov mass v,

with engineering dimension m*,

L,=y"2[D)(p)— $)) — (gDyc X @))] — fy,
(7

where f = D(N? — 1) is the number of components of the
gluon field A;’L. If this term were absent, the integral over
the auxiliary bose and fermi ghosts would produce cancel-
ling factors of the Faddeev-Popov determinant det/M,
leaving the Faddeev-Popov action. The term L, is of
dimension 2, whereas all other terms in £ are of dimension
4. The system just defined has been studied and its renor-
malizability established by considering the symmetries of
the 4-dimensional action L,, and treating the 2-
dimensional term £, as a soft breaking of these symme-
tries [4-17].

The Gribov mass, vy, is not a new, free parameter in
QCD, which would be unacceptable, but is determined in
terms of Agcp by the gap equation,

al(y) _ 0 @)
ay
where I'(y) is the vacuum free energy,
expl-T()] = [dbexpl-s@.v)  ©)

and ®, = (A4,¢, ¢ b, ¢, w, @, P) is the set of all fields.
This gap equation is called “‘the horizon condition” be-
cause it was derived from the condition that the functional
integral be cut off at the Gribov horizon. The gap equation
has no solution at tree level, because

IOy _ S(® Ylo=o _ _
Qf QOf "

where () is the Euclidean quantization volume, and the

(10)

equation %::) = —f = 0 indeed has no solution. At one-

loop, the gap equation does have a solution, so it is an
inherently nonperturbative condition, and yet, remarkably,
it is compatible with perturbative renormalization. The
one-loop contribution to the vacuum free energy, I'V)(y),
is calculated in Appendix B, with the result

L(y) S0,y +TW(y)

af Qaf

3Ng? = (2Ng?
_ —y[l + e m( 3 7)]
8(4) “

where u is a renormalization mass, and g = g(u/Aqcp) is
the renormalized running coupling constant. For y > 0,
this function has a single stationary point” at [1,3]

(1D

>This is true for all Euclidean dimension 1= D < 4. See
Appendix B.
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1 aT 3Ng?\ . [2Ng?
=——=—1—( gz)ln( g467). (12)
QOf oy 8(4) M

This gap equation has been calculated to two-loop order
[7,8]. The last equation reads

1 aI' —3Ng?
0 ziizigzh(l), (13)
Qf oy 1287 Yph
where
1 —12872

and has the solution
Y = Vph (15)

We define a BRST operator that acts on the Faddeev-
Popov fields in the usual way

sA,=D,c, sc = —(g/2)(c X ¢),
)z " (16)
sC = ib, sb =0
and that acts on the auxiliary ghosts according to
s¢ab — wab’ swab =,
b g g an
sy’ = ¢y, sqﬁM = 0.

It is nil-potent, s> = 0. This operator is a symmetry of the
local Lagrangian at y = 0,

sLy=0. (18)

Indeed £ may be written in the standard form for BRST
gauge fixing,

Lo=1/4F%, +5(0,cA, +3,0,Dyd,), (19)

so s L, = 0 follows from sF? = 0 and s> = 0. For y # 0,

this symmetry is explicitly but softly broken by the term
L , of mass dimension 2,

sL, = y'"2[Dyw, + g(Dyc) X ¢,]“.  (20)

III. THE SYMMETRY OF I' IS THE SYMMETRY OF
So

It is helpful to consider the theory just defined as a
special case of a more symmetric theory. As a first step,
we write the multiplet of auxiliary ghosts as ¢¢, w9, @%,
$“, instead of ¢%°, w9, @9, $4P, so the index i on the
auxiliary ghosts substitutes for the previous pair of indices
i = (b, u), where b is the second color index, and u the

Lorentz index. The Lagrangian density £, reads
Lox = 59, @0 (D ;)"
= 0,9 (D))" — 9, @“[(D)w;)"
+(gDyc X ¢)] 21

and the BRST operator acts according to
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sPp¢ = w?, swé =0,
o - (22)
s = (bal’ s¢al =0.
The mute index i takes on the valuesi = 1... f, where f =

(N? — 1)D, which is the number of components of the
gluon field Aj,.
As a second step, we define the local extended action [4].

(D, Q) = So(P) + (K, sA,) + (L, sc) + (M}, D, ¢,)
+ (D@, Ny,) + (Uy, sDydy) + (sDy@', V)

+ (M), V) — (U, Nyy) (23)
that depends upon local Q0=
(K“‘, L My, Ny, Uy, V/“u) of composite operators, where
(M}, Dy¢;) = [dPxM¢ (x)(Dy¢;)*(x), etc. The local
sources K and L are familiar from Faddeev-Popov theory.

The action, So(®) = [dPxL,, appears in the definition
of % instead of the full action, S(®, y) = [dPx(L, +
£y) = 8y + §,, defined in (2). However the full action is

recovered from the extended action

sources

S(@,y) = 2(P, 0)), (24)
by setting the external sources to the particular values
Q) ={M§ =Mt = -V, = —Vib = 4125, 8 K
=L=N=U-=0j} (25)

where we have reverted to the previous notation, i =
(b, ). The last two terms in the extended action, (M, V) —
(U, N), depend only on the sources, and at Q = Q, the
term (M, V) takes the constant value (M, V)|y, = —fy
which is the last term of Ly, Eq. (7). The term (U, N),
which vanishes at Q = Q, increases the symmetry of X, as
we shall see shortly.

The extended action 2 (®, Q) has all the symmetries of
the action Sy(®), provided that the sources Q are suitably
transformed. This is a far richer set than the symmetries of
the action S. It includes the Slavnov-Taylor identity that
follows from the s invariance of S, a U(f) symmetry that
acts on the index i, and additional symmetries found by
Maggiore and Schaden [5] which we will turn to shortly.

We repeat for emphasis. The full action S(®, y) breaks
the symmetries of Sy(®) softly but explicitly. By introduc-
ing external sources Q, we have replaced S(®, y) by the
extended action X(®, Q) that respects all the symmetries
of Sy(®) when the sources Q are suitably transformed. The
action S(®, y) = (D, Q,) is recovered at a point & = 0,
Q = Q, that breaks the symmetries of 2(®, Q). We shall
see shortly that this symmetry-breaking point is spontane-
ously chosen by the horizon condition.

To complete this section we introduce the quantum
effective action I'(®, Q), that possess the symmetries of
2.(®, Q), and thus of S,. The partition function
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2(J.0) = f ADexp[—3(D,0) + (J, &)]  (26)

depends on the sources J, of all elementary fields ®, and
on the sources Q of composite fields. The free energy is

defined by
W(J, Q) =1nZ(J, Q), 27)

and the quantum effective action is obtained by the
Legendre transformation from W(J, Q),

NP, 0) = (Jo, Do) = WU, Q), (28)
where the “classical” fields are given by
ow
D, =— 2
« T 57 (29)
and
or
6¢)a - na']av (30)
or ow
=—-—, 31
50, 50, ey

where 7, is a sign factor that depends on whether ®,, is
bosonic or fermionic. Here and below we always take the
left fermionic derivative.

IV. SYMMETRY-BREAKING VACUUM

Having generalized the parameter 7 to the local sources

M(x), V(x), U(x), N(x), our next step will be to express the

ally)
dy

The only restriction on our statement of the horizon
condition in this more general situation is that it reduce
to %(J) =0 at Q = Q;, where Q; is defined in (25). For
other values of O, we may write any condition we wish,
provided we reject any solution (if any there are) besides
the one of the form Q = Q,. At Q = Q,, only the sources
M and V depend on y, and at Q = Q; we write M%), (x, y)
and V45 (x, y). We have

horizon condition, = (), in terms of these sources.

GF(M(Y) V(y)) de (C;l;;g V) aMa;(/x v)
ST(M, V) aveb(x, y)
8V (x) dy )

(32)

where all other fields and sources are set to 0. At Q = Q,
we have, by (25),

aMb (x, Vil (x,
f‘l(j; Y _ (1 > ) _ = 5,00 (33)
ay ay

This yields, for the horizon condition 24 = 0,
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or oI
0= [ d’xé 5“"( - )
f FOur SMi(x) Vi (x)
X ) (34)
d=U=N=K=L=0

It is shown in Appendix C that the two terms in the last
equation are equal at Qy,

o
/de5W5“b

M, | o-0.0-0,
oI
- f dPx,, 5 > . G5)
SV,U,V ®=0,0=0,

s0, using the freedom to impose arbitrary conditions away
from Q;, we impose both conditions,

oT
[de5/U,5"b ~Asab =0 (36)
oM, | o=u=N=k=L=0
and
oT
dPx§,, 6 —0. 37
[ # 8Veb | o=y=n=k=1=0 ©7

Moreover at Q = Q;, space-time invariance, Lorentz, and
global gauge invariance are respected, so we may replace
the last equations by the more stringent conditions,

or _or 0
5Mﬁﬂ d=U=N=K=L=0 SVXZ O=U=N=K=L=0
(33)

Finally, we note that since N and U are both fermionic, we
may give a more symmetric expression to these conditions
by also getting U = N = 0 as a consequence of two more
stationary conditions, so we have altogether

ol ol _
dM, O=K=L=0 W b=K=1-0 0
S_F ST L 39)
SNKZ d=K—L—0 5U”" d=K=1—=0

(We could also derive the condition ® = 0 from the sta-
tionary condition 5‘% =J, =0, that follows from the
Legendre transformation and the absence of sources J,,.)

The only solution to these equations that is of interest to
us is of the form

O = {M§ = Mab =-Vi= _V/\Z = Vpﬁz‘s/\#Bab

=L=N=U-=0} (40)
where y,, has a definite value, as in the one-loop calcu-
lation given above. If there are other solutions they are
rejected.

Observe that the classical vacuum, ® =0, Q = Ophs
that is the solution to the horizon condition (39), has less
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symmetry than the quantum effective action I'(®, Q). In
particular the U(f) symmetry on the index i = (b, w) noted
above is broken and, as we shall see, so are other symme-
tries. Thus, there are flat directions of I'" at the classical
vacuum, ® =0, Q0 = Oph» that correspond to Goldstone
particles. We shall see that Goldstone bosons and
Goldstone fermions both occur.

To identify the Goldstone particles and evaluate their
propagators, we must determine the Ward identities and the
symmetries of ['(®, Q), and the pattern of symmetry break-
ing at the symmetry-breaking vacuum ® = 0, Q = Q.
This will occupy the bulk of the present article.

V. SLAVNOV-TAYLOR IDENTITY

The Slavnov-Taylor identity that results from the ex-
plicit but soft breaking of the BRST operator s has been
presented before [4]. We shall rederive it here by a some-
what simpler method with a different separation of terms.

We first derive the Slavnov-Taylor identity satisfied by
3. We use sS, = 0, which gives

SE = (M)\/_u SDA¢,U,) + (SD/\a_),u,’ NA;L)
:<M’§+N)+<N§—M)

oU "oV
= (M, %) + (N, %) (41)

The action of s on 3 may be expressed in terms of the
sources,

SEE[de< 82 6% +§§+ib2
BK# SAM oL 6c oc
o Oy ga 5_2 ) (42)
M Bd)f&b M 5(1)%7

The last two equations yield the ST identity satisfied by the
local extended action,

S(2) =0, 43)
where
/83 8\ (8% 83\ (. &%
o= (5 5a) (67 5) * (05)
53\ (. &3 53
" (“"" 57#) " ("5‘“ 5—@#) - (M““ ang)
53
_ (NM, %). (44)

The Slavnov-Taylor identity for Z follows from the fact
that the operator s is a derivative, and the integral of a
derivative vanishes,
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0= [ dDsexp[—3 + (J, D)]

- [ AD[—s3 + 1, (. 5B )]exp[~S + (J, )],
(45)

where 1, = =1 is a sign factor that depends on whether
J,, is bosonic or fermionic. We use (41) for s3, which
comes outside the integral,

[avs...= [aof(u22)+ (m22)]..
o (G0 R )

Likewise we have

fd(bni(]i’ S(I)i)... = [_(JA, 56[() + (Jc: 6614)
_ -<J i) + (J i)
57, >S5,

)
— (J@ @)]Z. (47)

We thus obtain the Slavnov-Taylor identity satisfied by the
partition function,

EZ=0, (48)

where E is the linear differential operator

A SK es) '\""%sJ, »SI,
5 5 5
(7, -2) + (M, 2 ) + (N, -2),
(v 5J¢) (m:50) * (v57) @

The free energy W(J, Q) = InZ(J, Q) satisfies the same
equation,

oW oW oW owW
_ — )+ )=l =)+ -
(J*" 61<) (JC’ 5L) l(JC’ 6Jb) (1¢’ 5Jm)

oW ow oW
— (7, 25 + (1, 2 + (v, 22) = o,
(’“’5@) (u.55) + (w5p) =0 o0

I

It follows from the Legendre transformation (30) and
(31) that the quantum effective action I" satisfies the same
Slavnov-Taylor identity as the local action 3,

S(I) =0, (51
where S(I') is defined in (44).

VI. REDUCED QUANTUM EFFECTIVE ACTION

In Appendix A we solve the Ward identities that corre-
spond to the equations of motion of the fields ¢, b, ¢, w, @,
¢. This gives the complete dependence of the quantum
effective action I' on these fields [4]. Also in Appendix A,
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the Ward identity corresponding to the integrated equation
of motion of the Faddeev-Popov ghost field ¢ is solved.
This is believed to be a new result.

According to Egs. (A36), (A42), (A47), (A48), and
(A50), T' is expressed in terms of the reduced quantum
effective action I'*,

I'=3,+I"A, dc, k, L, m, n,u,v), (52)
that depends on a reduced number of variables defined by>

W =My, + 0,0, —gc X (Uy, — 0,@,),

my

Upy = UA/L - a/\("—)/-L’ U = V/\M + aA(ﬁ/"’
k‘}i\ = K/d\ — aAEd - g(d),u X V)\;L)d
~[8Wa = 01@,) X ,1% 3)
and

Siny = (0,0, A)) + (M, + 0,,, 84, X ¢,,)
+ (gA) X ff_’/u Vi) T (8A) X @,, N,,)
+ (Uyy — 0)@,, 8A) X @,,) + (ky, gA) X ¢)
+ (L, (—g/2)(c X ¢)). (54)

This gives the complete dependence of I" on b, ¢ and on the
4 auxiliary ghosts ¢, w, @, ¢. Moreover I'* depends only
on the derivatives 9, ¢ of ¢, but not on c itself.

Each term in X;,, contains at least one ghost field (c, ¢,
¢, w, @) that is not differentiated whereas, according to
(53), only the derivatives of these ghost fields appear in the
reduced action I, but not the ghost fields themselves.
Consequently I'* contains no radiative corrections to the
terms in X;,,, and they are invariant under renormalization.
This includes, in particular, the gluon-ghost mixing term
(M, g(A, X ¢,) + (g(A, X @), V,;) which has the value
y'2gfabc AL (p — $)S¢ at the values of the sources Q =
0.

The local extended action 2, has the same decomposition
as I,

S =3+ 2%A, 0c, k L,m,n, u,v), (55)

where the reduced local action is given by

2* = /dDX[(1/4)F%“/ + k)\a/\C + m,wv,w - u/\,un/\,u]'
(56)
When the sources Q are given the values O, Eq. (25), that
correspond to the action S(®, y) = 3(P, Q,), one has

3A more consistent notation for the reduced variables would
be M*, N*, U*, V*, K* instead of m, n, u, v, k, but this would
give the equations a rather baroque appearance.
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Sin(01) = (i9,b,Ay) + (/28,1 + 0, ,, 84\ X ¢,,)
- yl/z(gAA X (ﬁ;u 6)\,4/,1) - (a)\d),w gA)\ X w,u,)
+ (ky, gAy X ¢) + (L, (—g/2)c X ¢), (57)

where I?” = § ,,. Thus, 2,;,,(Q;) contains the gauge-fixing
term, (i0,b, A,), all ghost-ghost-gluon vertices, and the
quadratic terms [ dPxy'/2gf®cAb(¢ — $)$® that are re-
sponsible for gluon-ghost mixing. These terms are all
invariant under renormalization.

Expressions (52) and (53) for the quantum effective
action I' severely restrict possible counter terms. For ex-
ample, no mass terms such as m>¢ u P, are allowed.

VII. SLAVNOV-TAYLOR IDENTITY SATISFIED BY
REDUCED QUANTUM EFFECTIVE ACTION

We shall derive the Slavnov-Taylor identity satisfied by
the reduced quantum effective action in two steps.

Step 1—We substitute expression (A36) for I' into the
ST identity (51) to obtain an identity satisfied by the
partially reduced quantum effective action I”. We first
rewrite (51) as

SI) = <8F 5F> n <8F or

where we have separated out the part that is linear in T,

LT = [(ib, %) + <wﬂ, %) + (&M, %)

R =

and we find

P =L =" = =0, 60
SK Sc SL L2, (©0)
and
o
72[1 = -7, (61)
0A,
where

Y/\ = _la)Lb + g(UA,U« - a)LCT)M) X w, — gd)/_L X N,\#
+ gMS\y, X d),u, - gd_),u X (V/\,u - 71/25);/1,1);

(62)
so the contribution to S(I') from X, is given by
ST
—|—=—,Y) 63
(5 Y) (63)
We also evaluate the partial derivatives,
oI’ oI’
O =0, 64
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I ST I
5U/\,u _W_gd),u K” (65)
5T 8T ST/
= tgd, X—, (66)
Vau V4, # 8K,
o - e x 2 6
5¢,u, A 5‘/;\# 8\Wan A0y SKA’ (
or _ ol —a<¢ xar/)
@, ‘‘suy, MEP sk
ST
= 8g(Vau = ¥'"28,,0) X — KT (68)
which yields
oI ST ST
LT =—(M,—)— (N, —— )+ (V=)
( A 5%) ( o 5v;#> ( g 5K;)
(69)

The terms in Y, cancel, and the Slavnov-Taylor identity
simplifies to

s’ s8Iy 8T T sr’
) = = )4+ (2 22 ) /
40 (51(” 6A) (5L’ 5(;) (MM’ 8U§w)

s
— (™ —) = 0. (70)
( SV,

Step 2—We make the change of variable (A47) and
(A48) with the result that the reduced quantum effective
action satisfies the Slavnov-Taylor identity

S*(I™) = S5 + (L7 + L3I =0, (71)

where S;(I') is bilinear in I™,

sT* or*
% l—‘* =(—,—
SoT™) (5@ SAA)
<6F* ore et 5r*)
oL 5c " T sm, VAT sn,)
(72)
and

e S\ _( BY\_ 9
o) () ()

X — 4+ (1/2)c ><i
oc

+k
AT Sk,

54,

X ——+n,; X
5m’)\ Ai 5n)u~

)
X 5%). (74)
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The linearized form of S*(I'*), defined by

8S*(I'*) = Bp-oI™* (75)
is given by
oI oI &
Br- b + L5+ L5+
: [d <5k6A T E)
(76)
where
) ) 8 8
37 <5L Sc g”AxamA_g“Axé_m>
(61‘* e T 5) o
sc 8" em, 8V " n,sL)

This operator is nil-potent,
B =0, (78)

by virtue of the ST identity S*(I'*) = 0.
The reduced ST identity and the linear operator Br- are
independent of vy and g. They express the geometric char-

acter of a quantum gauge theory, which is the same for y =
0Oand y # 0.

VIII. GLOBAL WARD IDENTITIES

An extensive set of Ward identities for the quantum
effective action I is provided in [5]. Here we shall express
them as identities satisfied by the quantum effective action
r=.

In Appendix A it is shown that the generator of trans-
lation of the ghost ¢ by a constant,

o
g*a — /deaca’ (79)

is a symmetry of I'*, G*I"* = 0. If we commute G** with
S*, we get the generator of rigid gauge transformations,

G*S (") = Bp-GT™ = H oI, (80)

o 1) o
Hie = (A —+k +cX—
g = T8\ X G TR G T e X,
+L><i+ : + ><—8
5L " smi N S,
6 6 \«
+ul X — + v, X —| 81
MA 6”3 Yai 81]/\1') ( )

as is obvious from (74). It is a symmetry of I',
JH T+ = 0. (82)

rig

The fermionic operator

8 w
dPx ( : @Y= Vi UY >
] Oy (;5“’ MONG Tt SMy!

J
(83)
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is a supersymmetry of the extended local action
RIS =0. (84)

Here we have used the notation ¢¢ = ¢4?, where i =

(u, b) takes the values i = 1, ... f where f = D(N*> — 1),
and similarly for ¢/ = ¢, where j = (u, b), etc. In S,
the indices i and j are mute internal indices that carry a
U(f) symmetry.

Because R{ acts linearly on the fields, it is also a
supersymmetry of the quantum effective action

RIT = 0. (85)

We write I' = 3, + I'*, where I'* is a reduced action, and
make the change of variables, defined in (52) and (53). We
have

R {Einv = 0, (86)
and we obtain the reduced Ward identity
RT* =0, (87)

where

i o i 0
Rl] = /dD.X(_U?\iW + MC;] (Smai). (88)
J A

If we anticommute fRfj with §*,
RS T*) + BpRIT* = U/ (), (89)

we get the generator of global U(f) transformations that
acts on the i and j indicies,

o o
*J = dD + n. “/
f ( m)\ 6 az DY 5}1 uy 6141)1\1
0
+ v, . 90
qu) (90)
The bosonic operator

o ;0
= | dPx - - Uy ) 91
F [ ( Sw! H - 5¢ A SK¢ Oh

is another symmetry of the extended local action

Fiz=o. 92)

It also acts linearly on the fields, and is a symmetry of the
quantum effective action

FiT =0. (93)

We have I' = 3, , + I'*, where I'* is the reduced action,
and find

:szinv =0. (94)

Under the change of variable (52) and (53) we obtain the
reduced Ward identity

PHYSICAL REVIEW D 81, 125027 (2010)
FHr* =0, (95)

1)
*j = [dD ( a)\C na
nAj

If we commute F* with S*,

FHS (") = B FIT* =

where

5
) 6k") 96)

TH(T™), 97)

we get the new functional,

T = /de[— o1 (aA‘S_F* +

g(A, X Mﬂ)“)

5L\ 5ns,
ol 5r*] %)
" |

which provides a new Ward identity by virtue of the
preceding identities,

T *(T™) = 0. (99)

IX. INVARIANTS UNDER LINEAR SYMMETRIES

The U(f) symmetry is a global symmetry under which
the fields transform linearly. This symmetry is realized in
I' by summing over upper and lower indices i or j such as,

for example, 9,.u$'d ,n%; or uf'v fu, and I'* is a function of

the tensor invariant obtained by this sum over i.

The symmetries generated by R’ and F*/ are also
global symmetries under which the variables transform
linearly, and we wish to form invariants under these sym-
metries also. Because R’ is a supersymmetry operator,
the basic tensor invariant of which all others are con-
structed is obtained from contracting two supermultiplets.
From the form of R, given in (88), we see that m and n
must appear together, multiplied, respectively, by v and u,
and from the form of F*/, given in (96), we see that n and k
must appear together, multiplied, respectively, by # and dc.
This suggests grouping these fields into the supermultiplets

lpuA = (mi(l: _u/\ ’ k{j\)
(100)

which contain f bosonic and f + 1 fermionic components,
and the index A = (i, j + f,2f + 1) takes on 2f + 1 val-
ues. The requirement that quantities with derivatives, such
as 9,449 w54 be R and F invariants determines that
the multlplets be formed as stated and not, for example, as
(m4l, ny;, 9)c?) and (v§,, —u}’, k%). The fields or sources
n, m, and k can only appear in combinations where upper
and lower indices A are contracted. For example, the local
extended action

P4 = (Wh, ng; 9ac?),

2 =3t (101)

is expressed by
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s = [@ad(/aEL? + il a0
where
W fLA ZA = m‘;"v;‘” — uj‘jnf“ + ki, 0 ,cv (103)

In Faddeev-Popov theory we have J/‘;LA wa = kipo,cf,
and we note in passing that (102) shows that the present
theory with auxiliary bosons has the same number of
independent renormalization constants as Faddeev-Popov
theory in Landau gauge, namely, 2. We call invariants that
are formed by contraction on the A indices
“yr f-invariants.” They have fermi-ghost number 0.

In our analysis of symmetry breaking to find the
Goldstone and non-Goldstone modes we shall be interested
in possible nonderivative terms in I'*, for they are dominant
in the infrared. They may be formed from the basic invari-
ant tensor

T;‘f;, = fpf{‘ ,le. (104)
Allowed nonderivative terms must also be Lorentz and
global color invariant, and are formed by contraction on
the Lorentz and color indices. Possible invariant terms in I"
are thus

aa aa \2 Tab Tab ab ba
Ty (TML) T T, T T, -

(105)

The linear symmetries R* and F*, leave u and v
invariant,
*j o ak — *joa *j o ak — #jaa —
R uy = Riv = Frluf = Fvf =0,

1

(106)

so we may also make invariants under these symmetries
and U(f) by contracting the i indices of u' and v;, such as
for example

d,.usto vb

Yoy (107)

Furthermore ¢ and L are separately invariant under the
linear symmetries, as is A, and moreover ¢ appears only as
the derivative 9, c. There are no other invariants under the
linear symmetries U(f), R", and F*.

We now consider the consequences of conservation of
the total fermi-ghost number. The invariant of uv-type,
such as (107), has fermi-ghost number —1, so it appears
in I' only in association with an invariant that has fermi-
ghost number +1. The only invariant under the linear
symmetries with fermi-ghost +11is 9, ¢. So the uv invari-
ant must appear in the combination uvdc, for example

3,u4'd,v5.0,c4. (108)
We call these “uwvdc-invariants.” The only other invariant

with fermi-ghost number O is of Ldcdc-type, such as
L49,cbd,c. (109)

These are the only invariants under the linear symmetries
with fermi-ghost number 0. Since the reduced quantum

PHYSICAL REVIEW D 81, 125027 (2010)

effective action I'* has fermi-ghost number zero, the only
invariants that appear in it are of the 3 types we have found,

Iip,
which may be freely combined with A.
We assign a separate Faddeev-Popov and auxilliary

fermi-ghost number to the various fields and sources as
shown.

Locac, (110)

uvdc,

A c K L m n u v
FP 0 1 -1 -2 0 0 0
aux 0 0 0 0 0 1 -1 0

Of the 3 possible invariant types with fermi-ghost number
0, the - and Ldcdc-types separately conserve the
Faddeev-Popov and auxiliary fermi-ghost number,
whereas uvdc-type has Faddeev-Popov fermi-ghost num-
ber +1 and auxiliary fermi-ghost number —1. Thus,
although the Faddeev-Popov and auxiliary fermi-ghost
number are not separately conserved, there is no invariant
with a negative Faddeev-Popov ghost number.
Consequently when we decompose I'* into terms with
definite Faddeev-Popov fermi-ghost number 7, no negative
terms appear in the sum

[e 9}

=31

n=0

(111)

This will simplify the calculation of the propagators.

To obtain invariants under the Slavnov-Taylor identity is
more difficult because it is nonlinear. The following state-
ment is useful in this regard, but it is not as strong as one
would like because it does not solve the problem of A
dependence.

Statement—an action formed from linear combinations
of the tensor invariants given in (105) satisfies all the Ward
identities and the Slavnov-Taylor identity (71) of the re-
duced quantum effective action I'*.

We shall prove this for a particular example, but the
proof is easily generalized to any linear combination of the
tensor invariants. For our example we take

1= @/ « a1
where T}, = J/‘I’LB g~ 1t is straightforward to verify that
the global Ward identities are satisfied,

R = Fi1=T"1=0. (113)
To show that [ satisfies the ST identity (71)
S*I) =0, (114)
we observe that
ol ol
—=—=0, 115
SA oL (115)
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so S;(I) = 0. We also have

4
s~ /DT + fyp), (116)
ol j
Sv?é = (1/2)ma(Tﬁ‘L + f7ph): (117)
J
SO
ol 81
— )+ el
(m, 5u) <n, 51;) 0 (118)

and we conclude L7 = 0. The only slightly nontrivial part
of the calculation of L3I involves

2dexc . (kA X Sa—li + (1/2)c X g—i)
- f dPxc - ((ky X 9,0)(T%, + Fyy)
+ (1/2)(e X 9\[kA (T35 + fypn)])
_ dex[(c X 9,¢) — (1/2),(c X ¢)]

X n (T8, + Fypm) = 0.

We conclude that L3I = 0, so the ST identity, S*(I) = 0,
is satisfied. |

(119)

X. ON-SHELL SYMMETRIES

We shall not attempt to further exploit BRST symmetry.
Instead we shall go on-shell and consider on-shell symme-
tries. The only appearance of ¢ in the action S occurs in the
Faddeev-Popov ghost action (9,¢, D,c). We cancel all
other terms in the action that are linear in ¢, and thus of the
form (L, c¢), by the shift

c—¢— ML. (120)
This cancels the third term in
Saux = /de{a)‘(Z)ai(D/\d)i)a
— 0,0 [(Dyw;)* + (gD)c X ¢)*1},  (121)

which simplifies to
Saux = [de[aA<f_’ai(DA¢i)a — 9,0 (Dyw)"]. (122)

This allows us to ignore off-diagonal correlators of the type
@c, which correspond to n = 1 in (111).
We form the real and imaginary parts of the bose ghost,

X¢= (¢ +¢)/N2 Vi =(ef = $)/V2i,
(123)

and, after integrating by parts, we obtain

PHYSICAL REVIEW D 81, 125027 (2010)
Suun = f dPx[(1/2)8,X5(D,X,)* + (1/2)3,Y4(D, ;)"

— X0Yfgfabeg, AL — 0,0 (Dyw,)"]. (124)
We now integrate out the Lagrange-multiplier field b, so
the transversality condition d,A, = 0 is satisfied identi-
cally (on-shell gauge condition). This makes the Faddeev-
Popov operator symmetric, M = —9,D, = —D,d, =
M1, and we obtain

Saux = f dPa[(1/2)3,X8(D,X)" + (1/2)3,Y(D,Y,)"

~ 9,0“(D,w,)"]. (125)
To display the symmetries of the bosonic part of the
action, we form the vector

Z5 = (X7, Y9), (126)

1

where p = 1,...2f, so the action reads

Saur = [ dPx[(1/2)0,25(DaZ,)* — 8, (D, ;)]
(127)

The bosonic part displays an O(2f) symmetry that acts on
the index p. This symmetry group has f(2f — 1) real
parameters whereas the U(f) symmetry group previously
displayed has only f? real parameters. Thus the O(2f)
symmetry group is more restrictive, which reduces the
number of invariant tensors.

The only bilinear invariants that may be formed are
given by Z;’,ZII’,, which may be expressed in terms of the
original fields,

Z;Zf, = X0XP + YeYP = Ul + pPigpe. (128)
The last term corresponds to the symmetric part of the
tensor invariant (104) when external sources are intro-
duced. The reduced variables involve the derivatives of
the fields, so we replace ¢¢ and ¢? by 9,¢¢ and 9, ¢?
in the above analysis. Our analysis of invariants may be
applied to the O(2f) symmetry, with the conclusion that
only the symmetric part of the tensor invariant (104) found
previously,

ab ba — ,j.aA,l.b DA ,1.a
T;LV + Tv,u - w,u, VA + '701/

< (129)

is a tensor invariant under the larger symmetry group.

XI. EXPANSION OF I' ABOUT THE SYMMETRY-
BREAKING VACUUM

There remains to express the horizon condition in terms
of the reduced quantum effective action I'"* and the reduced
variables. By (54), we see that
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(Szinv _ 62inv _ 6Einv _ SEinv
oM |p=0 6V lo=0 ON |lo=0 06U |lo=o
=0, (130)
so in terms of I'* the horizon condition reads, by (53),
or- or*
ab = =0
om§, | o=k=r-0 Sv§" | o=k=1=0
(131)
oI oI —0
511?\2 B=K=1L=0 5“% d=K=L=0

This defines the symmetry-breaking vacuum.

As in the Higgs model, to identify the Goldstone parti-
cles we expand the reduced effective action I'* about the
symmetry-breaking stationary point, keeping terms that are
quadratic. We are concerned with the infrared behavior,
and as a first task we consider that part of I'"* in which there
are no derivatives of the reduced variables, A, dc, k, L, m,
n, u, v, and which we call I';,.

We temporarily ignore the dependence of the reduced
quantum effective action I on A, which we may do
because the global symmetries R’ and F/ leave A invari-
ant. Then I is a function of the bilinear invariant we have
just found. To expand I'* about the stationary point ® = 0,
QO = Opn, Eq. (40), we need a tensor invariant that vanishes
at this point, so it is a small quantity nearby. At this
stationary point, the tensor invariant we have just found
has the value

(/2T + Toi) e=0,0=0,, =

By subtracting out this term, we obtain the desired tensor
invariant

—yph5ﬂy5”b. (132)

“b = (1/2)(T‘”’ + Tb”) + Ypn 0, 8¢ ab (133)
that satisfies
sivlo=00=g,, = 0. (134)
It is symmetric upon interchange of both indices
s;‘L”V = sb“ (135)

We expand I’ (the part of the reduced effective action
I'* that involves no derivatives of the reduced variables) in
powers of this invariant tensor,

dix[as + B(s48,)? + 854 s4h, + esib sha ],

(136)
where terms of order s and higher are neglected. At the
stationary point (131), we have 55 # 0, so the first coeffi-
cient must vanish, @ = 0, and we obtain

(137)

wrSpy Suvh

dex[ﬁ(saa 2 + ésab ab + ESab ba

where we have neglected terms that are higher order in s.
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To find the infrared limit of the propagators, we express
the reduced variables in terms of the fields. At the sta-
tionary point Qp,, Eq. (40), they are given by

i — ,ab 1/2 b Zab
mé = m< —'yp5 »0 + 0,05,

© v
v;’u = vff’,, = —yll)t/lzé 8% + 6M¢‘;b

ull = uh = —a, 0%,

nfu- = nfbb,, = —6 w“b

ky, = —a,c, (138)

by (40) and (53), where the term y'/2g f4¢® 4 in k4, has
been dropped because of the shift (120). This gives

“” —(1/2)(m’”v” +mh’v“ DF ot Ypnb Sab
= (1/2) (30 8,ua8% + 0,4 (= yah 8,287 + 9, %)
+ (@) = (1, D) + ...+ YD, 8%
= (Y2 /20,0 =0, ¢>“b+a s —
+.
—(zyp{f/\/_)(a Yo 40,750 + ..,

9, ¢

(139)

where the dots in the last line represent terms that are
quadratic in the fields. The leading term is linear in the

fields, with coefficient yl/ 2
We substitute this expression for s¢ ,, into (137) and
obtain

*
F()_

_;"h dex(4,8(8#Yf;‘ 24 68(3,Y + 9,Yh)?
+ €9, Y +9,Y5%)(9, Y5 + 9,Ye)), (140)

where B, 8, € are unknown constants. We decompose Yﬁb
into its color-symmetric and antisymmetric parts,

Y = (1/2)(ve + vhe), Vil = (1/2)(vek — ybe),

(141)
which gives
—(1)2) [ dPx(B(0, Y + 5, Vb2
+(8/2)(9, Y — 9, YEP2 + a(a, vae)?), (142)

where «, B, 0 are (renamed) constants, and repeated
indices are summed over. For SU(2) the further decom-
position of these parts into irreducible representations
labeled by their dimension is given by

Y =1 @5, ylebl = 3, (143)
and for SU(3) it is
Yy = | @ 8 @27, Yool =8 @ 10 10.  (144)

To decompose into longitudinal and transverse parts, we
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write
@, + 0,752 = (9,74 — o, Y2

+49,vP0, 7Y, (145)

and obtain, after integration by parts, the final form of Iy,
3 = (1/2) [ @Px((3/200, 757 — o, V")

+ Bl Y — 8, YD) + 40, YiP)P]

+ a(9,Y4?). (146)
The only components of 9,V ab that are absent are the
longitudinal part that is antisymmetric in color indices,
9 Y[ab]
wip
The terms that appear in the last expression are the
nonflat directions, provided that the coefficients are non-
zero. The ghost fields that do not appear are flat directions
and represent Goldstone bosons and fermions. These are c,
¢, w, @, X,and 9 ﬂY,[fb]. If there are additional constraints
in addition to those found here (and it should be noted that
we have not implemented BRST symmetry exactly), there
could be more flat directions corresponding to more
Goldstone ghosts.

XII. DERIVATIVE TERMS IN REDUCED
EFFECTIVE ACTION

Recall that the effective action I'j contains all nonder-
ivative quadratic terms in the reduced quantum effective
action I'* that are allowed by the symmetries of I™. To
evaluate the infrared limit of the propagators of fields that
do not appear in I'j, we must evaluate the quadratic terms
that involve first derivatives of the reduced variables, and
that are invariant under the symmetries of I"*.

They are obtained by applying derivatives to the super-
multiplets, out of which the bilinear invariant (104) was
constructed, that possesses the global O(2f) symmetry,
namely,

0 b B0, . (147)

This is quadratic in the fields because the derivatives kill
1/2
ph
should take the symmetric part, as in (129), however, only
the symmetric part will contribute. The most general color
and Lorentz invariant that can be constructed from this

tensor is given by

the constant term vy .~ that appears in (138). In principle we

FT - /dDX(EéKﬂal\V + gé\K)\S/LV)aKJIKBaMl’//?’B’ (148)

where € and { are unknown constants for which only
perturbative calculations are available. In principle there
could be a third term 6,,8,,0, %459, ¥, but it may be
brought into the form of the second term by partial inte-
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gration. We substitute (138) and obtain

Iy = /de(e(SK#B)\,, + {800 ,)

X (0,m§',v8 — 9,59, ns + 9,k50,0,c9)

= [de(eéKMBM + (8,18,,)(0,0,% 9,0, ¢
= 0,0,@0"0,0,w¢ — ,0,599,0,c)

— '/.den(aZd_)aiaZ(f)? _ aZd)aiaZw;z _ aZEaGZCu)

= ] dPxnl(1/2)(@2XPY + (1/2)(a2Y5P)?

— 2“9’ w? — 92¢99%c"), (149)

where n = € + {, and we have written i = (A, b) for the
index i on X{ and Y¢. We have obtained second derivatives
of the fields, because the reduced variables m, v, u, n are
themselves first derivatives of the field variables.

XIII. EFFECTIVE ACTION IN THE INFRARED
LIMIT

According to (54), the quantum effective action is given
by I' = X, + I'". We keep the quadratic parts of each
term,

T, =S, + T (150)

The b field has been integrated out, so the only remaining
quadratic term in X, is, by (57),

Einv,q = '/-de’yIlg]/ngA/\ X (¢ - (Z))/\]aa

= f dPxiN2y g ALY, (151)

In the reduced action I'* we also expect terms of the
form

IPB P pA, PPy A, P8 poA.
However, when the physical values of the reduced varia-
bles (138) are substituted, they are at most of order
92 PA, P2 PA, fabey pab g Ac, fabey abgAc,

(153)
and they are subleading in momentum compared to Einw,

and we neglect them.
Finally, there is a term quadratic in A, which we write as

3 = (1/2)(A, KA), (154)

(152)

where k has not been determined, but is restricted to either
k=M?* or k= —bd%. (155)

The complete quadratic action in the neighborhood of
the classical vacuum that spontaneously breaks the sym-
metry is given by
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F,=Z3, t 5+ 7+ 17, (156)

q

where the individual terms are given in (145), (149), (151),
and (154).

XIV. INFRARED LIMIT OF PROPAGATORS OF
GOLDSTONE PARTICLES

Having obtained the quadratic part of the reduced quan-
tum effective action I'* in the neighborhood of the classical
vacuum, we can calculate the infrared asymptotic limit of
the propagators.

The fields X, w, @, ¢, ¢, and GMYEfb], do not appear in I'j
or Einv,q. These flat directions define the Goldstone parti-
cles. From (149) we can immediately write the asymptotic,
infrared propagators in momentum space,

Sab ‘ Sab sl
(c?el) = R (wi@b)y = W (157)
S Sac 5bd
(Xgbxedy = %’; TSk (158)

They exhibit a double pole, as originally found by Gribov
for the c¢ propagator in a one-loop calculation [1]. Here we
find that this double pole is an exact consequence of the
Goldstone mechanism which is nonperturbative. This ac-
cords with the intuitive picture, substantiated by numerical
studies [2], according to which the restriction to the interior
of the Gribov horizon entropically favors population close
to the Gribov horizon where the Faddeev-Popov operator
M has its first (nontrivial) zero eigenvalue, and thus for the
fermi-ghost propagator D ;(x — y) = ((M~'),,) to be en-
hanced in the infrared. The Goldstone mechanism is doing
the job it should.

According to (146), the only remaining Goldstone par-
ticle is the longitudinal part of Y’ Efb]. We decompose Y L‘"’]
into its transverse and longitudinal parts,

Vi) — ylet) ¢ yio)

(159)
where

= 0t = - v
(160)

The propagator of YE‘fZ] is found from the restriction of I'}
to Y1*’! namely, by (149)

L
r, = [ st/ (61)
which gives for the propagator
1
[ab]ylcd]y _ abl[cd
YEaYiy) = Wﬁ[ HedlL,,, (k). (162)

where
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k,k,
L) =25 (163)
is the longitudinal projector, and
5[ab],[cd] = (1/2)(6a06bd _ 6bc6ad) (164)

is the identity in the color antisymmetric subspace. As we
shall discuss shortly, this propagator is a candidate for a
carrier of a long-range force.

This completes the evaluation of the propagators of the
Goldstone particles. They all have double poles 1/(k*).

XV. PROPAGATORS OF GLUON NON-
GOLDSTONE GHOSTS

The non-Goldstone particles consist of A, Yffb), the

color-symmetric part of Y9 and Y[T‘fz], the transverse

part of the color-antisymmetric part of Yff’.

All components of the symmetric part, Y;fb), appear in
I';, the nonderivative part of I'*, so the Y’ ;fb) correspond to
nonflat directions, and are not Goldstone particles. The
infrared limit of their propagators may be read off from
I';. They have simple poles,

1
vy ~ . (165)
with a color and Lorentz structure that is easily obtained by
inverting the color-symmetric part of (146), that is, the
terms with coefficient @ and B. Because the reduced
variables depend on the derivatives of the ghost fields,
the Goldstone particles have double poles instead of simple
poles and the non-Goldstone particles that appear only in
the reduced quantum effective action have simple poles.

There remains to evaluate the propagators of A and Y[T’fz].

The color-adjoint part of Y[T‘fz], defined by

Yh, = (1/JN)febeysl (166)

mixes with A in 3, ,, and the orthogonal components of
Y[T“,Z] will have simple 1/k* poles. To find these propaga-

tors, we separate out the part of the effective action that
contains the gluon and ghost modes that mix,

r, = f dPxlivy g(2N)'\ ALY, + (8/2)(9,.Y4,)?
+ (1/2)(A, kA)], (167)

where 6 comes from (146). In momentum space this action
corresponds to the matrix

K i'yéézg(2N)1/2
iy g(2N) /2 o)

where k = M? or k = bk?. The determinant of this matrix
is given by
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det= k8k* + 2Ng>y (168)

but for either value of k, it is dominated in the infrared
limit by the second term. This gives for the transverse
adjoint propagators of A7, and Y7 , in the infrared asymp-
totic limit,

k,k Sk>
(A9 ALY = (5 , =2 ”)5ﬂb (169)
M ® k2 2Ng27ph
k, k —i
gty = (8, — Yo . (70)
. R (2N g2y )/
k, k K
Ye Yb )= (5 , — = ”)5“” 171
< T, T,V> 12 kz 2Ng2'yph ( )

These three propagators are short range.

The gluon propagator vanishes like k> at k = 0. This
nonperturbative result comes from the nonrenormalization
of the A-Y mixing term and, by the magic of the inverse of
a2 X 2 matrix, from the term 8k? in the quantum effective
action of the Y ghost.

We use the projector onto the color-adjoint part,

Pab,cd = (I/N)ZfHEbfced, (172)
Pab,cdpcd,ef — Pab,ef’ (173)
to find the propagator in the original basis,
k, k K
[ab]ylcd] _ My ab,cd
Yy YTV>—( uv 2 )(P N
8 7ph
+ a[ab] [ed] _ Pab cd ) 174
( s (174)
kV fahc —i
(Aa ylbely — (5 - ) . (75)
g VN 2Ng>yp)'/?

where 6 comes from (146).

XVI. GOLDSTONE GHOSTS AS CARRIERS OF
LONG-RANGE FORCE

The X-bose ghost appears only in closed loops, like the
fermi ghosts, so it cannot be exchanged between quarks. In
fact, if the X field is integrated out, one obtains the factor,
(detM)~//2, which partially cancels the factor (detM)
produced by the f auxiliary fermi-ghost pairs @'w;, where
detM is the Faddeev-Popov determinant.

On the other hand, the Y-bose ghost mixes with the
gluon field, so although it does not couple directly to a
quark line, it couples to a quark line indirectly through
vertex diagrams I', (p, k), where p and k are the quark and
Y-ghost momentum, respectively. For example, a Y can
convert to a gluon A and another Y at the elementary
vertex, gf**°Y24A% 9, Y:?. The new Y then converts to a
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second gluon A by a D,y propagator. Both gluons are then
absorbed by a quark line. Thus the Y’s have an effective

coupling to the color charge of quarks. We have found that
a double pole occurs in the Y[ah] channel which has a piece,

Y? L=/ JN)fabey [Lf‘;], in the adjoint representation. The
result is an effective quark-quark interaction given by

1
l;{z (22 q

AT, (p,

72T, (p, k). (176)

At first sight it appears that the double pole corresponds
to a linearly rising potential between quarks. However in
Landau gauge, an external ghost K momentum factors out

of every vertex diagram with an external ghost line," so the
Y-ghost quark vertex is of the form
L.(p, k) = H,,(p, bk, 177)
where
Hy,,(p) = H,,(p,0) (178)

is finite at k = 0. Thus the quark-quark interaction due to
exchange of a single Y quantum is given, at small k, by

kuk, 1 k. k.

ZIAaHO,,uu(P)q k2 k2 k2 q )‘uHO,m-(Pl)q/' (179)
The on-shell form factor, with p> = m? and p’> = m’, and
with Dirac spinors satisfying

v - pq(p) = mq(p),
g(p +K)y-(p+k =mg(p+k), (180)
is given at small k, by
q/\aHO,,u,V(p)qkp,kV = q/\GQ[Cl(p ' k)2 + c2k2]' (181)

Thus, the exchange of a Y-type Goldstone boson between
quarks results in the effective quark-quark interaction

[Cl(p k)* + ok Jeq (p' - k)* + c5k*]

IAu l
(k)

(182)

This interaction is of order 1/k* and does not represent a
linearly rising potential between quarks. Nevertheless it
does correspond to one-particle exchange between quarks
of a massless quantum in the color-adjoint representation.
A further nonperturbative analysis, which we do not at-
tempt here, would be required to determine if it can be the
origin of a confining force. Moreover, as we have noted,
there could be additional flat directions corresponding to
additional Goldstone bosons in the Y; channel, which
would modify this effective quark-quark interaction. We
shall return to this possibility in the concluding section. A

*This may be seen from (53) where only the derivatives ¢
and d¢ appear in the reduced variables m and v.
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one-loop calculation of the effective potential between
quarks using the present action is reported in [13].

XVII. SYMMETRIES OF THE LAGRANGIAN
DENSITY

This section offers a possible interpretation of the spon-
taneous symmetry breaking we have found, but it does not
modify the calculation reported here.

Recall that the symmetry breaking we have found occurs
spontaneously in the quantum effective action I'(®, Q)
when the sources (Q are transformed appropriately.
Indeed, we have seen in Sec. III that I'(®, Q) obeys
Ward identities that express the global symmetries R’
and F/, and the BRST-symmetry s of S,. These symme-
tries are explicitly, though softly, broken by the dimension
2 term Ey in the local action S. It is natural to ask, “Could
these symmetries of the quantum effective action I also be
symmetries of the local action §?”

To make the question precise, we quantize in a periodic
Euclidean box. In this case, the answer to the question is
“No, s and R/ and JF/ are not symmetries of the action S.
But they are symmetries of the Lagrangian density L that
hold locally, within each coordinate patch in which the
Cartesian coordinates x,, are well defined.” (The coordi-
nates x, are not well defined globally on a periodic box
because they are not periodic.)

Within such a coordinate patch, the Lagrangian density
L= L,+ L, at finite Gribov mass y may be obtained
from L at y = 0 by the change of variable [5],

‘E (¢,u,’ (]Ew b’ E) = -EO(QD,U,’ wa b*’ 5*)’ (183)
where
ab — ¢ab _ '}/ x 5ab
ab = ¢ab + ,y x 8ab
(184)

b*d = pd + l,yl/ngadbx# Za,
=kd — =d 1/2 , fadb . =b
cE=ct+ y g1 x, w0,

and all other field variables are unchanged. By this change
of variable, each symmetry X of L is translated into a
symmetry of L. A thorough analysis of the symmetries of
L, is presented in [5].

The change of variable contains x,, explicitly, so it is not
translation invariant. Nevertheless, both local Lagrangian
densities L and L are translation invariant. This happens
because both Lagrangian densities are invariant under shift
of ¢ and ¢ by constants,

¢ — U +a,8, PP — P +a,s%, (185)
with a compensating shift of b and ¢. We have not consid-
ered this invariance explicitly because it is implicit in the
solution of the equations of motion of the ghost fields given

in Appendix A that is used in (53).

PHYSICAL REVIEW D 81, 125027 (2010)

We exhibit the BRST operator that is a symmetry of L.
An alternative nonlocal BRST operator that is a symmetry
of S may be found in [21]. For this purpose we introduce
the operator § that acts on the Faddeev-Popov fields in the

usual way
§A = Dc, S§c=—(g/2)c Xc
(186)
§c* = ib*, §b* =0,

and that acts on the (untransformed) auxiliary ghosts ac-
cording to

ab — , ab a
Soi = wy, =0,
Lol ) ’; (187)
Sy = goﬂ , Sy = 0.
It is a symmetry of Lo(¢,, &,, b*, c*),
$Lo(@y, @, 0%, %) = 0. (188)

Under the change of variable (184), § acts on the trans-

formed fields according to
ahab — ab o ab —
S = i), Swi’ =0, (189)
s\@ab — (/Zab + 1/2x 5ab §(£ab =0
n o TYIIXLO0T n g

and the action on the other fields is unchanged. Here the
fields are evaluated within a coordinate patch at the point x,
s0 @ = @(x), etc. Since this is merely a change of variable,
§ is a symmetry of L(¢,, &,. b, ),

$L(¢p,, b, b7 =0.

The symmetry § is spontaneously broken because the
vacuum state satisfies

Bag) = (g5 + vV

(190)

S“b # 0,
(191)

so the expectation value of an §-exact quantity is nonzero.
Because of the Ward identities satisfied by the auxiliary
ghosts, the reduced quantum effective action

Fmv,..)=T"M+9dd,V+adop,...)

x,89)) = y!/

(192)

depends only on the combinations m = M + d¢ and v =
V + d¢. The symmetry-breaking vacuum is given by m =
—v = y'/2, and we may equivalently attribute y'/? either
to the sources M = —V = y'/2, as we have done previ-
ously, or to the fields @@ = — @ = y!/2x, 59 If it is
attributed to the sources, then L breaks the symmetry
explicitly but softly; if it is attributed to the fields then £
breaks the symmetry spontaneously.

Although these two points of view are strictly equivalent
for the purpose of calculating the propagators, it may be
helpful, when considering the problem of unitarity and
positivity of the present approach, to consider the BRST
symmetry as being spontaneously broken.

Finally, we note that a sufficient condition for the ex-
istence of a conserved BRST Noether current is that the
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symmetry operator § be well defined within a coordinate
patch. To exhibit this current, consider the infinitesimal
variation

5D, = e(x)5D,, (193)

where €(x) vanishes outside a coordinate patch on which
the coordinate Xy is well defined, but is an otherwise
arbitrary function of x. Since § is a symmetry of the
Lagrangian density, we have, by Noether’s theorem,

oL = Juiu€ (194)
where
oL
Ju = 5P, (195)
m GGH(I),-

is the conserved BRST current.

XVII. DISCUSSION

In the present work we have shown that the fermi ghosts
and some bose ghosts are the Goldstone particles of a
symmetry that is spontaneously broken at the level of the
quantum effective action I'. Their propagators possess a
double pole

DcE=chD=DXX~D (196)

ylEab] ylEcd] -~ W
The double pole in the fermi-ghost propagator agrees with
the Kugo-Ojima confinement criterion [22]. The relation
between the present approach and the Kugo-Ojima ap-
proach has been clarified recently [17].

We have not fully exploited the Slavnov-Taylor identity
because of its nonlinearity, and, in principle, there could be
other symmetries, not considered here, that further con-
strain I'. Thus, there may be additional flat directions be-
sides the ones whose existence we have established, and
corresponding additional Goldstone particles. These could
only be in the Y propagator, because the propagators of all
other ghosts have double poles. In this respect a compari-
son with the recent perturbative calculations of Gracey [13]
is illuminating. Starting from the present action, Gracey
has calculated the ghost and gluon propagators to one-loop
order and imposed the horizon condition to this order.
Although our calculation of the infrared limit of propaga-
tors is nonperturbative, the symmetries we have found hold
order by order in perturbation theory, and the Goldstone
particles we have found should be seen in each order of
perturbation theory when the horizon condition is imposed.
Indeed, the double poles we have found, the c-¢, w-®, X,

and YE"[’] propagators also appear in Gracey’s calculation,
as does the suppression of the gluon propagator.5 However

3 Gracey’s result for the longitudinal part of the Y-Y propagator
(the ¢-¢ propagator in his notation) is not reported in [13]. I am
grateful to him for communicating this result to me privately.
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he finds additional double poles in the transverse part of the
Y-Y propagator that we have not found. This suggests that
further exploitation of the Slavnov-Taylor identity would
reveal additional Goldstone bosons corresponding to the
additional double poles found in one-loop by Gracey. If
present, they would modify the quark-quark effective in-
teraction given in (182).

We have found as an exact result, Eq. (169), that the
gluon propagator D(k) vanishes like k> at k = 0,

Das(k) ~ &2, 197

as originally found by Gribov [1]. This nicely explains the
absence of gluons from the physical spectrum. Indeed, the
equation D(0) = 0 is not compatible with the Lehmann
representation,

D(k) = [ A p(MD) /(2 + M2),  (198)

0

and a positive spectral function p(M?) = 0. However the
short range of the gluon propagator only deepens the
mystery, in the Gribov approach in Landau gauge, of the
origin of the long-range confining force between quarks.
Indeed, in his original paper, Gribov turned from the
Landau to the Coulomb gauge to address this problem
[1]. The exchange of a massless quantum between quarks
that is assured by the Goldstone mechanism exhibited here
may offer a resolution of this dilemma. This possible
confinement mechanism is also proposed in [13].

From the results D4, (k) ~ k* and D_:(k) ~ 1/(k?)?,
where Dz is the Faddeev-Popov ghost propagator, we
obtain for the renormalization-group invariant running
effective coupling constant [23],

asft(k) = (g2/4m)(k*)> D g5 (k) D2:(k), (199)
the finite infrared limit
as"(0) = 0(1), (200)

in agreement with the one-loop result [13].

It was recently proposed [24] that there is a triple pole in
the Y propagator which, with the factorization of ghost
momentum from quark-ghost vertex, Eq. (177), gives an
effective one-particle exchange between quarks of the form
1/(k?)? that could be the carrier of a linearly rising poten-
tial between quarks. Although a triple pole is not indicated
by the present calculation, it remains a possibility if the
coefficient of the (k?)? term in the effective action of the
relevant Y ghost were to vanish. In any case, we also find
here that the longest range force between quarks arises
from exchange of a Y quantum.

The infrared exponents (infrared power laws of the
propagators) that we have obtained are integer, as they
are in finite order of perturbation theory [13]. In contrast,
a recent solution of the Dyson-Schwinger equation derived
from the local action used here [25], gives noninteger
infrared exponents. This difference may have its origin in
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the truncation error in the Dyson-Schwinger calculation, or
possibly to a different choice of Gribov copy (different
gauge) inside the Gribov horizon, or in the fact that the
behavior obtained here is delicate because it holds only at
Y = Y¥ph» and could be missed in a Dyson-Schwinger cal-
culation. It would be of interest to look for solutions to the
Dyson-Schwinger equations that have the infrared limit
that has been found here.

We now turn to a comparison with lattice data, which
has been reviewed recently in [26]. Recall that we have
obtained a gluon propagator that vanishes like k2, indepen-
dent of dimension. In 2 Euclidean dimensions it is found
numerically that D(0) = 0, in accordance with this result,
but numerically it appears that D(k) vanishes like k7, with
p <2 [27]. In contrast, on large lattices in 3 and 4
Euclidean dimensions, it appears that the gluon propagator
is finite, D(0) > 0, at k = 0 [28-34]. In 3 dimensions there
is a clear turnover of D(k) which has a maximum at finite k,
and approaches its infrared limit, D(0), from above, %]((k) >
0 at low k. So in 3 dimensions D(0), though finite, is
suppressed at k = 0 [26,34]. Note that from the Lehmann
representation (198), the first derivative of D(k?),

aD(K*) _ f a LM o0
k> (K + M2

is negative if the spectral function is positive, p(M?) = 0.

Thus, the observed turnover of D(k) in 2 and 3 Euclidean

dimensions, with BD (k) > 0 at low k, implies that the gluon

field produces unphys1cal excitations. In d = 4 dimensions

there appear to be a shoulder in D(k), if not a turnover, and

this would also contradict the Lehmann representation with
a"D(k?)
(9k2)"

positive spectral function, because every derivative

is monotonic.

The only explanation at hand for the observed turnover
of the gluon propagator in 2 and 3 dimensions is the
suppression of infrared modes due to the proximity of the
Gribov horizon in infrared directions, and which is other-
wise counter intuitive. It is puzzling that the main qualita-
tive feature of the Gribov scenario is confirmed by latttice
studies, namely, suppression of infrared gluon modes, but
numerically there is disagreement with lattice data at k =
0. The situation with the ghost propagator is similar. We
have found that the fermi-ghost propagator has a double
pole 1/(k?)?, corresponding to a dressing function k*>G (k)
that diverges at k = 0. However lattice data show a ghost
dressing function that does increase as k decreases, but
which appears to level off at the lowest k available [26].

A possible way out has been proposed by Maas [34]. He
has studied numerically the properties of different Gribov
copies inside the Gribov horizon, and found that, depend-
ing on the choice of weight given to different copies, one
may impose any one of a continuum of values for D(0), the
gluon propagator at k = 0. This effectively makes D(0)
into a gauge parameter, within the class of Landau gauges
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inside the Gribov horizon. Thus, it is possible that the
results obtained here correspond to a particular Landau
gauge within the Gribov horizon. An alternative approach
which accords with the lattice data is to modify the local
action used here to account for condensation of dimension-
2 operators [35].

Other unresolved questions are the identification of the
physical states and observables. It has been found that
renormalization of the operator F? requires both BRST
exact and BRST noninvariant quantities to construct a
quantum operator invariant under renormalization-group
equations [12]. A possible construction of physical observ-
ables is developed in [36]. We remain far from a satisfac-
tory understanding of the phases of QCD.
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APPENDIX A: SOLUTION OF GHOST EQUATIONS
OF MOTION

The extended action with sources for composite opera-
tors is given in (23). In this appendix we shall use the 4
sources M, N, U, V to convert the equations of motion of
the 4 auxiliary ghosts into 4 Ward identities that are stable
under renormalization. This was done in [4], but we report
it here for completeness. A new result reported in this
appendix is the solution of the integrated equation of
motion of the Faddeev-Popov ghost c.

But first let us recall the Ward identities associated with
the Faddeev-Popov fields b and ¢,

6T oI or

—— = —0d)A,; — =0, —, Al

5h 10)A); 5z 23K, (AD
which have the solution

F=F1(K,\—8)\E,)+l(6,\b,A)\) (AZ)

This gives the complete dependence of I' on b and ¢. We
now derive similar equations for the 4 auxiliary ghosts.
We have

o : :
= (D16 ]~ (DN + g D)V,
(A3)
We use the identity
83
- = 5(D,¢;)* — NY. Ad
SUKZ S( /\¢z) Al ( )

to write this as
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53 352

83
= R — A, X N, )% + abC—Vc-.
Sad ’\5Uﬁ’ (gAx Ai) 8f Ai

5K
(AS)

This equation is at most linear in the functional derivatives
and in the field A, and consequently one may show, by the
method that was used to establish the Slavnov-Taylor
identity, that the same equation is satisfied by the quantum
effective action I',

% = /\% — (gAx X Np)* + gf“bC;—Igi\,-.
(A6)
This is the first Ward identity. It has the solution
=T, +(id b, A)) + (gA) X @', Ny;), (A7)
where
I =T,(U) — 9,@', Ky ), (A8)
K{, =K§ —0,¢" — g(@' X V)4, (A9)

and (@' X V,;)® = fec@’vs,. This gives the complete
dependence on @.
Likewise we have

83
= = —0,(Dy )" — (DV,), (A10)
o
We use
Y
syi - Padi TV All
5M1)l /\¢l V)Ll ( )
to write this as
o) 5,
- = -0, —— — Axvia' Al2
6¢m A BM?\Z (g A )\) ( )

Again this is at most linear in the derivatives and the field
A, so I satisfies the same equation

oT oT .
55 = -0 — (gAx X V)%,

— Al
A M (A13)

which is the second Ward identity. It has the solution
I'=T;+(id,b A,) + (gA, X ¢',Vy)
+ (gA) X @', Ny;), (A14)

where
[y =T5(M + 0,6, Uy, — 0,0, Ky ), (A15)

and we have made use of our previous result. This gives the
complete dependence on @ and ¢.
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To derive the third Ward identity, we start from

) N .
Fpvi — (D0, @")" + (DU,
w;
= —0,(D,@) + g(9,A) X @) + (D,U,)™.
(A16)
We use
5% —i i
sv ~ Dol U (A17)

to write this as
5% 83 83 \a :
— =0, —tig[—=X @) + (gA, X Ui)“.
S0t A(SNKi lg<5b w) (8A) )
(A18)
One can show, using the equation of motion of b that the
quantum effective action satisfies the same equation,

or’ or (6F

\4d .
Saf ~ Msna T ig B—bx 5)’) + (gA) X U})4,
i Al

(A19)
which is the third Ward identity. It may also be written
or or

Swt = GAW +(g9)Ax X @) + (gA) X U},
(A20)
which has the solution
['=T4(Ny — 0)0;) + (@, g9,A) X w;)
+ (Ui, gA, X w)). (A21)

This gives the complete dependence on w. We wish to
write this solution for w in a way that is compatible with
our previous solution for @. To this end we write

Ly(Nyi = 0r0) =Ts(Ny; — 9,0;)
+(gA) X &', Ny — 9,0;)
=T5(Ny; — 0 0;) + (gAy X @', N);)
—(0,@', gA) X @;) — (&', 89)\A) X w)).

(A22)
The terms in d,A, cancel and we obtain
[ =Ts5(Ny — 0 ;) + (U} — 9,0, gA) X )
+ (gA) X @', Ny;). (A23)

This expression is compatible with the previous solution

for @ (and ¢), and we obtain

I'= F6 + (laﬂb, AM) + (Ul)‘ - a)‘(;)i, gA)\ X w,»)
+ (840 X @', Vi) + (844 X @', Ny), (A24)

where
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Ty =Ts(MY, N, UL Ky ), (A25)

and the primed variables are defined below in (A38). This
gives the complete dependence on @, ¢, and w.
To derive the fourth Ward identity we start from

63

W = —(D)d, )" + [(U — 9 @") X gD,c]
— (D\M})* = —0,(sD@")* + g(9,A, X ¢')°

+ g(8,De X @) — (DM}

+ (U} X gD yc). (A26)
We use the identity,
) 4 .
2 =sD,®' + M}, (A27)
oVy;

to write this as

spi  Thevy

5 S\ 4 . 5 a

2 _ 522y ig(% X q_S")a — (8Ay X M)

The quantum effective action satisfies the same equation,
which yields the fourth Ward identity,

8_F=_a £+l(£><¢zl>a—(A XMi)a
5¢¢ )‘6le- 8\sp 84\ A
+ g(aA£ X (z)i)a + (gUf\ X ﬂ)a.
6K, 6K,

(A29)
This has the solution
['=T;—(¢', g0, A, X ¢;) + (M), gA, X ¢,), (A30)
where

[; =T7(Vy + 0,0, Ky)), (A31)

Kyy =K, + 0,(gd" X ¢;) — gU}\ X ¢;
=K, +ga' X d,¢; — g(U} — 9,&") X ¢;,
(A32)

and (@' X ¢,)* = f¢@b X ¢¢, etc. This gives the com-
plete ¢ dependence. To make the solution for ¢ compat-
ible with the solution for (Z) and @, we make use of the fact
that the dependence on V; + 9, ¢, is completely arbitrary,
and moreover, in the solution for ¢ we may freely choose
the dependence on the variables d_) @, w to be consistent
with our previous solution. We write
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Do(Vii + 0,5 Ky) = (8Ay X ',V + 0, 6))
+ (Vi + 02 K')
= (8Ay X @', Vi) + (0,0, gA) X ;)
—(g9-AX &: ®;)

+ (V) + 0,0, K'), (A33)

where

K\ =Ky, —09,c—gd' X (Vy; + 0,¢)) (A34)

is given below in (A38). The dependence of K’ on @ is now
consistent with (A8) and (A9). We substitute (A33) into
(A30). The terms in d - A cancel, and we obtain

I'=(0,¢" + M, gAy X ¢,) + (gA, X ', Vy,)

+ TV, K, (A35)

where the primed variables are given in (A38). This ex-
pression gives the complete dependence of I" on ¢ and
moreover it is compatible with our previous solution (A24)

for @, ¢, and w. We combine the two expressions and
obtain

F=2p +1"(A, ¢, K',L,M',N', U, V'), (A36)
where
3, =(i0,b,A) + (M} + 0,0, gA) X ;)
+(8Ay X ¢\, V)) + (gAy X @', N;)
+ (Uj\ — 0,0, gA, X w,), (A37)

and a partially reduced set of variables is defined by
MKEMf\-i-('))td_)‘, Nf\iEN,\,-—a,\wi,
UXEUj\_a)‘(I)l, V&iEV)“‘}'a/\(ﬁi,
K;a = Kﬁl - 8,\5“ - g(d)l X V/\l’)a

— [g(U) — 0,0") X ;]

This gives the complete dependence of I" on b, ¢ and on the
4 auxiliary ghosts ¢, w, @, d_)

There remains one ghost field ¢ which we have not yet
considered and whose local equation of motion we cannot
solve. However it obeys an integrated equation of motion,
which was first given for the present action in [5], that will
be useful. The operator,

(A38)

6 1) 6
a — D.,| _— + abd( ;=b _~ __ b
G fd x[&c“ s/ (ZC bt T Sw!

B ;0 B
—+ U —— Vb.—)], A39
St THsmdt T TSN, (A39)

— d)bi

is a symmetry of the local action 2, apart from a breaking
term that is linear in the local fields,

G3 = —g(K), X A)* + g(L X ¢)“. (A40)
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The operator itself is also linear in the local fields, so the
same identity holds for the quantum effective action

GT = —g(K, XA)*+ g(L X c). (A41)
We introduce

Siy = 2, +(K), 84y X ¢) + (L, (=g/2)(c X)),

(A42)
which satisfies
G Ty = G2 (A43)
We separate this term out of the action and write,
=73, +TyA ¢, K, L, M, N, UV, (A44)
so Iy satisfies
GUTy=G"“Ty =0, (A45)
where
o a7 i ]
(lA46)

The new element in this appendix, not found in [4], is the
final change of variable

ky =K}, = M# — g(c X UY)4,
o NE - sox V. e

ul = V//\al’

(A47)

and the new fully reduced quantum effective action I'*
which is a functional of the new variables,

(A, ¢, K', L, M',N', U', V') = (K, gA, X ¢)
+ (L, (=g/2)c X ¢)
+ 1™, ¢, k, L, m, n, u, v).
(A48)

It satisfies the simple integrated ghost equation of motion

Gr = /deBF = 0.
oct

This equation is equivalent to the statement that I de-
pends only on d,c, but not on c itself, and we write

(A49)

I =T%(A, dc, k, L, m, n, u, v). (A50)

All other ghosts besides ¢ also appear in '™ only as
derivatives that are contained in the sources k, m, n, u,
and v. The fact that only derivatives of all ghost fields
appear in I'* is the functional expression of the well-known
factorization of external ghost momenta from all vertices.
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APPENDIX B: ONE-LOOP CALCULATION OF THE
VACUUM FREE ENERGY

We wish to evaluate the dependence of the free energy
I'(0, 7y) upon v, to one-loop order, starting from the action
(1). To this order, it is sufficient to consider the quadratic
part of this action. The quadratic action of the fermi-fields
¢, ¢, w, @ is independent of -y and we suppose that they are
integrated out. There remains

S, = dex[(1/4)(a#A;‘§ —9,A%)% +id,b°AS,

+ 0,09 0,% + y2gfPeAL (¢ — $)st]. (B1)

More generally, since we are only interested in the 7y
dependence, and y appears only in the A-¢ and A-¢
mixing term, we may freely integrate out all other fields
besides the ones that mix. We integrate out the b field. This
imposes the Landau-gauge constraint d + A = 0, so A is
purely transverse, d -+ A = 0. We may decompose ¢ and ¢
into their longitudinal and transverse parts. Since A is
purely transverse, only the transverse parts of ¢ and ¢
mix with A. We suppose that the longitudinal parts of ¢
and ¢ are integrated out, so these fields are now also purely
transverse. We decompose ¢ and ¢ according to

¢ = (1/2)(X + iY), é = (1/2)(X — iY).

Only Y mixes with A, and we integrate out X. The action
now reads

(B2)

s, = j dPa[(1/2)(3,A9)% + (1/2)3,Y 9, Y

+ iyl/zg\/if“bCAfLY;“], (B3)

where is it understood that A% and Y’ are both purely
transverse. Only the part of Yﬁ that is projected onto the
adjoint representation by

Y4 = (1/JN)febeyee (B4)

mixes with A and we integrate out the remaining compo-
nents of YZ, so the action simplifies to

s, = f dPa(1/2)(0,A%)2 + (1/2)(9,Y4)

+iy!2g(2N) 240 ve ] (BS)
This is the correct normalization because
pab.cd = (I/N)Zfabefcde (B6)
e
is a projector
Pub,cdpcd,ef — Pub,ef' (B7)

We complete the diagonalization by forming the i particles
[36],
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AL =(/NDA+E b = (1/N2)(A =Y,

(B8)
so S, is diagonal,
S, = f dPx(1/2)[(9,A9)* + iM?(A%)?
+ (0,19 — iM*(n3)*], (B9)
where we have written
M? = y'/2g(2N)"2. (B10)

This action is diagonal in momentum space. We quan-
tize in a periodic Euclidean box of volume (), so

A% (x) = Q7> explik - x) A% (k), (B11)
k

and similarly for 7, so the action reads

S, = Ok + iM?) | As(k)* + (k2 — iM?)| s (k)I?]
k

(B12)

where ku = 27TnM/L and Q = LP, and n, runs over all
integers. The one-loop contribution to the partition func-
tion, with all sources set to 0, is given by

Z\(y) = f [T dAdnexp(=S,). (B13)

For each k there are N> — 1 color components and D — 1
(transverse) Lorentz components, of the fields A and 7,
which gives

Z(y) = l‘[[(kz + iMZ)(kz _ l-MZ)]—(NZ_l)(D—l)/Z.
k
(B14)
With Z,(y) = exp[—I';(y)], we get
Ty (y) = (N* = 1)(D = DReY In(k> + iM?),  (B15)
k

D
= E)'((g)_ o ke f —(ijD In(k2 + iM?), (B16)

where Re means real part. We go to D-dimensional spheri-
cal coordinates to obtain

I(y)
Q

oode(kZ)(D72)/2
= (N2 - 1)(D - 1)Sp_;R / _
( )( ) D—1 S 0 2(27T)D

X In(k? + iM?), (B17)

where S;,_; = 27wP/2/T(D/2) is the area of a D — 1 di-
mensional sphere. With y = k> and dimensional regulari-
zation, this gives, after a partial integration,
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I'(y) (N* = 1)(D = 1)Sp-
= — J, B18
Q 2m)PD (B18)
where
o yP/2
J = Ref dy — (B19)
0 y+iM
or, with y = iM?z,
o D2
J = Relexp(im/2)M?]P/? / dz (B20)
0 z+1

This gives

J = cos(wD/4)MP joo dz /Oo dazP?/? exp[—(z + 1)a]
0 0

= cos(wD/4)MPT'(1 + D/2)

X fw daa~1P/2) exp(—a)
0

= cos(wD/4)MPT'(1 + D/2)I'(—D/2)
T . TMP
sin(—7D/2)  2sin(wD/4)
(B21)

cos(wD/4)MP

We obtain in dimension D,

Ii(y) _ (N2 = 1)(D — 1)mMP
IT (47T)D/2DF(D/2) sin[7(4 — D)/4]’ (B22)
or
Iiy) _ (N2 — 1)(D — D /
IQ (4m)P2DI(D/2) sin[7(4 — D)/4] (2Ng2y)P/4,
(B23)

We write D = 4 — €, and take the limit € — 0, which
gives,

Ti(y) _3(N*—1)2Ng*y) (1 1
IQ - @) <E 1 ln(2Ng2y/,u4)),

(B24)

where we have introduced a normalization mass w. We
drop the pole term, and obtain for the one-loop contribu-
tion to the quantum effective action,

Ti(y) _ _ 30V = @Ngy)

) P In2Ng>y/u?).

(B25)

APPENDIX C: PROOF OF IDENTITY

In this appendix we prove equality (35). By (31) it is
sufficient to show
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[ 53 s - [ex3 o
Aa SM5S [ o=0,0-0, Aa Vs
X . (ChH
®=0,0=0,

In the formula for the partition function, we set to zero all
sources besides M and V, namely K =L =N = U = (),
and J, = 0 for all sources J, of the elementary fields ®,,.
We integrate out the b field so the Landau-gauge condition,
d - A = 0, is satisfied on-shell. We next integrate out the ¢
field which gives 8(Mc) = det‘MS(c), where M =
-d,D, = —D,d, is the Faddeev-Popov operator which
is Hermitian because d-A = 0. Here det’M is the
Faddeev-Popov determinant, and &8(c) is the functional
delta function, which may be written in a mode expansion
6(c) = [1;c;- We next integrate out ¢, which results in
setting ¢ = 0 everywhere, and we integrate out the auxil-
iary fermi ghosts @ and @ which gives a factor of (det/M)/.
As a result, the extended action X, is replaced by

31 = (U/(F o Fu) + (dh, MDY
+ (Mh, Dy dsl) + (D sl Vib) + (MSE, VL),
(C2)
and Z = Z(M, V). With W(M, V) = InZ(M, V), we have
SW

_ gz [ dAd¢dd(D, e + Vih)

SMS, 1o,
X eXP(_21)|Q,
= 27" [ardgad (D, 5P ~ v'6,,5%)
X exp(—2,), (C3)
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where
2, = Zilo=g,
= (1/A)(Fyp Fpup) + (45, M)
+ [ @3ty Do~ D~ 1
Here we have set M4/, = —V¢b = y!/25, 59 because

Q = Q,. By a similar calculation we obtain

ow

5vab

| =-z! jdAdfpqu(DAqS;b +y1/28,,8%)
Ap 0,

X exp(—2,). (C5)

In the last integral we make the change of variable ¢ = @'

and ¢ = ¢'. Then, after dropping primes and using the

Hermiticity = of  the  Faddeev-Popov  operator,
b fbcy — ( pac b b 3

(plc, M d’u) = (9, M4 d’,f) which holds because

d+-A = 0, we obtain

SW
avgl’;

=-z! fdAdd)dq_S(—DAd)be +y125,,6%)
[

X exp(—2»). (C6)

o o SW | — _ oW :
This gives WlQ‘ = o lo,» which proves the

assertion.
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