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Motion of pole-dipole and quadrupole particles in nonminimally coupled theories of gravity
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We study theories of gravity with nonminimal coupling between polarized media with pole-dipole and

quadrupole moments and an arbitrary function of the space-time curvature scalar R and the squares of the
Ricci and Riemann curvature tensors. We obtain the general form of the equation of motion and show that
an induced quadrupole moment emerges as a result of the curvature tensor dependence of the function
coupled to the matter. We derive the explicit forms of the equations of motion in the particular cases of

coupling to a function of the curvature scalar alone, coupling to an arbitrary function of the square of the

Riemann curvature tensor, and coupling to an arbitrary function of the Gauss-Bonnet invariant. We show
that in these cases the extra force resulting from the nonminimal coupling can be expressed in terms of the

induced moments.
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I. INTRODUCTION

Various extensions of the general theory of relativity
have been proposed in recent years to explain astrophysical
observations like the accelerated expansion of the Universe
and rotation curves of spiral galaxies. A widely known
class of such proposals comprises variants of the so-called
f(R) theories of gravity; see [1-3] for reviews. Even these
theories have been themselves subject to different modifi-
cations in the hope of obtaining a more satisfactory picture,
namely, by considering nonminimal couplings with matter
[4-7]. In the models investigated in these references, some
powers of the curvature scalar R have been coupled to the
matter Lagrangian which have resulted in modified equa-
tions of motion. A more general case was considered in
Ref. [8] in which an arbitrary function of the curvature
scalar nonminimally coupled with the matter Lagrangian.
Taking perfect fluids and scalar fields as matter fields,
several implications of such a coupling were subsequently
studied in Refs. [9-17]. The effects of such a coupling on
the dynamics of test particles have been studied in
Ref. [18], where it has been shown that an extra force
emerges from the nonminimal coupling. The explicit
form of the force depends on the form of the matter
Lagrangian, and it has been shown in Refs. [19,20] that,
for the case of the perfect fluid for which there are several
equivalent Lagrangians, one may end up with vanishing or
nonvanishing extra forces depending on the chosen form of
the Lagrangian. In Ref. [21], it has been argued that the
Lagrangians which are equivalent for a noncoupled perfect
fluid are not in fact equivalent when the perfect fluid
couples nonminimally to curvature. The author of
Ref. [22] has argued that the form of the coupling fixes
the matter Lagrangian.

The extra force affects the world lines of test particles. In
fact within the framework of models with nonminimal
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coupling, test particles move along nongeodesic trajecto-
ries in general [18]. Taking the effect of extra force into
account, the motion of test pole-dipole particles, i.e. test
bodies with certain microstructures, has been studied in
Ref. [23] by using the method of multipoles [24,25]. In
this work we consider the motion of pole-dipole and quad-
rupole particles in extended gravity models with more
general coupling to matter. To this end we consider a
class of matter fields with a general dependence on a tetrad
field, its covariant derivative, a velocity field, curvature
tensors, and a generic set of matter fields, coupled to f(R)
gravity action. In particular, we show that when the
Lagrangian depends on curvature tensor through nonmini-
mal coupling to geometry, induced quadrupole moments
emerge. We obtain the equations of motion for media with
pole-dipole and quadrupole moments nonminimally
coupled to an arbitrary function of the curvature scalar,
and as a special case we consider a Weyssenhoff-type
spinning fluid from which we extract the equations of
motion of pole-dipole particles. The method can then be
easily generalized to particles with electric charges. We
also investigate the motion of test bodies nonminimally
coupled to an arbitrary function of the square of the
Riemann curvature tensor or to an arbitrary function of
the Gauss-Bonnet invariant and show that the extra forces
can be expressed in terms of the induced quadrupole mo-
ments. The problem of induced quadrupole moments
in media due to an applied gravitational field has been
studied in Refs. [26-30] in the context of general relativity.
The study of motion of quadrupole particles is well
motivated by their role in gravitational radiation. Several
examples of motion of quadrupole particles in curved
space-times of general relativity may be found in
Refs. [31-35]. The effect of multipole moments of planets
on bending of light rays has been discussed in Ref. [36],
and it has been suggested in Refs. [37,38] that such effects
may be detected by using microarcsecond astronomical
interferometers.
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In the subsequent sections, we first give a brief review of
the polarized media as formulated in Refs. [39,40] and then
deploy it to obtain the equations of motion of polarized
media with pole-dipole and quadrupole moments nonmi-
nimally coupled to an arbitrary function constructed out of
the curvature scalar and the squares of the Ricci and
Riemann curvature tensors. We subsequently consider
three particular cases: the case of nonminimal f(R) gravity,
the case of coupling with an arbitrary function of the
Riemann curvature tensor squared, and the case of cou-
pling to an arbitrary function of the Gauss-Bonnet invari-
ant. In the first case, our investigation results in equations
of motion of particles with pole-dipole and quadrupole
moments in nonminimal f(R) gravity. In the second and
third cases in which for simplicity no intrinsic moments
(i.e. those originating from the structure of the body) are
assumed, we show that the extra force of the nonminimal
coupling can be expressed in terms of the induced mo-
ments. In the last section we discuss the results.
Throughout the work we use the following (anti)symmet-
rization  conventions: A BV = Aere 4 AR

e g L pre g and

II. PARTICLES WITH POLE-DIPOLE AND
QUADRUPOLE MOMENTS IN GENERAL
RELATIVITY

It has been shown in Refs. [39,40] that, by starting from
a Lagrangian with the general form L(u*, elf, élf, R'uaﬁy)
in which u* is a velocity field, e} is a tetrad field satisfying
€4 ebn.y = 8ups With  m,, = diag(—1,1,1,1), éif =
u®V,et, and R¥ gy = aargy — gl + FgBFgV —
I‘g 5I‘fw is the Riemann curvature tensor, one can arrive

at the following energy-momentum tensor:
T,, = puu, + Ph,, —B,, +4,, (1)

describing a polarized fluid with pole-dipole and quadru-
pole moments. Here u* is the four-velocity of a fluid
element, p* its four-momentum, 2 is the pressure,

h,LLV = g,lLV + u/LuV’ (2)
B,, = %Va(s“(#u,,) + 5 ,,u%), 3)
A,uv = qMaByRVaﬁy - SQVa,B)/R,uaBy - Zvaaqa(Mv)B,
“)
where s#” is the fluid spin density and
oL
9" apy = =5 apy &)
By 3RM0137

is the quadrupole moment tensor, which is assumed to
share the symmetries of the Riemann curvature tensor.
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The above energy-momentum tensor is symmetric pro-
vided the spin evolution equation

V, (u®s*") = pFu’ — p’u* — 4R[’“"B“/q”]aﬁy (6)
holds. The translational equation of motion
u’V,p* + p*Vou’ + h**V,P + PV (u*u”)
= —3RM,,u"sP + qop,5VHRETO (7)
can be obtained from V,T#" = 0 or by variation of world
lines [40]. The so-called Frenkel condition

u, st =0 (8)

ensures that spin remains spacelike. Imposing the energy
conditions may put further restrictions on the spin tensor.
By neglecting the quadrupole moments, the equations of
motion of a spinning fluid (see e.g. [41] and references
therein) are recovered. By turning the spin off and setting
the quadrupole moments equal to zero, the standard perfect
fluid energy-momentum tensor is recovered from Eq. (1).

As has been shown in Refs. [39,40], the above procedure
can be extended to Lagrangians of more general depen-
dence of the form

L = L(ur el el pP) &)
in which
Pt = {R”aﬁy, VM ...VMR“aBy, o4, V01 (10)

with ¢4 (A is a collective index) being a generic set of
matter fields whose free field Lagrangians are also in-
cluded in the total Lagrangian. In particular, by taking
©* to be the electromagnetic field, the equations of motion
for charged particles would be obtained. Thus in the spe-
cial case where particles have only pole-dipole moments,
the Mathisson-Papapetrou-Dixon [42] and Dixon-Souriau
equations [43] for chargeless and charged particles are
recovered, respectively. Multipole moments higher than
the quadrupole moment are incorporated via dependence
on covariant derivatives of the Riemann curvature tensor.

III. MULTIPOLE PARTICLES IN NONMINIMAL
EXTENDED GRAVITY

The action for f(R) gravity with nonminimal coupling to
matter is given by [18]

s= [GA®+ 0+ An@iL, )Tz an

where L,, represents the matter Lagrangian, A is a cou-
pling constant, and f;(R) and f,(R) are arbitrary functions
of the curvature scalar R = g*YgP°R,,3,5. For A = 0 this
reduces to the usual f(R) gravity. As has been shown in
Ref. [18], one can obtain the following relation from the
equations of motion associated with the above action:
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Af5(R)

wr — _ 2V
Vi = 05 ®

(g#" L, —TE)V, R, (12)

where f4(R) = %&m and T*” is the matter energy-
momentum tensor

Thy — 2 6(£m\/_g)
J=g 88

Here we consider a more general extension of the above
action with the following form:

S = [\/—_g{%R + %f +(1+ /\F)ﬁ}d4x, (14)

where f = f(R, P, Q), F = F(R, P, Q),and P = R, ,R*",
R being the Ricci tensor, Q = R,,,,zR*"*F is the
Kretschmann invariant, and £ is a matter Lagrangian
(see [44] for a cosmological model with this type of action
but with A = 0). In fact, one may think of (1 + AF)L as a
Lagrangian of the type described by Eq. (9). Various
models including minimal or nonminimal f(R) gravity,
modified Gauss-Bonnet gravity, the so-called f(R, G) mod-
els [45,46], where G = R? — 4P + (Q is the Gauss-Bonnet
invariant, and the model introduced in Ref. [47] can be
recovered as special cases by choosing appropriate forms
for f and F. Functions with more general dependence on
curvature invariants (e.g. those introduced in Ref. [48])
may also be considered as toy models.

The equations of motion can be obtained by varying the
above action with respect to metric components. Defining

(13)

H* = (R# — VAV + g#0)fg + 2R*“R, fp
= Vo VU (fpR M) + g4V, Vg (fpRF)
+ 0(fpR™") + 2RHPYRY 5 fo
— 2V, V(foR¥WE),
we have
GH' + HM —Lferv = (1 + AF)TH = 20 H ™, (15)

where 0 =V, V#, 4 4L %,%,%, and%stand for fr,
fp> fo» Fr, Fp,and Fy, respectively, and JH »7 is obtained

from H*” by substituting

fr— LFg, fr— LFp, fo— LFy.

The matter equation of motion may be obtained by taking
the divergence of both sides of Eq. (15), which results in

—A
1+ AF

Now if one chooses a Lagrangian of the form given by
Eq. (9), the contributions from intrinsic pole-dipole and
quadrupole moments can be tracked through 7#” terms in
the above equation. However, even if we choose a
Lagrangian involving no pole-dipole or quadrupole mo-

vV, TH = (V,FTH*" — 2V, H ) (16)
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ments, quadrupole moment contributions would still ap-
pear, through F, Fp, and F terms, in the dynamics. Thus
the nonminimal coupling induces quadrupole moments in
the medium. The appearance of these induced moments is
an essential feature of the models with nonminimal cou-
pling between geometry and matter. It is a novel phenome-
non not observed in other modified theories of gravity. To
proceed further, we consider some rather interesting spe-
cial cases of this model.

IV. POLE-DIPOLE AND QUADRUPOLE
PARTICLES IN NONMINIMAL f(R) GRAVITY

In this section we restrict ourselves to a particular case
of the model described above where f = f(R), F = F(R),
and L = L(u*, e, él, R*‘aﬁy); i.e. we consider particles
with pole-dipole and quadrupole moments in nonminimal
f(R) gravity.

Inserting Eq. (1) into Eq. (16) we obtain

u’V,p* + p*Vou’ + h**V,P + PV, (u*u")
+ARM "™ = G5 VR = . (17)
with

AFRV”R
f,u, = ﬁ(ﬁﬁﬁm - p’U“LtV - ?h';f + B’U“V _A’u,,)
(18)

being the extra force resulting from the nonminimal cou-
pling. There are some quadrupole contributions to this
extra force coming from dependence on curvature. These
induced moment contributions can be computed with the
aid of the following relation:

oL

afyd

g7 = (1 + AF)

1
+ 3 glevgPRAFL L (19)

which is obtained from Eq. (5) by replacing £ with (1 +
AF) L. In this equation the first term in the right-hand side
is proportional to the medium intrinsic quadrupole mo-
ment, while the second one represents the quadrupole
moment induced as a result of the nonminimal coupling.
One may use the above type of equations to obtain a rough
estimate of the magnitude of these induced moments. In
the case of the model considered in this section, the mag-
nitude of the induced quadrupole moment relative to the
intrinsic one is of the same order as of 1’5{}.

To obtain the equations of motion of particles with pole-
dipole and quadrupole moments, in Eq. (17) we set

P =0, pt=nPt s*=nSr, q" gy =10" 1,
and use V,(nu®) = 0, where n is the particle number
density and P#, S#”, and Q* 5, are the single-particle
momentum, spin, and quadrupole moment, respectively.
This results in
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W'V, Pr = fr —IRKu S+ Qg sVERPY,
(20)

If we neglect the quadrupole moments, this equation is the
nonminimal f(R) gravity counterpart of the Mathisson-
Papapetrou-Dixon equation and agrees with the results of
Ref. [23]. By turning the spin off, the nonminimal coupling
of f(R)-perfect fluid considered in Ref. [18] is achieved.
For pole-dipole particles with electric charges one can add
the Maxwell energy-momentum tensor to the right-hand
side of Eq. (1) and proceed as above. This would result in
the nonminimal f(R) gravity counterpart of the Dixon-
Souriau equations.

A particular case of the model described above is the
case where F(R) = R. If we also assume, for simplicity,
that P = 0 and the medium has no intrinsic pole-dipole or
quadrupole moments, Eq. (17) together with Eqgs. (18) and
(19) gives

V,(u”p*) =

1+ AR

AVYR (
6

1
~81q*P 5 — p"u,,) (21)
in which the following term:

1 A
4 agV " In(l + AR) = £ q"F VAR

gives the contribution from the induced moment. One may
omit the term p*u, in the right-hand side of Eq. (21) by
projecting normal to u*. Note that according to Ref. [12]
this particular toy model is not cosmologically viable.

We further remark that, as has been shown in Ref. [40],
in deriving the energy-momentum tensors of the type given
in Eq. (1), it is not necessary to have the explicit form of the
Lagrangian. Thus it is basically possible to start with
different Lagrangians and end up with the same energy-
momentum tensor. In this sense, the case of spinning fluids
is even more degenerate than the perfect fluid. On the other
hand, for the explicit form of the Lagrangians proposed in
the literature, e.g. in Ref. [49], the extra force does not
vanish.

V. PARTICLES IN NONMINIMAL f(Q) GRAVITY

Now we take f = f(R), F = F(Q), and for simplicity
take L the same as that of a perfect dust; i.e. we consider
particles with no intrinsic pole-dipole or quadrupole mo-
ments. Inserting these data back into Eq. (16) and project-
ing the resulting equation normal to u*, we get

4)
1+ AF

— V, V(Fo L(RM<VE)}, (22)

hiN {R<“PYRY

pu’V, ut = FoL

aBy

Projection parallel to u#* would result in a continuity
equation. In the above equation, one can express F in
terms of the quadrupole moments g* , 5. . In fact, by using
Eq. (5) with L being replaced by (1 + AF(Q)) L, we have
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q”aﬁy = 2/\£FQR"aﬁy (23)
from which we obtain
1
/\£FQ = EqMUZBVRM By, (24)

Inserting this back into Eq. (22), we will arrive at an
equation which shows that the particles do not follow
geodesics of the space-time due an extra force resulting
from the nonminimal coupling. The extra force, which is
proportional to the right-hand side of Eq. (22), is normal to
the particle trajectories and involves quadrupole moments.
Thus, as in the previous case, the nonminimal coupling
induces quadrupole moments in the medium. The magni-
tude of these induced moments depends on the strength of
the coupling (controlled by A) and the function F.
For the particular case of F(Q) = Q, we have
RpPoT®

2A WV {RKaByRV 4porw
1+10 7 By 0

RPOTO
— vav,g(4q"‘”“’Q R“("”)ﬁ)}, 25)

pu’V, ut =

which shows explicitly dependence on the induced
moments.

VI. PARTICLES IN NONMINIMAL GAUSS-
BONNET GRAVITY

Another interesting model sharing the above-mentioned
property is the one in which a function of the Gauss-Bonnet
invariant is coupled to matter. Such models are of special
interest partly due to the fact that F(R, G) are the only
subclass of F(R, P, Q) models which are free of ghosts
[50,51].

By taking f = f(R), F = F(G) and performing calcu-
lations similar to those in the previous section, we obtain

42
1+ AF

AV < (26)

pu’V, ut =

where
KK = (R — VKV” + g"?[) LRF' — 4R*“R’, LF'
+ 2V, VU (LF'R™) — 2%V ,V s(LF'R%P)
— 20(LF'R*") + R*FYR" o LF'
- VaVB(LF’R“(’“’)ﬁ)
and F' stands for %(GG)' Also from Eq. (5) with £ replaced
by (1 + AF)L we have

ALF! = RraBY, 27)

1
2G quapy
which can be inserted back into the expression for K** to
express the right-hand side of Eq. (26) in terms of the
induced quadrupole moments.
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VII. CONCLUSIONS

We have obtained equations of motion of polarized
media with nonminimal coupling to an arbitrary function
of the curvature scalar and the squares of the Ricci and
Riemann curvature tensors. As a special case, we consid-
ered the nonminimal f(R) coupling and obtained the equa-
tions of motion of particles with pole-dipole and
quadrupole moments which agree with the results of
Ref. [23] when the quadrupole moments are absent. Such
equations might be used to study the motion of astrophys-
ical objects with pole-dipole or quadrupole moments in the
context of modified gravity with nonminimal coupling.

We have shown that, for coupling to a function of rather
general dependence as described above, the nonminimal
coupling induces quadrupole moments. The magnitude of
these induced moments depends on the strength of the
coupling and the function coupled to the matter field.
The extra force resulting from the coupling can be ex-
pressed in terms of the induced moments. We have shown
this explicitly for the example case where the coupling
function depends only on the Kretschmann invariant and
also for the case where the matter Lagrangian couples to an
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arbitrary function of the Gauss-Bonnet invariant. By taking
dependence on covariant derivatives of the Riemann cur-
vature tensor, higher order intrinsic and induced moments
can also be accounted for.

The emergence of induced moments is an essential
property differentiating nonminimal modified gravity theo-
ries from other modified gravity theories. These induced
moments are model-dependent, and possible detection of
them via solar system experiments such as the bending of
light rays using high precession measurements like those
provided by microarcsecond astronomical interferometers
might be a test for these models. Keeping the interrelations
between gravity and geometry in mind, the quadrupole
moments induced by nonminimal coupling to geometry
may be compared with the induced quadrupole moments
from gravitational fields applied to the media.
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